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Foreword 


The purpose of the IEEE Press Series on Electromagnetic Waves is to 
publish books of long-term archival significance in electromagnetics. 
Included are new titles, as well as reprints and revisions of recognized 
classics. Radiation and Scattering of Waves, by L. B. Felsen and N. Marcuvitz 
is recognized as a classic worldwide. I should like to take this opportunity to 
welcome the reprint of this book to the series. In one sense, we are 
responding to the wishes of the IEEE Antennas and Propagation Society 
membership. When polled concerning what books the membership would 
like to have reprinted, the Felsen-Marcuvitz book was widely mentioned in 
replies, both from the USA and abroad. 

The book first appeared in 1973 and immediately became widely used by 
both researchers and graduate students, primarily in electromagnetics but 
also in acoustics. Soon thereafter, the book appeared in a two-volume 
Russian version. I find it a tribute to the authors that today, more than 
twenty years after its first appearance, the book abounds with timely 
material that is still difficult, or often impossible, to find anywhere else in 
the electromagnetic literature. 

In my associations over the past twenty years with electromagnetic 
researchers and graduate students, I have found that there are many stories 
concerning sections of Felsen and Marcuvitz that have been singularly 
helpful in solving a particular electromagnetic problem. Chapter 4, 
Asymptotic Evaluation of Integrals, immediately comes to mind. It certainly 
is widely appreciated and cited. In addition, with the modern emphasis on 
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numerical methods, the alternative representations and asymptotic 
expansions of fields that occur throughout the book are essential in 
obtaining convergence over a wide array of field points. Many of these 
alternative representations and asymptotics are difficult to derive and some 
are virtually impossible to find elsewhere. Also, there is material in the 
book on transients that is most timely, given recent emphasis on high-speed 
electronics and ultra-wideband radar. 

It is a pleasure to welcome the book to the series. It has been too long 
out of print. I am pleased that it is once again available to challenge and 
reward another generation of electromagnetic, aS well as acoustic, 
researchers and graduate students. 


Donald G. Dudley 
Series Editor 
IEEE Press Series on Electromagnetic Waves 


Perspectives 
on the Reissue 


This reissue of Radiation and Scattering of Waves in its original form 
published two decades ago merits some perspectives pertaining to its 
relevance now. As stated in the original preface, we attempted to provide a 
comprehensive treatment of linear source-excited electromagnetic and 
acoustic fields, under time-harmonic and time-dependent conditions, in the 
presence of various types of "canonical" propagation and scattering 
environments that admit of rigorous solution by general eigenfunction 
expansion methods. Emphasis was placed on the construction of formal 
alternative representations of the time-harmonic and time-dependent fields, 
and also on the asymptotic reduction of these formal solutions at high 
frequencies for the purpose of highlighting the localization, as expressed in 
ray-optical terms, of the associated wave physics. The spectral and 
asymptotic methodologies developed in this context continue to provide the 
basis for exploring noncanonical extensions of the problems treated in the 
book, and this may explain its steady appeal as a reference volume for 
certain constituencies within the wave propagation and diffraction 
community. Most frequently cited is Chapter 4, Asymptotic Evaluation of 
Integrals, which is an entity by itself and still represents probably the most 
useful collection of asymptotic techniques and formulas for engineers and 
Physicists who are not concerned primarily with rigorous mathematics. The 
general complex spectral methods in Chapter 3, Mode Functions in Closed 
and Open Waveguides, have likewise found increased application in the 
technical literature. 


ix 


x Perspectives on the Reissue 


The pyramidal structure of the book was intended to provide a broad 
methodological base, which encompasses all of the specific applications. 
Accordingly, for each of the special scattering environments, detailed 
reference is made to earlier Chapters which contain the required building 
blocks. While this format conveys the commonality of techniques for a 
broad class of problem conditions, it mitigates against a totally self- 
contained treatment of a particular problem. The global structuring has 
been well appreciated by experienced practitioners but it makes teaching at 
the first or second year graduate level more difficult. Moreover, most of the 
Problems sections at the end of various chapters are intended to show rather 
sophisticated extensions of the text instead of step-by-step approaches 
suited for the classroom. 

Finally, accommodating the interest in network formulations of field 
problems in the 1950s and 1960s, the spectral theorems in Chapter 3 were 
phrased in generalized transmission line terminology which may not be 
familiar to those accustomed to Sturm-Liouville theory as such. These 
aspects would deserve attention in a reworked version of the original. 

We have refrained from appending a list of corrections to the original 
text. Apart from occasional typographical errors or fairly obvious errors of 
omissions of symbols in equations, we have not kept track—nor have we 
been advised by users—of substantive mistakes or discrepancies. We hope 
that the reissued volume will continue to fill a need within the wave 
radiation, propagation, and scattering community, and we express our 
appreciation to Professor Donald G. Dudley, the IEEE PRESS 
Electromagnetic Wave Series Editor, and to Mr. Dudley R. Kay, Director of 
Book Publishing of IEEE PRESS, for having taken the initiative in this 
effort. 


L. B. Felsen 
N. Marcuvitz 
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Classical field theory is concerned with the space-time behavior of physical 
variables describing field phenomena excited by prescribed sources. In the linear 
regime the methodology of description is toa large extent independent of the nature 
of the field and equally applicable to acoustic, electromagnetic, plasma and other 
fields. Within a stated space-time domain, the general Jinear ficld requires a speci- 
fication of the field variables and prescribed sources, usually in terms of partial 
differential equations, with uniqueness of solution following from a statement of 
boundary and initial conditions. Solution of the so specified field problem can be 
effected by formal field representations whose reduction to rapidly convergent forms 
in appropriate space-time domains poses problems of special interest. 

The general field problem is a scattering or diffraction problem distinguished by 
excitation from sources located cither at finite distances or at infinity, and by spatial 
and (or) temporal complexities in the scattering region. Equivalence concepts permit 
replacement of the scatterers by (initially unknown) “induced currents;” they reduce 
the overall problem to that of finding fields radiated by prescribed and induced 
sources in domains of relatively simple geometrical shape. It is this latter radiation 
problem of determining fields excited in relatively simple regions by arbitrary 
sources, and the concomitant propagation of these fields, with which this book is 
primarily concerned. The determination of induced currents is regarded as a dis- 
tinctly separate problem; it frequently poses analytical questions of considerable 
difficulty and usually requires integral equation techniques or the treatment of 
infinite sets of simultaneous equations.t 

For linear fields, wherein the superposition principle is applicable, the basic 
radiation problem is that of determining the field excited by a point source. This is 
the so-called Green’s function problem. Green’s functions are scalar for the simple 
acoustic field, dyadic functions for the vector electromagnetic field, and N x N 
matrix functions for more complex fields. For a general linear field the components 


{For an account of original pioneering waveguide applications, see Julian Schwinger 
and David Saxon, Discontinuities in Waveguides, Gordon and Breach, New York (1969); 
L. A. Weinstein, The Theory of Diffraction and the Factorization Method, Golem Press, 
Boulder, Colorado (1969). 
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of a dyadic or matrix Green's function are not usually independent, but for 
“separable” regions the overall Green's function may be decomposed (scalarized) 
into a number of independent scalar Green's functions. Thus, in the case of 
“separable” regions, dyadic electromagnetic Green’s functions are reducible to scalar 
acoustic-type Green's functions, an observation that implies the direct applicability 
of results from one field to that of another. The central theme of this book revolves 
essentially about the evaluation of Green's functions in homogeneous and inhomo- 
geneous regions of planar, cylindrical, spherical, etc., symmetry. 

A Green's function may be represented in various ways as a superposition of 
wave functions that display the symmetries of a field region. Thus, in a linear, 
homogeneous, stationary, unbounded region, the plane wave functions exp [i(k-r — 
wt)) constitute a convenient set capable of representing completely a relatively 
arbitrary space-time dependent field; k and œw denote, respectively, the wave vector 
and radian frequency, with (k, w) = (kx, Ky X,, @) spanning an appropriate spectrum. 
In the so-called Fourter-Laplace representation the (k, œW) spectrum is continuous 
over (almost) all real values from — co to +00, and the resulting plane waves com- 
prise a complete orthogonal set in space-time; a characteristic feature of such a rep- 
resentation is that the plane-wave field amplitudes are determined by a simple 
algebraic analysis. In what shall be called space- or time-guided wave representations, 
only three of the (k, w) periodicities are employed to define the wave spectrum, the 
remaining one being determined by a so-called dispersion equation; the resulting 
plane wave set has orthogonality and completeness properties on a three-dimensional 
hypersurface of space-time, and the field amplitudes are determined by solutions of 
Ordinary differential equations. These alternative plane wave representations are 
typical of similar representations that obtain for bounded and anisotropic regions; 
each representation is characterized by convergence properties and ranges of appli- 
cability that are useful in the solution of different types of field problems. 

Although the stated field representations are formally exact field solutions, the 
integrations occurring therein must be performed explicitly so as to yield rapidly 
convergent or closed form expressions for the field. This process can be effected 
exactly in a number of cases but generally requires approximations, A powerful and 
physically significant approximation procedure is provided by the function-theoretic 
method of “saddle point integration.” This method yields asymptotic ‘‘quasi-optic” 
field approximations in regions illuminated by field sources, and can be modified to 
apply as well to “shadow” and “transition” (penumbra) regions, Such methods are 
related intimately to ray theories,f wavepacket propagation, WKB procedures, etc., 
employed in the solution of systems of partial differential equations. 

With the knowledge of a proper set of modes or waves as a base, modal repre- 
sentation of solutions to field problems requires a two-fold procedure: (1) an analysis 
or transform process to determine the dependence of modal amplitudes on sources, 
and (2) a modal synthesis or inverse transform for the evaluation of the space-time 
dependence of the desired fields. The various chapters of this book develop and 
illustrate these modal analysis and synthesis procedures in a wide range of radiation 
and wave-scattering applications. Although the table of contents provides a detailed 
indication of subject Organization, it may be desirable to elucidate and place in 


tJ. B. Keller, “A Geometric Theory of Diffraction,” Calculus of Variations and its 
Applications, Symposia Appl. Math., McGraw-Hill, New York, 8 (1958), pp. 27-52. 
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proper perspective interrelationships among the topics covered. With this intent, we 
sketch below some of the guiding themes that underly the organization of the 
chapters. 

Chapter | is devoted both to the formulation of linear field problems and to an 
indication of methods of their solution. Features, properties, and methodology 
common to linear acoustic, electromagnetic, and plasma fields are emphasized within 
the context of a first order (partial differential equation) field theory; “reduced” 
(second and higher order) field formulations are considered subsequently. Green’s 
functions for the above fields are introduced in comparative form highlighting their 
similarities and interrelationships. Exact modal representations of these Green's 
functions are presented in alternative ways and evaluated in closed form for simple 
unbounded homogeneous regions. Approximate evaluations, equally valid for in- 
homogeneous, anisotropic, and dispersive regions, are considered in some detail, 
firstly via saddle point integration and then by ray-optic and transport equation 
techniques. This first chapter ought not to be neglected in a first reading; it is in- 
tended to knit together with a unified viewpoint, and to anticipate with simple illus- 
trations, many of the applications in subsequent chapters, The introductory comments 
to the various sections should be helpful in providing a quick overall perspective. 

Chapters 2 and 3 are concerned with the modal analysis of fields in regions that 
generally are bounded and inhomogeneous. In Chapter 2, eigenvalue problems that 
provide a modal basis for transformation of vector electromagnetic problems into 
transmission-line (ordinary differential equation) problems are deduced for electro- 
magentic fields in uniform and spherical waveguide regions. Techniques for solution 
of transmission-line equations, to which field equations are reduced in waveguide 
regions, are reviewed via network-theoretic and one-dimensional scalar Green's 
function methods. Chapter 3 contains explicit expressions for vector and scalar mode 
functions and their orthogonality properties for a variety of waveguide cross-sections. 
By classical methods, characteristic Green’s function (resolvent) methods, and the 
method of comparison equations, these results are derived from both exact and 
approximate treatment of one-dimensional Sturm-Liouville type problems appro- 
priate to homogeneous or inhomogeneously filled cross-sections. Apart from their 
relevance to applications treated subsequently in this book, Chapters 2 and 3 can 
form the basis for a course dealing with transmission-line and related eigenvalue 
problems. 

Chapter 4 contains an extensive discussion of saddle point methods of integration 
necessary for approximate closed form synthesis of modal representations, An account 
of steepest descent integration is included, with particular attention to mathematically 
uniform descriptions of effects arising from the presence of different types of 
singularities near saddle points and from the confluence of several saddle points. 
These effects relate physically to field descriptions within so-called transition or 
penumbra regions separating “light” and “shadow™ areas—or more generally, differ- 
ent propagation modes—in a field. Although the physical significance of various in- 
tegral representations is emphasized, this chapter is self-contained and may serve as 
a reference to the theory of asymptotic evaluation of integrals. 

Applications of the preceding theory to the explicit determination of fields 
radiated by sources in isotropically stratified planar, cylindrical and spherical regions 
are presented in Chapters 5 and 6. Although examples relate primarily to the 
electromagnetic fields, scalarization is frequently permissible (either directly or by 
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decomposition), in which event the results then apply as well to acoustic and other 
scalar problems. Because of the complexity of several of the calculations, an attempt 
has been made to standardize the format for presentation of many of the results. 
After statement of the problem, a summary and physical interpretation of the 
calculated results are first presented in their various ranges of applicability; this is 
followed, under the heading of Discussion, by a more detailed indication of the 
function-theoretic analysis and limitations, if any. This separation of theory and 
results is intended to appeal both to the application- and theory-oriented reader; it 
should provide a type of handbook listing of the problems solved, as is evident 
from the table of contents for these chapters. 

Chapters 7 and 8 are concerned with extensions and applications to fields in 
anisotropic regions. Uniaxial media are considered in Chapter 7, while gyrotropic 
and somewhat more general anisotropic media are treated in Chapter 8. The aniso- 
tropic regions under consideration are intended to apply to crystalline, plasma and 
ferromagnetic type media and, in a “reduced” electromagnetic formulation, are char- 
acterized by dyadic (tensor) permittivity and permeability parameters. This view of 
such media ignores certain non-electromagnetic effects, but when applicable, does 
provide a quantitative indication of many of the dispersive wave phenomena to be 
expected. 

Concerning overall philosophy of subject presentation, much effort in this book 
has been expended on developing and applying a unified formalism for systematized 
eigenmode and transmission-line (network) analysis of linear field problems. Whether 
such systematization is justified in the solution of one or two individual problems is 
debatable. However, for analysis of classes of field problems having similar but not 
identical teatures, elimination of redundant aspects becomes almost essential. While 
the treatment thus emphasizes techniques applicable to broad classes of problems, 
an attempt has been made, by self-contained problem statement and frequent cross 
referencing, also to serve the reader interested in only a particular case. The guided- 
wave approach alluded to above has been found successful for many electromagnetic 
and acoustic field problems, and it may prove to be equally valid in similar applica- 
tions for plasma, solid state, and other fields. 

A note of apology ought to be sounded because of a possible unevenness in por- 
tions of this book resulting from the chronology of its preparation. Much of the 
material has been presented in lectures by the authors over the past 15-20 years, 
mostly at the Polytechnic Institute of Brooklyn and partially, by one of the authors, 
at New York University; in fact, a series of widely distributed reports issued some 
time ago by the Microwave Research Institute of the Polytechnic under the title 
“Modal Analysis and Synthesis of Electromagnetic Fields” constituted a first draft 
of portions of this manuscript. For initial support in the preparation of these reports, 
the authors express their appreciation to the Air Force Cambridge Research 
Laboratories, Bedford, Massachusetts; they also gratefully acknowledge the 
sponsorship by the Air Force Cambridge Research Laboratories and by the 
Joint Services Electronics Program of research, the results of which are included in 
this book. Although a good deal of effort has been expended in continually revising 
the text material, the authors do not feel that the presentation has been optimized 
in all respects. © . “ature of subject treatment should be mentioned in this context. 
The imaginary unit \/—I is designated throughout the book as i or — j, depending 
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on whether the subject matter relates primarily to mathematical physicists or engi- 
neers. Usage of exp (—iwt) and exp(+/@z#) in these respective disciplines has been 
fairly customary in the treatment of time-harmonic fields. Evidently, the division is 
not unambiguous, but engineers have traditionally been concerned more with trans- 
mission-line and network aspects of the overall field problem and less with scattering 
and diffraction. To minimize confusion, the time dependence is stated whenever 
relevant, and the facility in switching from one dependence to another is often 
useful when comparing various results pubjished in the technical literature. Finally, 
it should be mentioned that no attempt has been made to include a comprehensive 
bibliography; however, the references cited provide adequate background informa- 
tion. 

A number of individuals have contributed to the preparation of this book. We 
have benefited from comments and criticisms by colleagues and students. With 
special gratitude, we would like to acknowledge the efforts of Mrs. Margaret Bartoli 
who did much of the painstaking work in the typing and organization of the final 
manuscript. For providing necessary services and facilities, thanks in large measure 
are due to the Electrophysics Department of the Polytechnic, and in the final stages 
also to the School of Engineering and Science, New York University. Finally, we 
gratefully note the continued encouragement and patience of our respective families, 
which made completion of this effort possible. 


L. B. FELSEN 
N. MARCUVITZ 


New York, N.Y. 
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l. Space- and Time-Dependent Linear 
Fields 


1.1 FORMULATION OF VECTOR FIELD AND SCALAR POTENTIAL 
PROBLEMS 


Field equations describe implicitly the space- and time-dependent response 
of a linear field to a known excitation and pose a problem of determining field 
solutions subject to initial and boundary conditions. Since knowledge of sym- 
metry (reciprocity) properties of a field frequently facilitates the determination 
of explicit field solutions, it is desirable to infer such properties from the 
general form of the field equations. For this purpose one considers certain aux- 
iliary or adjoint problems, related to the original field problem in such a way 
as to reveal the space-time symmetry of the original field. 

If field problems are phrased in terms of Green’s functions, which describe 
the field response to ‘point-source excitation,” the desired properties appear 
most succinctly as symmetries in these Green's functions. Relevant Green’s 
functions for a number of classical linear fields are defined herein so as to em- 
phasize common features in the description of any linear field and to expedite 
the application of generic mathematical solutions to several different fields. 
Since scalar, vector, or n-component fields are to be considered, the correspond- 
ing Green’s functions assume scalar, dyadic, or matrix forms. Scalar Green's 
functions are most convenient for analysis, and hence wherever possible, dyadic 
and matrix Green’s functions will be decomposed into their independent scalar 
components. Such a scalarization cannot always be effected. 

Field equations may be phrased either as a system of first-order partial 
differential equations, or on elimination of some of the field variables, as 
higher-order equations. One advantage of the first-order formulation is its ap- 
plicability in unchanged form to both homogeneous or inhomogeneous media 
(i.e., media whose constitutive parameters are respectively independent of, or 


1 
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dependent on, position). The second-order or “reduced” formulations are 
usually dependent upon whether they relate to homogeneous or inhomogeneous 
media. Both first- and second-order formulations will be presented for a num- 
ber of linear fields, 

In reduced formulations of a composite field, effects of one type of field are 
exhibited as a modification of the constitutive parameters of another type. For 
example, in an electromagnetic-plasma field, dynamical effects of charged 
particles in ionized media appear in a reduced electromagnetic formulation as 
a modification of the equivalent permittivity of the electromagnetic medium. 
Whereas the constitutive parameters in a first-order formulation are non- 
dispersive, the constitutive parameters in a reduced formulation exhibit spatial 
and temporal dispersion. Spatial and temporal dispersion in constitutive pa- 
rameters obtains when the parameters depend, respectively, on spatial and 
temporal derivative operators, in addition to a possible dependence on space 
and time variables. It should be noted that it is also conventional to employ 
the term “dispersion” in connection with the frequency dependence of plane- 
wave constituents of a field. These two uses of the term are not necessarily 
equivalent and should be distinguished. 


l.la The Scalar Acoustic Field 


General properties 


A non-viscous uncharged fluid of mass density n,m and static isotropic 
pressure p, provides a homogeneous or inhomogeneous background capable of 
supporting acoustic phenomena. In the linear regime the acoustic field is de- 
scribable by small-amplitude variations of pressure p = p(r,t) and velocity 
vy = y(r, t) obeying the Euler field equations': 


(1) 


The excitation terms s = s(r, 1) and f = f(r, 1) represent the scalar particle 
source and the impressed vector force densities, respectively; y is the specific 
heat ratio for the fluid, and V is the spatial gradient operator. The pressure 
and velocity fields are uniquely defined by Egs. (1) if one imposes on the ex- 
citation the requirement s = 0 = f for £ < £, and on the fields both the 
initial condition, 

p=0=vVv for (<u, (la) 
and the boundary condition, 

p= av-n on S. (1b) 

The unit vector n is normal to the surface S (if any) bounding the volume 
within which the field equations (1) are applicable, and « is a parameter 
characteristic of the boundary. 
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On multiplication of the two field equations (1) by p and vy, respectively, 
and addition, one derives the conservation-of-energy statement: 
The vector pv is identified as the instantaneous acoustic power flow per unit 
area at r,¢ and the terms in parentheses as the total stored energy density. The 
quantities — sp and —f-v represent the power supplied per unit volume at r, ¢ 
by the impressed source and force densities, respectively. 

For homogeneous media one derives a second-order set of field equations 
that follow readily from Eq. (1) on elimination of v or p. For simplicity we 
omit the excitation terms and thereby obtain the homogeneous (wave) equations 


2 1 _ 
Vip — -agar = 9 (3a) 
yy IË 


where a = (ypo/Mmom)'* = (yKT,/m)'” is the acoustic (thermal) speed, T, the 
background temperature, and x the Boltzmann constant. The presence of 
source terms leads to an evident modification of Eqs. (3). The “longitudinal” 
character of the acoustic field becomes manifest on taking the divergence (V) 
and curl (V x) of Eq. (3b). It is thereby apparent that in the source-free case 
V-v obeys a wave equation of the same form as Eq. (3a); the vorticity V x v 
remains constant in time and is, in fact, zero because of Eq. (la), if the velocity 
field is bounded. As will be indicated in Sec. 1.2a, these statements imply that 
for acoustic propagation of a single plane wave, the only non-vanishing com- 
ponent of the velocity field is along the direction of propagation (i.e., is 
“longitudinal’’). 

The solution of spatially homogeneous acoustic field problems can be based 
on either first-order or second-order field equations. A virtue of the latter is 
that since the acoustic field is basically scalar, the field description may be ex- 
pressed in terms of a single scalar variable, which may be a pressure, a veloc- 
ity potential, etc. Nevertheless, we shall employ a procedure based on the 
first-order field equations (1), since this has the advantages of (a) displaying in 
simple terms the field dependence on the excitations s and f, (b) applying to 
both homogeneous and inhomogeneous media, and (c) permitting the use of a 
mathematical format common to all linear field problems. 

Linearity of the field equations (1) implies that the pressure and velocity at 


any space-time point r,/ can be expressed in terms of the excitations s and f 
as 


Ar, t) = -Í G alr, r’; t, t’)s(r’, t') dr’ dt’ — f G(r, r’; £, t')-E(r', t') de’ dt’ 


V(r, t) = -Í G2(r, r; t, s(t’, 1") de’ dt — 2G rst, 0)-f(r', r) dr’ dt’, 
(4) 
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where dr’ dt’ ts the differential space-time volume clement and the integration 
extends over regions wherein the excitations are non-vanishing. From Eq. (4) 
one identifies G,,(r, r’; 4, £) and G,,(r, r’; ¢, 1’) as a scalar and a vector Green’s 
function representing, respectively, the negative of the pressure and velocity at 
r, t due to a “unit” sourcet of fluid particles at r’, £’. Similarly, G,.(r, r; £, ¢’) 
and G,,(r, r’; t, t’) are identifiable as vector and dyadic Green’s functions rep- 
resenting (when dot product multiplied from the right by a unit vector e’) the 
pressure and velocity, respectively, at r,t arising from a “unit” vector force 
density} acting in the direction e’ at r’, t’. 

The field representation in Eq. (4) reduces the problem of solving the field 
equations (1) to the determination of the four acoustic Green’s functions G,,, 
Giz, Ga, and G. The primary virtue of this reduction is that, in solution of 
the field problem for the Green’s functions, complexities associated with the 
functional form of the excitations s(r, t) and f(r, £) are eliminated. To ascertain 
the defining equations for the Green’s functions, one substitutes the representa- 
tion (4) into Eqs. (1), whence, in view of the arbitrariness of the excitations s 
and f, one obtains§ 


i 
YPo 
VG,, + nom 2 G,, = 0, VG, + nom EA = lô(r — ret — 1’), 
(5) 


Gi + V.G, = O(r = r')ô(i -= t'), 7 G: + V:G., = 0, 


subject to boundary and initial conditions 
Gii = an:G,, on S, G, = an-G,, on S, (5a) 
Ga = 0 = G, fori <i, G,, = 0 = 8, fori <r’, (5b) 


where n is the outward normal vector on the surfaces S (if any) bounding the 
region within which the field is defined. 

Since the form of the boundary conditions (5a) may complicate the deter- 
mination of the acoustic Green’s functions, it is frequently desirable to intro- 
duce other Green’s functions, defined by simpler boundary conditions such as 
G,, = 0 = G,, on S. In this event, occurring in the case of bounded regions, 
the representation (4) must be generalized by addition of surface integral terms 
arising from singular source distributions on the boundary surface S. 

On elimination of G,, and G,, from Eqs. (5) one obtains, for a homogene- 
ous medium, second-order partial differential equations defining the scalar 


tA unit source has the space-time form d(r — r(t — 1’), where d(r — r’) and d(/ — #’) 
are, respectively, the three- and one-dimensional Dirac delta functions. The three-dimen- 
sional delia function is defined by d(r) = 0 or co, depending on whether r + Oorr = 0, 
and its volume integral is unity for r within the integration volume. 

tA unit vector force density at r’,7’ has the space-time form e/d(r — ról — t’), where 
e’ is a unit vector. 

§The unit dyadic 1 is defined by 1-A = A-1 = A, where A is an arbitrary vector. 
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See. 1.1 
Green’s function G,,(r, r'; £, 1’) and the dyadic Green’s function @,,(r, r’; £,¢'): 
| @ 0 , 
(v: 2 a sa)Gn = —ngm 5 S(t — rÔ — t’), (6a) 
1 o ee eee eee 
(vv — igal) Ga = pe OME T PIO — r). (6b) 


Knowledge of the Green's functions defined in Eqs. (6) permits, on recourse to 
Eqs. (5), determination of G,, and G,, by time quadrature. 

It is of interest to explore properties of acoustic Green's functions that can 
be inferred prior to the explicit solution of Eqs. (5), For example, the invariance 
of the form of Eqs. (5) to arbitrary linear (coordinate) displacements in space 
and time implies that, in an unbounded homogeneous region, the solutions of 
(5) are functions of the differences r — r' and £ — t’, i.e., that 


G(r, r’; 4, t) = Gut — r,t — t), (6c) 


where i,j = 1,2 distinguish the various scalar, vector, and dyadic Green’s 
functions. 

Additional properties of acoustic Green's functions can be inferred by 
relating the solutions of the field equations (1) to those of an ‘‘adjoint” problem. 
To this end, adjoint equations, as well as boundary and initial conditions, are 
chosen so as to evolve a reciprocity relation, Eq. (9), between the original and 
adjoint fields. Equations for the adjoint pressure and velocity fields p' = 
p*(r, t) and v* = v*(r, t), respectively, follow from the original field equations 
(1) on applying the reflection transformation 0/d: — —0/ðt and V > —V: 


Ið , 
er eee = V-yt = —s"*, 
. Ov’ ig. 
—Vp RE ae = —f*. 
They are subject to boundary and initia! conditions 
pt = —a@n-y* on S, (7a) 
p'=0=v' for ! > h, (7b) 


which display a similar spatial and temporal reflection, and to excitations 
s* = s*(r,t) and f* = f*(r, £), which vanish for ? > 4. The adjoint equations 
(7) differ from the original acoustic equations (l) in that they are “time 
reversed,” have different excitations, and yield ingoing rather than outgoing 
Wave solutions. Ingoing wave solutions have a functional form F(|r] + at) and 
may vanish for ¢ > +, whereas outgoing solutions have the form F(|e] — at) 
and may vanish for 1 < 4.. 

By appropriate multiplication of Eqs. (1) by p’ and v+, of Eqs. (7) by p 
a Y, and addition of the resulting equations, one deduces the “reciprociiy 
elation” 
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ee ee i ee a 
V:(py* +p Y) + oo ay (PP ) + nom = (v-v") 

= +pst — p*s—f-v’ + f*-y (8) 

between solutions of the original and adjoint equations. On integration of Eq. 

(8) over the space-time region bounded by the spatial surface S and the times 

fis f2 > f, and on use of the divergence theorem as well as the boundary and 


initial conditions (1a) and (1b) and (7a) and (7b), one derives the integral form 
of the reciprocity relation: 


0 = ff dr |" dt{ps* — p*s —f-vt + f*-y]. (9) 


Linearity of the adjoint equations (7) implies that the adjoint field can be 
expressed in terms of adjoint Green’s functions in a manner similar to Eqs. (4): 


p*r, t) = — | Ghr, r’; £, t)s*(, 0) de! de! — È Gite, r"; t, -E> (e, 0) dr' de 


vi(r, t) = -Í Gł (r, r; 4, O)s'(e', t) ar’ dt — | Gale, rs 4, t) f(r’, 0) dr’ de’, 
(10) 


where the adjoint Green’s functions, Gt, distinguished by the superscript *, 
play the same role in the adjoint field as the Green’s functions in the original 
field. The defining equations for the adjoint Green’s functions follow from Eqs. 
(7) by reflection of the original Green’s function equations (5) and (6), together 
with boundary and initial conditions, in the manner indicated in Eqs. (7). 

The reciprocity condition, Eq. (9), provides a relation between the fields 
p, v excited by s, f and the adjoint fields p*, v* excited by 5‘, f£*. 1f the various 
excitations are chosen to be of the “point-source” form, 


s = Or — r'O(t — t’), st = Or — r”)ôl — t"), 


i = 0; f* = 0, 
then, from Eqs. (4) and (10), the corresponding field solutions are 
p= —G (r, r’; z, t), p? = Galt, r”; 4, t”), 
v= —G,(r, r’; 2,1’), vt? = —Gh( r”; t), 


and hence one infers from Eq. (9) that 


Gule”, t’; 4”, t) = Ge r”; t, 4”). (11a) 
Similarly, the point-source excitations may be chosen as 
s= 0, s* = 0, 


f=edr—r)dr—r') f+ = eâ — rel — t), 


where e’ and e” are unit vectors characterizing the directions of the point 
force densities at r’ and r”. Since, from Eqs. (4) and (10), 
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p= —G.r, r; t, 0)-e, po = G(r, r”; 4, tye”, 
v= —B u(t, 5 0, l)e, vt = Gafr, r"; 4t, 0")-e”, 
one deduces from Eq. (9) that 
e'e Galr, e t, t) e” = e” Gal r ee, 
Galt, r”; 109 = GRO), 
where Gn is the transposed dyadic to @.. The second equation in Eq. (11b) 
follows from the first on recognizing that a scalar is equal to its transpose and 
that a- 9-b = b-9-a where a and b are vectors and 2 is a dyadic. Corre- 
spondingly, with non-vanishing excitations 
s = O&r — rd — t’), ft =e’ (re — r”)ôl — 1”), 


(1 1b) 


or 
f=ed(r — relr — t’), st = Or — r')òl — t"), 
one infers, respectively, 
Galt”, r’; t, t) = GA, r”; t, 0), (11c) 
Galt”, e5 4”, 1) = Gile, e”; t,t”). (11d) 
Other reciprocity properties of the acoustic Green's functions follow from 
the observations, manifest from a comparison of Eqs. (1) and (7), that the ad- 
joint Green’s functions are time reversed, and also, as a consequence of spatial 
reflection, have reversed velocity components: 


Gir, 5 4, t) = (—1) +G (r, r; —t, —t'), (12a) 
whence, from relations (1la)-(11d), one finds 
Gle, e; t,t) = (—1) "G(r, r'; —t, — 0), (12b) 


with the same notational comments as in Eq. (6c). The reciprocity relations, 
Eqs. (12), applicable to a general class of acoustic field problems in both homo- 
geneous and inhomogeneous media, frequently simplify the explicit determi- 
nation of the acoustic Green’s functions. 

As can be inferred from Eqs. (6) and (5), or as can be verified by direct 
substitution into Eqs. (5), one can express all the desired acoustic Green’s 
functions in a homogeneous medium in terms of a single scalar Green's function 
g(r, r’; t, t’) as follows:t 


Gilt, r'; £, t) = nym s g(r, t’; 4, t’), 


t. ty lo VxVx Il , ; 
Galt, 0’; t,t’) == (5; + mmi Jdt) ) ate, es; i), 


G(r, 3 £, t) = —VYg(r, r’; 1, t) = Gult, r’; £, 0) 
tNote that 


(13a) 


gyl = f sods. 
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where g(r, t’; Z, t') satisfies the wave equation 
2 
V2 = i ð ) l. Wes es — gp ey, 
( <5 aa) elt, t; e,t) = Ole — il — r’) (13b) 


plus boundary and initial conditions in keeping with (5a) and (5b). The ability 
to express all four acoustic Green's functions in terms of one scalar function is 
a general consequence of the scalar nature of the acoustic field but is a prop- 
erty not shared by general vector fields. In view of the reciprocity properties 
(12b) of the acoustic Green’s functions, for a homogeneous and time-invariant 
medium, it follows from Eq. (13a) that 

g(r, r’; t, t) = g(t, r; —t', —t). (13c) 


Conversely, it is evident that if Eq. (13c) obtains, relations (12b) follow. 


Scalar Green's function for unbounded space 


For an unbounded homogeneous region the scalar Green's function g dis- 
plays the property (6c) that g(r, r'; 1,1’) = g(r — r’, t — t'), and hence its de- 
fining equation (13b) reduces to 


(v: — 4 ee, D = Aio, (14) 


wherein for simplicity we have chosen r' = 0 = ¢’. A solution of Eq. (14) 
satisfying the initial (causality) condition of vanishing for £ <0 (or equivalently 
the outgoing wave condition) ts 


g(r, ) = Tze, r= jr]. (15a) 


This solution can be inferred by considering a sphere of radius r, volume V, 
and surface S, centered at r = 0, whence the divergence theorem yields 


fff ¥-vear = [fas = ane Zt 


and also 
fffea-0 aseo 


From the spherically symmetric equation (14), on volume integration about 
r = 0, one then finds thar 


Og) 
4nr? H = ô(r). 


Since the general (spherically symmetric) solution of Eq. (14) satisfying the 
outgoing radiation condition has the functional form g(r, 1t) = Flt — (r/a)}/r, 
one infers Eq. (15a), which we now write as 


Or — e — (le — r'i/a)) (15b) 


Se) = 
g(r, e; 0,0) DF 
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whence, on substitution into Eq. (13a), one obtains the various Green's func- 
tions for an unbounded homogeneous fluid. 

If a point source s(t, ¢) at r’ = 0 has a time-dependent amplitude specified 
by s(t) for ¢ > 0, the corresponding (potential) field g(r, £) may be obtained 
from Eq. (15b) on multiplication by s(t’) and integration over t’ between the 
limits t’ = 0 and ¢’ = t — r/a. From the result 


gr, 1) = A u(r- L), (15c) 


where U(T) is the unit step function, which equals | for t >Q and 0 for t <0, 
one observes that the time dependence of the field at r is the same as that of 
the source, but retarded by the time t = r/a required for the field to propagate 
from the source to r. Furthermore, the causality requirement 9 = 0 for t < 0 
is seen to be sharpened to the condition 9g = 0 for t < r/a (i.e., the first re- 
sponse at r is observed at a time 7 after initiation of the excitation). 

For a bounded region the scalar Green's function g cannot be expressed as 
simply as in Eq. (15b) but can be represented in terms of appropriate eigen- 
functions of the region, as will be discussed in Sec. 1.4 and Chapter 2. 


1.1b The Vector Electromagnetic Field 


General properties 


In a vacuum whose constitutive parameters are the dielectric constant €, 
and the permeability 44, the vector electric field intensity E(r, 1) and magnetic 
field intensity H(t, t) satisfy at any point the Maxwell equations,t 


a-v x H = —J, 
(16) 


V x E+ a H = —M, 


where the source excitations J(r, £) and M(r, ¢) are, respectively, the vector 
electric current density and magnetic current density.” One associates electric 
and magnetic charge densities p(r, t) and p,,(t, t) with the above current den- 
sities via the continuity equations: 


V5=—2, 
V-M = —2fn. 


At any time z, the field equations (16) are supplemented by the auxiliary 
equations 


(16a) 


ve first-order Maxwell equations (16) are also valid for inhomogeneous media, 
Wherein €, and yp are replaced by r dependent parameters. 
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ees. (16b) 
V- 4H = Pm 
which make explicit the field dependence on the charge densities and which 
follow from Eq. (16) in view of Eqs. (16a) and (16c) after a divergence and 
time-quadrature operation. For uniqueness of the fields E and H, one requires 
that the excitations J and M vanish for t < ¢,, and that the fields satisfy the 
initial (causality) condition 
E=0=H fori <4, (16c) 
and the boundary condition 
nxE=2.-H (16d) 
on the surface S (if any) bounding the field region. The unit vector n is the 
outward norma! to the surface S, and & is an appropriate “impedance” dyadic 
having components transverse to n and characteristic of the boundary surface. 
On multiplication of the two Maxwell equations (16) by E and H, respec- 
tively, one readily derives the conservation-of-energy theorem: 


2 2 


One identifies E x H as the instantaneous electromagnetic power flow per 
unit area at r,¢; the term in parentheses as the total stored electromagnetic 
energy density; —J-E as the power per unit volume supplied by the electric 
current excitation; and —M-H as the power per unit volume supplied by the 
magnetic current excitation. 

In the absence of excitation, and for spatially homogeneous media, one ob- 
tains on elimination of H or E from Eqs. (16) the second-order vector-field 
equations 


V-(E x H) = at (oF + weit — J-E —M-H. (17) 


1 3 (18) 
VxVxH+ -pH =0, 


where c = (4€) !? is the speed of light in vacuum. The source-excited form 
of the second-order field equations follows readily from Eqs. (16) by the ad- 
dition of equivalent source currents to the right-hand side of Eqs. (18), as does 
their counterpart for inhomogeneous media. In the absence of sources one ob- 
serves from Egs. (18) that V-E = 0 = V.H; this condition is later shown to 
imply that, in a uniform medium, there are no longitudinal components of E 
and H in the direction of propagation of a single plane-wave field. 

Linearity of the field equations (16) implies that the fields can be expressed 
in terms of the excitation currents by the integral representations 


E(r, 1) = -| Cr, rat) Ne’, t) dr’ dt! — J Piatt, et, )-M(r', t) ar’ dt’, 
(19a) 
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Hr, t) = -f Gale, 0500) Se r) dr dt’ — | Gale, roi) Mr, t) de! dr’, 
(19b) 


where the integrals are extended over four-dimensional space-time volume ele- 
ments at’ at’ within which the currents J and M are non-vanishing. If current 
gources are present at infinity, their contributions E,,, and H,,, to Eqs, (19a) 
and (19b), respectively, must be indicated explicitly. From Eqs. (19), one 
readily identifies the dyadic components G (ee; 7, t) e and G,,(r, r'; 1, 1')-e’ 
as negatives of the vector electric and magnetic fields, respectively, at r,t 
produced by a unit electric current densityf at r’, ¢’ in the direction e’. Corre- 
spondingly, G(r, t's £, #’)-e’ and (r, r'; t, t')-e! are negatives of the electric 
and magnetic fields produced at r, ¢ by a unit magnetic current density at r’, r’ 
in the direction e’. 

The four dyadic functions G,, play the fundamenial role of Green’s func- 
tions for the electromagnetic field. Their defining equations are readily ob- 
tained on substitution of Eqs. (19) into the field equations (16), whence, on 
noting the arbitrariness of J and M, 


eo Ou —V x Ga = Wer — r')ôle — i’), 


V x Gy + iy Fa = 0, 


and (20) 
e fuy x Ga = 0, 


YV xBu t m Su = 10(r — r')O(t — t’). 


Equations (20) are to be subject to the initial and boundary conditions 
G, =—-0=G,, forr<?’, nx@,, = &@-@,, onS, (20a) 
G2 = 0> Ga for ¢ < t’, nx G 2 = Z- Ga on S, (20b) 


where n and Z are defined as in Eq. (16d). It is often desirable to simplify 
the Green’s function problem by specification of simpler boundary conditions, 
for example, 


nx@,=0 onS, ox@.,=O0=nx(V xX@,) onS. (20c) 


In this case the representation (19) must be generalized so as to include surface 
integrals representing the effect of "induced currents” arising from the differ- 
ence between the field boundary conditions (16d) and the Green’s function 
boundary conditions (20c). 


TA unit current density at r, in the direction e has the space-time form 
glr — r’)d(t — 2’). 


12 Space- and Time-Dependent Linear Fields Ch. 1 


On elimination of the Green's functions @,, and Gz, from the defining 
equations (20), one obtains for homogeneous media, or vacuum, the second- 
order partial differential equations 


VxVx@,+ L5G. = hr 1d(r — r')d(t — r'), (21a) 
V XV X Gat GG = Eg Wr — Ot — r’) (21b) 


for the electric and magnetic types of Green's functions G,,(r, r’; ¢, ¢’) and 
G.,(r, r'; £, t). Knowledge of the Green’s functions Y,, and @,, permits deter- 
mination of the remaining Green’s functions G,, and Y,, on use of Eqs. (20) 
and time quadrature. 

If field symmetries exist, properties of the electromagnetic Green’s functions 
can be inferred prior to their explicit determination. For example, in an un- 
bounded, homogeneous, stationary region in which the field equations (20) are 
invariant under arbitrary linear space-time displacements, one readily infers 
that solutions of Eqs. (20) are functions of the differences r — r’ and ¢ — t’, i.e., 

G (ese) = Guer r;e a r) (22) 
for i j = 1,2. 

Additional symmetry properties follow from consideration of an adjoint- 
field problem. The adjoint field is so defined as to permit the derivation of the 
reciprocity relation (24). With this intent, equations for adjoint electric and 
magnetic fields E* = E*(r, t) and H* = H+ (r, ¢) are derived from the original 
field equations (16) by a temporal and spatial reflection transformation 
0/0: — —0/dt and V — —V; the former effects a time reversal and the latter 
a reversal of the E/H ratio for source-free fields, as can be inferred from Eqs. 
(23), (23a) and (23b). One thus obtains 


ee +V x Hi’ = — d+, 


23 
-V x E* — p ĈE = —M', i 
which are subject to “reflected” initial and boundary conditions 
E` = 0 = Ht for t >t, (23a) 
nx E*=—-H* ons, (23b) 


and correspond to excitations Jt and M+ that vanish for ¢ > t}, The adjoint 
field differs from the original field defined by equations (16) in that it is “time 
reversed,” the E/H ratio is reversed, and the boundary is characterized by the 
transpose impedance dyadic —¥. The adjoint field admits ingoing (advanced) 
wave solutions of the functional form F(t + r/c) rather than the characteristic 
outgoing (retarded) wave solutions F(t — r/c) of the original field, an inference 
from causality in Eq. (16c) and from its time-reversed analogue in Eq. (23a). 
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The adjoint and original fields are connected by a reciprocity relation, 
0 0 
+ + R+ . M 
V.(ExH'+ E* x H) + €o z (E E ) + o y; (H H+) 


— Jt-E—J-E* +M’-H—M-H*, (24) 


derivable on suitable multiplication of Eqs. (16) by E*, H’, and of Egs. (23) 
by E, H. On integration of Eq. (24) over the space-time domain bounded by 
the surface S and the times s,, f, > ¢,, and on use of the divergence theorem 
together with the initial and boundary conditions (16c) and (16d), and (23a) 
and (23b), one infers an integral form of the reciprocity relation: 


o= ff de f” d(3* -E — J-E + M'-H — M-H?*). (25) 


To display succinctly the relationship between the original and adjoint 
fields implicit in the reciprocity relation (25), it is first necessary to introduce 
adjoint dyadic Green’s functions. Linearity of the adjoint equations (23) in- 
dicates that the adjoint fields are representable in a form similar to that in Eqs, 
(19): 


E*(r, t) = — Í Gilt, t; t, t) J+ (e, t) de di’ 
. | GAl, est, t) M? (r, t) dr’ de’, (26a) 
H*(r, t) = — f GAM, r'; t, t) J* (r, t) de’ de’ 


= Í Gale, r’; t, )-M* (r, t) de’ dr’, (26b) 


where the adjoint Green’s functions, distinguished by the superscript *, have 
the same significance for the adjoint field as the Green’s functions discussed 
under Eqs. (20) have for the original field. Defining equations for the adjoint 
Green’s functions may be obtained by employing the same reflection trans- 
formations as in Eqs. (23), but we shall omit this step and proceed to infer 
properties of the adjoint Green’s functions from the reciprocity relation (25). 
To utilize the reciprocity relation (25) we consider a number of different 
Choices of excitation for the original and adjoint fields. For example, if 


J = e'd(r — rôlet — r’), J+ =e O(e — r')ôlet — t”), 
M = 0, M* = 0, 
there follows from Eqs. (19) and (26) that 
E(r, t) = —-—@,(rer;¢,0)-e, E>, 0 = BA, est e, 
Hr, = —@,(r,r50,¢)-e, Har, e) = — BA, r 4 0)-e", 
Whence on substitution of the above fields and excitations into Eq. (25), 


e'-@i(r', p: t 1”) e” = e”. G(r”, r’; A t) 


(27) 
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or 
Gir’, ae t’, t’) — Gir’, r’; i t), 

where @,, is the transpose of the dyadic Y,,. In a similar manner, from the 

point excitations 


I= 0, J+ =0, 
M = e'r —r')0¢—/), M’ = eô — ree — t"), 
one infers 
Gafr, e’; t, t”) = Galt", e’; t,t’), (28b) 


and from the excitations 
J = e d(r — rôl — r’), J =6. 
M = 0, M* = e’d(r — r”’)d(t — t”), 
one obtains 
Gite ett) = Gye, e; e,t’). (28c) 


For the special case wherein Z = F, one infers from Eqs. (23) that the 
adjoint Green’s functions are identical to the original Green’s functions defined 
in Eqs. (20) but with time, G,,/Y2, and G,,/@,, ratios reversed. One thus 
obtains from Eqs. (28) as the reciprocity relations for electromagnetic Green’s 
functions in a vacuum bounded by a surface on which Z = T: 


Gule, e; t, 1t) = (—-1)!S,(r', r =t, — t), (29) 


where j, j = 1,2. The relations (28) and (29) frequently facilitate explicit 
evaluation of the electromagnetic Green's functions. (See also Sec. |.5b.) 


Dyadic Green’s functions in free space (invariant evaluation) 


Electric and magnetic fields excited by prescribed sources may be expressed 
via Eqs. (19) in terms of the electromagnetic Green’s functions for the regions 
containing these sources. This technique, employing Green’s functions that are 
independent of the form and distribution of sources, is to be contrasted with 
the related classical method of scalar and vector potentials (both electric and 
magnetic) that are dependent on the form and distribution of sources. Jn the 
following we shall represent explicitly the dyadic Green’s functions for a 
number of different regions, the form of representation depending on the sym- 
metry properties of the region. From Eqs. (21) it is seen that explicit deter- 
mination of the Green's functions G,, is essentially concerned with inversion 
of the dyadic operztor [V x (V x 1) + 1(0?/c? dr?)). In free space, the inver- 
sion is simple and may be effected by an analytical method equivalent to that 
of finding the classic scalar and vector potentials of a point source; in bounded 
spaces this method no longer applies and must be rephrased. Alternatively, as 
shown in this section, the inversion may be accomplished by an operator 
method that is applicable to both bounded and unbounded regions and con- 
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stitutes a succinct, invariant procedure. The term “invariant” implies that the 
method and result are independent of the choice of coordinate system for the 


space in question. 


Classical method 

For free space (unbounded and homogeneous), the four electromagnetic 
dyadic Green’s functions @,, can be expressed more or less classically in terms 
of a single scalar Green’s function. The result for Y,, follows from the second- 
order wave equation (21a) with G,,(r, r’; ¢, t’) subject to an initial (causality) 
condition of vanishing for ¢ < ¢’ (with a thereby implied outgoing wave con- 
dition). On taking the divergence of the first of Eqs. (20), one observes that 


Eo Lyg, = Vo(r — r) — 1’). 


On substitution of this relation into Eq. (21a) and noting that V x (V x @,,) = 
VV:-¢,, — V’G,,, one finds [see footnote on p. 7] 


1 @ = 0 _ VV Scud _ yp 
(V - hga) n = -hagr z975) ot r)d(t — t’). (30a) 


Introduction of a scalar Green’s function g(r, r'; £, t') via 
a ae é0, WV pee 
Gale, 05 0,0’) = (1405, 1 aap CAAA (30b) 


indicates that the expression (30b) satisfies Eq. (30a) provided g(r, r’; ¢, ¢’) 
vanishes for ¢ < ¢’ (thus obeying an outgoing wave condition) and is defined 
by the scalar wave equation 


(v? — 4 2) glr, r’; 4,1) = —d(r — r')d(t — rt'). (30c) 


This scalar Green’s function g, except for the presence of the light speed c 
rather than the sound speed a, is identical to that discussed in connection with 
Eq. (13b) and hence has the solution 
ey = Oe e — (le — rlo) 
g(r, r’; t,t) aa 4xjr — r'| ° (31) 
By duality to Eq. (30b), the dyadic Green’s function @,, is expressible in 
terms of g in Eq. (31) as 


Galt vs tt!) = (6, Lis one 30,0), (32a) 


and hence to satisfy Eqs. (20), the remaining electromagnetic Green’s functions 
may be chosen as 


Ba =V x lg = -ga (32b) 


Operator method 


An operator procedure for the determination of the Green’s functions G, 
may be based on the dyadic operator identity V x (V x 1) = VV — V?1, ex- 


16 Space- and Time-Dependent Linear Fields Ch. ! 


pressed in the suggestive operator form 

=L +r =Q- xND, (33a) 
where 1, and 1, are orthogonal unit dyads, “longitudinal” and “transverse” to 
the vector operator V, with the property 1,-1, = 0. The latter property im- 
plies that in a basis oriented along V, the matrix representative of Eq. (33a) is 
diagonal. In view of the unit dyads defined in Eq. (33a), the basic operator in 
Eqs. (21) may be represented as 


1 @ l I AV y xil 
peikia e 


(33b) 


Because of the orthogonality property of the unit dyads, one verifies, by direct 
(dot product) multiplication, the general inverse relation 


[4 VWV ,Vx(V x ny 7 È ‘As | Ixo xD] (33c) 


where A and B are scalars, or scalar operators, that commute with V. 
Accordingly, one obtains from Eqs. (33a)-(33c) the desired inverse operator: 


Pro saint) = ei) T 
+ (We Ax) L2G” 


-EA we- 
(33d) 


The operator identities (33) are validt for operation on any space-time func- 
tion and, in particular, on the point-source function ô(r — v’)d(¢ — 2’). In view 
of Eq. (30c), the inverse operator in the rightmost set of brackets of Eq. (33d), 
when operating on d(r — r’)O(t — t’), is recognized as the scalar Green’s func- 
tion g(r, r’; t, ¢’). The dyadic Green’s functions G,, and @,, then follow from 
Eqs. (21) and (33d) in the form already displayed in Eqs. (30b) and (32a), with 
the related Green's functions @,, and G,, given in Eq. (32b). 


ve y: AV B 


Field of an electric dipole current 


As an application of the above free-space Green’s functions, we consider 
the fields excited by the sudden creation at r = 0 and z = 0 of an electric 
charge dipole of moment p(r, 7) = pd(r)U(t), where U(a) is the Heaviside step 
function, which equals | for « > 0 and 0 for « < 0. This excitation gives rise 
to an impulsive electric current density J(r, 1) = Op(r, 1)/01 = p ĉ(r) O(t) and 


+The range and/or domain’ of the relevant operators are determined by the boundary 
and initial conditions concomitant to Eqs. (21). 
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to space- and time-dependent electric and magnetic fields given by Eqs. (19) 


as 
E(r, 1) = —@,,(r, 0; £, 0): p, 


H(r, t) = — G(r, 0; £, 0)-p, 


where the relevant free-space Green’s functions @,, and G, follow from Eqs. 
(30b), (32b), and (31). To cast the latter in a form that more clearly dis- 
tinguishes the nature of the various field contributions, we rewrite @,, of Eqs. 
(30b) and (31) as [note that f° | d(t — r/c) dt = Ult — r/c)] 


G(r, 0; £, 0) = Me A 1 — VV Ae 
Mi ô'(t — r/c) N? O(t — r/c) 
= J la = Foro) ae + (1 38 oho) ol — 71) 


+ (1 — 3r) AA, (34a) 


(34) 


and Ga of Eqs. (32b) and (31) as 
G(r, 0; 4,0) = —V x 1 Ole ao 


_ T — r/c) , Ot —r/c))t> x 1 
T l r T c l 4nr ’ (34b) 


where ĝ'(a) = dô(«)/da. The first two terms in brackets in Eq. (34a) represent 
“radiation” and “near-field” contributions in the form of impulsive spherical 
fronts traveling outward at the speed of light; the third term, which exists only 
in the region r < ct following the spherical front, is the static electric field of 
the charge dipole. The radiative term is transverse to rẹ and decays like I /r, 
whereas the other terms have the familiar 1/7? and 1/r? decay. Correspond- 
ingly, in Eg. (34b) the magnetic field is seen to be non-static and in the form 
of impulsive spherical fronts moving outward with the speed of light. The q 
component of field produced by a dipole in the direction of p is readily obtain- 
ed from the dyadics in Eqs. (34a) and (34b) by pre- and post-multiplication by 
q and p, respectively; note that re X -pP = ro X P. 


Free space, dyadic Green’s functions (rransversely invariant)—Hertz potentials 


The free-space, dyadic Green’s functions in Eqs. (30b), (32a), and (32b) 
were evaluated in a V-oriented basis that is invariant to choice of a spatial 
vector coordinate basis. It is of interest to carry out a similar evaluation in a 
basic oriented along a constant unit vector a but invariant in the surface trans- 
verse to a. Representations of Green’s functions in such a basis are particularly 
convenient for the analysis of field problems containing planar-stratified scat- 
tering structures with axis of stratification along the preferred a direction. 
Although the spatial cross section transverse to a is of infinite extent in this 
Consideration, the method is readily generalizable to cylindrical regions of 
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arbitrary but finite cross section. As in the previous invariant representations, 
the dyadic Green's functions are still representable in terms of a single scalar 
Green's function, which, however, is different from the scalar Green's function 
defined in Eq. (30c). An additional! feature of these dyadic Green’s function 
representations is that they provide a simple Hertz potential representation of 
the electric and magnetic fields produced by current sources, and they lead to 
a Clarification of certain singularities characteristic of such representations. 

As has been shown, via both classical and operator methods, the dyadic 
Green’s function G,, can be expressed as in Eq. (30b) by an invariant dyadic 
operator and a single scalar Green’s function g. We shall utilize that invariant 
result and reexpress the dyadic operators 1 and VV of Eq. (30b) in a basis 
oriented along an axial direction defined by the constant unit vector a. 

On decomposition of the gradient as V = V, + (a-V)a, one reexpresses the 
unit dyadic operator on the right of Eq. (30b) by use of the identity 


V21 = V?aa + V,V, + (V x a)(V x a), (35a) 


where V, is the invariant component of V transverse to a and V? = V? — 
(a-V)?.t Equation (35a) may be verified by noting thata, V,,V x a= V, x a, 
are orthogonal vectors with magnitudes 1, V2, V2, respectively, whence 
formally 


y, i (V x 7 xa) (35b) 


1 = aa + o 


To reexpress the dyadic VV, one employs the identities 
VV = V.V, + (V.a + aV,)(a-V) + aa(a-V)? 
[V x (V x a][V x (V x a)}] = V,V,(a-VY — (V,a + aV,)(a-V)V? 
+ aaV?V?, 
which, on multiplication by V? and addition, yield 
V2VV = (aaV? + V,V,)V? — [V x (V x al[V x (V x a). (36) 


From Eqs. (35a) and (36) one thus derives for application to the dyadic oper- 
ator of Eq. (30b): 


j 0 VV B l 2_ | @ 
V2 a TIIN) ~ — €,(0/0r) (aa; + V, V.) (Y ce Ja) 
+ $V x a)(V x a) 


+ {¥ x (V x aiy x (Y x a)] 
€9(0/0F) l 


From Eq. (30b) one obtains, on introducing a scalar function S(r, r’; t,t’) 


(37) 


tNote thai dot-product multiplication of Eq. (35a) from the right by a vector A yields 
an expression for V2A, with (V x a)*A = V.(a x A). 
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defined by VF = g, the alternative representation of the free-space dyadic 
Green’s function @,,: 


ð VV 
‘ ^ — V2 i l. f 
Gilt Ws ne) = Vi (do 52 agp) OF. (38) 
Substituting the operator identity (37) into Eq. (38), and noting that one may 
put V = —V’ when operating on a function of r — r' such as S(r, r'; ¢, 7’), 
one finds 


G (r, r’; £, t’) = TN (aa + Yor’) O(r — r’) Òlt — t') 


+ [æg x a)(V’ x a) 


_ [V x (Y x a)[V" x (V' x a) PE 
E,(0/0f) | ree t,t’), (38a) 


where S Is a — scalar Green’s function defined by 
vV: — 45) Se, ese) = de — yd — t’) (38b) 


and satisfies an initial condition of vanishing for ¢ < ¢’. It is of interest to note 
that the first term on the right of Eq. (38a) contains a singular Green's func- 
tion term G which, when evaluated in a p, g, z coordinate system, has the form 


Or — r’) dt — r' 
G = n ) 
which for p' = 0 may be written more conventionally as 


VIG = Le psa 5(p) 5(z — z’) ôl — r’), 


whence the p-dependent part is the static-line-source Green's function 
(1/27) In (ap). On restoring p’ + 0, one has, explicitly, 


G = E Inajp — P| O(z — z') b(t — t'), (38c) 


Where @ is a constant; this term is non-vanishing (and singular) only on the 
Plane z = z’ and at £ = f’. 

Just as in Eq. (30b), the expression for Y,, in Eq. (38a) requires only one 
scalar Green’s function S (if z # z', t % ft’). From Egs. (31) and (38b) one has 


vig — lt — (Ir — riyo) 
SAS e es 
where = t-—T. In a cylindrical p,g,z coordinate system with z in the 
direction a, one finds, if r' = 0 and hence le — r'| = VW p* + 2?, that 


18 9 gy _Ft— (vp + 2*/c)) 
0 ap? ap” = 4n ET 
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Multiplication by p and integration from 0 to p yields 


$5470; = ee u( — Eut =t), (39b) 


where the Heaviside unit function U(a) equals | for « > O and O for « < 0. 
In many applications (see Sec. 5.2), only VS or V,.Y, rather than itself, 
needs to be known; in such cases, only the results in Eqs. (39) are necessary to 
determine the field. 

A similar development leads to representation of G,,,G,,, and G, and also 
provides an alternative to the free-space representation of Eqs. (32a), (32b), 
and (31). By Eq. (35a) one first reexpresses the dyadic V x 1 of Eq. (32b) by 
use of the identity 


VxiV?=V x aaV? + V x ‘V.V, + (V x 'V x ay(V xX a) 
= —(V x a(¥ x V x a) +(V X 'V x al(¥ xa) (40) 


where in the second line we have employed the vector relations V x (V x a) 
= V (a: V) — Vaa, V = V, + a(a-V), anda x V, = —V x a, with a the unit 
vector along the symmetry direction. From Eqs. (32b) and (30c) one finds that 
2 
v:(¥? ~ 4 2) Gale, r; t,t) = V2V x 1ô(r — r’) ôl — r’) 


and hence, by Eqs. (40) and (38b), 
Galr, r’; i) = —[(V x aXV' x V’ x a) 


+ (V xV xaXV’ x a)y (r, r’; at) (41) 
ts the desired alternative representation of the magnetic-type dyadic Green’s 
function (with V’ = —V) in unbounded free space. As before, the Green’s 


functions G, = —@,, of Eq. (41) and @,, may be obtained from @,, in Eq. 
(38a) on the duality replacements €, <-—> Ho- 

To exhibit explicitly the electric and magnetic fields produced by an electric 
current density J(r, £), one utilizes Eqs. (19), (20), (38), and (41) to obtain (with 
restrictions noted below) 


E(r, 4) = =p $V x all’(r,4) + V x(V x aj) I(r, t), 


3 (42a) 
H(r,) =V x (V xa) Ilr, t) + Eog; V x all(r, ¢), 
where the scalar functions 
(r, 1) = | V x ale, r; 1, r) S0r, t’) de! de’ 
(42b) 


IT (r, £) = amal x (V x a) S(r, r’; t,t) J(r', r) dr dt 


are Hertz potentials associated with the electric current density J [recall that 
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vx (Vi xas =V'x [V' x (aS)], etc.]. From Eqs. (42a) one observes 
that since V x a IT is a vector transverse to a, the Hertz potential IT’ does not 
contribute an a component of magnetic field and Ti” does not contribute an a 
component of electric field; for this reason II’ and H” are frequently termed 
E-mode and H-mode potentials, respectively, with respect to a. The electric- 
field representation in Eq. (42a) is not valid in planes transverse to a containing 
the source J(r, ), Since in the transition from Eqs. (38a) to (42a), singular con- 
tributions in the indicated planar region from the first term of Eq. (38a) have 
been omitted. This omission and consequent restriction on the region of appli- 
cability of the Hertzian potential representation of the electric field in Eq. (42a) 
should be recognized. Note also that for the magnetic-field representation in 
Eq. (42a), which is applicable even in source regions, €,(0/0r) TI’ and not the 
potential IT’ need be calculated. 

The significance of the somewhat peculiar potential function in Eq. (39b) 
becomes evident on calculation of the fields radiated by an impulsive point 
electric current element J(r, £) = yop O(r) ô(t), where p is the electric dipole 
moment strength and y, is perpendicular to a = 7,. The portion of the x com- 
ponent of magnetic field, contributed via Eq. (42a) by the potential II’ in Eq. 
(42b), is found to be [note that 6'(a) = (d/da)d(a), and sena = +1 for x 2 0) 


m, = pF (oan 2) (+ — Bt) -f - 2) 


ogBie[ssLol-t), eas 


and the portion contributed by I” is 


H; = pF | (en z) ô(r — EN ~24(1~ Z) 


Anp 
toga A Lof- )), (43b) 


whence the total x component becomes 


_ yp Z [Ot—rf/e), lof r 
EE 


r 


where 
pe xP yh gt = pe 4 22. 

As shown in Fig. 1.1.1, the constituent fields H, and H” are seen to comprise 
a combination of plane and spherical wavefronts, whereas the composite field 
H, exhibits only the spherical wavefronts expected for a localized source. The 
decomposition of H, into H, and H corresponds to a similar decomposition of 
the Source function J(r,¢) into portions that radiate only E-mode fields (IT) 
with respect to z, and only H-mode fields (II’’), respectively. These equivalent 
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2 


Wavefronts 


FIG. 1.1.1 Wavefronts generated by E-mode or H-mode poten- 
tials, 


source distributions occupy the whole plane z = 0 and each gives rise to a 
plane-wave response in addition to the spherical wave, with the former canceled 
when the composite field is calculated. The E- and H-mode contributions to the 
y component of magnetic field behave in a similar manner: 


m= m= ETE 


4np’\ p’ r p c 
-öf - +), (44a) 
but the total y component vanishes: 
H, = H, + H, = 0. (44b) 


The z component of magnetic field is contributed entirely by the H-mode 
potential II” in Eqs. (42), 


H, = H; = -2 [A a =o g ali aa 


and in contrast to the components H% and Hy transverse to the guide (sym- 
metry) axis z, does not contain the plane-wave constituent. The results in Eqs. 
(43c), (44b), and (45) are, respectively, the same as the x, y, and z components 
of H = —p@,,:y) obtained from the formulation in Eq. (34b) (noting that 
For = XX + Yoy + ZZ). 

In contrast to the magnetic-field expressions, the transverse electric field, 
calculated on substitution of Eq. (39b) into Eqs. (42), exhibits a singular be- 
havior in the source plane z = 0. For the above y-directed electric current 
element, the contributions E4 and E“ from the E- and H-mode potentials IT’ 
and II”, respectively, are found to be given by 
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E, = PP af te [20 — Malle) 4, LO gt — 22H ap + 24] 


ja p’ 
a 2 af- L) ghui 2) — 2 502), (46a) 
E" = p hf- 2l eVe) 4 200 Se) 4. E afi E), 
(46b) 


whence E, = E + E becomes 


E, = 2, JA [ed 4 Lafi £)) 4 30, u(r t) 


— 7 5(z). (47) 
One observes that both the E-mode and H-mode contributions contain the 
plane and spherical wavefronts depicted in Fig. 1.1.1. The E-mode portion has 
in addition the static dipole field given by the second term in Eq. (46a) and in 
the source plane z = 0, the last term in Eq. (46a) behaves singularly. This 
singularity in the total field expression (47) is spurious since it destroys the 
continuity of E, across the z = 0 plane, and its presence represents a slight 
deficiency in the Hertz potential formulation. Cancellation of the singularity is 
assured by retention of the operator term (V,V,/V2) contained in the exact Eq. 
(38a) but omitted in the formulation of Eqs. (42). [See the result obtained on 
pre- and postmultiplication of this term by — px, and Yo, respectively, noting 
the footnote to Eq. (38a).] The above calculation demonstrates that care must 
be exercised in the use of the Hertz potential formulas (42) in planes containing 
sources and oriented perpendicular to a. However, the fields computed exterior 
to the source planes can be employed on these planes if necessary continuity 
requirements are satisfied [i.e., if the singularity can be isolated and ignored, as 
in Eq. (47)}. One verifies readily that with the last term omitted, E, in Eq. 
(47) agrees with the expression obtained from the alternative formula, 


—PXo' ii Yo in Eq. (34a). 
Dyadic Green's functions for bounded cylindrical regions 
For the case of a uniform waveguide of arbitrary (but non-varying) cross 
section transverse to the guide axis a, and bounded by perfectly conducting 
walls s, the electric-field Green's function ¢,, implicitly defined by Eqs. (21a) 
must satisfy a boundary condition 
vx@,=0 ons, (48) 


v being the outward normal vector at the walls. The representation in Eq. 
(38a) of the free-space dyadic @,, satisfies an outgoing wave condition in all 
directions but is inadequate to satisfy the requirement in Eq. (48). However, 
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as derivable from the inverse-operator derivation, the representations in Eqs. 
(38a) and (4!) are still valid inverses if two different scalar Green's functions 
SF’ and S” are inserted into these expressions: 


= ill AA r ! 

G = zgan (8 + r) OO — o ae — r) 

-+ MEA x aV’ x a)" (r, r';1,t') 
_{¥Vx(¥ x aV x (V x a)r, r’; 4,2) 


€o(9/01) ce 
Ga = —((V x aXV' x V’ x a) Ser t, r’) 
+(VxVx aV(V' x a)AM(r rr), (49b) 


where both S’ and S” still satisfy Eq. (38b) but are distinguished by their 
boundary conditions, deducible from the requirement (48): 
2 SF 20 on s, 
(49c) 

Vif =0 = F on s. 
Compatibility of the conditions VS’ = 0 and Y’ = 0 on s can be inferred 
from the homogeneous form of Eq. (38b). Initial conditions of vanishing for 
t < t' and hence outgoing wave conditions at +0o on the guide axis are also 
required. 

The Green's functions in Eqs. (49) can be utilized for the representation of 
the fields excited by an electric current density J in a uniform waveguide with 
perfectly conducting walls. The field representations in Eqs. (42) are still ap- 
plicable but, now, instead of the expressions in Eqs. (42b), one finds for the 
electric-type Hertz potentials, 


II"(r, ¢) = jv x af"'(r, t; 1,1) I(r’, t) dr’ dt, 
(50) 


IT'(r, t) = aan V x (V' x a) F'(r, r’; t, t) Jr, t) dr dt’. 


€(9/9t) 7 t) 
It should be noted that for linear stationary systems, the scalar Green's 
functions Y’ and S” both have the form 


S, r; t, t) = Sr, rt — t), (51a) 
and since, in view of the reciprocity property (29) of the Green’s function 
Gin Sr, r; e,t) = Al(r’,r; —t’, —t), one has 

Sr, r; t — r) = flr rt — r). (51b) 

The above reciprocity properties permit one to anticipate the general forms 
that Y’ and S” must assume: 

L'r, r; t,t) = $ A, ®.(r, OO (r, —2'), 


S(r, r'r, t) = 2. Bey a(r, W l, —t'), 


(5lc) 
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and Eq. (38b) implies that for r = r’, =’ the mode functions ®, and wy, 
must satisfy 


(v2 — 4 52)®, =0, d. = Oons, 


(V -— a), = 0, We = O ons, 


with the amplitude constants A, and B, being determined by the singularity of 
Eq. (38b) at r = r’, t = f’. In the steady state, representations of this type will 
be exhibited in Secs. 2.3 and 5.2. 

In a manner similar to the derivations in Eqs. (38a) and (41), or by duality, 
one infers that the general solutions of Eqs. (20) and (21b) for @,, and G,, in 
a uniform waveguide of perfectly conducting walls have the form 


(51d) 


Ga = + ara (aa + Yr) cle — r’) Ot — t') 
+ os (V x aV’ x a)SA'(r, rs 0,1’) 
_(V x(V x a)[V’ x (V x aA r; s, 1) (52a) 
j,(9/01) 
Bu =(V x aV x (V x a(r, r; 6,2) 
+ [V x (V x aV’ x aSA'(r, 0; 0, t’), (52b) 


whence, by Eq. (19b), the electric and magnetic fields produced by a magnetic 
current density M(r, ¢) are 


E(r,¢) = V x (V x a) I(r, t) — Hy $V x all’(r, 6), 


3 (53a) 
Hr, t) = 605, V x all(ro+V x(V x ad) I(r, 5), 
where 
I'(r, 1) = -Í V x af'(r, r; 1, t) M(r', 0) dr dt’, 
(53b) 


I(r, t) = OLN [V x (V x a) F(R r; t, O) MO, 0) dr de 


Since the field expressions in Eqs. (53a) and (42a) are identical, it is manifest 
that the Hertz potentials in the presence of both electric and magnetic current 
densities J and M are given by superposition of Eqs. (50) and (53b). There is 
a restriction in the range of applicability of the magnetic-field representation 
in Eq. (53a) to planes transverse to a not containing the source M(r, t); as ob- 
Served previously, this results from a singularity in G,, noted in Eq. (52a) but 
not included in Eq. (53a). 
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li.ic The Plasma Field (One-Component Fluid Model) 


General properties 

A plasma, comprising a system of charged particles in thermal motion, 
exhibits collective wave phenomena that in certain ranges may be approxi- 
mately described in terms of a homogeneous, collisionless, fluid model. We 
restrict our considerations to the case wherein only plasma electrons are ag- 
sumed mobile. The associated plasma field, linearized and suitably averaged, is 
describable by an electric field E(r, 2), a magnetic field H(r, 4), an electron 
pressure p(r, t), and an average electron velocity v(r, 1) obeying the field equa- 
tions? 


aE —VxH — Mo qv Sca 
VxE+ wy — —M, 
54) 
1 dp mie: ( 
yp, Of + y y = S, 
My GE + Vp + nom (5 == W, Do x v) — —f. 


As before, €, is the vacuum dielectric constant, 44 the vacuum permeability, 
—Mngq and nm are the background electron charge and mass densities, p, is the 
background electron pressure (in a cold plasma po ~ nT. = 0), and y is the 
specific-heat ratio for electrons. The plasma is polarized by a static magnetic 
field B, = B,b,, thereby introducing an electron “cyclotron” (gyro) frequency 
w. = qB,/m into the field description. The field is assumed to be excited ex- 
ternally by an electric current density J(r,¢), a magnetic current density 
M(r, t), an electron source density s(r, £), and a force density f(r, £). It is to be 
observed that the first two rows of Eqs. (54) comprise the conventional Max- 
well equations appropriate to a charged fluid of electric current density —nogY 
with applied current densities J and M. The latter two rows constitute the 
Euler equations for a charged inviscid fluid, including a Lorentz force density 
—n,q(E + v x B,) and applied excitations s and f [see Eqs. (1) and (16)]. The 
presence of v dependent and E, H dependent terms in the Maxwell and Euler 
equations, respectively, produces coupling between the electromagnetic and 
dynamical fields considered separately in Secs. 1.la and 1.1b. The arrangement 
of Eq. (54) anticipates transition to the matrix equation (57) and to the abstract 
formulation in Sec. 1.)d. 

To assure a unique description of the fields E, H, p, and v defined by Eqs. 
(54), one imposes the additional requirements that the excitations J, M, 5, and 
f vanish for t < ¢, and that the fields satisfy the initial conditions 


E=H=p=v=0 #£for:<yz, (54a) 


and the boundary conditions 
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on S, (54b) 
p= av-n 
where n is the outward unit vector normal to the surface S (if any) bounding 
she region within which the field is defined, while « and 2 are boundary 
(“impedance”) parameters for the dynamical and electromagnetic fields, re- 
spectively. . o — 
An energy-conservation theorem is readily inferred on suitably multiplying 
Eqs. (54) by E, H, p, and vy, respectively, and adding, whence one obtains 


= OE |, wo? , pP , nom? 
VE x H+ py) = -g T= TaT 5 
~— J-E—M-H-— sp—f-v (55) 


as a natural generalization of Eqs. (2) and (17). The vector (E x H + pv) is 
identified as the total instantaneous plasma power flow per unit area at any 
space-time point r, £ in the plasma field. Correspondingly, the time derivative 
on the right of Eq. (55) reveals the total instantaneous plasma field energy 
density, while the remaining terms display the instantaneous power per unit 
volume supplied to the field by the excitations J, M, s, and f. The latter are 
evident combinations of previously defined electromagnetic and acoustic power 
and energy densities. 

The linearity of the plasma field Eqs. (54) implies a corresponding linear 
dependence of the fields E, H, p, and v on the excitations J, M, s, and f. Thus, 
in an evident matrix generalization of Eqs. (4) and (19), the fields at any space- 
time point r, ! can be represented as 


E(r, £) Gai G@. Gor G, J(r', t') 
H(r, ¢) Gna Ba Gn Gu M(r', ¢’) 
AE . ar’ at’, 56 
P(r, t) SIN Gu Gy Gnu Gy, s(t’, 1’) = 
v(r, f) Ga Guo Gu Ga f(r’, 1) 


where the integrals are to be extended over all space-time volume elements 
dr dt’ within which the excitations are finite. The scalar, vector, or dyadic 
nature of the Green’s function matrix elements G, s = G. p(T, r'; £, 1’) and the 
appropriate definition of the matrix product in Eq. (56) is determined by the 
scalar Or vector character of the field components on the left side of the equa- 
tion. The Green’s function G,, represents the negative of a field produced at 
r,t by a unit current applied at r’,r’. For example, —@,,-e is the vector 
electric field produced at r, z by a unit electric current density at r’, 1’ in the 
direction e, etc. 

The field representation in Eq. (56) reduces the plasma field problem to one 
of determining the Green’s functions G,,;- The defining equations for these 
Green’s functions are obtained on substitution of Eq. (56) into Eqs. (54). For 
example, the Green’s functions G,, excited by a point dyadic electric current 
density £ = 1 ô(r — r’) d(t — 1’) are defined by 
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where in conformity with Eq. (56) we have employed a matrix notation for the 
basic field operator of Eqs. (54). For uniqueness, Eqs. (57) are to be subject to 
initial and boundary conditions which typically are of the form [see Eqs. (54a) 
and (54b)] 


G,,=0 fort <r (57a) 
and 
n x G = F -Ga 
on S. (57b) 
Gy = m- Ga 


Note that, despite the dot-product multiplication on the left of Eq. (57), the 
product of the 43 vector matrix element and the vector G,, is simple (i.e., VG;,). 

Symmetry and reciprocity properties of the plasma Green's functions are 
derivable from an adjoint problem in the manner illustrated in Secs. l.la and 
1.1b. To avoid repetitiousness we merely state the result of such a derivation: 


Galf, r'; t, t') = (—1) +P a(r, r, —f', —t), (58) 


where ~ denotes the transpose operation for dyadics . The reciprocity proper- 
ty 58 generalizes and contains the previously obtained properties (12) and (29) 
for the acoustic and electromagnetic fields. 


Dyadic Green’s functions for an unbounded, isotropic, electron plasma 


Closed-form expressions for the Green’s functions Ges of an unbounded 
plasma with no magnetic field (w. = 0) can be derived by generalization of 
the inverse-operator procedure employed in Eqs. (33) et seq. for free-space 
Green’s functions. In this case one finds that the overall plasma field (i.e., the 
Gp) can be expressed or scalarized in terms of two distinctive scalar Green's 
functions characteristic of wave propagation at light and acoustic speeds. One 
first solves Eq. (57) for G(r, r’; £, ¢’) by elimination of G,,, Gn, and Ga, whence 
one obtains 


0 w? VY (8/0) + œ — evy x(V Xx DD), 7 
leo S t JI aN | yr AGILI cy G 


= ôr — r’) dt — t'), (59a) 
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where an operational formt has been employed for simplicity of expression. 
Utilizing the inverse relation (33c), one can invert the bracketed operator in 
Eq. (59a) by writing in successive steps: 
Y eee 2 2 1 
_ Vi — (1/a’*)(e*/dr*) VV 3 A x v x dy, (59b) 


Gii T Eo( / t) Yr 8o — y Or 
0 VV O/dr (g. _ Ba\ 
Gi == Ho i Ig. B El 7 t) E + ye (5 Be) I, (59c) 


Gy = bo Dig, — We 2e + me Bh (8. ed, (590) 
li Ol e €,(0/dt) a ( 27 t?) £ ar c a/ |» 

where g, and g, are two different scalar Green’s functions defined in Eq. (60b). 

Finally, on rearranging the g, and g, terms, one rewrites Eq. (59d) as 


o VV d/at VV w? 
Gn = (40 551 E (F/I) + wo a E, OJIA + w3] ee 
where 


— i , ' es 

8 = "NW CLEN Or — r')ôl: — £’), u = a,c, 
with ¢ = 1/A/ Molo, a = ~V yPo/Nam, and W, = ~ nog*/mME,. Equations (60b) 
defihe operationally the two scalar Green’s functions, in terms of which an 
isotropic one-component plasma field can be represented. It should be noted 
that when the plasma frequency w, — 0, the expression for G,, in Eq. (60a) 
reduces to that for the electromagnetic Green's function @,, given in Eq. (30b). 

In an unbounded medium the outgoing solution g,(r, r'; £, ¢’) of Eq. (60b) 
can be determined in the form (writing r — r' = rands —¢’ = t) 


+o { = — 4s a — z d 
Kin ee om 
This generalization of the w, = 0 case, 


Oft — (r/u)} _ { = {—i[@t — w{r/u)]}} dw 
4nr od is 4nr 2n ' 


follows from the recognition that in a temporal Fourier representation of Eq. 
(60b) (in which 0/01 is replaced by —iw), the cases w, = Oand œw, ~ 0 differ 
only by the replacement w— /w* — w? (see Sec. 1.5e). The integral in Eq. 
(61a) is tabulated as‘ 


g(r, 1) = Af = L/W) — 2 Slog? = (Ce Ule — (r/4)) 6 1b) 


u Ve — (ju) 4n 


where J,(x) is the first-order Bessel function, and the step function U(x) equals 
I or O depending on whether x > 0 or < 0, respectively. 


gues can multiply this equation by [(d?/d/?) — a2V2}¥2 to remove the inverse opera- 


(60b) 
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The scalar field g, of Eq. (61b) is seen to be formed of a spherical wave 
front identical with that in a medium having œ, = 0, followed by a dispersion- 
dominated trailing “wake” that persists indefinitely. Dispersion implies that 
the various harmonic wave constituents in Eq. (61a), required to synthesize the 
field, travel at different speeds. At observation times sufficiently long to permit 
replacement of the Bessel function by its large-argument approximation, 
Ji(a) ~ (2/na)'* cos [x — (32/4)}, the field may be interpreted in terms of 
wave packets, or bundles of plane waves, of appropriate wavenumber and fre- 
quency; this aspect is discussed in detail in Sec. 1.6. 

On observing from Eq. (61b) that since @,, must vanish for ¢ < (r/u) = 1, 
one evaluatest 


moda U(t — 7) (62a) 


Payr- 
and obtains, on multiplication by g,(r, ¢) and integration, 


sin @,(¢ — 


CaS + wś g(r, 1) = f. oDer, T) dt. (62b) 


On substitution of Eqs. (61b) and (62) into the operational solution in Eq. 
(59b), one then finds that 


G wrie be 1 2 ALE — (r/o _ OMe fol u(t- z) 
_ az VV{| wlt — (r/c)] 
RE, r 


J (w D (: Z) 
c 


@ t 
B ohana =) (r*/c’) 


m yy ii — cos ol — (r/a)) 


= 2f — cos w(t — 7)] MO E = 5 ade |U (- alt a3) 


Equation (63) displays explicitly the electric field produced by a suddenly 
created electric dipole at s = 0 = r as a superposition of two spherical wave- 
fields traveling at speeds c and a, each associated with a dispersive wake. 


Reduced formulation of plasma field 


It is of interest to note that the first-order form (54) of the plasma field 
equations can be recast into a higher-order form on elimination of the field 
variables p and v. One obtains by this reduction an electromagnetic phrasing 
of the plasma field equations as 


tAs is verified by the operation of (02/012) + w3, on both sides of Eq. (62a). 
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0\ 0 —_ vr 
y A dH 
x E+ hy = — Wi, 


where 
d w? 
e(V 5) = el + arar FVV) 

is an equivalent dielectric constant operator for the isotropic (w, = 0) plasma 
and J’ represents an equivalent electric current density involving a somewhat 
complicated operator expression in J, f, and s. The dependence of the equiva- 
lent dielectric constant on V and ¢@/d¢ is frequently referred to as a spatial and 
temporal dispersion property; this is to be contrasted with the non-dispersive 
character of the parameters in the first-order formulation. (See Sec. 1.5). 

An alternative fluid dynamic rephrasing of the plasma field equations in 
terms of p and v can be obtained on elimination of the field variables E and H 
from Eqs. (54). 


1.1d General Linear Field (Abstract Formnlation) 


The commonality in analytical procedures employed to describe the acoustic, 
electromagnetic, and the one-component plasma fields in Secs, !.la-1.1c, sug- 
gests their applicability to any linear field that is invariant under spatial and 
temporal displacements. This observation finds its most succinct expression 
when the field equations for a linear field are represented in the operator form 


LY = —® (65) 


where L = L(V, 0/ot) is a linear operator descriptive of the field equations, 
Y = V(r, t) is a wavevector characterizing the field variables, and ® = O(r, 7) 
is a wavevector describing the excitation. Since L is a (unbounded) derivative 
operator, it is necessary for uniqueness to state that Y lies in a prescribed 
domain 2, of the operator L—a remark that is equivalent to the statement of 
initial and boundary conditions on the elements of W. We list below the matrix 
forms taken by the operator L and the wavevectors W and ® for the fields 
Considered in Secs. 1.1a-1.lc. 


Acoustic field 


: (66) 
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Electromagnetic field 


oF 1 y xil 
YVxi 4 9 l 
ĉi (67) 
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One-component plasma field 
agı —V x1 0 —n ql 
Vxl mı 0 0 
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The matrix-wavevector product LW in Eq. (65) requires modest care in 
evaluation, as the matrix elements of the operator L are scalars, vectors, Or 
dyadics, while the wavevector elements are scalars or vectors. Proper identifi- 
cation of the product is evident on comparison of Eq. (66) with Eq. (1), of Eq. 
(67) with Eq. (16), and of Eq. (68) with Eq. (54). 

To effect combinatorial operations on Eq. (65) one defines the inner 
product of two wavevectors and is led thereby to the concept of an adjoint 
operator.’ The inner product of two wavevectors W+ and Y is defined as the 
four-dimensional space-time integral 


(YY) = | W*(r, 1)- Wr, t) dr dt; (69a) 


for example, in the case of the real electromagnetic field described by the 
wavevector in Eq. (67), this relation takes the more explicit form 


(Wr, Y) = Í [E+ -E + H’ -H] dr dt. (69b) 


If the inner product of the wavevectors ‘¥* and LY can be related to the inner 
product of the wavevectors L* Y+ and as follows, 


(PY, LY) = (L Y+, Y), (70) 
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then the operator L+ is said to be the adjoint of the operator L for Y and Y+ 
lying in suitable domains 2, and Q,., respectively. The operator L is to be 
identified as one of the matrix derivative operators shown in Eqs. (66-68); Eq. 
(70) then constitutes an integration-by-parts theorem in a four-dimensional 
space-time volume wherein the boundary contri butions vanish by restricting Y 
and Y+ to suitable domains. 

The definition of the adjoint operator L* in Eq. (70) permits the introduc- 
tion of an adjoint problem 

L'Y = —@’, (71) 

where for uniqueness ‘¥* is subject to appropriate boundary and initial con- 
ditions (i.e. Y+ lies in a prescribed domain Y,.) and where the wavevector M* 
is arbitrary. The wavevector of the original problem in Eq. (65) is not un- 
related to the wavevector ‘¥* of the adjoint problem in Eq. (71). In fact, in 
view of Eq. (70), it is evident that 


(Y+, ®) = (®+, Y), (72) 


an adjointness relation that is equivalent to and generalizes the previously en- 
countered adjointness relations in Eqs. (9) and (25). 
One introduces a Green’s function operator G for the linear field Y by 


Y= —GỌ, whence LG = 1, (73a) 
and, correspondingly, an adjoint Green’s function G* for the adjoint field ‘Yt 
by 

Y+ = —Gt®*, whence L*G* = 1. (73b) 
Equations (73) constitute succinct defining equations for the Green's functions 
of a general linear field. Matrix representatives of G and G* are denoted by 


G — (G,,(r, r’; t, t')) and Gt — (G(r, r’; 1, t')) (13c) 


with the matrix elements G,, and G} identifiable as scalars, vectors, or dyadics; 
see, for example, the representations in Eqs. (4), (19), and (56). In view of the 
adjointness relation (72), the adjoint Green's function G* is related to the 
Original Green’s function G by 


(G* O*, D) = (®*, GO), (74a) 


whence one infers from Eq. (69a) and the arbitrariness of the excitation wave- 
vectors ® and ®* the matrix element relations 


Gitt,r'5 t,t) = Gir, r; 0,0, (14b) 
which generalizes previous results derived in Eqs. (11) and (28); note in Eq. 
(74b) that the transpose symbol is necessary only if G,, is a dyadic element. 

_ The relation (74b) can be cast as a reciprocity relation involving only the 
Original Green's function G if the adjoint G* is expressible in terms of G. Such 
a Possibility exists if the original field operator L possesses symmetry properties 
under a time-reversal transformation in an appropriate domain. For example, if 
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the time-reversed field operator L(V, —0/d01) is denoted by L, then for all the 
operators L* considered above, L* = TLT, where T is a diagonal operator 
with +1 matrix elements such that T! = T. It follows that 


Gt = TĜT, (75) 


where Ĝ is defined in a suitable domain by iG = | and has a matrix repre- 
sentative 


G, (r, 31,0) = Gt, r; — t, —2. (16) 


From Eqs. (74b), (75), and (76) one then infers in an appropriate domain the 
reciprocity property 


G (r, r’; 60) = (— 1) G, r; — r, —t) (17) 


for the original field, a result that is a generalization of the previously noted 
relations (12), (29), and (58). 


1.2 PLANE-WAVE FIELD REPRESENTATIONS 


Closed-form solutions for the space- and time-dependent fields excited by 
arbitrary, space-time distributed sources are not generally possible. Although 
a number of formal solutions for such problems have been obtained in Sec. 1.1 
via operator or equivalent techniques, their explicit evaluation frequently re- 
quires a complicated integration process, depending on the space-time distribu- 
tion of the sources. The determination of field solutions for free-space sources 
of harmonic plane-wave form is, however, much simpler to effect, because the 
operator analysis becomes essentially algebraic. Thus, in suitable regions, if the 
source distributions can be analyzed into their plane-wave constituents, the cor- 
responding field response can generally be ascertained by algebraic techniques 
and the desired space-time fields evaluated by synthesis (integration) of the 
constituent plane-wave responses. This analysis and synthesis procedure provides 
a very effective methodology for the calculation of power flow, asymptotic 
evaluation of far fields, etc., for appropriate linear fields. In the following, at- 
tention will be concentrated On plane-wave analyses of fields, and their Green’s 
functions; the corresponding space- and time-dependent fields are derivable 
therefrom via transform relations to be stated. 

Fields in linear, homogeneous, stationary, unbounded regions are invariant 
under space-time translations and hence are representable as superpositions of 
plane waves of the form exp [i(k-r — wr)]. The vector wavenumber k and 
angular frequency w, which characterize the wave periodicities along the 
spatial coordinate r and time 7, can be so selected that such plane waves con- 
sutute a complete set capable of representing relatively arbitrary space-time 
functions. The mathematical basis for such a representation is provided by the 
four-dimensional Fourier-integral theorem,’ whereby an integrable space~time 
function F(r, ¢) is representable as 
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F(r,1) = Í F(k, aero ae (la) 


with the regular transform amplitude F(k, @) given by 
F(k, w) = { F(r, jea dr dt. (1b) 


Fach of the fourfold integrals ia Eqs. (1a) and (1b) extends from — co to + oo, 
with dk and dr denoting volume elements in k and r space, respectively. For 
notational simplicity the same symbol, but with different arguments, designates 
the function F(r, ¢) and its transform F(k, œ). 

The Fourier transforms (1a) and ({b) can be combined into the more suc- 
cinct form of a “completeness relation,” which constitutes a plane-wave repre- 
sentation of the four-dimensional space-time delta function: 

ô(r — r’) ôu f= Ca a e , (2a) 
The transform relations (1) are recoverable from Eq. (2a), as is evident on 
multiplication of the latter by F(r',1£’) and integration over all Space-time 
volume elements dr’ dt’. The transform relations (i) also imply an “orthog- 
onality” property 


(2n)* ôk — K’) d(@ — a’) = [gate dr dt. (2b) 


In the domain of integrable functions, the range of integration in Eqs. (la) 
and (2a) spans all real frequencies œw and real wavenumbers k. In many physical 
problems there appear non-Fourier-integrable, but bounded, “causal” functions 
that vanish for ¢ Jess than some finite time and that may be finite as £ ap- 
proaches infinity. To assure the existence of the transform (1b) of such a causal 
function, it is sufficient to shift slightly the @ contour of integration from the 
real œ axis into the Im w > 0 region. Equations (1) and (2) so modified con- 
stitute the Fourier-Laplace integral theorem. That Eqs. (1) provide a complete 
representation of a causal function F(r, ¢), vanishing for ¢ < 0, may be verified 
by contour deformation of the w integral path in Eq. (la) into the upper half- 
plane Im œ > 0 where, in view of the regularity property of F(k, œ) in this 
region, the integra! vanishes by Cauchy’s theorem. 

In a linear, homogeneous, stationary, unbounded medium, Green's functions 
possess an r — r’, ¢ — ¢’ space-time dependence and hence, by Eq. (2), are re- 
presentable in the form 


g(r, r’; t, t') Z { atk, wje- witen E . (3) 


th characteristic (eigen) feature of such a plane-wave representation (basis) is 
t it algebraizes (diagonalizes) the derivative operators V and 0/d¢ in field 
©quations that are invariant to space-time translations. In such a basis 


V = ik and 4 = —jow. (4) 
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This algebraic property implies that the representation (3) reduces space- and 
time-dependent Green’s function problems in linear, homogeneous, stationary, 
unbounded regions to simple algebraic problems of determining g(k, œ). In 
passive lossless systems it can be anticipated that g(k, œw) will possess singulari- 
ties for real values of both w and k, since impulsive excitation of such systems 
generates waves that are propagated to infinity. Alternatively stated, since 
natural plane-wave solutions of the source-free field equations exist for certain 
real œ and k, the Green’s function g(k,@) must exhibit “resonances” or 
singularities at the corresponding œw and k. Accordingly, to define uniquely 
inteprals of the form (3) it will be desirable to distinguish between the analytic 
representation of g(k, œw) in the half-plane Im œw > O (to assure causality) and 
the singular, but integrable, representations for Im w = 0, with k real in both 
instances. 


1.2a The Acoustic Field 


As noted in Sec. 1.ła, acoustic fields excited in linear homogeneous regions 
are expressible in terms of a scalar Green’s function defined, as in Eq. (1.1.13b), 
by 


(v: = 4 $3) a(t t, t) = sle — vd — 0), (5) 


subject to the initial condition g = 0 for t < 1’. In the case of an unbounded 
region this implies for given ¢, because of the finite propagation speed a, the 
boundary condition g = 0 as |r — r'| — œ [see Eq. (1.1.1 5c)]. In view of the 
algebraic property (4) and the representation in Eq. (3) one infers from Eq. (5) 
the simple transform solution 


_ 
glk, o) = pay «= Im w > 0, (6a) 


where the constraint Im œw > 0 assures in this domain the analyticity of 
g(k, œ), in keeping with the causal nature of the Green’s function. To continue 
g(k, w) onto the real w axis (in the limit Im @ — 0+-), one first observes tbat 
a real singular function such as 1/x, undefined at x = 0, can be made unique 
by the following limiting process: 

xo lim ea lin (ata tigga) Py tort (6b) 
where F denotes the “principal part” and serves in the sense of Cauchy to ex- 
clude the singular point x = 0. Equation (6b) is to be interpreted as a “distri- 
bution” which is given conventional meaning on multiplication by a suitable 
function of x and integration over x.’ In accordance with Eq. (6b), one con- 
tinnes g(k, œw) as 


+The relation nôtx) = lim Je/ix? + €2)) can be verified on integrating both sides of Eq. 
-0 


(6b) about x = 0. 
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= l len e = 

g(k, œw) = PR @ya) T nid(k a)? Im w = 0. (6c) 
Knowledge of the amplitude g(k, w) permits, via Eq. (3), the evaluation of the 
space- and time-dependent Green's functiont 


o tk) 
g(r, 1) = 42 K — (w/a?) (Qn) aur yay 
j 1 <0, 


where for simplicity r, t in Eqs. (7) denote r — T’, r — 1, and where the result 
of the integration is known from the alternative evaluation in Eq. (1.1.15a). It 
should be noted that pole singularities of the integrand in Eq. (7), or equiva- 
lently of g(k, œw), occur at those values of k, w that satisfy a “dispersion equa- 
tion” k? — (w?/a*) = 0, a “resonance” relation that will be considered below 
in more detail. 

The various acoustic Green’s functions G,,(r, r; t, £), G(r, r’; t,t), etc., 
are derivable from g(r, r’; ¢, 1’), as previously noted in Eqs. (1.{.13a). It 
readily follows from these equations together with Egs. (4) and (6c) that in the 
k,@ transform space, the acoustic Green’s functions have the form (for 
Im w = 0), 

Gulk, @) = neonymd (k? — 2) + | ane Lee ee 
sei a j(/pPo) + (k*/jonm) 


W w? | Í 
b = — ô 2 —= ETE —_— I 
Falk, o) |7 YPo (k =) + P anm + [k*/(j@/ypo)] L t omm j 


Gulk, 0) = Gulk, w) = jk| -jô (æ — S) + P ETA) (8) 


where the delta functions and the principal value symbol P are to be omitted 
when Im @ = 0.t The unit dyadics 1, and 1, are defined by 


kk kx (kx 
nr 


1,= ry l = 1=1,4+ 1, (8a) 


which are longitudinal and transverse, respectively, to the direction k, = k/k 
of plane-wave propagation. The significance of these transformed Green's 
functions is enhanced if one first rewrites the acoustic field equations (1.1.1) in 
transform space as 


i= pk, œ) — jk-v(k, œ) = —s(k, w), 
YPo (9) 
— jkp(k, w) + jan nk, w) = —f(k,@), 


tIt should be remarked that the œw integration in Eqs. (7) yields an additional term 
Off + (r/a)|/4nr, which vanishes for t > 0 [see Eq. (1.3.25)]. 

{The notation J = — i will be employed occasionally to emphasize network interpreta- 
Hons and corresponds for any harmonic constituent to a time dependence exp (jwt); the 
half-plane Im w > 0 in the / notation becomes Im w < 0 in the j notation. Also note that 
Gulk, w) = G,,(—k, 0), Paik, W) = 9 a —k, w), ete. 


38 Space- and Time-Dependent Linear Fields Ch. } 


whence their algebraic solution can be expressed in terms of the transformed 
acoustic Green’s functions in Eqs. (8) as 
PK, w) = —G, i(k, w)s(k, w) z G,:(k, @): f(k, w), 
v(k,@) = —G,,(k, w)s(k, w) — E(k, w). f(k, w). 
That Eqs. (10) are indeed the solution of Eqs. (9) in an unbounded space can 
be verified by direct inversion of Eqs. (9), a fact that is already evident from 
Eqs. (1.1.4) and (1.1.6). 

A network schematization of the acoustic field equations in k, w transform 
space provides a pictorial view of interrelations among the field variables and 
also may be used to calculate dispersion properties (see p. 2) and power ra- 
Giation. If one introduces the characteristic ko, To, T = ko x To unit vector 
coordinate system shown in Fig. 1.2.1, vector fields can be resolved into longi- 
tudinal (L) and transverse (T) components as 


v(k, W) = viko + vr To + vr To, 
f(k, w) = fiko + Jr To + Jr To 
whence Eqs, (9) can be separated into longitudinal equations, 


(10) 


j d P -= kv, = =$, 
YPo (ila) 
kp + jomm, = —f 
and transverse equations 
J@ngmo;,: = — frn 
jænmor = — fr» 
where p = —jp(k, w) and $ = —js(k, œ). As depicted in Fig. 1.2.2, Eqs. (11) 
can be schematized as a Steady-state network whose elements comprise a 
“capacitance” | /yppo, an “inductance” mom, and an ideal transformer of turns 
ratio k. The source terms $ and f, play the role of an “applied current” gener- 
ator with infimte shunt impedance and “applied voltage” generators with zero 
series impedance, respectively, while p and v, act as the “voltage” across the 
capacitance 1/yp and the “currents” through the inductances n,m. The inde- 


(11b) 


To 


Tg 
FIG. 1.2.1 ko, T/, Tg coordinate system. 
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FIG. 1.2.2 Acoustic network. 


pendence or uncoupling of the longitudinal (L) and transverse (T) circuits is 
manifest. 

In the absence of excitation (i.e., $ = 0 = f,), it is apparent from Eqs. (11), 
or the longitudinal network picture, that non-vanishing source-free acoustic 
fields are possible for those k, œ that satisfy the “resonance condition“ (total 
mesh impedance = 0) 

k o 2 
janm + i ine 0, (12a) 
or, equivalently, the “dispersion equation” [secular determinant = 0 as in Eq. 
(44)] 
(##-S) = (k+2)(k-2)=0, afte. (12) 
a a a Nom 
These permitted real values of k, œ evidently characterize two plane-wave 
fields traveling in +k, directions with acoustic speed a. The pressure p and 
longitudinal velocity v, are the only non-vanishing field components associated 
with these source-free waves. From Eqs. (11), or the network, one infers for 
the wave structure (characteristic impedance) of these longitudinal waves, 


P= Jaor 12 
V, + 1/YPo a 
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with the + signs referring to waves traveling in the 4- ky directions, respectively. 


Steady-state power radiated by acoustic source 


At each point r, ¢ the total power density supplied by a source s(r, 2) to an 
acoustic field is equal to — p(r, r)s(r, t), as derived in Eq. (1.1.2). Thus, in a 
non-dissipative unbounded medium the total acoustic energy supplied to the 
field by a distributed source s(r, 1) is 


-Í P(r, i)s(r, t) dr dt = —{ pk, w)s* (k, w) Oat (13a) 


where the right-hand member follows by use of Eqs. (!a) and (2), plus the ob- 
servation that s(—k, —@) = s*(k, w) for k,@ real. The total power radiated 
at frequency @ by a harmonic source of the form s(r)e/“" is the real part of 
the energy (13a) delivered to the field provided the source transform s(k, œw) = 
s(k)220(@ — @,), obtained from Eq. (1b), is substituted into Eq, ~ 

(13b) 


P,ui(0) = —Re { p(k, a)s*(k) 55 = Re | Gulk, a)isto? SS 


(27 ony = (27 Say 
where @ = œ, in Eq. (13b). It is apparent that only the real (resistive) part of 
the Green’s function G,,(k, @), given in Eqs. (8), is necessary for calculation of 
the radiated power in an unbounded space. 

For the special case of a complex harmonic point source of particles s(r) = 
Sd(r) [i.e., s(k) = S], the radiated acoustic power at frequency w is, by Eqs. 
(13b) and (8), 


Paaa (0) = f congmnd (2 = =) ISP 3 ca 


i w 
= Skt, k, = 2, 14 
ET. al (14) 


where the integration over k has been effected in a spherical coordinate system 
wherein dk = 42k? dk and it has been noted that 


2 w? _ ôk — w/a) a 
ôk — 2) Ae Pl for 0 <k < o. 


[Note that d(ax) = |al-'d(x)]. 
In a similar manner, an applied force density f(r,1) of harmonic form 
f{(r)e/°“ will radiate at frequency @ = œ, the acoustic power 
P,,.(@) = Re | £*(k)- Gulk, @)-£(k) S ony (15) 
where f(k) is the spatial Fourier transform of f(r). For an unbounded medium, 
wherein only longitudinal waves can be radiated, Eq. (15) reduces by Eqs. (8) 
to 


Pi.y(@) = Re f Graclk, OIA) pa (16) 
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where the subscript L denotes the longitudinal component. The example of a 
point harmonic force density f(r) = Fd(r), of complex vector amplitude F, 
leads by Eqs. (16) and (8) to a radiated power of the form 


z dk 
P0) = { m om, 5 (ie — ©) |F- kal? Cony 


= n® (hed "sin 9 6) [FP cos g Xk — w/a) 5 | 


PPoto (27): Jo 
_ |_ /I/PPo 2 _ @ 7 
— BaN nom |Fkal, ka a’ (17) 


where for the integration a spherical coordinate system is employed in which 
the polar angle @ is the angle between F and ky. 


1.2b The Electromagnetic Field 


As indicated in Eqs. (1.1.31) and (1.1.32), the electromagnetic fields in an 
unbounded region are derivable from a scalar Green’s function defined by 


(v: = 1) alr, rst, t) = Sr — relu — r’) (18) 


subject to the boundary condition g = 0 as |r — r'| — oo at any finite time z, 
and to the initial condition g = 0 for’ < 1’. Paralleling the discussion in Sec. 
I.2a of the almost identical equation for the acoustic field, one observes that, 
in the k, w transform space, the solution of Eq. (18) is 


kT — (01/5 Im w > 0, 
g(k, w) = i a (19) 
° 7 AN anil AS 
Paa + "lk ar)» Im w = 0, 


whence in a space-time representation [see note to Eq. (7)], 
e*t- dkdw _ oft — (r/c] 
n ; l 0, 
g(r, 1) = k? — (w*/c*) (22)* 4nr j (20) 
0, t <0, 
Where r,¢ hereafter denote r — r’,¢ — 1’, respectively. The electromagnetic 
Green's functions @,,(r, 1), G22(r, t), etc. are expressible, as shown in Eqs. 


(1.1.30)-(1.1.32), in terms of g(r, r). In k, œ space these relations become, for 
w = 0, 


ae) IME - zomô(k ce = P Tot, + (k?/jwpty) n 


E(k, w) = l 2_ oF I 
22(k, @) jou, + | nave (k >) + Pa FETE. 1,, (21) 


B a(k, w) a — G (k, @) = —jk x 1| — 26 (2 = 2) + Pr l wre | 
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where the (“resistive and conductive”) delta functions and P symbols are to be 
omitted for Im w = 0, where the longitudinal and transverse dyads 1, and 1,, 
respectively, are defined in Eq. (8a), and where j = —i.t 

The role played by the transformed Green’s functions of Eqs. (21) in the 
description of the electromagnetic field becomes evident if one rewrites the 
Maxwell equations (1.1.16) in k, @ space as 

jW E(k, w) + jk x H(k, w) = —J(k, w), 
—jk x E(k, w) + joy, H(k, w) = —M(k, w). 

The solution of these transformed Maxwell equations is evidently the transform 
of the space- and time-dependent solution given by Eqs. (1.1.19). In view 
of the r — r' and ¢ — l’ dependence of the Green's function for a homo- 
geneous, stationary, unbounded medium, the transform of Eqs. (1.1.19) yields, 
either by direct transformation or by the Fourier convolution theorem‘, the 
simple relation 


E(k, w) = —@,,(k, @)-J(k, w) — (k, w): M(k, w), 

H(k, W) = — G (k, w): J(k, w) E G (k, wW) -M(k, w). 
On decomposition of the vectors E, H, J, and M into components along the 
characteristic coordinates kọ, To, Tj shown in Fig. 1.2.1, 


E(k, w) = E,k, + ET, + Er To, etc., 
Eqs. (22) separate into the longitudinal equations 


(22) 


(23) 


jWE,E, = — Jı, jok H, = —M, (24a) 
and the transverse equations 
JWE, Er == kA, = — Jy, jE Er = k. = — Jrs (24b) 
KE; + jopo Êr. = —Mp,  kEp + jou Âr = — Mr, 


where 
A, =+jHp, Mp =4+jMp, Ap =—jHp, Mp=— jMr. (24c) 


The transformed electromagnetic equations (24) can be schematized by the 
network shown in Fig. 1.2.3, whose elements comprise “inductances” Zo, ‘‘ca- 
pacitances”’ €,, and ideal transformers with turns ratio k : 1. The electric field 
components E, (a = L, T', T”) appear as “voltages” across the capacitances 
Eo» the magnetic field components H, are “currents” through the inductances 
Ho, and J, and M, act as “applied currents” and “applied voltages.” The re- 
sonant nature of the transverse circuits, and their independence or decoupling 
from the longitudinal circuits, pictorializes the transverse nature of the electro- 
magnetic field. 

Source-free electromagnetic fields in the form of plane waves exp [—j(k-r — 
wt)] are possible only for those values of k, w that admit non-vanishing solutions 
of the homogeneous (J = 0 = M) field equations (24). Thus, transverse-wave 
solutions of Eqs. (24b) are possible whenever 


+Note that in the / notation the relevant half-plane Im œ > 0 in Egs. (19) becomes 
Im œ < @. 


Sec. 1.2 Plane-Wave Field Representations 43 


2 
JWE, + a. = 0 (25a) 
or 
2 
k? — S = 0, (25b) 


and longitudinal solutions only for w = 0. Equations (25) constitute a disper- 
sion relation [determinant of Eqs. (24b) = 0] for electromagnetic waves, or 
equivalently a condition for resonance (total “admittance” at P equal 0) of the 
transverse networks illustrated in Fig. 1.2.3. From Eqs. (24b), or the network, 
one ascertains that the wave fields have the ratio (characteristic impedance) 


Er _ JA —Ēr: 
H. — £ Ey es H, » (26) 
with + signs distinguishing waves traveling in + k, directions, respectively. 


Steady-state power radiated by electric and magnetic currents in free space 


Calculation of the electromagnetic energy radiated by electric or magnetic 
current sources in a non-dissipative unbounded region can be readily effected 
in a k,@ basis. Since the power per unit volume supplied by a real electric 


J, 


Er 


| I 


k:] P 
FIG, 1.2.3 Electromagnetic network. 
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current density J(r,¢) to the field at r,¢ is —E(r, t}: J(r, t), the total energy 
delivered to the field over an infinite time interval is 


= | Er, t)-J(r, t) dr dt = — f E(k, w): J*(k, o) ae, (27) 
where, as in the analogous acoustic relation (13a), the right-hand member 
follows from the left by Parseval’s theorem (Sec. 5.2d), or directly on use of 
Eqs. (la), the analogue of Fas. (2), and the observation that J(— k, —w) = 
J*(k, w) for real w,k. In the case of a harmonic current source of the form 
J(r)e’™, for which correspondingly E(r, ¢) = E(r)e’-“, the average real power 
delivered to the field, and hence radiated at the frequency w = a, is [see Eq. 
(13a) at seq.] 


Pry = —Re f J*00 EK) om (28a) 
= Re | IW: Bulk, 0) IM) ii (28b) 

, ak 
= Í Rk, ar? (28c) 


J(k) and E(k) are the (root mean square) complex Fourier spatial transforms 
of E(r) and J(r). Equation (28b) follows by Eq. (23), and, as indicated in Eqs. 
(21), Re G, (k, w) = R(k, w)1, defines the real (resistive) component R(k, w) 
of the impedance dyadic. 

For a point harmonic source of electric current density J(r) = J°d(r) = 
òlr), where J° = JI is the “vector current moment,” the power radiated in 
the form of transverse waves is, by Eqs. (28c) and (21) [note comments under 


Eq. (14)], 
x | k ; ~ k? dk @ 
Pisu = pJ 7 f 2n sin 8 dé > Cn) IH sin a\*6(k = 2) 


. k=, =I, (29) 


c 


— L fh 2 

nN E |Ik! | 
where the integration has been performed in a spherical coordinate system with 
volume element dk = 27 sin 0k? dê dk, @ being the angle between k and the 
source direction l. For a point magnetic current source M(r) = M°d(s) = 
fiô(r), the average radiated power leads in a similar manner to the dual results 


Pras = Re | M") Balk, 0): M0) 5, 


= Í Gok, oM esy 


— 1 /e 2 — 
= zaV te Eko n ky = —, (30) 
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where G(k, )1, = Re G,,(k, œ) is the real (conductive) part of the admittance 
dyadic Zz given in Eq, (21). 


1.2c The Plasma Field 


For the one-component plasma field described in Scc. I.lc, the overall 
Green’s function problem, as defined in Eqs. (1.1.56) and (1.1.57), requires the 
evaluation of a large number of subsidiary Green's functions G, (tr, ©; ¢, 1’). 
Although for an isotropic (w, = 0) plasma it is possible to relate all such 
Green's functions to two scalar Green's functions of the form given implicitly 
by Eqs. (5) and (18), we shall instead discuss the direct solution of the Green’s 
function in Eqs. (1.1.57) for the special case w. = 0. An identical but more 
complicated procedure exists for w, Æ 0. 

For an unbounded plasma medium, one introduces the k, œw Green's func- 
tion transform G, p(k, œ) by 

Geslt Vi bt) = f Gok, oper ELE, (31) 
where r” =r —r’,t’’ =t — l’. Hence in k,@ space the defining equation 
(1.1.57) for the G,, becomes, when w, = 0, 


—iwé,l —ik x 1 0 —nql G1 1 
+ik x 1 —iwpsyl 0 0 Gz 0 
i = i 32 
0 0 i2 ik cT Joy © 
YPo 
mqi 0 ik —fangmll \G., 0 


with similar equations for G,2,G,3, and G,,, except that the unit source term 
on the right is in the second, third, and fourth row, respectively. Inverting Eq. 


(32), one can ascertain the various G, p(k, œ). For instance (with j = —i and 
Im @ + 0), 
l 
G, k, w) = - —* - 
i(k, œ) joe, + (mg /ljonm + k*/(jwo/yp,))) 
1, 
= jC, + [k*/U@m)) + img jonm)? (33) 


where the longitudinal and transverse dyads 1, and 1, are defined in Eq. (8a). 
The physical significance of the transformed Green’s functions G,,(k, œ) is 
manifest on transformation of Eq. (1.1.56), whereby, for the case of a linear, 
homogeneous, stationary, unbounded medium, applicability of Eq. (1.1.22) and 
the convolution integral permits simple interpretations. In particular, it is ap- 
Parent that G, (k, œ) yields the electric field E(k, œ) excited only by an electric 
Current density J(k, œ), 


E(k, w) = — G,,(k, w)’ J(k, w), (34) 
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whence one observes that @,, is a generalization of the electric Green’s func- 
tion G,, of Sec. 1.2b. 

One can express Eq. (33) in an alternative form that makes explicit the 
dependence of the dyadic Green’s function 4,, on two scalar Green's functions, 
Thus, in the notation of Sec. |.Ic, 


k?¢? 


a kee? 
wo — we 1,) Gok, w) + Sp_h € 


G i(k, co) = jopo] (1 — OF Eg Cuk ot, | 
P 


(35) 


where the “optic-type” scalar Green’s function transform G,, is defined in the 
j Notation by 


l 


ECET Im w < 0, 
G.(k, w) = i aag 
— y) 2 — — = 
P o oA nöje -23a Ima = 0. 
(35a) 


The ‘‘acoustic-type” scalar Green’s function G,, is similarly defined but with c, 
the speed of light, replaced by a, the acoustic speed. The representation in Eq. 
(35a) of G., implies that the corresponding representation of the real (resistive) 
part of the dyadic Green’s function @,,(k, w) for Im w = 0 is 


Re@,,(k, w) = nopol 8&5 (kt — o — 2)i, + (k — on =) 17], 
(36) 


while the imaginary part is the principal part of that shown in Eq. (33). 

The transformed plasma field equations (1.1.54) in k,@ space, when ex- 
Pressed in terms of the components of E,H,p,v and J, M, s,f along the 
coordinate axes ko, To, To shown in Fig. 1.2.1, constitute 10 scalar equations 
for the 10 unknown field components of E, H, p, and v. These equations are 
readily inferred from Eqs. (1.1.54) on use of the operator algebraizations 
0/dt = jw and V = —jk. A network schematization of the resulting equations 
is shown in Fig. 1.2.4. This isotropic one-component plasma network, which 
represents a coupling of the electromagnetic and acoustic networks of Figs. 
1.2.2 and 1.2.3, respectively, contains the same circuit elements as the latter 
networks with the addition of an ideal coupling transformer of turns ratio rg; 
the “voltages” and “currents” are similarly defined. The characteristic inde- 
pendence of the longitudinal and transverse networks of Fig. 1.2.4, together 
with their evident resonant nature, implies that both longitudinal and transverse 
waves can be propagated independently in an isotropic plasma. 

Source-free plasma fields having the form of plane waves exp [— j(k-r—#)] 
are possible for those values of k, œw for which there exist finite solutions of the 
k, w transformed equations (1.1.54) with J = M = s = f = 0. The various 
possibilities are displayed by the zeros of the determinant of these equations or, 
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FIG. 1.2.4 One-component-plasma network. 


equivalently, of the determinant of the matrix in Eq. (32). These yield the 
following dispersion relations: 


JME, + ee T —0O 
janym + [k*/(jo/ypo)] 
or 
p PM = 9 (37a) 


for the longitudinal waves, and 


l k? mg 
OEKE jwt + omm ai 
or 


r S 2 
k-22 ~ D=o (37b) 
(a 
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for the transverse waves. The dispersion relations (37) also characterize the 
pole singularities of the Green’s function G,, of Eq. (33) and the zeros (reso- 
nances) of the total admittances at terminal plane P of the longitudinal and 
transverse networks of Fig. 1.2.4. The field-component ratios that characterize 
the field structure of these waves can be inferred from the transformed Eqs. 
(1.1.54), or from the resonant voltages and currents of the plasma nctwork of 
Fig. 1.2.4, but will not be given explicitly at this point (see Chapter 8). 


Steady-state power radiated by electric currents in an unbounded plasma 


Calculation of the plasma field energy [i.e., the electromagnetic plus acoustic 
energy defined in Eq. (1.1.55)] radiated by sources in a plasma medium is rela- 
tively simple in k, œ space. For example, in the non-dissipative case, the 
average real power delivered in electromagnetic form to the plasma by an 
electric current density J(r) exp (jwt) and thereby radiated as plasma field 
energy per unit time is [see Eqs. (28) and (35)] 


Pray = —Re | 300) E(k) A, 


— Re { J*(k)-Gi(k, w) J) 2%, (38) 


(27 on 
wherein J(k) and E(k) are (root mean Square) spatial Fourier transforms of the 
harmonic electric current density and electric field, respectively. This result 
generalizes the purely electromagnetic relation (28), but it should be noted that 
the radiated plasma field power is both electromagnetic and acoustic [see Eq. 
(1.1.55)]. For a one-component isotropic plasma, Re @,,(k, œw) is given in Eq. 
(36). 

The plasma power radiated into a one-component isotropic medium by a 
point electric current dipole of harmonic current density J(r, t) = 116(r) exp (jwt) 
is calculated via Eqs. (38) and (36). Employing a spherical coordinate system 
in k space with dk = 27k? sin 0 d0 dk, and with @ as the polar angle between 
the vector k and the dipole direction 1, one obtains from Eqs. (38) and (36), 


2 2 2 — 
Pray = RW Ho f ees a ô(k = oa ee) cos |? 


k? dk dé 
(27 F (39) 


2n 
= doy Ekti — [5 (2) S41), ore, 


P45 = 0, wW < A, 


where k, = w/c. The large first term in the brackets represents the portion of 
the power radiated in the form of longitudina! waves; the second term repre- 
sents the transverse-wave contribution. For w, — 0, the expression in Eqs. (39) 
reduces to similar ones derived previously in Eq. (29) for the electromagnetic 
field. 


+ 5 2 or w) WZI sin a? |an sin 0 
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The result in Eq. (39) is not realistic because of the assumed infinitesimal 
length of the radiating element, Results for a finite radiator can be obtained in 
a similar manner from Eq. (38) on use of an appropriate J(k).° 


1.2d General Linear Field 


Plane-wave representations exist for a general class of fields in a linear. 
homogeneous, stationary (time independent), and unbounded medium. As dis- 
cussed in Sec. I.1d, such a field is describable by a general linear field equation 
(1.1.65) and leads to a Green's function G(r, r’; ¢, t’) defined by 


L(V, 5) G(r, r'; 1, t) = Or — r')Or — t’), (40) 


with G subject to a causality condition (outward propagation). Since, in general, 
L is representable by a square matrix whose elements are either scalar, vector, 
or dyadic operators, the Green’s function G is likewise represented as a square 
matrix whose elements are subsidiary Green’s functions of r, r’ and r, t'. A unit 
matrix is implicit in the right-hand delta-function term of Eg. (40). The in- 
variance of Eq. (40) under arbitrary space-time displacements, manifest in the 
independence of L on the coordinates r, t, implies the existence of plane-wave 
representations as in Eqs. (1) and leads via the property (4) to the transformed 
equation 

Lik, w)G(k, w) = 1 (41) 


in k,@ space. As in Eq. (3), G(k, w) is the Fourier~Laplace transform of the 
Green’s function, and for simplicity we denote L(k, w) = L(ik, — iw). 

The significance of G(k, @) is evident from the transform of the Green's 
function field relationship (1.1.73), which constitutes the solution of the general 
linear field equation (1.1.65). Thus, on use of the convolution theorem, one 
obtains 


Yik, w) = —G(k, w)O(k, w), (42) 


where Y(k, w) and ®(k, w), as in Eq. (1b), are the Fourier-Laplace transforms 
of V(r, t) and @(r, 2). It is to be noted that G(k, w) is representable by a square 
matrix, with algebraic elements, given explicitly via Eq. (41) as the inverse 


Gk, w) = L-"(k, œ) (43) 


of the known matrix L(k, œw). The singularity properties of G(k, œ) in the 
complex k,w planes determine the dispersion properties of plane waves 
characteristic of the source-free fields within the given medium. For example, 
singularities of G(k, w) occur at those values of k, œ for which 


det L(k, w) = 0. (44) 


Explicit knowledge of the transformed Green's function G(k, w) from Eq. 
(43) permits by Eq. (la) the determination of the space- and time-dependent 
Green’s function of Eq. (40) as 
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z -r-o -r dk dW 
t. = t lke- -ot -r)) aii 
G(r, r'; t,t’) E (k, w)e! ay (45) 
By Eq. (42) the corresponding solution of the general linear field problem in 
Eq. (1.1.65) becomes 


Wr, 1) = — f Lk, w)O(k, aero? ae (46) 


Although Eq. (46) provides a formal solution of the field problem in Eq. 
(1.1.65), it requires explicit evaluation of the product L~'® and a fourfold 
integration over k and w. 

In many instances the above-indicated procedure can be simplified consider- 
ably by utilizing, ab initio, symmetry properties, with respect to a time or space 
direction, of the unbounded region under consideration. These simplifications, 
discussed in Secs. 1.3 and 1.4, are also applicable to (stationary, homogeneous) 
bounded regions. 


1.3 GUIDED-WAVE (OSCILLATORY) REPRESENTATIONS IN TIME 


As described in Sec. 1.2, the plane waves exp (iker — iwt), — o0 < (k,,k,, 
k,,@) < œ, possess four-dimensional space-time orthogonality properties 
characteristic of the spatial and temporal symmetry properties of an unbounded, 
linear, homogeneous, stationary medium. However, since w and k are as yet 
unrelated, these plane waves do not represent solutions of the source-free field 
equations, nor are they characteristic for the polarization structure of the field, 
Such plane waves permit a complete algebraization of the space-time operators 
in a linear field and thereby reduce a field problem in an unbounded region to 
one of simple algebraic matrix inversion and evaluation of four-dimensional 
Fourier transforms. The time-guided fields, YW, (k) exp [iker — w,(k)t], — 00 
< ka knak, < co, in this section have orthogonality properties characteristic 
both of the three-dimensional spatial volume containing the field and of the 
polarization structure (i.e., they are characteristic solutions of the source-free 
field equations, but they are not orthogonal along the time coordinate). Guided 
waves in time permit a representation of a linear field in terms of characteristic 
oscillations, require evaluation of only three-dimensiona] Fourier transforms, 
and are useful for solving radiation and initial-value problems. Such representa- 
tions may also be generalized to accommodate media whose constitutive pa- 
rameters vary with time. 

In an unbounded region the mathematical basis for these guided-wave 
representations is provided by two transform theorems, The three-dimensional 
Fourier integral theorem yields a representation of an integrable wave function 
Wor, t) in the formt 


+Note that functions and their transforms are represented by the same symbols and 
distinguished, where necessary, by their arguments. 
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Y(r, t) = f Ya, rje" a (la) 
where 
Wk, 1) = f Wr, te" dr, ({b) 


and, as in the previous section, dk and dr denote coordinate-independent 
volume elements in the k and r spaces, respectively. In a homogeneous bounded 
space, eigenfunctions ®(r) rather than exp (ik-r) would appear in Eqs. (1). 
Independently of the function Y, the Fourier transforms in Eqs. (1a) and (1b) 
can be combined into a ‘completeness relation,” or three-dimensional delta- 
function representation, as 
NL ke-(r—P’ dk 

br — r') = fer nY (2a) 
To assure completeness, the integration is extended over all real points in the 
three-dimensional k space. Correspondingly, any integrable function of r — r’, 
such as a Green's function G(r, r’; ¢, t’) in an unbounded homogeneous medium, 
is representable as 


G(r, r'; t,t’) = f G(k; t, “eee” ony (2b) 


One also infers from the transform relations (1) the “orthogonality” property, 
(22)d(k — k’) = p dr. (2c) 


In Eqs. (1), the transformed wavefunction ¥(k, #), which is a one-column 
matrix or vector in a finite (n)-dimensional polarization space, can be further 
represented for given k as a superposition of eigenvectors ‘Y,.(k): 


Yk) = $ V.(wa,(k, t), & — 1,2,...,/, (3a) 


where the coefficients a, are given in general by the weighted, Hermitean (i.e., 
complex-conjugate) scalar product of the vector ¥ and an adjoint vector Yz 
as 


a,(k, 1) = Z Elk), Yk, o) 20 D) (3b) 


with W* as the “weighting” operator. For given k the ¥, and Y; comprise a 
complete biorthogonal set of base vectors (in polarization space) with the 
properties 
2N,; gq = B, 
(W* YP, Fs) = 2N.0.9 = 3c 
å ” lo, ax B, ae 
N, being a normalization constant. The transforms (3a) and (3b) may be 


Synthesized, independently of ¥(k, 1), into a completeness relation for the 
polarization space, 
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Wi(k) W* Pick) 
l = NN 
ON) 4) 
where the unit operator ! on the left is represented by a unit matrix in polari- 


zation space. 
The transforms in Eqs. (1) and (3) provide a representation of the wave- 
function ¥(r, ¢) in both geometrical and polarization spaces as 


foe (ker dk 
Hr) = f Lae, OF e FX, (Sa) 
where 
a(k, 2) = [ET ee) ees dr (5b) 


Alternative to these transforms is the completeness relation, 


= [p Fe WFO pa-r dk 
ite — 1) = JO ap n 


from which one observes that the ¥,(k)e'™" constitute a complete set of 
characteristic fields for the representation of solutions to a genera! linear field 
problem (see Secs. 1.1d and 1.2d) in an unbounded medium. In particular, one 
infers from Eq. (6) that a general (matrix) Green’s function for a linear field is 
representable as 

Y..(k) T. (k) giete-r’) dk (7) 

2N,(k) (27)” 

where the coefficients G, are to be determined from the equation defining G, 
as we shall illustrate below. 


G(r, r’; £, 0) = f » G.(k; t, t’) 


1.3a General Linear Field 


A general field in a linear, homogeneous, and stationary medium is described, 
as in Sec. |.1d, by a linear operator L(V, 0/dt). If the operator L is decomposed 
into two components, one depending only on ¢@/d¢, the other only on V, the 
defining equation of the Greén’s function in Eq. (1.1,73a) can be put into the 
form 


i| MY) + A 55 |G r’; 4,1) = bir — rôl — t’), (8) 


subject to the initial condition G = 0 for ¢ < r’, ‘and to appropriate boundary 
conditions. As noted in Sec. 1.1d, the Green’s function G is in general repre- 
sentable as a matrix whose elements may be scalar, vector, or dyadic functions. 
Examples of the component operators M and W can be inferred from the L = 
iM + W(d/dt) operators listed in Sec. 1.1d. 

A representation of the Green's function G in the form shown in Eq. (7) 
requires the knowledge of characteristic vectors ¥,. To ascertain the latter one 
seeks solutions of the source-free field equation LY = 0 with a time dependence 
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exp (~iw, 1). In view of the representation of the operator L in Eq. (8), the 
eigenvectors ¥, and the associated eigenfrequencies œw, are evidently described 
in coordinate space by 
M(V)¥.(r) = Wa WW, (r). (9) 

For a translationally invariant, unbounded medium, one can choose ¥,(r) = 
W (k)e'**,t and hence the eigenvalue problem in Eq. (9) takes the algebraic 
form 

M(k)¥,(k) = w,(k)WY,(k), (10a) 
where M(k) = M(ik) is a matrix operator with algebraic elements and Y,(k) 
is a multicomponent vector in polarization space. The corresponding adjoint 
eigenvalue problem,} 

M+ (OYI (k) = wf(k)W* WY (k) (10b) 
is associated with the conjugate eigenvalue w* and with adjoint operators M+ 
and W+, whose off-diagonal elements are transposed conjugates to those of M 
and W. By means of Hermitean products of vectors in polarization space, one 
forms from Eqs. (10) a relation connecting the solutions Y; of Eq. (10b) and 
Y, of Eq. (10a), 


(MP), Y.) — (Wr, MY.) = wW Yi, Ya) — wot: WY) (10c) 


Since by definition of the adjoint operators [see Eqs. (1.1.69)] the Hermitean 
products on both the left and right are equal, one derives the biorthogonality 
properties, 

(Ft, WY,) = 2N, ô, p (11) 
which relation has already been noted in Eq. (3c). The associated completeness 
relation in the polarization space is 

— y ¥.(k) Wt Yi(k) 

= »» 2N,(k) Ate) 
as anticipated in Eq. (4). For the special case M* = M and W* = W, one ob- 
serves that ‘Fi = Y,., where Y,. is a solution of Eq. (10a) corresponding to 
the eigenvalue w, = w*. 
In the k-transform space the Green’s function equation (8) becomes, via the 
represeniation in Eq. (2b), the ordinary matrix differential equation, 


[mw +¥ d jea; e an (13) 


In view of the completeness relation (12), the transformed matrix Green’s 
function G(k; t, r’) can be represented as 


tFor notational simplicity the same symbol is employed for Y.(r) and W,(k). The 
latter occurs most frequently and will usually be abbreviated as Y,. 

{From Eq. (10c) one infers that the adjoint eigenvalue w; = wg Provided there exists 
a Y. and Yt such that (Wt ¥* Y.) + 0. 
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Gk; 1,0) = E oe (V3 (k), WG(k; t, 1) 


a 2 rO: Falk) iik) o w(K: t, r’), (14) 
where the G, are scalar coefficients Pre by ¥-G, = (¥?, WG). Substitution 
of Eq. (14) into Eq. (2b) then provides a representation of the space- and time- 
dependent Green's function 

G(r, T’; t, t') = fue. (k; 1,1’) FOTE ome "oe 
as in Eq. (7). To determine the coefficients ee one forms the Hermitean 
product of both sides of Eg. (13) with Y¿(k), and using Eg. (14) obtains as the 
defining equation for G,, 

4 + in, (k) |Gk; t,t) = dr —1) 
subject to the initial condition G, = 0 for t < r’. Since (d/dt)U(t — 1’) = 
d(: — 1’), where U is the Heaviside unit function, its solution is 


—_ fort >r, 
forr <2’. 


Hence, from Eq. (15), one infers that the oscillatory space- and time-dependent 
Green’s function has the form 


Y a) Y: T.(k) Yi (k) ilk (e-r')- -w (ee - &’)) dk {> g! 
Gerin = 1 S NAE ® Gn)" 
0, I<’, 

(17) 


It should be noted that Eq. (17) also may be obtained from Eq. (1.2.45) by 
Contour integration in the w plane. 

Equation (17) is the desired oscillatory representation of the Green's func- 
tion of a linear field and satisfies the causality requirement of vanishing before 
a certain time and being outward going thereafter. Each of the component 
oscillations in the representation is a plane wave that can be viewed as either 
outward or inward going, depending on the point r of observation. The presence 
of both outgoing and ingoing plane waves in the representation of an overall 
outward radiating field, although correct, is somewhat redundant and raises the 
Question as to whether it is possible to identify and eliminate the ingoing con- 
tributions, 

A plane-wave oscillation of wavenumber k has the form exp [i(k -r — w(k)s)], 
with the frequency w(k) either positive or negative because of the time revers- 
ibility of the plane-wave fields under consideration. At a fixed observation 
point r, a positive w(k) implies the plane-wave oscillation is outgoing in the r 
direction if k is such that k'r > 0 and ingoing if k-r < 0; a converse state- 


(15) 


G.(k; t, 1’) = (16) 
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ment is made if w(k) is negative. These observations permit one to identify an 
outgoing wave at r by a frequency w,(k) which is positive if k-r > 0 and 
negative if k-r < 0; a frequency w_(k), defined as negative if k-r > 0 and 
positive if k-r < 0, distinguishes an ingoing wave at r. Such frequency def- 
initions are characterized by the property w.(k) = —@,(—k). 

With the w.(k) identification of outgoing and ingoing wave contributions 
at r it is possible to obtain a representation alternative to that in Eq. (17) by 
subtracting therefrom the ingoing wave contributions. Distinguishing the w.(k) 
oscillations in the « sum of Eq. (17) by corresponding subscripts œ., one sub- 
tracts the ingoing a. oscillations which satisfy the source-free equation (9). 
This subtraction must be carried out for all z in order not to introduce a 
singularity into G and thereby violate Eq. (8) [i.e., the subtracted part must 
satisfy the homogeneous equation (9)]. In this subtraction process, contributions 
from modes with w, = O (if they exist) are weighted by a factor of +, since 
these modes are, so to speak, both inward and outward going at r. The re- 
sulting Green's function is no longer causal, since it is now finite for t < t'in 
contrast to that in Eq. (17), For t > 2’, however, it is identical with the causal 
Green’s function in Eq. (17) and moreover contains only outgoing œ, contribu- 
tions. Performing the subtraction, one obtains as an alternative (outgoing) 
oscillatory representation of the Green's function of the linear field 


? Y. Y; k edr-r') ~a =t dk ’ 


where 


EC, = 


for w. = 0, 
l for w, + 0. 


The representation in Eq. (18) is somewhat simpler to evaluate than that in 
Eq. (17) because of the omission of a. contributions. Although Eqs. (17) and 
(18) yield identical results for 1 > t’, the representation in Eq. (18) suffers from 
the presence of a singularity at ¢ = r’ [see the example of Eq. (25b)] which 
arises from the discontinuous k dependence of the w .(k) frequency definitions. 
This singularity is not troublesome if the Green’s function representation in Eq. 
(18) is employed to represent fields Produced by sources that vanish before the 
time ¢ of observation of the field; a Spurious contribution is introduced if the 
source acts beyond the observation time, and this may be difficult to identify. 
A somewhat similar singularity at certain z arises in connection with Hertz 
Potential representations, as noted in Sec. 1.1c and at the end of Sec. |.3c. 
The representations in Eqs. (17) and (18) are in a more useful form than 
that in (1.2.45), not only because they require one less integration but also be- 
Cause the Y, (k) are simpler to obtain than the elements of the inverse matrix 
L-k, ©). In the following we shall determine the oscillatory (plane-wave) 
eigenvectors Y,(k) and eigenfrequencies w,(k) for a number of linear fields. 
e resulting information permits one to obtain oscillatory representations of 
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Green’s functions for these fields, in the form of Eqs. (17) or (18), with the 
explicit space-time dependence determined by integration over k. We shall 
normally define the eigenfrequencies w(k) as continuously dependent on k; the 
discontinuously defined w.(k) frequencies shall only be employed in connection 
with the representation in Eq. (18). 


1.3b The Acoustic Field 


For the homogeneous linear acoustic field of Sec. 1.1, the oscillatory eigen- 
value problem in Eq. (9), which defines source-free solutions with harmonic 
time dependence exp (— iw), has the form 


Vey = 8 P, 
¥Po (19) 
Vp = iwn my 


where p = p(r, w) and v = v(r, w) denote the complex amplitudes of pressure 
and velocity at the point r, and as in Eq. (1.1.1), nam and 1/yp,are the 
acoustic parameters. In an unbounded region the steady-state oscillatory solu- 
tions of Eqs. (19) are representable as 


pi A Z Oe (20a) 


v(r, @) v(k, @) 
where for notational simplicity, the same symbols p and v are employed for 
the r- and k-dependent fields. In the wavevector notation of the previous 
section, Eq. (20a) becomes 

Yr, w) = Vik, we" (20b) 


with the associated operators M = M* and W = W* of Eqs. (9) and (10) 
following from Eqs. (19) as 


l 
V a 
iM —> k l w fin : | (21) 
yY o0 0 nmi 


In Eq. (21) the 1! elements of M and W are recognized as scalars, the 12 and 
21 elements as vectors, and the 22 elements are dyadics. 

One infers from Eqs. (19), or Eqs. (10a) and (21), that eigenoscillations of 
the form (20) exist only for frequencies w,(k) corresponding to the vanishing 
of det [M(k) — w,(k)W], wherein one notes that V = ik. There are four such 
frequencies, ordered as follows: 

w., = tka, @,=0, @,=0, (22) 
where k = |k| and a = (yp,/n,m)'” is the acoustic speed. The frequencies (22) 
are seen to be the source-free resonant frequencies of the acoustic network 
depicted in Fig. 1.2.2. In the ky, To, To basis shown in Fig. 1.2.1, the eigenvec- 
tor solutions ¥,(k, w) = ¥, = VY; of Eqs. (19), corresponding to the eigen- 
frequencies w, noted in Eq. (22), are 
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~ YPo 0 0 
Yas $ ky f | T b Wf T? h (23a) 
~/ nm /nym /n,m 


with orthonormality properties as in Eq. (11) defined in terms of the normali- 
zation constants 
Nz, = I, 2N, = l, 2N; = i. (23b) 


Oscillatory representation of acoustic Green's function 


The time-dependent (matrix) Green’s function for the acoustic field may be 
evaluated from the oscillatory representation in either Eq. (17) or (18). Equa- 
tion (17) includes both outgoing and ingoing waves and yields, with r — r’ and 
t — t’ denoted for simplicity by r and ¢, for ¢ > 0: 


Y Y -ikot Y_ Y. t)ko! r dk 
G(r; t) = f ( 5 ie ik + 5 le Ik + YY, + ;'¥;)e" ny" 
(24a) 
whereas Eq. (18), with only outgoing waves, yields for ¢ > 0, 
Gr; 1) = fz CE Peen + HH + P We Re, (24b) 


with w, definitions noted in the discussion preceding Eq. (18). On substitution 
of the appropriate eigenfrequencies and eigenvectors from Eqs. (22) and (23) 
into Eq. (24a), one obtains for the I] matrix element in successive steps 


Gir; 1) = {Phe (ezeus ue eens any 


DC -that at lle-r 
= nym f (ete — e'ere" ES 
On doing the @ and g integrations in a polar coordinate system wherein 
k-r = kr cos 0 and dk = k? sin 6 d@ dg dk, one finds 


. i g i tkle-at) ~tk(r —ar) k(r+at) —th(r+at d(ka) 
G(r; ) = mmy; |, [e +e —e —e! ] Baty 


= ð fôl — (r/a)] _ oft + (r/a)] 
ee Al r 4zr i | 


4n 


Sm gale 7E a) for > 0. (25a) 


Note in Eq. (25a) that the d[¢ + (r/a)] term, contributed by the ingoing waves 
in the representation, vanishes for ¢ > 0. For the alternative representation in 
Eq. (24b), involving only outgoing waves, one employs a similar procedure in 
the Integration over the polar angle 0, but with the w,(k) definitions discussed 
in connection with Eq. (18); one notes that the frequency w,,(k) becomes 
@,, = ka for 0 <9 < 27/2 and w,, = —ka for 2/2 <0@<2. Thus, one 
deduces from Eq. (24b) the same result as in Eq. (25a): 
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G(r; t) = [ Pe erter-onn Sap 
= YPo ss ike cos 0- kat) k? sin 6 aĝ dk (ke cos Or kat k? sin 0 d@ dk 
al Cane + fpem Ese et) 
== = mm AN [e*t - at) + e`‘ or) _ e7fker efker] Lp 
m AGED) as au] 
Ot 4nr 4nr 
ð o[t — (r/a)] ; 
ma aay a for ¢ > 0; (25b) 


the O(1) contribution in the next-to-last equation is spurious and arises from 
our ingoing-outgoing decomposition. The results in Eqs, (25a) and (25b) are 
in the form anticipated in the acoustic G,, Green’s function result in Eq. 
(1.1.13a); the other acoustic Green’s functions can be similarly evaluated from 
the remaining matrix elements of G in Eqs. (24). 


1.3c The Electromagnetic Field 


Source-free electromagnetic oscillations with time dependence exp (—iw/) 
are determined by the steady-state electromagnetic field equations 


V x H = —iwe,E, 


(26) 
Vx E = iow,H, 


subject to appropriate conditions at the boundary (if any) of the field region. 
Equations (26) pose an eigenvalue problem in the form of Eq. (9), wherein 
E = K(r, w) and H = H(r, w) denote the complex electric- and magnetic-field 
amplitudes, and €, and yw, are the customary electromagnetic vacuum parame- 
ters. For free space the steady-state solutions of Eq. (26) are spatially represent- 
able as 


| El, W 5 ( a a (27a) 
H(r, w) H(k, w) 
or in the eigenvector notation of Sec. 1.3a as 
V(r, w) = Y(k, we", (27b) 
where in view of Eq. (26), the associated operators M = M* and W = W+ aret 
0 -V xl €& O 
iM — ( ' } w= (e Ji (28) 
Vx i 0 O fy 


Equations (26) have eigensolutions of the spatial form (27), whereby V = ik, 
only for the six eigenfrequencies 


(* 7 = oe ` : 
tNote that M = M+, since V/i is Hermitian and a x 1 = —a x 1 is antisymmetric. 
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Ms, = Wa = + ke, (29) 

w, = W, = 0, 
where k = |k] and c = (4o€)`' °? is the speed of light in vacuum. The frequen- 
cies (29), some of which are doubly degenerate, are recognizable as the source- 
free resonances of the electromagnetic network depicted in Fig. 1.2.3. The 
associated resonant fields, which also follow from Eq. (26), are characterized 
by the eigenvectors ¥, = ‘F, (k, w), where in the ko, To, To basis of Fig. 1.2.1, 


P o z 27 
+1 T/V ’ +2 ET // le ’ 
Ko/ Eo, 0 
Y, — ( ) Y, — | } (30a) 
0 ko/ Vko 


These possess the k independent orthonormality properties in Eq. (11) with the 
normalization constants 


N,, = l = Nia 2N; = 1 = 2N,. (30b) 


Oscillatory representation of electromagnetic Green's function 


An oscillatory representation of the time-dependent (matrix) Green’s func- 
tion of the electromagnetic field is provided by Eq. (18). On use therein of the 
known eigenfrequencies (29) and eigenvectors (30) one obtains, since Y; = Y, 
in free space, for ¢ > t’ (i.e., omitting a singularity at ¢ = t’): 


G(r, r’; t,t) = He, + PY je iont- 


+ Y,Y, + Wo, Jeter, (31) 


whose 11 matrix element is identically the impedance dyadic Green’s function 
G(r, r’; 7, 2’) of Sec. 1.1b (with r — r’, ¢ — ¢’ written as r, t): 


G(r, t) = ff pie + Tos emio 4 Keke eter a 
= 1 a oat = f bok eto | ED (32a) 
z ( TAA = aya) oo oe (32b) 
Gilet) = (Img, -a EVO, >o (32c) 


In successive steps we have utilized in Eqs. (32) the identities 1 — kok) = 

ToT. + TiTi, VV = —k2koky, 0/dt = —ike, (0/01)! = f di, and the w in- 
0 

tegrated result of the integral representation in Eq. (1.2.20) [see Eq. (1.3.25)]. 
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The representation in Eq. (32c) is seen to be the previously obtained dyadic 
Green’s function of Eqs. (!.1.30b) and (1.1.31). The other electromagnetic 
dyadic Green’s functions are determined from the remaining matrix elements 
of Eq. (31) in a similar manner. 

The noted singularity of oscillatory (time-guided) representations (31) of 
space- and time-dependent Green’s functions should be contrasted with analo- 
gous properties of space-guided representations discussed in Secs. !.1b and 1.4. 
In the space-guided formulation, a z-guided mode is excited by a distribution 
of sources with appropriate temporal and transverse spatial periodicities in a 
plane transverse to z; modal excitation by sources spatially confined to a plane 
z = z’ is determined on replacing such sources by equivalent distributions oc- 
cupying the entire z =z’ plane [see Eqs. (1.1.43) and (1.4.15)]. A time-guided 
mode, on the other hand, is excited by sources distributed throughout space 
with appropriate spatial periodicity k; modal excitation by spatially and tem- 
porally confined sources is determined on replacing such sources by equivalent 
volume distributions. When a simplified representation of either the space- 
guided [see Eqs. (1.!.42)] or time-guided [see Eg. (18)] Green’s functions is 
used, spurious contributions are introduced into the former on the source plane 
z = z' = 0 [E«. (1.1.47)] and into the latter at ¢ = t = O [see Eq. (25b)]. In 
both instances, these anomalies are evidently confined to hyperplanes contain- 
ing the source and oriented perpendicular to the guiding axis in the four-dimen- 
sional r, 7 space. 


1.3d The Plasma Field 


As can be inferred from the time-dependent field equations of Sec. |.Ic, 
source-free harmonic oscillations of an isotropic one-component fluid model of 
a plasma are defined by 


VxH + mgY = —i@€,E, 
Y xE = iwu,H, 
es (33) 
Viv = ifp, 
Pe 
noqE + Vp = jwn mv, 


subject to appropriate boundary conditions. Equations (33) constitute an eigen- 
value problem of the type shown in Eq. (9), wherein w plays the role of an 
eigenvalue and the associated eigenvector components are the electric-field in- 
tensity E = E(r, œ), the magnetic-field intensity H = H(r, œw), the linearized 
pressure p = p(r, œ), and the linearized velocity v = v(r, œw). In an unbounded, 
stationary, homogeneous plasma, steady-state solutions of Eqs. (33) are repre- 
sentable in the form of a 10 (scalar)-component wavevyector as 
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Sec. 1.3 
E(r, @) E(k, w) 
so E (ca elk (34a) 
p(r, w) p(k, w) 
v(r, w) v(k, w) 


or, in wavevector notation, as 

Wr, w) = Yk, wet". (34b) 
Substitution of Eqs. (34) into (33) permits one to rewrite the latter in the ab- 
stract form of Eq. (10), wherein the operators M(k) = M *(k) and W = W+ 
are 


0 —k x 1l 0 ingi 
k x 1 0 0 0 
M>| o 0 0 k |’ 
—in ql 0 k 0 
No (35) 
El 0 0 0 
0 Lol 0 0 
wW 
Po 0 L 0 
YPo 
0 0 0 nmi 


Eigenvector solutions of Eqs. (10) or (33) exist for eigenfrequencies w ~ ,(k) 
defined by the following dispersion relations: 


On. = O12 = + Jar + kee, 
Wi = + Vos + Rat, (36) 


qe. 


y=; = Ws; = w, = 0, where c = and a= 


The first four frequencies define optic-type Msa the w., are the plasma 
oscillations, and the latter four are static zero-frequency oscillationst of longi- 
tudinal and transverse types. These 10 frequencies characterize the free 
resonances of the source-free plasma network displayed in Fig. 1.2.4. The cor- 
responding resonant fields are described by eigenvectors Y(k, w,(k)) = Y. (0) = 
Y, of the type shown in Eq. (34). In the ky, To, To basis illustrated in Fig. 
1.2.1, the ¥, have the form: 


tlt is assumed that k + 0 for the zero-frequency oscillation œs, which incidentally 
need not satisfy Poisson's equation, The case k = 0 necessitates a special consideration of 
the constant positive background required for charge neutrality. 
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T; 
Véa N Eo 
ke T —ke Ty 
w., w y 
Y., > ui e Pi. sy ’ 
0 0 
—iw, To —iw, To 
Os, /ngm w, vnm 
o ka ko 
Ws €o $ €o 
k 
0 2 0 
Te 
Yo] yoj ~P] Y> (37a) 
Pe 0 ITEN YPo 
— ik, 
nm 0 0 
0 0 
iT; iT? 
Y, > i ’ Y, > i 
0 0 
ke T k T 
O, sv nm w, y Nom 


These eigenvectors possess the orthogonality properties in Fq. (11) with nor- 
malization constants 


2 
Na = Na = Nal, 2N,= 1, 2N, = 1 + grin 


NaN = 4 ae (37b) 


P 


Oscillatory representation of plasma Green's function 


As shown in Eqs. (18), the (matrix) Green’s function G(r, r’; £, t’) of the 
plasma field ts expressible in terms of the oscillatory eigenvectors in Eq. (37a). 
As a particular example, the dyadic element @,,(r, r’; ¢, ¢’), which represents 
the negative of the vector electric field at r, ¢ produced by a point electric cur- 
rent source at r’, ¢’ is given by [we denote r — r’, t — 1’ by r, £t and we employ 
the w.(k) frequencies defined in connection with the discussion of Eq. (18)] 
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Gy (r,t) = S P Ye + Y, Ye + Y, Yeo 
4 


YP; | elk dk 
T+ t/a) )° (an) 


= a) [MT + Ty Toe-to" 


w; -tot __ wr dk 
+ koko Prale — 1) + koko |e; 


_ i! o Wo | a 
B zf osr + C Jt ke] —iw, (2x) 
VV w? fer- dk 
-a Oat) Eo, Ory (38) 
On integration over polar and azimuthal angles in k space and on change 
of variable from k to w = vw} + k*u’, as required, with u =a or c, one ob- 
tains 
7 à 6UVV d/d! 
G,,(r, t) =— (Tees. i E ( 27 r) + a) Belt t) 


yy a 
~ e OIO F are” O (39a) 


where 


galr, t) = f -P [io awe — Or /¥)) 2, Im w>0, (39b) 


with y = c ora. A known Fourier transformation [see Eqs. (1.1.61)] indicates 
that the expressions (39) for Y,,(r, £) are identical for ¢ = ft’ to those previous- 
ly derived in Eqs. (1.1.59)-(1.1.61). 


1,4 GUIDED-WAVE REPRESENTATIONS IN SPACE 


As we have seen, fields in linear, homogeneous, and stationary media can 
be represented in alternative ways. The exp [i(k-r — wf)] plane-wave represen- 
tations of Sec. 1.2 reduce a field problem in an unbounded medium to a simple 
algebraic problem for the k, @-dependent field amplitudes. Similarly, the oscil- 
latory exp (ik. r) representations of Sec. 1.3 reduce a field problem to an ordinary 
differential equation problem for the time- and k-dependent field amplitudes. 
In this section we shall introduce another representation well suited to the solu- 
tion of field problems in media with a symmetry axis along some spatial direc- 
tion, say z. The guided waves exp (ik,- p — iw?) exp (ikz) considered below are 
plane waves with real transverse (to z) wavenumber k, and frequency w. They 
Possess orthogonality properties in time and in the cross section defined by the 
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radius vector p transverse to z; they are field solutions in the medium and are 
distinguished by wavenumbers x = x(k,, œ) that are characteristic both of the 
cross-sectional shape and the polarization structure of the field. Such wave 
fields permit a representation of a linear field in terms of characteristic guided 
waves with exp (ixz) dependence, require evaluations of three-dimensional trans- 
forms (two dimensional in space and oné dimensional in time), and are well 
adapted to the solution of boundary-value problems in uniform stratified regions. 

In a uniform region whose cross section transverse to z is unbounded and 
described by a radial vector p, an integrable wave function P(r, ¢) is represent- 
able by means of the three-dimensional Fourier integral theorem ast 


Y(p, t: z) = ff W(k,, w; pei E (la) 
where 
Y(k,, w; z) = {ff Wp, 1t; ze” ere ©) dpdt (lb) 


and dk,dw denotes the “volume” element in k,, w space while dpd is the “vol- 
ume” element in p,! space; k, is the wavevector component of k transverse to 
z. In a homogeneous, transversely bounded waveguide, exp (ik,- p) in Eqs. (1) 
would be replaced by a suitable transverse eigenfunction ®,(p) (see Chapter 3). 
The completeness relation equivalent to the transform relations (la) and (1b) 
is 

O(p E p’)d(t = t’) = if p (2a) 
where for completeness the integration is to be extended over all real wave- 
numbers k, and frequencies w from — œo to +20. From the transform relations 
(1), one also infers the orthogonality property 


(27V Ô(k, — KSl — co") = | eMerkverto-wNdp dt, (2b) 
A Green's function in the basis of Eq. (2a) would be represented as 
G(r, r’; t, t) = JY] Gik, œ; z, zeeen- r (3) 
Singularities of G(k,, w; z, z’) are frequently encountered on the real w-integra- 
tion path in Eq. (3); to satisfy causality (i.e, G=0 for £ < 1’), one may deform 
this path by analytic continuation into the region Im w > Ô of the complex w 
plane. As in the oscillatory representation of Sec. 1.3, the transformed wave- 
function ‘Y(k,, w; z) of Eqs. (1) is a one-column matrix (vector) in an n-dimen- 
sional “polarization” space and is representable in terms of a set of modes or 
eigenvectors Y,(k,, w) as 


V(k,, w 2) = E WV.(k,, @)a,(k,, @; z), (4a) 


tNote thal functions and their transforms are represenied by the same symbol and 
distinguished, where necessary, only by their arguments. 
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where @ is a multicomponent summation index distinguishing the ath mode. 
The amplitude a, is determined as the weighted Hermitian inner product of 
the wave vector ¥ and an adjoint eigenvector Yi (k,, œ) as 


(T Yik, w), P(K,, @ 2) 


2N,.(k,, @) (4b) 


a,(k,, w; z) =s 

I being a “weight operator. The eigenfunctions ¥, and Y; constitute a com- 

plete biorthogonal set in polarization space and possess the orthogonality prop- 
erties 

(TY, Y,) = 2N,9a,; (4c) 


where N, is the normalization constant and 6,, is the Kronecker delta, which 
vanishes when the mode indices æ and f distinguish modes with different x, 
and xp. If the «, are n-fold degenerate, the various wavevectors ¥,, and their 
adjoints ‘¥:, with i, j = 1, 2, --+, n should be chosen to satisfy the orthogonal- 
ity properties 

(Pz, Y.) = 2N Ô; (4d) 


In polarization space the completeness relation equivalent to the transforms in 
Egs. (4a) and (4b) is provided by the unit-operator representation 


ams Y (k, wW EY.: (k,, w) 
i ACHE o K 


The function and polarization space transforms in Egs. (1) and (4) permit a rep- 
resentation of the overall space-time field ‘P(r, 1) as 


Y(p, t; z) = Í 2 Y.(K,, w)a, (k, @; Zetia nee (6a) 
with 
a,(k,, w; z) = [Te ) 0) o- tery erdpde, (6b) 


The corresponding completeness relation in function and polarization space is 
1d — g’ — fì) = Y,(k,, w) Yi(k,, w) br(p—p') -tou 1 AK, dW 
(0 — phu — r) = | g =a, a ae 
(7) 
which states that the set of guided mode fields Y,(k,, w)e*"*-°” is capable of 
completely representing the solution of a general linear field problem ina trans- 


versely unbounded medium. In particular, as we shall demonstrate, the (matrix) 
Green’s function in a transversely unbounded medium is representable as 


G(r, r; f; t’) = Í 2 G(k,, w; Z, py elho PE a Oin O) giva gnto- TEG. 


(8) 
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1.4a General Linear Field 


As noted in Sec. 1.ld, a general linear field in a homogeneous, stationary 
medium is describable by a linear operator L(V, 0/dt). In a medium displaying 
symmetry along the z direction, the operator L may be decomposed into two 
components, one depending only on 0/dz and the other on V,, 0/02, where 
V, = V — 7,(0/dz) is the component of the vector derivative V transverse to 
z. The defining equation (1.1.73a) for the Green’s function G(r, r’; £, t’) of a 
general linear field is thus expressible in the form 


-i| K (V. £) — IT lco, P's £, t; 2, 2’) = 10(p — peU — rlz — z') (9) 

and in an unbounded region is subject to causality (or equivalently, an outgoing 
wave condition as |z — z'|— co), The component operators K and I may be 
inferred from the L operators noted in Sec. 1.1d and will be listed below for a 
number of fields. The elements of the matrix representatives of these operators 
are scalars, vectors, or dyadics, and so, correspondingly, are those of the Green's 
function G. 

To represent in the form (8) the Green’s function G defined by Eq. (9), one 
must first ascertain the characteristic field vectors ¥,. The latter are defined as 
solutions of the source-free field equations LY, = 0 for fields Y, with a z de- 
pendence exp (ik,z). Introducing this z dependence, and noting the decomposi- 
tion of the operator L in Eq. (9), one obtains from LY, = 0 the eigenvalue 
equation 


K (V, Z) PP, D = KDY., 1 (10) 


defining the eigenvectors Y, and eigenvalues x,. For the case of an unbounded 
homogeneous (translationally invariant) cross section transverse to z, Y,(p, £) 
= Y,(k,, w) exp [i(K,-p — &t)] and hence in k,, w space the eigenvalue problem 
in Eq. (10) takes the form 


K(k,, w) Y. (k, @) = Kak, oY, (k, ©), (Ila) 
where K(k,, œw) is the algebraic matrix operator K(V,, 0/01) with the substitu- 
tions V, = ik, and 0/d1 = —iw, and ’,(k,, œ) is a multicomponent vector in 


an appropriate ‘“‘polarization”’space. The corresponding adjoint eigenvalue prob- 
lemt is 
K(k,, @)* Pr(k,, @) = K(k, @)*T* Po (k, @) (11b) 


and possesses complex-conjugate eigenvalues xž and adjoint eigenvectors Y; 
characteristic of adjoint operators K* and I’, whose off-diagonal matrix ele- 
ments are the transposed conjugates of the elements of K and I. From Eqs. 


+The adjoint eigenvalue x¿ = xf, provided there exists a Y, and WYŻ such that the 
inner product (F+ Wi, Ya) + 0. In dissipative systems it is sometimes more convenient to 
define the inner product without the conjugate operation. 
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(11), on forming appropriate Hermitian inner products of the vectors Y, and 
Y+, one finds that 
(Ke — K,)(¥5, CY.) = (K* Ps, Y.) — (P53, KY.) = 0, 
from which one infers in the k,,@ polarization space the previously noted 
biorthogonality property in Eq. (4c) and the abstract completeness relation (5), 
_ > ¥,(k, oF" Pi(k, w) 
|= 2K) a 

For the Hermitian case wherein K = K* and I =I‘, one infers from Eqs. 
(L1) that Y} = Y,., where Y.. is the eigenvector with the eigenvalue xf. 

In the k,, œw transform space the Green’s function equation (9) becomes, on 
use of the representation in Eq. (3), the matrix ordinary differential equation 


—i| K(k, w) — y ilak, w; z, z’) = 1ô(z — 2’), (13) 


where for a region unbounded in the z direction, the Green’s function satisfies 
the boundary condition G — 0 as |z — z'| — œ, provided that Im œw > 0. This 
k,, w transformed Green’s function can be further represented via Eq. (12) as 
° ^N — Y.(k,, w) + : t 
G(k,, w; Z, Z ) = 2 2N,(k,, w) ie (k,, w), rG(k,, w, 2, Z )) 

= Y,(k,, w)Y: (k, w) . ? 

= x "SNK, 0) G.(K,, @; z, z’), (14) 
where the scalar. amplitudes G, are defined by Vi G, = (Yt, TG). Equation 
(14), when employed in Eq. (3), leads to the space- and time-dependent Green’s 
function representation anticipated in Eq. (8). The determination of the ampli- 
tude coefficients G, involves transformation of Eq. (13) with respect to the 
basis Y.. Thus, Hermitian inner-product multiplication of Eq. (13) by Pi (k, w) 
leads, in view of Eq. (14), to 

|S — they ©) |G 0; 2, 2") = Sle — 7 (15) 

subject to G, — 0 as |z — z'| — ©, provided that Im x, Æ 0, as results from 
Im @ > 0. Equation (15) admits solutions 


eale) Z > Z’, 
0, z<«z, 


for modes x,, with Im x, > 0, that characterize waves transporting energy 
(or decaying) in the +z direction, and 


G.(k, W; Z, z') = | (16a) 


r 
G.(k,, @; z, z') = [> R 


a, a (16b) 


for modes Ka, with Im x, < 0, carrying energy (or decaying) in the —z direc- 
tion, Indices a > Qora <0 will be employed to identify the proper x, to be 
associated with waves traveling in the +z or —z directions, respectively. These 
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identifications pose difficulties in complex media; in simple passive media, waves 
Carrying power In the +z or —z directions are distinguished by group speeds 
(0x, /0w)-' > 0 or <0, respectively (see Sec. 1.6c). The proper identification 
may be effected, as noted above and in Eq. (3), by analytic continuation into 
the region Im œw > 0 with subsequent selection of Im x, 20 for the +z travel- 
ing waves. Alternatively, for real k,, w, the identification may be accomplished 
on assigning small loss to the medium, thereby removing the singularities of 
G(k,, @; z, 2') from the integration paths, and then passing to the lossless limit. 

Substituting Eqs. (16) into Eqs. (14), one obtains with the aid of Eq. (3) the 
desired Green’s function representation, 


l. ty — Y (k, @)Yi(k,, w) lke: (p—p’)— wl ~r) xat- r) dK, dw 
G(r, t’; £, t') = 2 ENEO) e! P e Ta’ (17) 


where the a Z 0 and + designations correspond, respectively, to the regions 
z = 2‘, and the triple integration ranges over all real values of k, and œ from 
—oo to +00. The guided-wave representation in Eq. (17) is to be contrasted 
with the oscillatory Green's function representation of Eq. (1.3.17). In the 
latter representation the causality requirement of vanishing for ¢ < t’ is evidently 
satisfied; in the guided-wave case causality requires the proper identification of 
the + and — (i.e. æ 2 0) traveling waves. 

The guided-wave representation in Eq. (17) becomes explicit with a 
knowledge of the eigenmode vectors Y, and Y together with their normaliza- 
tions N,. Their evaluation is exhibited for a number of linear fields in the 
following subsections (see also Secs. 8.3 and 8.4). 


1.4b The Acoustic Field 


In a linear acoustic field, the elgenvalue problem in Eq. (10), which char- 
acterizes source-free guided-wave solutions with exp (iz) space dependence, 
can be written, via Eqs. (1.1.1), ta the form 

| 9p 


yp Or + VASA = —IKV-Zo, 
0 


(18) 
V.p +- namo = —iKpZp, 


where p = p(p, 1; x) and v = vip, 1; x) are the complex amplitudes of the 
pressure and velocity fields, and where y = v, + v,2, V = V, + (0/0z)z,, and 
r = P + ZZ, represent vector decompositions transverse and longitudinal to the 
chosen symmetry direction 7). In a homogeneous transversely unbounded 
medium, guided-wave solutions of Eqs. (18) are distinguished by a subscript a 


and represented as 
Ar, f)\ = O) panan s 
v a Yelkan o) Sone (19a) 


where for simplicity of notation, the same symbol is employed for a field and 
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its k,, @-dependent amplitude, In the wavevector notation of Sec. 1.4a, one 
writes Eq. (19a) as 


Wir, 1) = V(k,, weer ele’, (19b) 
whence Eqs. (18) can be written in the form 
LY = —i(K — «,T)¥, = 0, (20a) 
where 
I oO w 
B V =L —k 
or 1 ' 
ix(v, 2) =[™™ i | wl "| 
V, nom z; 1 —k, wnm! 
l 
r —> K y (20b) 
Zo 0 


are the operator components of Eqs. (10) and (Ila); it should be noted that 
K= K*,T =I‘, and thus Y} = Y,.. Since in the k,, œ basis the biorthogo- 
nality property in Eq. (4c) takes the form 
(‘Y,-(k,, w), TY k., @)) = pa(k,, ww. lk, @) + vK, @)p(kK,, 0) 
= 2N, Sup (21) 
and evidently involves only the independent field components p and v,, it is 


frequently convenient to elide the dependent field component v, and denote the 
abbreviated acoustic field wavevector ¥ as 


Fir, 1) + ( ee | (22) 
v fr, £)Zo 
For eigenvectors of the form (19), one notes that V, = ik, and d/dt = — iw. 


Hence, for prescribed k,,@, non-vanishing solutions of Eqs. (18) or (20a) arc 
found to exist only for the two wavenumbers (eigenvalues) given by the zeros 


of det L: 
2 
Ka, = +5 — k}, where a = a (23) 
0 


These are recognizable as the two propagation wavenumbers in the transmission- 
line network depicted in Fig. 1. 4. 1; the per-unit-length elements of the line 
Comprise a series “inductance” nom and a shunt “capacitance” !/yp) coupled 
by an ideal transformer of turns ratio 1 :k, to an “inductance” mom. The 
transmission-line interpretation becomes evident on elimination of the dependent 
field variable v, from Eqs. (18), whence in the k,@ basis the 2-dependent 
Acoustic equations (18), in which ix = 0/dz, may be expressed in the form 
Ov, .f{@ k? 
e -g - 


ðp_. l 
jz “ (Onm, = İK Zv,, 


p = iK Yp, 
YP wn z) 
Be (24a) 
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Ka 


(a) Per-unit-length nelwork (b) Per-unit-length continuous line 


FIG. 1.4.1 Acoustic transmission-line network. 


where 


_ jw _,, _ @rgm _ 1 
k= k? and Loa F (24b) 


k and Z are the propagation constant and characteristic impedance, and p and 
v, play the role of generalized transmission-line “voltage” and “current,” re- 
spectively. To the eigenvalues x,, in Eq. (23) there correspond eigenvectors 
Y., of the form (19b), normalized to 2N,„, in accordance with the biorthogo- 
nality property in Eq.(21); these follow from Eqs. (18) or (11a) and (20) as 


l 
Yaf | Maths 05 
(Kszo + k,)/eongm wmm 

and display the field structure of the two possible guided eigenwaves for given k, 
and w. 

Knowledge of the guided-wave characteristics in Eqs. (23) and (25) permits 
an explicit representation of the acoustic Green’s functions defined by Eqs. (9) 
and (20). Thus via Eq. (17), the z-guided-wave representation of the acoustic 
Green’s function G,, of Eq. (1.1.4) is given by 


r r w ‘P-t + - dk, dw 
G(r, r; 2,1) = j; TETEE ac ) etiv iua- kis Ony’ zZ 0, 


(26) 


where the integration extends over all real k,,@ from —co to +00, and for 
simplicity we have set p’ = z’ = ¢’ = 0. Equation (26) provides a representation 
alternative to that in Eq. (1.3.25a), but when integrated is identical to the closed 
form result in that equation. It should be noted that Eq. (26) also follows from 
the k, œw representation of G,, in Eqs. (1.2.7) and (1.2.8) by integration over 
the z component K of the wavevector k = k, +- KZ, (see Sec. 1.5c). 
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1.4c The Electromagnetic Field 


Source-free guided waves in an electromagnetic field have an exp (ikz) 
dependence and satisfy the homogeneous form of the Maxwell equations 
(1.1.16) with 0/dz = ik: 

ee —V, x H = ikz xX H, 
JH (27) 
V, x E + Mya = iK x E. 


Equations (27) constitute an eigenvalue problem of the type shown in Eq. (10), 
with E = E(p, £; x) and H = H(p, 1; xK) as the eigenvector amplitudes of the 
electric and magnetic fields, and x as the eigenvalue, As before, V = V, + ixzo 
and r = p + zZ, represent vector decompositions transverse and longitudinal 
to the guiding direction z. Ina transversely unbounded, homogeneous medium, 
eigenwave solutions of Eq. (27) are representable in the form 


(EED) (Palle Voy niga (28a) 
H(r, ¢) H,(k,, œ) 
where the subscript a distinguishes different eigensolutions with a fixed k,, œw 
dependence. For notational convenience, we employ the same symbol for a field 
as for its k,, @ amplitude; ambiguity ts avoided by specifying, where necessary, 
the arguments of the field function. 

In the Y wavevector notation of Sec. 1.4a, one rewrites Eq. (28a) as 


Pir, 1) = (Kk, ayertrr- elmer, (28b) 
whence Eqs. (27) with x = kK, take the general form 
LY, = —i(K — «,T)¥, = 0 (29a) 
with the component operators K and I of Eqs. (10) and (11a) defined by 
ð 
3 fox I —V,x 1 WE, l k, x 1 
—ik(¥,, x) 5 > h Kk o> , 
V, x1 Hozz 1 —k,x 1 œz! 
0 —Z, xX l 
ro (29b) 
Z x il 0 


The operators K = K* and IT =T* are Hermitian (since a x 1=1 x a= 
—a x Í), and hence Y: = ¥,..t Inthe k,, @ basis, the biorthogonality property 
(4c) of the eigenvectors Y, takes the specific form 


TX is Hermitian in the transversely unbounded case and, with suitable transverse 
boundary conditions, also in the bounded case. In this case the adjoint eigenvector 
+ . è . . 
Pi = Vase, where Y,» is the eigenvector with eigenvalue «>. 
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(FY... TF) = ES(k,, @)-H,lk, @) X 7% + H*(k,, @)-2 x Elk, w) 
= 2N. Ô.p (30) 
and involves only transverse electric- and magnetic-field components. It is there- 
by implied that the transverse components E,, H, are the independent components 
of the electromagnetic field; accordingly, one frequently employs an abbreviated 
notation for the transverse electromagnetic field wavevector, 


V(r, £) zy bey t) } 

H,(r, t) 
whose eigenvectors are represented as in Eq. (28b) and possess the same 
biorthogonality property as in Eq. (30). 

In a transversely unbounded and homogeneous medium, electromagnetic 
eigenvectors of the form (28) are defined as the non-vanishing resonant solutions 
of Eqs. (27) with V, = ik, and 0/ot = —iw. For prescribed k,,w, such 
solutions exist only for the four degenerate eigenvalues (the zeros of det L) 


Ka = +/% —k=K,i, where ¢ = Tare (32) 


The existence of four eigenvalues is commensurate with the fact that there are 
four independent components of the transverse electromagnetic field. Inak,, w 
basis, the dependent longitudinal ficld components E,, H, may be climinated 
via the relations 

—W6,£, = k, H, x Zo and —Why H, = K,-2% x E,, (33) 
derivable from Eqs. (27). On restoring 0/ðz = ix in Eqs. (27), one thereby 
obtains in a k,,@ basis the following defining equations for the z-dependent 
transverse field amplitudes E,, H,: 

TEs = (iwl + Kel et) (H, x Zo), 


H (ioe, 1 + ent): (Zo x E,). 
The form of the bracketed dyadics in Eq. (34) suggests the following transverse 
vector decompositions along the directions k, and k,y X Zo (Kj is the unit vector 
in the direction of k,): 

E(k, 0); Z) == E,(z)k,o ae Ev(z)k.o X Zos 

H,(k,, @; 2) = H (2)Zo X Ko + H;(z)Ko, 
which, on substitution into Eqs. (34), uncouple the latter into two independent 
sets of scalar equations: 

OE, ( k? ) , JE; 


Fr oki Ee H, Ge TILH., 


(31) 


(34) 


(35a) 


(35b) 
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Equations (35b) are recognized as transmission-line equations for the 
independent fields specified by the amplitudes £;, H, and E;, H’, and can be 
schematized by the networks shown in Fig. 1.4.2. The amplitudes £7, H; distin- 
guish the “voltage” and “current” of an E mode (with H, = 0) on a transmis- 
sion line, depicted in Fig. 1.4.2a, whose series and shunt elements per differential 
length are expressible in terms of an “inductance” 4, a “capacitance” €s, and an 
ideal transformer of turns ratio &,. A corresponding interpretation of the ampli- 
tudes E”, H? is depicted in the H-mode (with £, = 0) network of Fig. 1.4.2b. 
The equivalent smoothed “‘two-wire-line” schematizations are also shown in 
Fig. 1.4.2. and are expressible in terms of characteristic impedances Z’, Z” and 
propagation wavenumbers x’, xK” that may be inferred from the networks of 


Fig. 1.4.2, or Eqs. (35b), as 


Co 


(a) E mode 


or 


(b) H mode 


FIG. 1.4.2 Electromagnetic transmission-line networks. 
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i i Wk l 
Z’ = x = iwzt) z" = = = Th! 
WE, è tt r (36a) 


K' = NO whe, — k? = K". 


The relations (36a) permit the rewriting of Eqs. (35b) in the alternative 
transmission-line form: 


1 Wt 
ÎE, = jx! ZH aa t = iK" Z" H", 
j 5 (36b) 
2H, t ix’ Y'E! Lii t = iK” Y" E’. 


They readily permit the evaluation of the four independent guided-mode wave- 


vectors ¥, as (note Y: — Y, )t 
£Z'ky — Ht 2, oa nates 
Y., — Oo |, Ya — k, _ b (37a) 
ko — -o 
Zo X Ko K 


with normalization constants 


1 _ K- wo @ 

Nuys tZ' =, Nas £2" 55 (37b) 
and eigenvalues x., and x.z as shown in Eq. (32). The wavevectors (37a), 
which display the field structures of the two independent guided waves for 
prescribed k, w, satisfy the biorthogonality property in Eq. (30). 

With the knowledge of the wavevectors Y, and eigenvalues x, from Eqs. 
(37) and (32), one can employ Eq. (17) to obtain a guided-wave representation 
of the electromagnetic-field Green's functions. Thus, by Eq. (17), the matrix 
electromagnetic Green's function G of Eq. (1.1.19) may be represented as 

G(r, r’; t, t’) e f es Y.F.. dk,dw 


(ke p-o) ptis 
2K/WE, i 2W4h/K le o any 


(38a) 


where the + signs refer to z 2 0, respectively, and where, for simplicity, we 
have set p' = 1’ = 2’ = 0. To evaluate the dyadic Green’s function G,,, one 
substitutes the first-row elements of ¥, from Eq. (37a) into Eq. (38a). Noting 
that the bracketed term in the integrand of Eq. (38a) yieldst 


L In = 4 [Skoko F AE (kozo + zoko) 


k? 


T WEK 


ZoZo + PAo (kn X Zo)(Ko X 2) |. 


tSee Eq. (8.2.10a). 

tNote that the ijth element of the matrix Ya Ya. is the product of the ith-row element 
of ¥, and the conjugate of the /th-row element of Y,.; for lossless guides Y*, = Y.. The 
ijth element is recognized as (9:, ¥aXVa:,9,), where g, and 9, are “unit wavevectors” 
and the Hermitian product is implied. 
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one obtains 


= ð VV e! (ktep— ast) e+!" dk, d@ z 
Gi aa (Hoz; I= IID) ~ Lie 2(x)° ’ z20, (38b) 


where we have taken V = ik,Ko + ikZ and 0/of = —i@ terms outside the 
integral and where x = x’ = K” by Eq. (36a) or (32). Equation (38b) provides 
a guided-wave representation alternative to the oscillatory representation in Eq. 
(1.3.32) but is identical to the integrated result shown in Eq. (1.3.32c). One 
notes that the integral in Eq. (38b) follows from the k,q@ integral of Eq. 
(1. 2. 20) by residue integration over the x components of the wavevector k = 
k, + Xz(see Sec |.5c). 


1.5 REDUCED ELECTROMAGNETIC FIELD EQUATIONS 


In Secs. 1.1-1.4 the discussion of linear fields has been based primarily on 
a first-order formulation of the field equations. However, much of the technical 
literature on electromagnetic wave propagation in homogeneous or inhomoge- 
neous media is based on a “reduced” formulation wherein non-electromagnetic 
variables have been eliminated from the first-order equations. The reduced field 
equations are characterized by constitutive parameters (permittivityf and per- 
meability) that depend in general on the derivative operators V and 0/07, and 
for inhomogeneous but stationary media on the spatial coordinate r as well. An 
example is provided by an ionized plasma medium whose electromagnetic 
properties are described in the cold-fluid approximation by a temporally 
dispersive (i.e.,(0/02)-dependent) dielectric tensor; inclusion of temperature 
effects introduces an additional spatial dispersion (V dependence), as noted in 
Eqs. (1.1.64). 

The reduced field equations may be solved in terms of Green's functions G,, 
that are identical to, but fewer in number than, those discussed in Sec. 1.1d, 
since the ,, now refer only to a reduced number of field variables. Thus, in 
the time-dependent case, the electric field E(r, £) excited solely by an electric 
current density J(r, ¢) in an inhomogeneous medium is given by 


E(r, 1) = — {Gu r';t, t) I(r’, t) dr’ dt’, 
which implies that a reduced field equation for this case is of the form 
YV, D-E) = —Ir, 1), 


where the derivative (admittance) operator Y manifestly has the Green’s 
function Fi, as its inverse. Alternatively, the reduced field equations can be 
expressed in terms of both the electric and magnetic-field variables E and H, 


. TSince medium properties may be spatially variable, we frequently use the term “per- 
mitavity” instead of “dielectric constant.” 
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as, for example, in Eqs. (1.1.64), and will involve dispersive permittivity and 
permeability operators € and p, respectively, instead of the admittance Y, 

Because of the dispersive nature of the constitutive parameters, energy- 
Storage and power-flow relations in a reduced field description are expressed 
differently than in the first-order formulation of Eq. (1.1.55). To identify 
energy-density and power-fiow expressions, it is necessary to distinguish between 
harmonic fields of the form exp [i(k-r — @f)] and wavepackets that are 
superpositions of such harmonic fields. A number of energy theorems can be 
inferred from the dispersive properties (i. e. , from the œw and k derivatives) of 
the admittance operator Y for the harmonic fields. Because time-harmonic 
fields represent an important class of problems, the presentation emphasizes 
this regime. Reciprocity properties for reduced time-harmonic fields are similar 
to those obtained in previous sections and do not require separate treatment. 

It has been noted that certain results for spatially inhomogeneous or bounded 
media can be derived by straightforward modification of those for the homo- 
geneous case. These aspects will be pursued in more detail in the present sec- 
tion. In addition to, or instead of, the radiation (outgoing energy) condition at 
infinity employed for unbounded regions, electromagnetic fields on boundaries 
or interfaces must satisfy other boundary conditions. Also, in the presence of 
medium inhomogeneities, the reciprocity properties of the field are modified 
from their form in an unbounded homogeneous space. These aspects are 
considered in Sec. 1.5b. 

Propagation in plane-stratified media or in regions bounded by cylindrical, 
perfectly conducting walls can be analyzed by simple modification of the 
guided-wave representations of Sec. 1.4 (see Secs. 2.1-2.3 et seq.). For the 
vector electromagnetic field, this entails a scalarized description carried out with 
respect to a “waveguide axis” z parallel to the boundary walls or to the direction 
of stratification. The resulting scalar Green's function problems, stated in Eqs. 
(1.1.38b) and (1.1.49), are not tied to a special choice of z as the preferred di- 
rection and it is often convenient to analyze these scalar problems in alterna- 
tive “guided” representations with respect to coordinates transverse to z. An 
introduction to the theory of alternative representations is given in Sec. 1.5c. 
A more general treatment will be given in Sec 3.3c, and specific applications 
may be found in Secs. 5.4a and 5.6a. 


1.5a Energy Density, Power Flow, and Group Velocity for the Electro- 
magnetic Field 


Energy-conservation theorems are important for characterization of energy 
Storage and transport properties in a field. In a first-order field formulation, 
wherein the constitutive parameters for a medium are non-dispersive, con- 
servation theorems take on a relatively simple form, as is illustrated for 
a plasma medium in Eq.(1.1.55). In a reduced formulation, wherein non- 
electromagnetic variables have been eliminated, one is led to vacuum-like 


Sec. 1.5 Reduced Electromagnetic Field Equations 77 


electromagnetic field equations but with a permittivity E = e(V, dd/dt; r) 
and permeability # = pY, 0/dr;r) which are both anisotropic, spatially and 
temporally dispersive, and for a spatially inhomogeneous (but stationary) 
medium, dependent on r as well. The reduced formulation is exemplified by 
Eqs. (1.1.64) for the special case of a warm isotropic homogeneous plasma fluid. 
Because of the dispersive nature of the €, p parameters, energy-conservation 
theorems for non-monochromatic reduced fields require care in their interpreta- 
tion, For example, the difficulty with interpreting €|£|*/2 as a stored (positive) 
electric energy density in an isotropic but dispersive medium may be appreciated 
by recalling that, for an isotropic cold plasma under time-harmonic conditions, 
the equivalent permittivity € = €,(1 — w*/w*) may be negative for certain 
frequency ranges. 

Energy-transport properties of a field are investigated most naturally for 
time-dependent conditions since during a finite interval one may then follow 
a bundle of energy (wavepacket) excited by a source. As noted in Sec. 1.3, 
source-excited, time-dependent fields in unbounded regions may be represented 
rigorously as integral superpositions of oscillatory plane waves with different 
wavenumber k. The evaluation of these representations by asymptotic techniques 
will be discussed in Sec. 1.6, where it is found that the field energy is localized 
in regions wherein the plane waves constituting a wavepacket interfere con- 
structively. The condition for constructive interference leads to the conclu- 
sion that, in certain regions, a field behaves locally like a plane wave Y ~ 
exp (iy), where y = [k-r — @(k)s], and that its energy is transported with a 
group velocity v, = V,@(k) given by the gradient in k space of the frequency 
w = a@(k) determined from the dispersion equation for the medium [see Eq. 
(1.3.10a)]. The direction of v, is called the ray direction, and in an anisotropic 
medium this differs generally from the direction of the wavevector k along 
which equiphase surfaces (wavefronts) w = constant advance with a phase 
speed w/k. Relations governing the detailed behavior of rays, wavepackets, 
wavefronts, etc., will be considered in Secs. 1.6 and 1.7 both for time-dependent 
and for time-independent (harmonic) conditions. In the present section, 
energy-transport properties are inferred not from specific integral representa- 
tions of the field, but from general conservation theorems derivable from re- 
duced electromagnetic field equations. 

In the following we limit our considerations to a reduced electromagnetic 
field description with only temporally dispersive, space-dependent, dyadic 
parameters € and p; the effects of spatial dispersion can be included but for the 
most part are omitted for simplicity of presentation. Medium anisotropy is 
retained to emphasize the distinction between phase- and energy-propagation 
characteristics, Since applications to dispersive media in this book relate 
Primarily to anisotropic plasmas, the permeability 4 is usually assumed to be a 
scalar function, thereby simplifying some of the manipulations and also 
exhibiting within a single formula expressions appropriate to tensor and scalar 
media. The extension to media with dyadic permeability is easily accomplished. 
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The reduced time-dependent Maxwell equations descriptive of the electro- 
magnetic field excited by prescribed electric and magnetic current distributions 
J(r, £) and M(r, ¢) in a temporally dispersive, spatially inhomogeneous, aniso- 
tropic medium are given by 


Y x E(r,1) = -2 B(r, 1) — M(r, 1). 
J (ia) 
V x H(r, t) = ET Dor, t) + Jr, £). 


The constitutive relations are assumed to be of the form 


B(r, t) = a(Z, r) - HG, 9), Dir, t) = e|} r) -E(r, £), (1b) 


which are applicable in the absence of spatial dispersion and can equally well 
be phrased in terms of linear integral operators. For only electric current 
excitation (i.e, M = 0), elimination of H from Eqs. (1) leads tot 


E EN aa Y x 1) |-E¢, t) = —J(r, t) (2a) 
or 
g (y, z: r) -E(r, £) = —J(r, t) (2b) 


where the spatially and temporally dispersive dyadic (admittance) operator Yy 
evidently characterizes the reduced electromagnetic field. As in Sec. 1.1, the 
solution of Eqs. (2) is expressible as 


E(r, t) = -f u(r, r; t, U) dr, 1) dr’ dt’ (3) 


in terms of a dyadic Green’s function &,, which is the inverse of the admittance 
operator Y. The desired energy-transport properties of the field are deducible 
from the dispersive properties of the operator Y. 


Energy density and power flow 

Before ascertaining the equation of energy transport, we shall first attempt 
to identify energy-density and power-flow expressions for the field. From the 
source-free (J = 0 = M) form of the field equations (la), one derives the 


well-known relation 
V-(E x H) = - (E-P ra H-P). (4) 


S = E x H is the instantaneous density of electromagnetic power flow at r, ! 
(i.e., the Poynting vector), but it is difficult to interpret the expression in 
parentheses on the right of Eq. (4) as the time derivative of an instantaneous 


tNoie that 1/(9/0r) is the integral operator f dt and 1/p is the inverse dyadic p-'. 
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energy density W. This difficulty stems from the temporally dispersive nature 
of the constitutive parameters in the relations 


oD _ a d À. l ðB a Í o À. | 
D age) Eh a = ar lele) E) ©) 
in consequence of which it is not possible to identify an energy density W for 


general time-dependent fields. An energy interpretation on a time average basis 
is, however, possible for monochromatic steady-state fields of the form 


E(r, 1) = /2 Re [Elre], Hr, t) = V2 Re [Aine] (6) 
where F(r) and A(r) are conventional root-mean-square (rms) complex time- 
independent field amplitudes, whence the relations (5) becomet 


= —/2 Re [iwe(w, r): e-e], 


(7) 
om = —VJ/2 Re [iwp(a, r): He~"'). 


With this complex amplitude notation the time average + of Eq. (4) can be 
expressed as 


v5 = E, (8) 
where 
S = ReE x Ar, 
oW iw fe +). Bo Ae +). A 
Gr = Tal -(e—e*)- E+ H” - (p—p*)- H) (8a) 


and e* and p+ denote the transposed conjugate (Hermitian adjoint) dyadics to 
€ and p. Although the expression for 0W/dr in Eq. (8a) represents dimensionally 
the time rate of increase of energy per unit volume, it does not permit an 
identification of an average energy density W. For a medium with a real scalar 


permeability p = p* = yl, 
W _ fe .o-E 9) 


represents conventionally the power dissipation per unit volume in terms of a 
medium conductivity dyadic§ ¢ = —iw(e — €*)/2. If the medium is lossy, 


tNote in Eq. (5) that ð/ðt commutes with e and p in stationary media. 

#In complex notation the time average of the product of harmonic time-dependent 
quantities AB is (1/ T) fo AB dt = Re AB* = }(AB* + A* B), where T= 2r/w is the oscil- 
lation period. 

§Losses due to conduction currents J,(r, œ) = o(r, @)-E(r, w) are expressed in terms of 
the conductivity dyadic ø included in the dielectric tensor e = €, + (a/—iw). It follows 
from Eq. (10) that €, represents the Hermitian part of e (i.e., €, = €} ). Since o/ — iw is then 
anti-Hermitian, one concludes that the conductivity dyadic is also Hermitian (i.e., € = 7). 
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energy is converted into heat and the expression on the right-hand side of Eq. 
(9) must be positive. This condition applies more generally to Eq. (8a), and for 
arbitrary fields this is assured only if each of the terms is positive, whence the 
Hermitian tensors —i(é — €+) and —i(p — pt’) must be positive definite. For 
a lossless medium with a real permeability, the avcrage cnergy density remains 
constant and the consequent vanishing of the right-hand side of Eq. (8a) re- 
quires that (if p = 41) 


€=e', u = real. (10) 


Thus, the dyadics representative of the constitutive parameters in a lossless 
anisotropic medium must be Hermitian. If the medium is isotropic, the 
constitutive parameters are real but may be negative for certain frequencies. 

To calçulate the average stored electric energy density in a lossless, dispersive 
medium, it is necessary to consider non-monochromatic fields. Generalizing Eqs 
(6), we introduce 


E(r, ) = /2 Re [E(r; te~”), (ila) 
D(r, 1) = /2 Re [Ď(r; e~e), (11b) 


where E and D are complex rms functions of ¢ that vary slowly during a time 
interval equal to the period T = 2x/w. Then over the period 7, the time 
average of the first term on the right of Eq. (4) yields 


IW. = L f Bevo 4 Bree > È (Dev + Dre) de 


~ J = Kyla, d -iot -lwi , g * plor 
=F, [Ere a, (De ) + Fe a, (Dre )| at, (12) 


and since = 0 is an arbitrary reference point, the result in Eq. (12) refers to 
a typical period. Contributions arising from terms in the integrand containing 
factors exp (+i2wt) have been ignored since they are small compared to the 
remaining ones. This is verified upon assuming, for example, that during the 
relevant time interval, E and D may be represented ast * 


For; 9) = Erea, Baio = Bywe (13) 


with the restriction w, & imposed to ensure the slow variation of these 
functions over the period T. Integration then shows that the ignored terms are 
O(@,/w) relative to the retained contribution, thereby justifying their omission. 
From Eq. (13) one has 


+For a more genera! derivation utilizing Fourier integral representations of the field, 
see V.L. Ginzburg, The Propagation of Electromagnetic Waves in Plasmas, Pergamon 
Press, New York, 1964, App. B. Alternatively, in evalualing (0 /dt)e(0/dt)-E(r; t) exp ( — iat) 
to obtain a result as in Eq. (14), one should also compare the more general procedure in 
Eq. (27a) below and the footnote thereto. 
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Z (Dee = —i(w + elo + o) » Be (14) 


since D exp(—i@wt) corresponds to a time-harmonic field with frequency 
(w + w,) which can be expressed in terms of E exp (—iwt) via Eq. (7). Upon 
expanding the factor —i(@ + w,)€(w + @,) about œw up to the linear term 


O(@,), one finds 
9 (Berm) = | -iwe - B+ $ loeta) -SPee (15) 


which evidently generalizes the monochromatic result obtained in Eq. (7). 
Substitation into Eq. (12) then yields for the dominant contribution, 


È Mw i xk m — + . 
h i = > E+ . [e(@) — e*(w)] - E 
OE . dE* 


tA fee Zoo. FF + E. E oee) - E}. (16) 


A directly analogous result is obtained for the magnetic energy provided that 
Ē, € and €* are replaced by Ay, p and p’, respectively. For the lossless case 
€(@) = €*(@), Eq. (16) reduces to 


Wa flee d | 
Ge = ar ta ga econ E) e 


Thus, the average stored energy density W in a lossless, dispersive, electrically 
anisotropic medium with a scalar permeability 4 may be identified as t 


W = z {E* : Z {eoe(c)] E4 Z own] ; (18) 


where È and Ħ are to be taken as space- and weakly time-dependent amplitudes 
of the harmonic field E(r, 1) exp (—iwr) and Fr, t) exp (— ier), respectively. 
Since the stored energy is positive, O(c) /dw must be positive and the dyadic 
(0/dc)[ax€(w)] must be positive definite. Moreover, the average energy stored 
bya given electromagnetic field in a physical medium is at least as great as that 
10 vacuum, since energy has to be expended to bring about the polarization 
effects which are expressed via the constitutive parameters, Thus, W > W,, 
where W, is the stored energy in vacuum, with 4 = pl, € = lé, (Hy, € constant). 
These considerations lead to the sharper condition” 


-m= IE. FOE len| E+ [32 (con) — m ife} = 0 


(19) 
where 1 is the unit dyadic, 


Since W, varies slowly over the period T, one has W, x W,in0<1< TanddW/a 
o oy. / 3. In the latter relation, the time derivative relates to a time scale long compared 
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In a lossless, cold electron plasma subjected to a steady external magnetic 
field H, along the z axis of a rectangular coordinate system, one has 4 = $h, 
while the € tensor has the form 


F — i€, 0 
€— | i€, E OF (20) 
where 
€, a)? 2 w, W? E w? 
— = ] —- p] , = — , + = l =. 2 
Eq wo —w €, ww —w? E, a | 0a) 
and 
2 
w? = eN W. = eB, 
ME, m 


where —e and m represent the electronic charge and mass, respectively. Only 
the electrons are considered mobile in this simple, zero temperature, collisionless 
description of a plasma, and w, and œ, denote the plasma and cyclotron 
frequencies of the electrons, respectively. To derive the form of the permittivity 
matrix in Eq. (20), one notes for a time-harmonic field E exp (— ior) that elec- 
trons with harmonic velocity ¥ exp (—i@1) in a static magnetic field B, = Byz, 
obey the dynamical equation [see Eq. (1.1.54) with p = O and d/d: = —iw] 


—iwmy = —e(E + ¥ x B,), (21) 
whence 
(iwl + wz, x 1)° m¥ = eÈ. (21a) 
From the dyadic identities 
(iwl + w,z, X 1) - (lwl — wz, x 1) = —(w’ — @?)1, — w*2Z92,, 
— (zo x 1)- @% X 1) = 1 — %2 = l, 
and Eq. (2la), the electron velocity components ¥, and ¥,, transverse and along 
the magnetic field direction, contribute the current densities 
r 2 
S = iwe, [Ped + KO Jeet x T F, 
w — w; 
(22) 
— Ne¥, = ime OE 
e ZT 9 oy l 
Since the permittivity dyadic for the plasma medium may be defined by the 
relation 
— Ne? = —iw(€ — €,1) - E, 
one infers from Eqs. (22) and (20a) that 


€ = El, + 1€,Z) X l, + E, ZoZo, 
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which is the dyadic form of the matrix (20). For (d(ae)/dw — le,] to be 
itive semidefinite [see Eq. (19)], the principal minors of the permittivity 
matrix in Eq. (20) must be non-negative, whence 


besz deiae Be- T= Lees): 
(23) 


It is easily checked that these conditions are satisfied by the constitutive 
parameters in Eq. (20a), although the elements €,, €}, and €, may themselves be 


negative. 


Average energy transport (group velocity) 

For weakly anharmonic fields a kinetic description of thc avcrage flow of 
energy throughout parts of a field can be obtained in terms of wavepackets 
moving along characteristic trajectories with well-defined group velocity. It will 
be shown that in an homogeneous, non-spatially-dispersive medium an anhar- 
monic field is characterized by a time-averaged Poynting vector S [Eq. (8a)] 
and a time-averaged energy density W [Eq. (18)] that are related by 


S = WwW, (24a) 


where v, isa group velocity characteristic of the energy flow (or of the type of 
wavepacket) at the point in question. In this case we shall find that one can 
infer an average energy theorem of the form (8). In view of Eq. (24a), it follows 
that V- 5 = v, . VW provided v, is space independent, and Eq. (8) can be 
Written as 


Go = 
zË tY VW =0, (24b) 
whence 
d _ w aE 
FT ifv, = 7. (24c) 


Equation (24c) implies that the average energy density W is unchanged 
when referred to a point moving with a wavepacket along a linear trajectory 
r = r(t) with the as-yet-undetermined velocity Y, Since Eqs. (24) refer to an 
anharmonic field, W and hence Š are weakly space- and time-dependent even 
in a homogeneous medium; we shall show that they are expressible in terms 
of both the admittance operator 3/ of Eqs. (2) and the anharmonic field 
amplitudes. For inhomogeneous media, Eqs. (24) require generalization, as will 
be shown in Sec. 1.7. 

To explore energy-transport properties under conditions for which Eqs. (24) 
are applicable, we turn to a consideration of anharmonic fields in lossless 
dispersive homogeneous media. In accordance with Eq. (2), the electric field E 
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in an homogeneous medium is described at source-free points by an admittance 
Operator Yy such that 


Y (v, 5) - E(r, 1) = 0. (25) 


We seek a slightly anharmonic (wavepacket) solution of Eq. (25) as the real 
part of 


E(r, t) nae E(r, Hewan, (26) 
where for prescribed k both the weakly space- and time-dependent rms 
amplitude E(r, ¢) and the frequency w = w(k) are to be determined from Eq. 
(25). In the following, E and Al are weakly dependent on both r and z; they 
should be distinguished from the fields È = Fr; t) and A = Acr; t) in Eqs. 
(11) et seg., which depend arbitrarily on r. From Eq. (25) and the footnote to 
Eqs. (8) the total average stored energy density at source-free points does not 
vary with ume [i.e., the average power density Re (E* - Y - E) = 0 by Eq. 
(9) with Re Yy = g = 0), whence 

d ( g ) i 
¥ ° ° ° * a = 
E*(r, 1) g (y, Z) E(r, ) + E(r, 1) W*(V, 5) - E*(r, 0) = 0, 
or on substitution of (26) and use of the differentiation rule t (w, k are real), 
ð (i aj ) z 
* e — e a + — ° — ` 
E Y (ik +V, iw + +] E+E. Y*(ik+V, iw + = E 0 
(27a) 
For a weakly space- and time-dependent amplitude È = E(r, £), one can expand 
the operator Y of Eq. (27a) in a power sertest about the point ik, —iw, 
whence, for a lossless medium, wherein & (ik, —iw) = —i@(k, w) and $ = B 
is real, one infers from Eq.(27a) that§ 


d Ta, d 7 mM 
La 7, Bk, w)-E]—V- VE B(k,w)-E]=0, (27b) 


where V, acts only on #(k, w) and V only on FE and E*. To identify the 
bracketed terms in Eq. (27b), one observes from Eqs. (2) for a lossless 
homogeneous medium with a scalar permeability [see Eq. (10)] that 


Bk, 0) = we + REX = g, (28a) 


whence noting Eq.(18), one has as a generalization of a familiar network 
ener gy theorem: 


+An operator function F(V, @/df) of the derivatives V, ð/ðt acting on a product of two 
space-time functions A, B can be expressed as F(V, @/dtA(r, OB) = F(V! + V, 0/80 + 
JANALE, Br’, t), =p 120, Which permits separate differentiation of the two factors. 

19 itk + V, —iw + 0/dt) = Y (ik, — ie) + 10/01 Kd/dw)W (ik, — fw) —iV-Vi Wik, — iw) 


§Note the relation for the transpose of the scalar a: F -b = b-F -a. 
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« IB pf _ pe, (Awe) k x(k x 1) ð 
= Et. 2 wey E+ At 2 ou = 2, (28b) 
since k x E = wu. Similarly, by Eq. (28a) one finds in Eq. (27b), if € is 


non-spatially dispersive, that 
_V.-V,{E*-@-E)=V- v,| & x By x B) 


_y. Ee x (kx EV+E x (k xe) 
7 | wp 

= V . [E* x A + Ë x At) = 2V .- §, (28c) 
where we have used the identities V,k = 1 and V,(A : B) = (V,A) - B + 
(V,B + A). In view of the relations (28), Eq. (27b) assumes the form (8): 


ow _ 
g tV S=0. 


This conservation of average energy flow for the anharmonic field in Eq, (26) 
is also applicable more generally to fields other than the electromagnetic. 

It now remains to prove the energy-flux relation (24a). We observe from 
the source-free field equation (25) for a lossless homogeneous medium and the 
wavepacket solution in Eq. (26) that 

B(k, w) - E = 0, (29a) 
where @(k, w) is defined in Eq. (28a). Non-vanishing solutions E of Eq. (29a) 
exist for those frequencies w = w,(k) that satisfy the determinental requirement, 
or dispersion equation, det @(k, w,) = 0. For an arbitrary incremental change 
ôk, it follows from Eq. (29a) that 

SE” . Blk, w,) - EJ = E* . Sk, w.) - E = 0, 


and since (with dw, = dk » V,@,) 
5Blk, 0.) = dk - V Blk, w.) + dk - V0, 9B, (29b) 
one infers from the arbitrariness of ôk that 
VE". B. E) + Viol E” p E], (29c) 
whence from Eqs. (28b) and (28c) one obtains the result asserted in Eq. (24a), 
S=W, v,=V.0, (30) 


where Y, is the group velocity. Since the vanishing of det @(k, w) occurs for 
different dispersion relations œ = w,(k), the energy flux relation in Eq. (30) 
and hence the group velocity v, = V,qw, are characteristic of different types 
(a = 1,2,...) of wavepackets. 
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1.5b Boundary Conditions, Uniqueness, and Reciprocity Relations for the 
Electromagnetic Field 


Boundary conditions and uniqueness 


In a material medium the field equations may be expressed either in the 
first-order form discussed in Sec. 1.1d or in the reduced electromagnetic form 
noted, for example, in Eqs. (1.1.64) or (1). In the presence of an externally 
applied magnetic field, the permittivity and permeability are generally dyadic 
parameters. For time-harmonic fields, which vary as exp(—/mr), and for a 
spatially inhomogeneous medium with non-spatially-dispersive parameters, the 
permittivity and permeability will be expressed as complex dyadics €(r, w) and 
u(r, œw). Under such conditions, one obtains for the steady-state form of the 
reduced Maxwell equations (1) descriptive of the electromagnetic field excited 
by prescribed electric and magnetic current distributions J and M in a temporally 
dispersive anisotropic medium: 

V x E(r) = iwB(r) — M(r), V x H(r) = —iwoD(r) + J(r),  (3la) 
B(r) = p(r) « H(r), D(r) = e(r) - E(r), (31b) 


where the w dependence and the factor exp (—iœt) have been suppressed. 
Special cases of lossless media, isotropic media with € = l€, p = ly, etc. are 
contained within this formulation. 

Across a regular surface S of a medium discontinuity, the electromagnetic 
field vectors must satisfy the conditions 


vx (H.-H) =J5, vx (E, — E,) =M,, (32a) 
v- (B, — B,) = m v-(D, — D,) =n, (32d) 


where the subscripts ! and 2 distinguish quantities in regions | and 2 of Fig. 
[.5.f. On the interface, J, and M, are, respectively, electric and magnetic 
surface current distributions, 47 and #,, are electric and magnetic surface charge 


E€. Hi 


FIG. 1.5.1 Interface between two media. 


densities, and v is a unit vector normal to S and pointing into medium 2. If 
neither medium is perfectly conducting, no surface currents or charges are 
induced and J, = M, = n = n,, = 0; however, if external surface current 
distributions are placed on the interface, these must be taken into account. 
When medium 2 is a perfect electric conductor, E, and H, vanish everywhere 
inside this medium and induced electric currents and charges exist on the 
surface. Thus, from Eas. (32), 


H, x v= J,, vx E = 90, v- B, = 9, —-D,- v= 4. (33) 
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While the tangential electric field vanishes at the surface of a perfect con- 
ductor, one notes from Eq. (32a) that a finite field can be generated next to 
the surface by placing thereon a magnetic surface current distribution. In fact, 
ifthe magnetic current distribution is M,, the tangential electric field generated 
by it in the immediate vicinity of a perfectly conducting surface is given by 


vx E, =M.. (33a) 


Although physically realizable electromagnetic sources can be described solely 
in terms of electric charges and currents, the use of equivalent magnetic currents 
is frequently a convenient artifice; for example, a linear magnetic current 
element in an isotropic medium is equivalent to a circular electric current flowing 
around a path of vanishingly small radius in the plane perpendicular to the 
element. Since Eqs. (32) and (33) apply to any time-harmonic field, the Fourier 


inversion f(r, t) = f f(t, wje“ dw implies that they are valid also for the 


time-dependent field. 

For an unbounded region it is necessary to know the field behavior on a 
surface at infinity. If all sources are contained in a finite region, the field 
behavior at large distances from the sources must meet the physical requirement 
that energy trave! away from the source region (i.e., the field solution comprises 
only “outgoing” waves). This requirement, originated by Sommerfeld, constitutes 
a boundary condition on a surface at infinity and is referred to as the “radiation 
condition.”!®? More specifically, the transverse fields in a spherically diverging 
wave in homogeneous medium decay like |/r at large distances r from the 
source region and behave locally like plane waves traveling outward in the r 
direction: thus each field component transverse to r behaves like exp (ik,r)/r. 
This requirement can be phrased mathematically ast 

tim r (54 —ik,A) =0 (34a) 
where A stands for any field component transverse to r, and k, = W~ pE 
approaches a constant as r —> oo. In view of the local plane-wave character, 
the haa between the transverse electric and magnetic fields as r — co is 
simply 


ro x E> £H, (34b) 


where r, is a unit vector pointing in ther direction and // /€ is the impedance 
of unbounded space. 

For two-dimensional fields that are independent of a rectilinear coordinate, 
say x, the outgoing waves excited by source distributions contained in a bounded 


TThe present discussion is restricted to the case of isotropic media; the energy-radiation 
condition applies also to anisotropic regions, but its imposition is more complicated since 


D directions of phase- and energy-propagation are generally different (see Secs. 1.6 and 
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region transverse to x are cylindrical [i.e., each field component behaves like 
exp (ik,p)/ p, where p is the radial variable in a plane transverse to the x 
coordinate]. In this instance, one obtains as the two-dimensional analogue of 


Eq. (34a), 
lima Sp (5 — ik, A) = 0, (34c) 


where A stands for any transverse field component. Equation (34b) obtains 
also, with r, replaced by Po- 

Equations (34a) and (34c) apply to non-dissipative media, wherein k, is 
real. If one assumes the medium to be slightly lossy (as all physical media are), 
then k, has a positive imaginary part and the “outgoing wave” condition at 
infinity can be replaced by the simpler requirement that all fields excited by 
sources in a finite region vanish at infinity. This simple condition is valid also 
for anisotropic and inhomogeneous media and forces the choice of a decaying 
dependence as r — oo. For non-harmonic time dependence, the radiation 
condition is subsumed under the causality condition required for time-dependent 
fields. On analytic continuation into the upper half of the complex œw plane, 
the causal requirement Im w > 0 (see Sec. 1.2) may also be used to select the 
decaying field solution. 

In the discussion of the boundary conditions in Eqs. (32) and (33), it was 
implied that the discontinuity surface S$ is regular (i.e., it possesses no sharp 
points, edges, or corners). If geometrical singularities exist on an electrically 
impenetrable surface, some field components may become infinite in the 
neighborhood of these singularities. To explore permissible types of divergence 
in an electromagnetic field, one employs the following energy argument: The 
energy inside a bounded volume containing any physical set of sources is finite. 
The singular electromagnetic field behavior near a surface discontinuity on an 
impenetrable surface such as a perfect conductor is caused by induced surface 
currents whose energy content cannot be larger than that of the true sources. 
Thus, one imposes the condition that the electric and magnetic energy stored 
in any volume surrounding the geometrical singularities is finite. In an isotropic 
non-dispersive medium this requirement can be phrased ast 


f [eE]? + ujH|?] dr = finite, (35) 


where T is a finite volume surrounding the singularity. 

Equation (35) puts a definite limitation on the growth of any field component. 
For example, for the edge singularity in Fig. 1.5.2(a) one chooses a cylindrical 
volume centered on the edge; if the edge is described by a regular curve, the 
height of the cylinder is chosen so small that the portion of the edge contained 
therein is essentially straight. Upon employing cylindrical coordinates, p, Q, z, 
with z directed along the edge, one has dt =: p dp dp dz. If it is assumed that 


+See Sec. 1,5a for the effects of dispersion and anisotropy. 
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(a) Edge (b) Tip 
FIG. 1.5.2 Surface singularities. 


each field component behaves like f(p)y(9, z) as the edge is approached (i.e., 
as p — Of), then condition (35) can be phrased in terms of the p behavior alone 
since the flelds are regular functions of g and z. The pertinent portion of Eq. 
(35) can be written as (R = radius of cylindrical volume) 


f IPN? p dp = finite, (36) 


from which one infers that | f(p)|? can behave at worst like p-*'"* as p — 0, 
where @ is an arbitrarily small positive quantity. Thus, we infer the "edge 
condition” that 


no component of E or H can grow more rapidly than p°'*, a> 0, (37) 


where p is the distance from the edge. 

Similarly, for a tip singularity as in Fig. 1.5.2(b), one surrounds the tip by 
a spherical volume of radius R. Ina spherical (r, @, ø) coordinate system centered 
at the tip, the volume element dt = r° sin @ dr d@ dy. If one assumes that the 
behavior of each field component can be described in the form g(r)w(@, g) as 
r — 0, one can again write the pertinent portion of Eq. (35) as 


f \g(r)|?7? dr = finite, (38) 


i.e., |g(r)|? behaves at most like r~?*?*,a@ > 0. Thus, one finds that near a 
conical tip, 


no component of E or H can grow more rapidly than r-'%?)*¢, æ > 0, (39) 


where r is the distance from the tip. The requirements (37) and (39) constitute 
additional boundary conditions to be imposed on the fields in the presence of 
Surface singularities in order to assure a unique solution of the field problem. 

When solving the Maxwell field equations subject to all the above-stated 
boundary conditions, one is assured that only one (unique) solution is possible. 
The following Uniqueness statement, given without proof, is relevant for a 
volume of space t bounded by a surface S (which may be multiply connected) 
and occupied by a “physical” medium having some dissipation: The steady-state 
electromagnetic field inside t is determined uniquely if 2°(1) the sources (if any) 
are specified in t, and (2) either the tangential electric field or the tangential 


tThis behavior can be shown to hold rigorously for a straight edge (see Sec. 6.5). 
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magnetic field is specified on the various parts of S. Included in condition (2) 
is the case where the tangential electric field on the boundary is linearly related 
to the tangential magnetic field via [see Eq. (1.1.16d)] 


vx E= & .-H, v = normal unit vector directed into boundary, (40) 


where & is an impedance dyadic with non-vanishing components perpendicular 
to v (ie, v: Z = Z - v= 0). Equation (40) constitutes an “impedance 
boundary condition” that can be employed to approximate field behavior on 
the surface of highly lossy or “reactive” regions. The above conditions remain 
valid when the medium is anisotropic. If a portion of S lies at infinity and all 
sources are confined to a finite region, uniqueness obtains when the field 
behavior at infinity is expressed in terms of the previously stated radiation 
condition. For surfaces with singularities, condition (35) must be imposed, in 
addition, 

If the fields are time dependent, their values at time ¢ > ¢, are determined 
uniquely by their initial values at the reference time z. The above-stated 
conditions on S must also be satisfied for ¢ > t. 


Reciprocity relations 


Reciprocity relations for the electromagnetic field in vacuum and in a 
homogeneous plasma have been considered in Secs. 1.16 and l.lc. Apart from 
the assumption of medium homogeneity, that derivation involves all field 
constituents rather than only the electromagnetic field, as in the reduced 
formulation leading to Eqs.(31). Furthermore, the results have been given for 
the time-dependent case so that their time-harmonic form, although obtainable 
without difficulty, is not stated explicitly. We shall now derive various reciprocity 
conditions for the time-harmonic electromagnetic field in spatially varying 
anisotropic media directly from Eqs. (31) and compare the results with those 
given in Sec. 1.1, 

In a given region t bounded by the surface S, consider two sets of field solu- 
tions E, H and Ê, f, corresponding to excitations by the sources J, M, and J, M, 
respectively. The medium in the first problem is assumed to be described by the 
space-dependent dyadic permittivity e(r) and permeability p(r), with €(r) and 
ja(r) representing the corresponding quantities in the second problem. At the 
real steady frequency w, each set of fields is therefore a solution of the Maxwell 
equationst 


VxE=ion-H—-—M, Vx H = —iwe-E+ J, (41a) 
VxE=ion-H-M, VxA=-iwt- B43. (41b) 
Upon calculating the expressions V - (E x H) = (H-Vx E-—E-V x Hi) 


and V - (Ê x H), taking their difference, integrating over t, and invoking the 
divergence theorem, one finds 


tQuantities distinguished by ^ are related to the adjoint field in Sec. 1.1 on identifying 


j = -J+ and M = -M+, 
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f [nx E. À —n x Ê- Has 
— iwf fa-p-H-H-f-A—E-@-£4+E6-e€-Ejadr 


=| (H-M+£-3-H-M—E. Ijd. (42) 


The reciprocity statement follows if the right-hand side of Eq. (42) can be 
equated to zero. Since generally A-p-H=H. p- H, etc., the volume 
integral on the left-hand side vanishes if the medium in the second problem is 
the “transpose” of that in the first, i.e., if 


ê(r) = €(r), = A(r) = Ñ(r). (43a) 
If the boundary conditions on S are given by the general impedance relation 
(40) and the corresponding requirement v x E = Z - H on S for the second 
problem, then the identification 
¥(r) = Žir) (43b) 
assures the vanishing of the surface integral.f Thus, if Eqs. (43) apply, the 
fields E, H and E, Â are related as follows: 


| H-M+Ê-J-Â-M-E. Sid =0. (44) 


The reciprocity relations in Eq. (44) are clarified by special choices of the 
excitation. If one selects M = M = 0, J = J°d(r — r’), 3 = J°O(r — ?’), where 
J° and J° are constant vectors of equal magnitude, then 

J? . Er’) =J° - EY). (45a) 
This relation states that in a region described by the parameters €, p, Z, the 
electric-field component excited at f in the direction of Ĵ ° by an electric current 
element J’ at r’ is identical with the electric-field component excited at r’ in 
the direction of J° by an electric current element J° at f’ in a region of the 
same geometrical configuration described by parameters €, ji, Žž. Similarly, for 
J=J=0,M=M°Or — r), M = Mor — f), where M° and M° are 
constant vectors of equal magnitude, 


M° - A(r’) = M° . HO), (45b) 
while for J=M=0, J=J°Or-—P?), M=M°S&r — r’), 
M° . (r) = —J3° - E(?’). (45c) 


Although the above reciprocity relations generally involve fields in the 
“transposed” problem, they pertain to fields in the same medium provided the 


tIf a portion of S jies at infinity, the vanishing of the surface integral there is assured 
by the radiation condition. If S is a perfectly conducting surface containing surface singu- 
larities such as edges or tips, one surrounds these singularities by the closed surface S’ and 
applies the edge condition to secure vanishing of the surface-integral contribution from S’ 
as t’ shrinks to zero. 
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anisotropy, if any, is of the symmetric type [i.e., e(r) = €(r), p(r) = fi(r), 
£(r) = F(r)). The latter constraints are, of course, satisfied in isotropic regions. 
Simplifications occur also in lossless regions wherein € = €* = €*, p = p', 
X = — J [see Eq. (10)]. If the complex conjugate of Eqs. (41b) is employed, 
with ê and ji replaced by € and p, respectively, and the preceding derivation 
followed with minor modification, one finds in view of the above lossless 
relation that 

J°* EP) = —J°- Br’), M. Hi’) = —M°.- Ar’), 

J°*- E@) = —M°- H*(r’), 
with all fields and sources referring to the same lossless region. It should be 
noted that the results in Eq. (45d) generalize the reciprocity statements in Sec. 
1.1b for time-dependent fields, in vacuum. 

As in Eqs. (1.1.19) with dr’ = dt’, one may define time-harmonic Green's 

functions that represent electromagnetic fields arising from arbitrary harmonic 
current distributions, 


E(r) = -f G(r, r): I) de! — | Gals, r) : M) dt’, (46a) 


(45d) 


H(r) = | Gater) IE) ae’ — f Garr’) MEd, (46b) 


where G,,(r, r’), 8hr, r') and G,,(r, r’) or G(r, r') are the dyadic electric, 
magnetic, and “transfer” Green’s functions, respectively. The interpretation of 
the various @,, is the same as in Eq. (1.1.19), with evident modifications to 
accommodate the time-harmonic regime. It follows from Eqs. (31), with 
M = 0, J(r) = J°d(r — r’), that G,,(r, r’) satisfies the vector differential equation 


y x {p '(r) ° V x G a(r, r')] — w elr) : G(r, r’) = —iwldo(r = r’), (47a) 
were pi”! is the inverse dyadic defined so that p~’ » p = p- po! = 1, and the 
constant vector J° has been elided. By dual considerations one finds that 

V x fer). V x G(r, r’)] — æpir) - G(r, r’) = —iwld(r — r'). (47b) 


Equations (47) constitute a generalization of Eqs. (1.1.21), for the harmonic 
case 0/0f = — iw, to inhomogeneous and anisotropic media. 

As in Sec. l.lb, the reciprocity conditions in Eqs. (45) can be phrased 
concisely in terms of the above dyadic Green's functions. In view of the 
definition of Y,, in Eq. (46a) and similarly of @,,, Eq. (45a) can be written as 


Je- j= GE J = Jeo Ger’). Se, (48) 
from which 


Gir, Y) = Ga, r’). (49a) 
In a directly analogous manner one notes from Eqs. (45b, c) and the above that 
G(T’, f) = GAP’, r’), (49b) 


—@,,(r', Pr’) = Gaf, r’). (49c) 
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From Maxwell's equations and Eqs. (49) the total electromagnetic field in 
a source-free region can be inferred from the knowledge of any one of the 
dyadic Green's functions. Suppose that we know @,,(r, r’). From the Maxwell 
field equations one obtains @,,(r, r') in terms of V x @,,(r, r’). Equation (49c) 
then yields Y,,(r, r’), and the Maxwell field equations finally lead to @;,(r, r’) 
in terms of V x @G,,(r, r’). 

In a region with symmetric anisotropy € = €, p = Ñ, Z = #, or in an 
isotropic medium, the Green’s functions on the left-hand side of Eqs. (49) are 
replaced by G,,(r’, ’), G22(r', F), 8a (r', ?'), respectively, thereby making the 
reciprocity statement applicable in one and the same region. The resulting 
relations are of the same form as in Eqs. (1.1.29) or (1.1.58), on ignoring the 
time dependence. These considerations apply also to lossless regions with 


€=e',p=p', and Z = — Zt, wherein one replaces the Green's functions 
on the left-hand side of Eqs. (49) by —@fi(r', t), —@ACr', r), and G(r’, f), 
respectively. 


Reciprocity conditions analogous to the above are also found to be satisfied 
by modal Green’s functions which represent the voltages or currents excited by 
unit strength point current or voltage generators on a transmission line. These 
results are derived in Sec. 2.3c and listed in Eqs. (2.3.15). 


1.5c Alternative Representations 


When z is a symmetry axis, the guided-wave approach in Sec. 1.4 leads 
naturally to a field representation in terms of eigenfunctions characteristic of 
the cross-sectional domain transverse to z. If the cross-sectional region is 
describable simply in terms of a separable (u, v) coordinate system, it is possible 
to deduce alternative representations involving eigenfunctions in the (u, z) or 
(v, z) coordinates. Since alternative field representations usually have different 
convergence properties, their availability aids in the evaluation of formal field 
solutions for various parameter regimes. The basic theory underlying the 
determination of alternative representations is given in Sec. 3.3, and detailed 
applications to electromagnetic or acoustic fields may be found in Chapter 5. 
At this time, we make certain observations within the context of problems 
discussed in this chapter. 

Field representations developed in Sec. 1.4 [see also Eqs. (1.1.49) et seq.] for 
homogeneous unbounded regions can readily be modified to accommodate re- 
gions that contain inhomogeneities along the wave-guide axis z, or are bounded 
in the directions transverse to z. Although the reduction of vector field prob- 
lems to equivalent scalar problems in such regions usually requires assignment 
of a special role to the symmetry axis z, the component scalar problems are 
not necessarily so restricted. For the electromagnetic field, this aspect may be 
inferred from Eqs. (1.1.38b) and (1.1.49c), wherein the scalar potential functions 
F’ and S” satisfy differential equations which, subject to stated boundary 
conditions, may be solved in any convenient representation. The same statement 
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evidently applies to the acoustic field which is derivable from the scalar Green’s 
function defined in Eq. (1.1.13b), subject to suitable boundary conditions. 

A number of alternative field representations have already been given in 
connection with the development of the plane-wave, time-guided, and space- 
guided wave representations of Green’s functions in Secs. 1.2, 1.3, and 1.4, 
respectively. It has been noted that the time-guided representations in Eq. 
(1.3.2b) involve eigenfunctions in the r domain; they can be derived from the 
plane-wave integral representations in Eq. (1.2.3) on performing the w integra- 
tion by deforming the integration contour in the complex w plane about the w 
singularities of the Green’s function G(k, w), and invoking the residue theorem. 
Alternatively, the space-guided representations in Eq. (1.4.3) involve eigenfunc- 
tions in the (g, f)domain and result from those in Eq. (1.2.3) on doing the k, 
integration; one deforms the integration contour in the complex k, plane about 
the k, singularities of G(k, w), with subsequent use of the residue theorem. It 
is evident from these considerations that the plane-wave representation is quite 
general (although not necessarily most convenient for field evaluations) since 
either of the guided representations may be derived from it. To pass from one 
guided representation to another, one first constructs the fourfold integral 
representation of a field in terms of the Green’s function G(k, w), and then 
eliminates the undesired integration variable in the manner noted. By an 
alternative procedure, based on “characteristic” Green's functions, guided-wave 
representations are derived without intervention of an additional integration. 

To illustrate these techniques, we consider the one-dimensional version of the 
scalar potential problem for the isotropic plasma field defined in Eq. (1.1.60b): 


E = a (S T w) Jee, z’; 4,1) = —ô(z2 — 2')ô(t — t'), (50) 


subject to the causality requirement g = 0 for ¢ < ¢’, By the plane-wave integral 
representation [see Eq. (1.2.31)] 


oo 


g(z, 2"; t,t!) = ay fÈ Gik, weri- mion-o dk doo, (51) 


where 


I 
G(k, w) = (a oyi (Sia) 
To satisfy causality, the integration path in the complex w plane runs with 
Im w > 0 above the pole singularities at w = +w, w, = (k'u + @3)'”. In 
the complex k plane, pole singularities lie at k = +k, = (w° — @5)'?/u, 
Im k, > 0, on opposite sides of the integration path Im & = 0. On deforming 
the path into the lower half of the complex w plane, where exp [—iw(t — t')) 
decays for ¢ > 1’, one obtains on use of the residue theorem the following 
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reduction of Eq. (51):t 

2 am - tg 
u Í etkan MOUE w (k) = s/k?u? + W$. (52) 


£E = In W, 


Alternatively, on deforming the k-plane path into the upper and lower half- 
planes for (z — z’) > 0 and (z — 7’) < 0, respectively, one finds 


oo thilsn-el| n/t)? — 2 
g= = { etn ak dw, k (w) = wee (53) 


The representations in Eqs. (52) and (53) may be obtained directly on use 
of the time-guided and space-guided formulations of Secs. 1.3 and 1.4, respec- 
tively. From the one-dimensional form of Eqs. (1.3.2), utilizing normalized 
eigenfunctions ®,(z) in the z domain, 


elk: 


Oz — z’) = f D, (z): (2°) dk, ®,(z) = J on (54) 


az, 2'5; 10) =] Bt ts An), (ZOE) dk, (55) 


where the notation and normalization conforms with the more general discussion 
in Sec. 3.3. On substitution into Eq. (50), g, is found to satisfy the equation 
(Fo + An) alts ti An) = SE — 1, An = HK, (56) 
which thus identifies g, as the one-dimensional Green's function in the time 
domain. Subject to g, = 0 for 1 < £’, the solution of Eq. (56) is 
in VA, (t — t’) 
At, tg Aggy) = DN Sk OT (57) 
8. tk) VW dan 
whence Eg. (55) yields the same result as Eq. (52). g, is the analogue of the 
Green's function G, defined in Eg. (1.3.16); in the present discussion the 
difference between them arises from use of the second-order form of the field 
equations in Eqs. (50). 
To obtain the space-guided representation, we employ the one-dimensional! 
form of Eqs. (1.4.2) and (1.4.3), 


dt —#') = f DADO) do, (0 = E, (58) 
glz, 2'5 0, 0) = [8,2 2"; Aaa) A(DDI) doo. (59) 

On substitution into Eq. (50), there results the reduced form 
(B H hu) 25 Ara) = O L 2) Aan = KH), (60) 


tThis integra} is tabulated and yields the closed-form solution as!! 


B= Ig (S2 Vu — 1 = E ZÈ) Ulul — r) - |z- 2 I). 
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whence subject to a radiation condition at |z — z'| = œ and in view of 
Im VÀ, > 0, the one-dimensional Green's function g, in the z domain is given 
by 

gilz, 27; Apa) = PUM Ae le = eN, (61) 

—2iV À,» 

so Egs. (59) and (53) are equivalent. It has thus been demonstrated that 
appropriate reduction of the plane-wave integral representation in Eq. (51) 
yields either the time- or space-guided representations, whence, by reconstruct- 
ing Eq.(51), it is possible to derive one guided representation from the other. 
Comparison of Eqs. (51), (55), and (59) shows that the reconstruction involves 
the representation of g, in Eq. (57), or g, in Eq. (61), in terms of t- or z-dependent 
eigenfunctions: 


Blt ts An) (7 OPI) 
7 k = a a do, (62a) 
(2, 2°; Ay) = S7 BOREO ay, (62b) 


which forms suggest that there is an intimate relation between Green's functions 
and spectral representations. This aspect is given further attention in Sec.3.3. 
It is significant to observe that either of Eqs. (55) and (59) may also be 
derived from the other without need of the intermediary relation (51). In the 
complex w plane, the space-guided representation in Eqs. (59) and (6!) has 
branch-point singularities at w = +@,. If the corresponding Riemann surface 
is chosen so that everywhere on the top sheet Im ~//,., > 0, branch cuts are 
drawn as shown in Fig. 1.5.3 (See Sec. 5.3b for discussion of Riemann surfaces). 


ReY <0 Revy >o 


ReY¥ >00 Rey <0 


FIG. 1.5.3 Contours in complex w-plane and behavior of 
Re Vw? — w: on top sheet of Riemann surface where 


Im ya? — w7 > 0. 


For 1 > 1’, the exponential behavior of the integrand at infinity in the lower half 
of ihe complex @ plane is one of decay, so the contour C can be deformed into 
the contours C, and C, around the branch cuts. On changing variables to —w, 
one may combine the integral over C, with that over C,; a further change of 
variable from w to ~À, with reference to Fig. 1.5.3, leads to Eq. (55). 

The preceding considerations will be generalized and phrased succinctly in 
terms of “characteristic” Green’s functions in Sec. 3.3. 
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1.6 RAY-OPTIC APPROXIMATIONS OF INTEGRAL REPRESENTATIONS 


The exact alternative forms for the space- and time-dependent Green's 
functions developed in Secs. 1.2-1.4 generally lead to integral representations 
that cannot be evaluated in terms of known functions for arbitrary observation 
points in space and time. However, they permit useful approximations to be 
derived when the range of observations is suitably restricted. Concern in this 
section is with the field behavior at “‘large’’ observation distances from the 
source, in Which regions the representation integrals are amenable to asymptotic 
evaluation by the method of saddle points described in detail in Chapter 4. 
The principal contributions to an integral will be shown to arise from the 
vicinity of isolated critical points—stationary (saddle) points, singularities, and 
endpoints—in the integration interval. One thereby obviates the need for 
precise evaluation of the integral over the entire integration range. The 
contribution from each critical point implies a wave process with distinct 
physical characteristics that are to be examined in detail in Secs. 1.6a-1.6c. 

Saddle-point contributions are found to describe wavepackets (narrow 
bundles of plane waves with limited k, w values) that move along certain trajec- 
tories, called rays, in space-time. The rays are straight in a homogeneous medium 
but curved when the medium exhibits spatial variation. Energy in a wavepacket 
is preserved along its space-time trajectory. Both the wavevector k and the 
frequency @(k) in the plane-wave bundle remain constant in time when the 
medium is homogeneous, but only œ is invariant in the presence of spatial 
inhomogeneities. These conclusions may be inferred either from the oscillatory 
or the guided-wave representations in Secs. [.6a and [.6b, respectively, their 
separate examination reveals distinctive features that illuminate further the 
propagation mechanism ascribed to each asymptotic solution. 

While the saddle-point condition may be stated simply, the location of 
saddle points by analytical means is generally quite involved when the medium 
has any but the simplest dispersive properties. However, the (k, w) dispersion 
surfaces representing the plane-wave dispersion relations are useful for graphi- 
cally locating the saddle points since the latter may be found thereon by simple 
geometrical construction. This construction provides the space-time rays 
determining the spatial and temporal location of a wavepacket. It is performed 
in four-dimensional (k, w) space when the dispersion surface has no symmetries 
whatever, but reduces to a plot in three or two dimensions, respectively, when 
the medium is gyrotropically anisotropic (as in a magnetoplasma) or isotropic. 
Use of dispersion surfaces also facilitates the charting of space-time rays in an 
inhomogeneous medium and reveals the intimate connection between propaga- 
tion and radiation processes under time-dependent and time-harmonic condi- 
tions. The conventional rays of geometrical optics emerge as special cases of 
the space-time rays. 

The wavepacket description of field phenomena at distant observation points 
applies provided that multiple wavepackets, if they exist, are fully formed and 
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well separated in wavenumber and frequency. There are, however, certain 
regions in space-time, called transition regions, wherein individual wavepackets 
either are not yet fully developed or interact strongly with adjacent packets. 
In integral field representations the transition regions are revealed by a 
confluence of critical points in the integrand. The simple integration procedure 
applying to isolated critical points is then invalidated; the necessary modifications 
in the method are indicated in Sec. 1.6c. 


1.62 Oscillatory Integra] Representations 


Homogeneous media 


Oscillatory representations of time-dependent Green’s functions in an 
unbounded, stationary, homogeneous, isotropic, or anisotropic medium lead to 
plane-wave integrals of the form 


Hr) = [Ate dk, y(r, t3 k) = k - r — olk), (1) 


where dk = dk, dk, dk, and the integration extends over the infinite volume in 
k space. In general, the overall solution may comprise several integrals of the 
form shown in Eq. (1), one for each mode type, distinguished by different a,(k) 
and A,(k) (see Sec. 1.3). 

Since the integral in Eq. (1) cannot generally be evaluated in closed form, 
it is relevant to discuss approximation procedures. For integrals whose integrands 
contain a large parameter, one of the most useful procedures is the method of 
saddle points. This method, and its relation to the stationary-phase method, is 
discussed in detail in Chapter 4 and is applicable if the distance r from the 
source point r = 0 to the observation point r is chosen sufficiently large. Under 
these circumstances, the major contribution to the integral arises from the 
vicinity of saddle (stationary) points k, defined implicitly by V, y = 0, where 
V, = x0(0/0k,) + yo(G/0k,) +- 29(0/0k,), or 


vk) = V,a(k)=—, atk, = k,(r, 2). (2) 


Near k,, the (slowly varying) amplitude function may be approximated by 
Alk) = A(k,) but the phase requires power-series expansion up to the quadratic 
term in (k — k,)(the linear term is absent in view of the saddle-point condition): 
y(r, t; k) = y(r, t; k,) + of(k — k,) - Ve Jwr, r; K,) +--+, Ga) 

= y(r, l; k,) a da{(k — k,) v V,,]?a(k,) E mcs 3 (3b) 

where it is understood that V, operates only on y or œ. The resulting integral 


is evaluated on use of the formula [see Eq. (4.7.5)] 
eg Halse 


few [ipe n aa cesta, o 


where O = |R,R,R,|-' is the absolute value of the determinant of the matrix 
2, with 
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0w aw aw 
Ok? Ok,Ok, Ok,Ok, 
g? g? g? 
2=| i IE aka), =V). (4a) 
aw Pw O wW 


dk.ðk, ok,ok, ÕKÈ Jkh, 
3 — ow 
Here g = > sgn R,, with R, denoting the reciprocal of the elements (eigenval- 
J=1 


ues) in the diagonalized form of the matrix 2, and sgn R, = +! for R, 2 0. 
Thus, one finds for the major contribution to the integral in Eq. (1) for large 
r [and hence, via Eq. (2), also for large t] and real y(r, t; k,)(lossless medium): 


ay Ory? 
(r, t) ~ A(k, e'{etik? oor e Inisa (5) 


k, is specified implicitly in Eq. (2) and if this equation has several solutions k,,, 
the single term in Eq. (5) is replaced by a sum over f. Since Z(r, t) is real, there 
exists for each saddle-point solution k,, @(k,) another solution —k,, @(—k,) = 
—a(k,); the sum over i contains these conjugate pairs as well as different 
saddle-point species. Additional contributions to the integral may arise from 
singularities in the integrand (see Sec. 1.6c and Chapter 4) but are ignored for 
the present. 

The approximate asymptotic solution in Eq. (5) has an interesting physical 
interpretation. Evidently, the field at the space-time point (r, t) is established 
by a plane wave exp[ik, - r — iw(k,):] whose amplitude is not A(k,), as in the 
integrand of Eq. (1), but is modified by the last factor in Eq. (5). This modifi- 
Cation, noted from the manner of evaluation of the integral, arises from 
constructive interference of a “packet” or “bundle” of oscillatory plane waves 
of amplitude A(k) whose wavenumbers lie in a smal! k-space interval 0k = 
(k — k,) about the saddle-point value k,. The average phase y of the waves in 
this packet is determined by the central wavenumber k,, while the composite 
amplitude changes according to Eq. (5). From Eq. (2), k, is constant if (r/f) is 
constant so that an observer moving with the wavepacket at the constant velocity 
Vv, = (r/t) sees a fixed wavenumber and frequency œ(k,). Stated alternatively, 
a trajectory on which the frequency œw of a wavepacket remains constant ts 
defined in the (r, k) phase space by the parametric relations 

a= Vok) K=O, [om = o). (6) 
These trajectory equations for a homogeneous medium are modified, as noted 
in Eqs. (17a) and (19), in the presence of spatial inhomogeneities. Since the 
field energy is localized in the moving wavepacket, v, = V,,@ is identified as 
the group velocity, or energy-transport velocity; the latter is generally different 
from the phase velocity, 
w 


k No, (7) 


vY, = 
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with which the equiphase surfaces y = constant advance along the normal 
direction mo. Only in the dispersionless case a(k) = kc does v, equal v,, with c 
denoting a k-independent wave-propagation speed. When the observer is at rest 
at the observation point r, the saddle-point wavenumber k, in Eq. (2) changes 
with time so that the response in Eq. (5) describes a distinct wavepacket at each 
observation time /. 

The amplitude change due to plane-wave interference within a wavepacket 
centered at k, can be deduced in simple physical terms.'?"* We shall assume 
that /(r, t) in Eq. (1) is normalized so that the total energy at any time t is given 
by 


W(t) = f I(r, 1)? dr, (8a) 


where the integration is over the entire physical space. By Parseval’s theorem 
for direct substitution from Eq. (1) with use of Eq. (1.3.2a)]}, one finds for the 
energy at = 0, 


W(0) = (27) | [AQP dk, (8b) 


so the initial energy represented by waves in the above wavenumber interval 
ôk is AW = (22)*|A(k,)|* Ak, where Ak is the volume element corresponding to 
ôk. In the absence of dissipation the energy cannot change with time; hence we 
shall assume that AW remains constant and eventually describes the energy in the 
wavepacket when the latter has formed at (r, r) values validating Eq. (5). Ata 
particular time thereafter, let the wavepacket occupy the spatial region Ar, 
with corresponding energy AW = |/|*Ar, whence by equating the above 
expressions for AW, 


I = (2m) Ak) aE, (9) 


Although Ak remains constant, Ar changes with time, since individual plane 
waves Within the packet have slightly different group velocities. The mapping 
from r to k space is accomplished via 


x,y,z 
Ar = ep) Ake (10) 
where J, the Jacobian of the transformation, can be evaluated from r = v,(k)r 
as given in Eq. (2). Since x = v,,(k)t = tdw(k)/dk,, etc., one finds |J| = PQ, 
with Q defined in connection with Eq. (4), thereby establishing agreement of 
the results in Eqs. (5) and (9). 

The preceding field solution is valid for those values of (r,r) at which 
wavepackets are distinct and fully developed. In "transition regions” of (r, t) 
space where these conditions are not satisfied, alternative solutions must be 
derived by the considerations of Sec. |.6c. 
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Dispersion surfaces and space-time rays 


Calculation of the transient fields from Eq. (5) requires knowledge of the 
saddle-point wavenumbers k,(r, r) specified implicitly by the condition (2). 
However, the (plane-wave) dispersion relation w = w(K) is generally so compli- 
cated that Eq. (2) cannot be solved explicitly for the various k,. Hence, it is 
useful to employ graphical procedures based (for lossless media) on the real 
dispersion surface w = axXk,, k,, k,), or more generally on the implicit relation 


SEx ky kz, @) = 0. (11) 


In the most general case, f is a hypersurface in the four-dimensional (k, œ) 
space but simplifies when the dispersion relation has certain symmetries. In an 
isotropic medium, wave-propagation properties are independent of the direction 
of propagation, whence w(k) = wk), k being the magnitude of the wavevector. 
Equation (11) then reduces to 


fik, w) = 9, (1 la) 


which can be plotted in a two-dimensional (k, œw) frame. In a magnetoactive 
medium, such as a plasma rendered anisotropic by the application of a steady 
external magnetic field H, = Za Ho, plane-wave propagation characteristics do 
not depend on direction in a plane transverse to Hy. The dispersion surface 
thus takes the form 


Sko kn @) = 9, (1 1b) 


which, with k, representing the wavenumber component transverse to z, can be 
plotted in a three-dimensional (k,, k,, œ) coordinate system. 

Graphical determination of the saddle points k,(r, ¢) satisfying Eq. (2) can 
be effected with the aid either of the dispersion surface f(k, w) = 0 in the 
four-dimensional (k, œw) space, or of its w == w(k) = constant projections in 
three-dimensioual k space. In the former instance, the desired saddle points are 
located at those points [k,(r, 1), w(k,)] of the dispersion surface whereon the 
four-vector normal is parallel to the space-time four-vector (r/t, |), provided 
that the coordinate axes k,,k,,k,,@ are chosen parallel to x, y, z, —t, 
respectively. In the latter case, the k, distinguish points of the constant w(k) 
projections at which the normal gradient vector is equal to r/r in both 
direction and magnitude. The proof of the former statement follows from the 
observations that the four-vector normal to the dispersion surface f(k, œw) = 0 
is given by the four-dimensional gradient (_] f= (V, f, df/dw) and is perpen- 
dicular to the tangential four-vector (dk, dw) = (dk, V,@ - dk),t whence on 
forming the scalar product of the two vectors, one infers that 


df = 0 = Vf + IL Vro; (12) 


tFor (k, œ) and (k + dk, w + dw) on the dispersion surface, (dk, dw) is a tangential 
vector element, 
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thus, the four-vector normal [_]/ is parallel to the four-vector (V,@, — 1) which, 
by Eq. (2) and because of the opposite orientation of the @ and ¢ axes, must be 
made parallel to (r/¢, 1). The proof of the latter statement above follows 
from the fact that the normal gradient vector to the surface w = constant is 
the three-vector Vœ which, by Eq. (2), must be set equal to r/f. The vector 
(r/t, |) = (Yn 1), the group-velocity vector in four-dimensional space, defines 
a “space-time ray” trajectory r = r(t) descriptive of the spatial and temporal 
location of a moving wavepacket. 

The geometrical principles underlying the graphical method for locating the 
saddle points are relatively simple. However, in a general medium described 
by the dispersion equation (11), application of this procedure is complicated by 
the necessity of dealing with normals to four-dimensional surfaces, or with three- 
dimensional surfaces, when finding the projection of the normal onto hyper- 
planes w = constant. Simplification occurs when the medium anisotropy is of 
the magnetoactive type since the dispersion surface [Eq. (11b)] can then be 
plotted in a three-dimensional frame and projections onto planes œ = constant 
reduce to curves in the (k,, k,) wavenumber plane. These considerations are 
illustrated for electromagnetic wave propagation in a cold electron plasma 
rendered uniaxially anisotropic by imposition of an infinitely strong external 
magnetic field H, along the z axis. The dispersion equation in this instance (see 
Sec. 7.2), with c denoting the speed of light in vacuum, 


Sep ky 0) =k; + [I ~ a S (1 - 2) = 0, (13) 


describes a surface whose intersections with planes w = constant yield a family 
of ellipses when || exceeds the plasma frequency w,, and a family of hyperbolas 
when |w| < w,. For simplicity, we consider only the |w{ > w, portion of the 
surface, as shown in Fig. 1.6.1(a). It is convenient for dimensional reasons to 
deal with plots of (kc, œw) and (r, ct), so the normal to the dispersion surface is 
now defined as |) f= (c~'V, f, 0f/dw). To locate the saddle point corresponding 
to the group-velocity vector V, = (r/t, c) [see Fig. 1.6.1(b)] we search on the 
dispersion surface, plotted in the coordinate frame described previously, for 
normals [_] f parallel to V, and ascertain thereby the projection ck, [Fig. 
1.6.1(a)]. 

Alternatively, one may plot the family of wavenumber curves for various 
w as in Fig. 1.6.1(c), and the family of group speed curves »,(k) = v,(k, 0) = 
IV wl = [(0w/dk)* + (0w/k08)*]'” as in Fig. 1.6.1(d), with k and 6 denoting 
the magnitude and orientation angle of k in cylindrical polar coordinates. 
Location of the saddle point is achieved by use of the projected vector v, = r/t 
in Fig. 1.6.1(b). In Fig. 1.6.1(c), the required codirectionality of the vectors V,@ 
and r/t is enforced by locating those points on the wavenumber curves having 
normals parallel to r; one thereby obtains the curve A, described parametrically 
by k = k(), on which the saddle-point value k, = k(@,) lies. Note that the 
vector V,@ on a curve w = w, points toward the curve described by a value 
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FIG. 1.6.1 Graphical methods for locating the saddie points k, 

on an anisotropic dispersion surface. 


w > w, The magnitude requirement v, = |V,@| = r/t is imposed by the 
construction in Fig. 1.6.1(d), and the saddle point k, is that point on A in Fig. 
[.6.1(c) which is compatible with the k versus Ô values deduced from Fig. 
1.6.1(d). 

One observes from Fig. 1.6.1(c) that in an anisotropic medium, the 
wavevector k and the group velocity vector v, generally are nonparallel, so 
phase and energy propagate along different directions. This distinction is 
illustrated in Fig. 1.6.2. Let us recall that a wavepacket comprises a bundle 
of plane waves, whose wave vectors lie within a small cone in k space, that 
propagates in the direction of constructive wave interference. Wavefronts 
advance along the direction of the wavevector k with a speed given by v, = 
w/k [see Eq. (7)]; this quantity may be plotted to furnish the phase velocity 
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Phase-velocity surface 


Ray-velocity 
surface 


FIG. 1.6.2 Phase- and ray-velocity surfaces. 


surfaces, one of which is shown in part in Fig. 1.6.2 for a typical member of 
the wavenumber diagrams in Fig. 1.6.1(c). Since the vector v,¢ yields the spatial 
displacement of a wavefront from its location at a reference time ¢ = 0, the 
phase velocity surface may be used to construct the wavefront configuration 
after a unit time interval.'5 The phase fronts in a wavepacket located at the 
origin of the v,¢ plot at ¢ = O will have moved to the locations shown in Fig. 
1.6.2 at ¢ = 1; their intersections locate the interference maximum and hence 
the new position of the wavepacket, as shown by the “ray-velocity” vector v, 
in Fig. 1.6.2 along which the energy propagates. Unless the phase-velocity 
surface is spherical as in an isotropic medium, the phase- and ray-velocity 
vectors are displaced by an angle & and v, = v,/cos & represents the speed of 
propagation of the wavefront along the direction of the ray. By carrying out 
the wavefront construction for all points on the phase-velocity surface, one 
generates a new surface, the ray-velocity surface or simply “ray surface,” which 
constitutes the envelope of the wavefronts. The energy-transport, or ray, 
direction corresponding to a given direction of v, is inferred by drawing a 
perpendicular plane at the endpoint of v,, determining its point of tangency on 
the ray surface, and drawing a vector from the origin to the contact point, as 
shown in Fig. 1.6.2. Conversely, to the ray direction specified by a given point 
on the ray surface corresponds a wavevector direction given by the normal to 
the surface. 

For the special case of an isotropic medium, the two procedures described 
in connection with Fig. 1.6.1 are equivalent since the relevant dispersion 
equation (lla) requires only a two-dimensional plot in (k, œ) space. Because 
of the rotational symmetry of the dispersion surface about the w axis, the 
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wavenumber plots in Fig. 1.6.1(c) are now circular and therefore the curve 4 
degenerates into a radial straight line. Since v,(k) = v,(k), the family of curves 
in Fig. 1.6.1(d) collapses into a single 6-independent curve. For illustration, 
consider a cold electron plasma having the dispersion relation 


f(k, w) = œ — (kc? — w = 0, (14) 


whence the dispersion surface and space-time ray plots are those in Fig. 1.6.3(a) 
and (b), with the group-velocity curve given in Fig. 1.6.3(c). The determination 
of k, follows as previously. In the present instance, it is also possible (and 
conventional) to use instead of Fig. 1.6.3(c) the dispersion curve in Fig. |.6.3(a); 
by direct imposition of the saddle-point condition dw/dk = r/t, one locates k, 
on drawing a tangent having the slope r/t. The dispersion surface can also be 
employed to provide a pictorial representation for the amplitude variation noted 
in Eq. (5). In the discussion following Eqs. (8), it is emphasized that the energy 
in a wavepacket described by a fixed wavenumber deviation Ak from k, remains 
constant. For the isotropic problem in Fig. 1.6.3, this feature may be illustrated 
by letting the wavepacket under consideration be characterized by the wave- 


(a) Dispersion surface 


(b) Space-time ray (c) Group - velocity plot 


FIG, 1.6.3 Graphical methods for localing the saddle points k, 
for an isolropic medium. 
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FIG. 1.6.4 Conservation of energy in a space-time ray tube. 


number interval shown in Fig. 1.6.4(a), with corresponding limiting rays ] and 
2 as indicated. In the configuration space of Fig. 1.6.4(b), these rays form a 
space-time ray tube, and since this ray tube describes the same wavepacket 
with fixed wavenumber spread A(kc), the energy in the ray tube remains 
constant, The constancy of the energy AW = |/|*Ar implies that the field 
amplitude |/(r, ¢){ at £ is related to its value [/(ro, ¢9)| at £o by the square root of 
the ratio of the corresponding ray tube cross sections in a plane ¢ = constant: 


Ir, D| = Ure» to)| a (15) 


This relation continues to hold for more general dispersion surfaces characterized 
by three- or four-dimensional (ke, w) plots. It is equivalent to that given in Eq. 
(9) since the expression for the energy, |/(ro, to)! Aro, is also proportional to 
|A(k,)|/?Ak. As is evident from Fig. 1.6.4, for the same wavenumber interval 
A(ke), a more strongly curved dispersion surface provides a more rapidly 
diverging ray tube, thereby leading to a more rapidly decreasing amplitude, as 
expressed by the factor Q-' in Eg. (5). 


Weakly inhomogeneous media 


When the properties of a medium vary with spatial position, it is no longer 
possible to represent the space- and time-dependent field by the plane-wave 
superposition in k space as in Eq. (I), since A(k) exp [ik - r — ‘@(k)r] is then 
no longer an eigenfunction in the r, ¢ domain. Although a valid representation 
may be achieved through superposition of functions of the form A(k, t) 
exp (ik +r), the calculation of A(k, r) is complicated since the functions exp (ik - r) 
do not form an orthogonal set in r space in the presence of spatial inhomogeneity. 
However, for ‘sufficiently slow” medium variations, one may synthesize the 
field solution approximately by a spectrum of /oca/ plane waves whose amplitude 
A and frequency w are dependent not only on the wavevector k but also on the 
average position coordinate F, with the latter playing the role of a slow 
parameter descriptive of the local properties in the medium. For a medium 
with one-dimensional inhomogeneity, the validity of such an approximate 


Sec. 1.6 Ray-Optic Approximations 107 


integral representation is substantiated by use of WKB methods (see Sec. 3.5 and 
1.6b); for two- and three-dimensional variations, conclusions obtained therefrom 
are confirmed by the procedure described in Sec. 1.7e. 

As suggested by the field representation (1) for a homogeneous medium, it 
is possible to account for slow variations in the medium properties by first 
considering integrals appropriate to a piecewise constant medium. One is then 
led to consider integrals of the form 


Kr, t; ï) = f Alk, Bet oP dk (16) 


where the range of observation points r is restricted to a volume t centered on 
r = F,T being small enough to render the coordinate dependent dispersion 
equation w = w(k, r) ~ w(k, r) essentially constant. For fixed r, f, and ¢, the 
major contribution to Z(r, £; r) in Eq. (16) arises from those points k = k,(r, ¢;r) 
that satisfy the saddle-point condition 


— = V,a(k, r). (17) 


Just as for the corresponding condition (5) in a homogeneous medium, there is 
an interesting physical interpretation of Eq. (17) for r,t regions wherein 
wavepackets are fully developed. An observer moving on a trajectory r = r(t) 
in t with the velocity 


sees a wavenumber k = k, dependent on r. Since r takes on a different value F, 
in a volume 7, adjacent to 7, the relevant k, values are given by Eq. (17) with 
rand 7 replaced by r, and 7,, and similarly for other volume elements 7,. But 
Since @(k,r) depends weakly on F [i.e., @(kK, f,) ~ @(k, r) for r in 7], the 
wavenumber k seen by an observer moving with velocity dr/dt is specified by 


= — V wrk, r). (17a) 


If the observer moves with a wavepacket on a phase-space trajectory k = 
k[r(1)] = k(t), r = r(t), along which the frequency œk, r) of the wavepacket 
is conserved, then one infers from the constancy of the frequency 


d ae dk a 
a Ok) =0=Via- 2+ Vo dt’ (18) 
and hence, using Eq. (17a), 
ak = — Væk, r). (19) 


For the homogeneous case w = ak), Eqs. (17a) and (19) manifestly reduce to 
Eas. (6). 

The significance of phase-space coordinates and of constant-frequency 
trajectories in the propagation of a wavepacket in an inhomogeneous medium 
is discussed further in Sec. |.7a. 
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The variability of k, on the ray trajectory complicates the use of graphical 
methods, as discussed in connection with Fig. 1.6.1. For media plane-stratified 
along z, where Vw = 7,(0w/dz), Eq. (19) implies constancy of the component 
k, transverse to z, thereby permitting application of the graphical procedure in 
Fig. 1.6.9 for charting the ray paths; relevant k, values are those corresponding 
to rays passing through the prescribed point (r, ¢). For medium variability in 
two or three dimensions, Eq. (19) implies constancy of the component k, 
transverse to the r-dependent direction of Vw; for comments concerning the 
graphical construction in this case, see remarks following Eq. (1.7.27). 


1.6b Guided-wave Integral Representations 


Field representations in terms of waves guided along a rectilinear spatial 
coordinate z are useful for stratified media whose properties vary continuously 
or abruptly along the z direction. Guided-wave integral representations of the 
field have the form [see Eq. (1.4.3)] 


Kr, t) = { D Kr, we~ do, y > 0, (20) 
=e 


where 


Kr, w) = |È Fik, w; 2e"? dk, (21) 
y in Eq. (20) is chosen large enough to ensure that the integration path in the 
complex w plane lies above all the singularities of /(r, w), as required by causality. 
The transverse wavenumber k, = Xok. + yok, in Eq. (21) ranges over all real 
values in the plane transverse to z. The separation into k, and œ integrations 
emphasizes the utility of guided-wave field representations for the study of 
time-harmonic excitation. If w, is the harmonic oscillation frequency, linearity 
and invariability of the medium properties with time require that the frequency 
dependence of F has the formt F(k,, w; z) = F(K,, Wo; z)(@ — wo), thereby 
rendering the w integration in Eq. (20) superfluous and identifying (r, œo) as 
the time-harmonic response function. 

Since even in a homogeneous medium, the guided-wave representation 
provides information that may be compared and contrasted with that deduced 
from the oscillatory representation in Sec. |.6a, the homogeneous case is 
considered first and furnishes the basis for subsequent study of inhomogeneous 
media. 

Homogeneous media (time-harmonic case) 

In a homogeneous medium, the z dependence of F is in the form of plane 

waves, so I(r, œw) is written typically as 


+For this form of F, y = 0 in Eq. (20). If y > 0, one may use Fi(k,, w; z) = Fike wo Z)/ 
(w — w,), close the integration contour in the lower half of the complex w plane when 
t > 0, and evaluate via the residue theorem. 
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Kr, w) = [ak, wje” dk, y(r; knw) = k, - p + x(k,,@)z, (22) 


where the longitudinal propagation constant k, = x = K(K,, w) follows from a 
plane-wave dispersion equation f(k, k,, w) = 0. For large values of r = p + 7,z, 
the integral can be approximated by the saddle-point technique discussed in 
Chapter 4. The saddle points k,, are defined implicitly by V,,yw = 0, where 
Ve, = Vi — 2(0/0k,) = xo(0/0k,) + yo(0/Ok,), or on suppression of the w 
dependence, 


P yuk) at ky, = k,(p, 2) (23) 


By proceeding as in Eqs. (3) and (4), one may write for the k,, contribution to 

the integral in Eq. (22), 

4 Pareiaisiisan R +sgn Ral 
20" 

where 0 = |R, R,)-' is the absolute value of the determinant of the matrix J, 

with 


Kr, w) ah Alk, Jeera seu) (24) 


OK OK 
3 a eh 24 
| ËK ÖK (24a) 


ðk ðk, ok kiek, 


and (! Ria) are the elements in the diagonalized form of the matrix 2. 

Jt is useful to write the result in Eq. (24) in an invariant form that is more 
directly descriptive of wave propagation in a homogeneous medium." To this 
end, one assumes first that the z axis of the coordinate system is rotated so as 
to coincide with the radius vector r, whence p = O and z = r. The saddle-point 
condition (23) in the rotated (k,, <) coordinate system then selects k,, points on 
the (wavenumber) dispersion surface č = x(k,) at which the normal vector is 
parallel to z (Fig. 1.6.5). At such points P, the diagonalized form of 2 is equal 
to (1/R,R,), where R, and R, are the principal radii of curvature of the 
wavenumber surface at P. The following quantities are invariant under 
coordinate rotation: the vector r from the origin in physical space to the 
observation point, the wave vector k, from the origin in wavenumber space to 
a point P of the wavenumber surface whereon the normal is parallel to r, and 
the principal radii of curvature at P. Thus, one may write Eq. (24) in the 
original fixed-coordinate system as 
On e Mnlayisen Ri esen R») R Ra? 

r 


Kr, ©) ~ A(k,,)e™" (25) 
If several points P on the surface satisfy the above requirements, each contributes 
an expression of the form (25) to I(r, w) (see subsequent remarks concerning 
the radiation condition). Singularities in the integrand of Eg. (22) may also 
Contribute to the asymptotic value of the integral but are ignored for the 
present. 
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FIG. 1.6.5 Graphical location of saddle point. 


It is useful to recall that a wavenumber surface in k space, corresponding 
to a fixed oscillation frequency w, is one of a family of w = w(k) dispersion 
surfaces descriptive of the space-time dispersion relation in four dimensions. 
The normal vector to the surface w = constant is given by V,w(k), identified 
previously in Eq, (2) as the group-velocity vector v, in the direction of energy 
transport, the ray direction. By allowing for a slight frequency spread in a 
time-harmonic signal, one may still assign significance to the group velocity in 
the present discussion. Thus, Eq. (23) may be interpreted as defining a ray 
trajectory, p/z = constant, along which travels the energy emitted continuously 
by the source. Since the medium is homogeneous, the rays are straight lines, 
whence, from Eq. (23), 

k,, = const., k(k,,) = const. > k, = const. (26) 


The graphical location of the saddle points in Fig. 1.6.5 is precisely the same 
as in Fig. 1.6.1(c). Only those points k, on the k surface may be included in 
(25) for which the orientation and direction of Vœ coincide with that of r. 
Such points satisfy a radiation condition requiring outflow of energy along the 
radial direction. For electromagnetic wave propagation in a non-spatially- 
dispersive, anisotropic dielectric (e.g., a cold magnetoplasma), identification of 
permitted points is simplified by the recognition that the angle between k, and 
v, (codirectional with r) must not exceed 90° [see Eq. (1.7.53a)]. 

As in the analogous result in Eq. (5) for the time-dependent case, the 
time-harmonic field is established locally by a plane wave exp(ik, - r) whose 
amplitude A(k,,) in Eq. (22) is modified by the last factor in Eq. (25). The 
latter arises from the interference of plane waves having wavenumbers within a 
narrow cone Ak in k space. Such a cone near k, is shown in Fig. 1.6.6(a) and 
intercepts an area element AA, on the wavenumber surface; the corresponding 
ray tube, drawn perpendicular to the surface on the boundaries of AA,, has its 
“vertex” at a distance proportional to “|R,R,|, where R, and R, are the 
principal radii of curvature of the wavenumber surface at k,. The (constant) 
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Source 


(3) Wavenumber surface (b) Physical configuration 


FIG. 1.6.6 Point source in an anisotropic medium. 


energy contained in the plane-wave bundle described by Ak is propagated in 
space within the ray tube, whence it is evident that the energy density in space 
varies inversely with the ray-tube cross section, which, in turn, depends on the 
rate of divergence of the rays (see also Sec. 1.7b). From Fig. 1.6.6(a), a weakly 
curved surface at k, gives rise to a slowly diverging ray cone with weak decay of 
energy density in the ray tube, whereas the decay is rapid for strong surface 
curvature. If AQ, denotes the solid angle subtended by the ray cone at the 
source, then on comparing Figs. |.6.6(a) and (b), AQ, = AA, /r? œ AA,/R,R, 
so the ray-tube cross section corresponding to a fixed AA, varies like 7?/R,R,,. 
Since the field amplitude is proportional to the square root of the energy density, 
one verifies the behavior exhibited in Eq. (25),!%!*'6 


z-stratified media (time-harmonic case) 


In a medium with variability along the z coordinate, the function F in the 
integrand of Eq. (21) cannot generally be expressed in closed form in terms of 
known functions. Closed-form expressions for F are obtainable for special z 
functions descriptive of the medium variation (see Sec. 5.9), but even under 
this circumstance the integral (21) is usually not calculable exactly. For slow 
medium variations, however, F may be approximated at almost all z by its local 
plane-wave (WKB) representation (Sec. 5.8d), whence Eq. (21) becomes 


I(r, w) = f Alk, w; z) exp i |k, ‘pt f K(k, @; %) dg |} ax, (27) 


where both the local longitudinal propagation constant x, which follows from 
the z-dependent plane-wave dispersion equation f(k,, x, œ; z) = 0, and the local 
amplitude 4 depend weakly on z. At large observation distances r = p + 72, 
or for short wavelengths,t the principal contribution to the integral (27) arises 
from the vicinity of saddle points k,, (see Chapter 4); these are defined implicitly 


tIn the time-harmonic problem, the relevant parameter is the normalized distance r/A, 
where à is the local wavelength. Largeness of r/2 can be secured either by sufficiently 
large r or sufficiently small 2. The latter choice is used in Sec. 1.7a. 


412 Space- and Time-Dependent Linear Fields Ch. 1 


on equating to zero the k, derivative (V,,) of the exponent in the integrand (w 
dependence omitted): 


p= —È Vux(k,)d atk, = k,,(p, 2). (28) 


Following the procedure described previously, one obtains for the k,, contribu- 
tion to the integral (27) at the observation point (p, z) the result in Eq. (24), 
provided that the product x(k,,)z in the exponent and denominator of Eq. (24) 


is replaced by f K(k, O al. 


To facilitate location of the saddle points k,,, it is convenient, as in the case 
of the homogeneous medium [see Eqs. (23) and (26)], to interpret Eq. (28) as 
defining trajectories in r space. Of special interest are trajectories on which 
k,, = constant. These describe propagatton paths of local plane waves since in 
a homogeneous stratum at level z,, a plane wave is described by the wavevector 
k(z,) = k, + 2)*(k,, z,); phase continuity across an interface (Snell's law of re- 
fraction) leading to the next stratum z, requires constancy of the tangential 
wavevector k,, whence k(z,} = k, + z)*(k,, z,}. Thus, the differential form of 
Eq. (28), 

dp _ y J 

an «K(k, z), k, = constant, (29) 
defines a family of curved trajectories along which plane-wave packets described 
by the parameter k, propagate, and the saddle point k,, selects the trajectory 
passing through a particular observation point (p, 2). 

Comparison of Eqs. (29) and (23) with Fig. 1.6.5 reveals that for a given 
value of k, the local direction of the trajectory is along the normal to the 
(wavenumber) dispersion surface. Since the normal direction, determined in 
accord with the radiation condition, coincides with that of the energy flow, the 
curves of Eq. (29) characterize ray (energy-flow) trajectories. Their progress 
through the inhomogeneous medium can be charted by repeating the construc- 
tion in Fig. 1.6.5(a), with k, = constant, for the family of wavenumber plots. 
This procedure is illustrated in Fig. 1.6.7 for an isotropic medium wherein 
coincidence of ray and wavevector directions implies that each wavenumber 
plot is spherical. The medium is divided into thin locally homogeneous layers 
whose width is so chosen as to yield a good approximation to the given 
continuous profile [Fig. |.6.7(a)]; the corresponding family of wavenumber 
diagrams is shown in Fig. 1.6.7(b). A reference value k, is assigned to the 
incident ray | in medium n,, and the trajectory through the medium is plotted 
as in Fig. 1.6.7(c) by applying the condition k, = k,, = constant to the ray 
Construction in Fig. 1.6.7(b). One observes that the ray does not penetrate layer 
Ny since ky < kw; this feature implies total reflection at the upper interface as 
shown in Fig. 1.6.7.(c) Additional details may be found in Sec. 5.8. 

For excitation by a point source, all the rays pass through the source point 
(p', z') = (0, z’); for each ray, the parameter k, is specified in terms of the ray 
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p 


FIG. 1.6.8 Graphical determination of saddle point for an isotro- 
pic medium: k, = kgn(z’)sin 8p. 


departure angle 8, ask, = k(z’)sin 0, = kyn(z’) sin 6,, where k, is a (constant) 
reference wavenumber and n(z) is the refractive index. By selecting that ray 
which passes through the observation point (p, z) asin Fig. 1.6.8, one ascertains 
the saddle point k,,. 


z-stratified media (transient case) 


For excitation by a transient source, the representation integrals contain in 
addition to the k, integration in Eq. (27) the œ integration in Eq. (20). Relevant 
saddle points (k,,, w,) are now determined from the conditions 


Vi = = =0, yw=k,-pt f K(k, w; §) dg — ot. (30) 


For propagation of local plane-wave fields, only those saddle points that yield 
real values of k, x, and w are of interest. The requirement V,,y = 0 has 
already been discussed in connection with the time-harmonic problem [Eqs. 
(28) and (29)]. dwy /ðw = 0 yields 


paz [eg atw, = w,(r, t), (31) 


and, in differential form, 


dz ] 
at = OK(K,, @; 2)/0@ at @,. (32) 
For an interpretation of the simultaneous saddle-point conditions in Eqs. (28) 
and (31), it is instructive to consider a homogeneous medium with x independent 
of z so that the z integrations can be performed trivially. The problem is now 
the same as in Sec. 1.6a, but the solution here has been obtained by a guided- 
wave representation of the fields, whereas in Sec. 1.6a the representation involves 
oscillatory modes. In connection with the latter, it has been shown that the 
saddle-point condition in Eq. (2) can be satisfied geometrically by locating on 
the four-dimensional (k, w) dispersion surface those points (k,,@,) where the 
four-vector normal is parallel to the four-vector (r/t, |), provided that the 
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coordinate axes k,, k,, k,, œ are chosen parallel to x,y,z, —¢, respectively. 
Since the geometrical procedure is independent of the particular form of the 
dispersion equation [w = w(k) in Sec. |.6a and x = x(k,, œw) in the present 
case], it is to be expected that Eqs. (28) and (31) select the same points on the 
(k, œ) dispersion surface as does Eq. (2). For proof, we observe that at the point 
(k, œw), the slopes with respect to the z axis of projections of the normal vector 
Cif = (V.S, 0f/dx, df /2w) onto the (p, z) and (—¢, z) hyperplanes are given 
by V,,f/(0f/dx) and —(0f/dw)/(0f/dx), respectively. On the other hand, Eqs. 
(28) and (31), when specialized to a homogeneous medium, define a vector 
whose corresponding slopes are —V,,x% and 0x/dw, respectively. In view of 
the relations 

Vaf + Ly, K = 0, L + SSK — 0, (33) 


which follow from the dispersion equation f(k, @; K(k,,@)) = 0 on forming 
df = 0, the two vectors have the same direction. Since, at a given value of 
(r,t), the saddle points for either of the two guided-wave representations are 
deduced from the same points (k,, @,) on the dispersion surface, they describe 
the same wavepackets. To obtain the saddle points in the oscillatory formulation, 
one selects the projection k,, whereas for guided waves along z, the relevant 
projection is (k,,, @,)- 

From the preceding considerations and those in Sec. 1.6a, it is noted that 
in a homogeneous medium, a wavepacket moves along a Straight-line ray path 
in Space-time and preserves constancy of the total wavevector k = k, as well 
as the frequency w = w,. When the medium is inhomogeneous, the wavepacket 
is described by the parameters (k,,,@,), with x(k., @,; z) variable along z, so 
only the frequency, not the total wavevector k, remains constant [see also Eq. 
(19)]. As noted from Eqs. (29) and (32), the space-time ray trajectories are 
now curved. When projected onto a hyperplane perpendicular to the time axis, 
the space-time rays generate the ray curves in Eq. (29), descriptive of the 
time-harmonic (i.¢., @ = constant) field (Fig. 1.6.8). As noted previously, this 
relation permits the time-harmonic ray curves to be identified with paths of 
continuous energy transport in r space. 

To track the space-time ray curves in an inhomogeneous medium, a 
graphical procedure analogous to that in Fig. 1.6.7 may be utilized. One 
constructs an appropriate sequence of dispersion surfaces for successive differ- 
ential z elements along the path, and imposes the condition (k,,, @,) = constant. 
For illustration, we consider a wavepacket moving in the (z, ct) plane such 
that p and therefore k,, equals zero. If the medium is an isotropic plasma, the 
dispersion equation for each local value of z, [Fig. 1.6.9(a)] is given by Eq. (14) 
with w, replaced by w, = @,(z,); the relevant portions of the corresponding 
dispersion curves are shown in Fig. 1.6.9(b). A wavepacket at a frequency w, 
is assumed to be incident from region | and is therefore characterized by ray 
segment 1, To effect the transition into region 2, whose properties differ slightly 
from those in region 1, one imposes the condition w, = constant to construct 
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w; 
“ps 
123 4 § w 
(a) Ray paths in space-time (constant w,) (b) Dispersion surfaces 


FIG. 1.6.9 Construction of space-time ray trajectories in an inho- 
mogeneous medium. 


ray segment 2, etc. (note that time always increases along a space-time ray path, 
in accord with causality). Since «(z) decreases with z in the present example, 
the space-time ray turns and the wavepacket is reflected; no energy at the 
selected frequency w, penetrates beyond layer 3. 

With the saddle points determined implicitly from Eqs. (29) and (32), the 
behavior of the transient field can be ascertained from an asymptotic evaluation 
of the integrals in Eqs. (27) and (21) by techniques similar to those used for 


Eq. (1), 
Transients in non-dispersive configurations (closed-form inversion of time- 
harmonic result) 


The integration in Eq. (20) generally cannot be performed explicitly, so one 
must resort to asymptotic or other approximation procedures to evaluate the 
time-dependent field. An exception occurs for a class of non-dispersive problems 
in which the time-harmonic solution can be cast as a Laplace integral 


Kr, w) = f, e" Bi, t)dr, s= —iw, (34) 


where B is independent of s. If Eq. (34) applies, then it follows from the Fourier 
inversion of Eq. (20), with the causality requirement J(r, £) = 0 for ¢ < 0, that 


I(r, @) = i | 1, ne de, (35) 


whence, from a comparison of Eqs, (34) and (35), 
Kr, t) = 22B(r, t). (36) 


Sec. 1.6 Ray-Optic Approximations 117 


An example included in the category of integrals (34) is the generic time- 
harmonic radiation integral of Eq. (5.3.14), 


KL, @) = J et -9 Fw) dw, (37) 


where P is the contour shown in Fig. 5.3.6b. The parameters L and & are 
assumed to be positive, with @ restricted to the range 0 < & < 7/2, and the 
function f(w) is to be independent of k = w/c. Setting w — is in Eq. (37), with 
Re s sufficiently large, one may write 


KL, w) = [” en HEIN COS” Hw + a) dw, (38) 


oo 


if it is assumed that the function /(w) has no singularities in the strip 
0 < |Rew| < 2/2; if singularities are present, their effect may lead to additional 
contributions. Since exp [—s(L/c) cos (w — &)] decays in the strip cos (w,,.3; — &) 
> 0, the contour of integration can be shifted to achieve the representation 
(38) if Res is large enough. The successive changes of variables 8 = iw and 
t = (L/c) cosh § lead to the formulation 


KL, @) = -if oas EEN dt, (39a) 


where 
Oe E E cosh: (SF 
Ws) = fe i cosh (5) + f|a + i cosh 2 (£). (39b) 
Equation (39a) is evidently in the form (34), with 
0, T< =, 
t) = 4 
B(L, 1) iba „nL (40) 
JT — (L?/ey’ c` 
If v(w) = —if(w) is real for real values of w, then v(w*) = v*(w)(from the 
Schwartz reflection principle”) and b(t) can be written as 
= _ o; uk „i [ct 
ib(t) = 2 Re | if{a i cosh (<2) J} (41) 


It may be noted that the formulation in Eq. (39a) is useful even when fw) 
is dependent on s. Although one cannot then perform the Laplace inversion in 
closed form, a series expansion of f(w; 5) in powers of I /s, or of s, permits the 
derivation of asymptotic results in the time domain, applicable immediately or 
long after the arrival of the first response, respectively. 


1.6c Diffraction and Transition Phenomena 


The characterization of the far-zone field in terms of distinct wavepackets 
as carried out in Secs. 1.6a and l.6b applies at almost all space-time points 
(r, t) but fails in “transition regions” wherein individual wavepackets either are 
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not yet fully developed or are strongly modified by interaction with other 
wavepackets. The former regime obtains near the time of arrival of the initial 
disturbance, or wavefront, traveling at the highest propagation speed c in the 
medium. Since the field vanishes before the first response arrives, the field 
variables and (or) their derivatives must behave discontinuously across the 
wavefront. Wavefront field variations are synthesized primarily by very high 
frequency waves, for which dispersive effects are negligible. In contrast, 
wavepackets emerge from well-ordered dispersive wavetrains only at sufficiently 
long observation distances behind the wavefront or, for a stationary observer, 
at sufficiently long observation times after arrival of the initial response. In the 
analytical treatment, the transition region between the wavefront and wave- 
packet regimes is characterized by k,, œ, — ©. 

Another class of transition phenomena occurs when two or more wavepack- 
ets have the same local wavenumber, frequency, and group velocity, thereby 
providing strong interaction that destroys the independent existence of each. 
These transition regions in (r, £) space for transient problems, or in r space for 
time-harmonic problems, are characterized by a confluence of saddle points and 
(or) singularities (critical points) in the integral representations of the field. 
Isolated pole or branch-point singularities near saddle points have been ignored 
in Secs. 1.6a and 1.6b, but may also provide asymptotic field contributions that 
can be interpreted in terms of distinct wave processes. These singularities are 
relevant when intercepted during path deformations required for the asymptotic 
evaluation of integrals by the saddle-point method (see Chapter 4) 

The presence of transition regions can usually be discerned by a divergence 
in the simple saddle-point calculation of the amplitude of the affected wave 
constituents. For example, transition regions in r space for which R,.-+ œo in 
Eq. (25) correspond to inflection points on the dispersion curve and signify the 
coalescence of two saddle points. This divergence does not imply unlimited 
growth of the field but rather the inadequacy of the simple asymptotic formula 
for a particular wave type. For description of the far field valid at a// observa- 
tion points, one employs more complicated uniform asymptotic approximations, 
given in Chapter 4 for the case of integrals containing adjacent critical points. 
The somewhat different characterization of transition effects near a wavefront 
is discussed at the end of this section. 

The wave processes mentioned above are classified conveniently as primary 
and diffraction (secondary) effects, with the former representing dominant 
contributions and the latter distinguishing corrections thereto. The identification 
of a particular wave type with a critical point depends on the integral 
representation employed; in one representation, a primary field may arise from 
a saddle point, whereas in another, it may be attributed to a singularity. 
Primary and diffracted asymptotic wave types are characterized conveniently 
in terms of rays. A list of various ray species, their mechanism of excitation, 
and their use in constructing the solution of a time-harmonic diffraction 
problem are illustrated in Sec. 1.7c. Since no detailed discussion of transient 
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propagation in dispersive media is given elsewhere in this book, some aspects 
concerning the initial formation and subsequent interaction of wavepackets will 
be considered at this time. The interaction problem is treated first since it 
relates more directly to the discussion in Secs. |.6a and 1.6b. 


Transient and signal propagation in a magnetoplasma (interaction between wave- 
packets) 

We assume that the time-harmonic field has been approximated asymptoti- 
cally in the far zone so that I(r, w) in Eq. (20) is known explicitly. In simplified 
form, the time-dependent field then requires evaluation of the integral J(r, t): 


I(r, t) = i foye dw, gw) = E(w)r — wt, (42) 


where f is an amplitude, r 4 distance coordinate, and ¢ a modified wavenumber 
equal to A or k cos & in an isotropic or anisotropic medium, respectively, with 
æ denoting the angle between k and the ray vector. Although Eq. (42) implies 
a homogeneous medium, no essential complication arises when slow inhomo- 
geneities, in the form of weak dependence of f and € on r, are present. The 
saddle-point contributions to Eq. (42) at w = w,,, treated analogously in Sec. 
1.6b, furnish the result [see Eq. (4.2.1) et seq.) 


He, 1) ~ Daf semen Meow) exp il ga.) Fente, 43 


where the saddle points w,(r, t) are determined implicitly by 9'(w,,) = 0 = 
(r/t) — 1/e(,,), with the prime denoting the derivative with respect to @.T 
As noted previously, each i-term in Eq. (43) represents a wavepacket with 
central frequency w,,, wavenumber €(w,,), and group speed [1/¢’(q,,)]. The 
saddle points œ, may be located graphically as shown in Fig. 1.6.10(a) for a 
multibranched dispersion surface (representative, for example, of extraordinary 
wave propagation across the magnetic field in a cold magnetoplasma; scc Secs. 
8.3a and 8.3b). This should be contrasted with the analogous construction in 
Fig. 1.6.3, where the saddle-point variable is the wavenumber k rather than 
the frequency w. With r fixed, one observes from Fig. 1.6.10(b) that a single 
saddle point contributes for observation times r/c < t < t, while three saddle 
points contribute for 4 > ¢, [see also Fig. 1.6.10(c)]. The time £, distinguishes 
the arrival of a wavepacket of frequency w,, traveling at the maximum group 
speed corresponding to the inflection point T of the upper branch of the plot 
in Fig. [.6.10(a). 

One observes from Fig. 1.6.10(a) or 1.6.10{b) that the wavepackets charac- 
terized by rays 2 and 3 interact strongly when 1 ~¢,. In fact, distinct 


tSince Kr, 1) must be real, saddle points occur in pairs at (+a,,), the contribution from 
(~—w,,) being the complex conjugate of that from (+w). Only the latter contributions 
are included in Eq. (43) [see the remarks following Eq. (5)}. Note also, that by expanding 
E(w) about w, and inverting, one shows readily (hat (d&(w)/dw)o, = (dol t)/dF)z, with 
w, = w(f,) and &, = &(a,), thereby providing aliernalive expressions for the group velocity. 
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FIG. 1.6.10 Two-branch dispersion curve, group velocity, and 
space-time ray plois (inflection-point singularity). 


wavepackets can be distinguished only at sufficiently long observation times 
after the arrival at ¢, of the cluster of energy with central frequency w,,. The 
existence of a transition region near w,, is manifested by the vanishing of the 
curvature term ¢"(w,,) = 0, thereby invalidating Eq. (43). The proper descrip- 
tion of the field near w,, allows for the coalescence of the two adjacent saddle 
points w,,, and leads to a representation in terms of Airy functions (see Sec. 
4.2e), whence this portion of the transient behavior is sometimes called the 
Airy phase.'* The enhancement of the transient field observed during the Airy 
phase is analogous to the enhancement of the time-harmonic field observed 
near a caustic (see Sec. 5.8d), Both phenomena describe a focusing of energy. 


Sec. 1.6 Ray-Optic Approximations 121 


Another interesting transition phenomenon is associated with a pole 
singularity in the amplitude function {(@) in Eq. (42), as occurs for a suddenly 
switched-on time-harmonic wave source e-'°*U(t), where U(t) = 0 or | for 
t < Oor r > 0, respectively. The Fourier transform of the source function (and 
hence f(w)) has a simple pole at w = @, which contributes to the integral in 
Eq. (42) the residue 

I, = —2ni[(w — wo) NK) e U — to). (44) 
Equation (44) represents a time-harmonic signal which arrives at the observation 
point r at a time f, specified implicitly by @,(r, to) = Wo. Such a signal appears 
when, as in Fig. |.6.11(a) and (b), the original integration path C, on being 
deformed into the path C' through the saddle point, crosses the pole singularity 
at @, [the contour C* is drawn for the condition q’(w,) < 0 satisfied on the o,, 
branch in Fig. 1,6.10(a); see Sec. 4,4a for relevant details on saddle point 
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FIG. 1.6.11 Original path C in the presence of a pole and de- 
formed path C’ through the saddle point. 
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FIG. 1.6.12 Space-time ray plot for transient (-») and time- 
harmonic (—-») signal (pole singularity). 
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integration]. The time f, is required for the harmonic signal to traverse at its 
group speed v,, = 1/&'(@,) the distance from the source to the observation 
point at r; the wave contribution (44) is maintained at subsequent observation 
times by the continual arrival of wavepackets at the group speed v. The 
space-time ray diagram in Fig. 1.6.12 depicts both the time-harmonic signal in 
Eq. (44) and the transient terms in Eq. (43). Near the arrival time to, Eq. (43) 
fails since f(@,) — oo; in this transition region characterized by adjacent pole 
and saddle point, the field is represented in terms of a Fresnel integral (Sec. 
4.4a). The main signal in Eq. (44) may be regarded as the primary contribution, 
whereas the transients in Eq. (43) constitute a diffraction effect.'’ 


Field behavior near a wave front prior to formation of a wavepacket 


The procedures of Secs. 1.6a and 1.6b fail for saddle-point values k,, w, — co. 
In view of the limiting form œ = kc of the dispersion relation as k, œ — oo, 
the surface curvature term proportional to d?w/dk? or d*k/da* in the denomi- 
nators of Eqs. (5) or (43), respectively, tends to zero in this limit. As noted 
previously, the medium does not possess dispersive properties at frequencies 
characterizing the highest propagation speed c of the initial disturbance or 
wavefront, with a consequent inability for wavepacket formation. Since the 
fields on and near the wavefront are established by the high frequency wave 
components, it is to be expected that the high-frequency time-harmonic wave 
solution characterizes the initial transient response, and conversely, Let us 
assume that the field J(r, t£) near the wavefront ¢ = r/c behaves as 


I(r, 1) ~ a(t as zy t>} (45) 
» C 9 Cai c ? 


where a is time independent and f > —1. Substitution of this approximate 
expression into Eq. (35), with the lower limit replaced by r/c since I = 0 for 
t < r/c, may be justified for œw — oo [with Im w > 0; see Eq. (20)] since 
exp (iwt) then decays rapidly away from ¢ = r/c, thereby localizing the effec- 
tive integration range. Use of the gamma function 


r(x) = f vie dy, Rex > QO, (46) 
in Eq. (35) then yields 
ag ike al (B 3 1) — 
I(r, @) ~ e In(—ioyFr” wW — oo, (47) 


where k = w/c and w is now allowed to be real. Thus, the field behavior near 
t = (r/c) is related to the time-harmonic behavior for w — co as in Eqs. (47) 
and (45). If U(r, œ) ~ (27)"' a’ exp (ikr), where a’ is independent of œw, the 
corresponding time-dependent function is (r, £) ~ a’ d[¢ — (r/c)]. By including 
higher-order expansion coefficients in Eq. (45), one may generate higher-order 
terms in the asymptotic expansion (47), and conversely.’ This aspect is con- 
sidered further in Sec. 1.7e. 
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Even when higher-order terms in inverse powers of w are included in Eq. 
(47), the resulting time-dependent field J(r, £) does not provide a transition to 
the propagation regime characterizable in terms of wavepackets since the 
(non-dispersive) dispersion relation k ~ w/c is too restrictive. An improved 
formulation is obtained by retaining the next term in the high-frequency 
approximation, 


Oo wi 

klw) ~ oe @— 0, (48) 
where œ, is generally a characteristic frequency of the medium, Equation (48) 
accounts for the onset of dispersion, removes the infinity introduced by the 
vanishing of d?w/dk? in Eq. (5) or d'k /dw? in Eq.(43)(with € =), and therefore 
forms the basis for a uniform approximation which connects the wavefront with 
the wavepacket regimes. Insertion of Eq. (48) into Eq. (42), with use of the 
asymptotic behavior of the amplitude function f ~ B(—iw)’, œw — oo, where 

= const., yields via a known integral expression for the Bessel function,?! 


—(V+y)/2 2 
Kr, t) ~ 2nB( =) JaN) b= t=1—= > (49) 


valid for a small range of observation times at or near r/c; b isa large parameter 
if r is large. For very short observation times such that bt — 0, the small argu- 
ment approximation for the Bessel function reduces Eq. (49) to 


qT iit) 


which agrees with the result in Eq. (45) since in the present instance, I(r, w) ~ 
B(—iw)’ exp (ikr). For somewhat longer observation timessuch that 2V bT > | 
(since b is large, the inequalities bt >> 1 and t < 1 can be satisfied simultane- 
ously), one finds on use of the large-argument approximation for the Bessel 
function [see, Eq. (4.2.22b)], 


(w+ 9)/2 
I ~ 2Bn'? 5 cos (2v + 5 -r — $). (51) 


With ¢(w) = k(w) given by Eq. (48), one may verify that the resulting 
expression for J in Eq. (43), added to its complex conjugate, agrees with the 
expression in Eq. (51). Thus, Eq. (49) provides the desired transition from the 
wavefront to the wavepacket behavior of the field. For a uniform asymptotic 
treatment valid for a larger range of t, see Reference 22. 


1.7 RAY-OPTIC APPROXIMATIONS FOR DIFFERENTIAL EQUATIONS 


In Sec. 1.6, rigorous integral representations of the time-dependent and 
tme-harmonic field in separable regions were approximated by asymptotic (sad- 
dle-point) techniques valid at distant observation points. These asymptotic ap- 
proximations frequently assumed an invariant ray-optical form that suggests 
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their applicability to classes of problems broader than the separable ones to 
which they refer. The validity of ray-optical approximations in non-separable 
inhomogeneous configurations is established in this section by an asymptotic 
procedure based directly on the differential field equations. 

Modal (integral representation), as opposed to direct asymptotic, techniques 
are based on exact field solutions (although for a limited class of problems), so 
approximations employed in their evaluation can be validated systematically. 
Thus, as discussed in Sec. 1.6c, no new representation, but only a modified 
asymptotic technique, is required for calculating the field in transition regions. 
While the saddle- point procedure highlights wave interference and thereby wave- 
packet processes, the introduction of rays and trajectories is not essential to the 
asymptotic evaluation but does serve to clarify physical propagation mecha- 
nisms. In contrast, if one assumes the form of the asymptotic field at the out- 
set as in the direct procedure, one can use the exact differential equations for 
the field to derive simplified equations for phase and amplitude functions in the 
assumed field representation. These simpler equations define ray trajectories and 
energy-conservation theorems descriptive of transport properties that play a 
direct role in the analysis. For this reason, the direct method is henceforth 
called the ‘tray method.” Since it describes energy-transport phenomena, the 
ray method does not furnish initial values of a field constituent; in the vicinity 
of source or scattering regions, such values must be determined by other (e.g., 
modal) methods. Like the simple saddle-point method, the ray procedure fails 
in transition regions. A major modification is required to remedy this failure, 
the latter being attributable to inadequacy of the initially assumed asymptotic 
field form. This defect may be removed by recourse to boundary-layer tech- 
niques,”? but these will not be discussed herein. As mentioned, the ray method 
is not limited to separable configurations and therefore has broad scope. Con- 
fidence in its validity is confirmed by comparisons with asymptotic fields 
derived from exact modal solutions of separable problems, and an effective 
methodology can be constructed by selective use of both procedures. 

The basic features of the ray method have already been described; details 
of its application depend on the form of the time-dependent or time-harmonic 
equations defining the field. As may be surmised, the formulation is simplest 
for scalar fields, with additional complexity arising from polarization, anisotropy, 
etc., for vector fields. The time-harmonic case is analyzed more easily than the 
time-dependent case since the presence of dispersion in the latter complicates the 
structure of the field equations. Although the differences are most pronounced 
in the calculation of field amplitudes and polarizations, information concerning 
ray trajectories and phase progression is deduced from first-order partial differ- 
ential equations having a common structure for all cases. These equations, their 
formal solution by the method of characteristics, and their trajectory interpreta- 
tion are discussed in Sec. 1.7a. The presentation then proceeds to time-harmonic 
propagation of scalar fields in Sec. 1.7b, and to the treatment of time-harmonic 
vector fields in isotropic and anisotropic media in Sec. |.7c. Ray constructs 
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developed in Secs. 1.7b and 1.7c for propagation in unbounded media are ex- 
tended in Sec. 1.7d by introduction of reflected, refracted, and diffracted rays 
to account for the presence of boundaries and scattering centers. The geometri- 
cal theory of diffraction, a ray theory for synthesizing high-frequency fields in 
the presence of composite objects in terms of simpler constituent ray fields, is 
also presented in Sec. !.7d and applied to an illustrative example. In the time- 
dependent regime, the ray method leads directly from the differential field equa- 
tions to wavepackets and their trajectories which have been deduced in Secs. 
1.6a and 1.6b by asymptotic evaluation of modal integrals. Transient propaga- 
tion in an isotropic plasma serves to illustrate the ray method for a simple case 
(Sec. 1.7e). The ray method also permits further elaboration of the relation be- 
tween high-frequency time-harmonic fields and transient fields near an imping- 
ing wavefront. 


1.7a Rays and the Theory of Characteristics 


As noted in Sec. 1.6, ray methods are based on asymptotic field representa- 
tions in terms of assumed local plane waves. In the abstract notation of Sec. 
1.1d, one assumes to the lowest order of approximation (see Sec. 1.7¢ for a com- 
plete asymptotic expansion) that for large r, £, a general linear space- and time- 
dependent field can be represented as (y here should not be confused with the 
same symbol used on p. 123) 


Vir, ~ V(r, Nereo, (1) 


where v denotes the large parameter in the asymptotic development. Although 
some of the considerations below apply also to lossy media, we shall deal only 
with the lossless case unless specified otherwise. The wavevector ‘P(r, t) satisfies 
the first-order source-free field equations 


L(y, L rt) Hr, 1) = 0, (2) 


wherein the explicit dependence of the operator L on r and f signifies the formal 
applicability of Eq. (2) to media with weak spatial and temporal inhomogenei- 
ties. On substitution of Eq. (1) into Eq. (2), one derives on retention of only 
the dominant term in v the following first-order system of partial differential 
equations for the phase function y and the amplitude function ‘Y,: 


L(y, iy wv, r, r) Y, (r,t) = 0. (3) 


Retention of r and ¢ in Eq. (3) and below implies that these quantities are of 
O(v); moreover, one may regard certain “natural frequencies” in the medium 
to be O(v) (these aspects, unimportant for the general discussion, are clarified 
in Sec. 1.7e). 

Since in a homogeneous medium, vy = k-r — wr, where k and œ are the 
(constant) wavevector and wave frequency, respectively, the derivatives Vy and 
— Oy /dt assume the roles of local wavenumber k and frequency ©, respectively, 
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normalized with respect to v. From Eq. (3), for non-vanishing ‘¥,, the phase 
y must evidently satisfy the determinantal equation 


det L (ivy, iv oy, r, r) = 0, (4a) 


which, in terms of k and @, becomes the local (space- and time-dependent) dis- 
persion equation [see Eq. (1.2.44) and the notational statement following Eq. 
(1.2.41)] 


det Lik, d;n)=0, k=W, =Y, (4b) 


or, explicitly, 

@ = ölk, r,t), (4c) 
where the same symbol has been used to denote @ and its functional dependence 
on k, r, ¢. The eigenvectors ¥,,(r, £) of Eq. (3), corresponding to each solution 
@,(K, r, £) of the dispersion equation (4b), then yield the polarization of each 
of the eigenwave constituents of the lowest-order wavevector Y,. The amplitude 
Yor, = Ea 4.(r, 0) Yo.(r, £) is synthesized by superposition of the eigenwave 
solutions ; its further determination requires use of a transport equation, the next 
in a series of equations obtained when ‘P(r, t) is expanded beyond the first term 
in Eq. (1) in a series of terms involving decreasing powers of v.?* 

For time-harmonic wave propagation in a time-invariant but spatially in- 
homogeneous medium, the time dependence exp ( —iwt) may be suppressed and 
the lowest-order approximation of the wavevector assumes the form (see Secs. 
1.7b and 1.7c for a complete asymptotic expansion) 


P(r) ~ Folre, (5) 
where the reference wavenumber k, = w/c takes on the role of the large param- 
eter. The time-harmonic field equations follow from Eq. (2) on removal of 
the time variable ¢ and the replacement (d/01) = —iw. To a lowest order of 
approximation, the correspondingly modified Eg. (3) becomes 

L(V, r; kg)¥(r) = 9,  —iL(V, r; ko) = M(V) — koc W (r), (6a) 
where use has been made of the decomposition of the operator L stated in Eq. 
(1.3.8). Substitution of ¥ from Eq, (5) yields, to a first order of approximation, 

L(Vy, r)¥(r) = 0, L(Vy,r) = M(Vy) + icW(r). (6b) 

On introduction of the wavevector k = Vy, normalized with respect to kp, the 
determinental equation for y becomes 

det L(k, r) = 0, k = Vy; (6c) 

this equation is commonly referred to as the eiconal equation of geometrical 


optics. For the special case of an isotropic medium, one has the explicit form 
[see Eqs. (18a) and (38b)] 


k = snx(r), s= A (6d) 
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where n is the refractive index and s is a unit vector in the direction of Vy 
perpendicular to the wavefront y = constant. As in the time-dependent case, 
calculation from Eq. (6b) of the eigenvectors ‘Y,,(r) for each solution of the 
eiconal equation provides the polarization and amplitudes of the eigenwaves re- 
quired for the synthesis of the wave vector 'P,(r) in Eq. (5). Further properties 
of '¥,(r) are inferred from a transport equation derived on use of an expansion 
of P(r) in decreasing powers of ke. 

Both the dispersion and ¢iconal equations (4b) and (6c) are first-order partial 
differential equations. They are reducible by the method of characteristics to 
first-order ordinary differential equations that can be integrated formally along 
special trajectories, the rays defined previously in Sec. 1.6. Consider the generic 
form 


p., D y. ) a 
G (x dx, Xi Xn 0, (7) 
defining the function g(x, -'* x,), where x, f= 1,..., n, represents either a 


space or time coordinate. By implicit differentiation, one observes on denoting 
(Op,/0x) by ¢, that 


—o= 5> {9G z , 9G 
aG=0= 2 Se ds; + Ox, dx,], (7a) 
which equation can be satisfied if 


By introducing a parameter s and defining the trajectory x, = x,(s), €, = €,(s) 
in ¢, x phase space, one may write Eq. (7b) in a form similar to Hamilton's 
canonical equations in mechanics, 


dx, 0G dé, dG 


ds ~ OG; ds Ox; E Cee a « 3 (8) 
On these trajectories, the derivative of g is given by 
dp_ < 09 ax, 
ds = = ox, ds’ (9) 


whence g can be determined by integration over s. (For a rigorous derivation, 
the reader should consult standard references on the theory of partial differen- 
tial equations.?*:*) 

To apply these results to the time-dependent dispersion relation, we let 
X = xX, X =), X = Z, X, = l, 0 = y, G = © — ölk, r,t). From Eq. (4b) and 
one of the relations in Eq. (8), dt/ds = — 1, so the time variable can be used as 
the parameter descriptive of the ray trajectories r = r(¢). Then, from Eq. (8), 


dk _ _ yack, r, 2), (10a) 


a ovat dk 
dt = V, ölk, F, t), dt 


d 
whence 
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dölk, r, _ ðölk, r,r) 
i eae sel (10b) 


Equation (10b) is not independent but follows from Eqs. (10a) and the derivative 
formula (d@/dt) = (V@-dr/dr) + (V,@-dk/dt) + (00/01). As in Sec. 1.6, V,@ 
represents the group velocity v, of energy transport in the lossless medium. 
By Eq. (9), on integrating from the space-time point (r,, £,) to (r, £) along a ray, 


y(r, Ò) — y(r, t.) = fc ae — dt). (11) 


For the time-harmonic problem in Eq. (6c), Eqs. (8) yield with x = r and 


as = G, Ts = —VG, G = det L, (12a) 
or in an isotropic medium with G = k — n(r) as in Eq. (6d), 
dr _ d = 
ds = a (7s) = Vn. (12b) 


By integrating along the ray trajectory r(s) defined by Eq. (12a) between the 
points r, and r, one solves for the phase function y via (9), 


y(r) — w(r,) al. k-V,Gds = | k-dr. (13) 
rı rı 

The ray equations (10a) and (12), and consequently also Eqs. (tł) and (13), 
simplify for special configurations. If the medium parameters do not vary in 
space, then © = @(k, t), whence k = constant on a space-time ray defined in 
Eq. (10a). If the medium parameters do not vary with time, then © = @(k, r), 
whence @ = constant on a Space-time ray. If as a special case, the medium is 
merely plane stratified along z so that @ = a@(k, z) then k,, the component of 
k transverse to z, is also constant; the resulting ray equation (10) is equivalent 
to Eqs. (1.6.29) and (1.6.32), Finally, if the medium parameters do not vary 
with either space or time so that @ = @(k), then both k and @ are constant 
along a ray, as noted in Eq. (1.6.6). These constraints may be used for the 
graphical construction of ray trajectories in the manner depicted in Figs. 1.6.1, 
1.6.7, and 1.6.9. 

In the following sections and also in Chapters 5-8, detailed attention Is given 
to the asymptotic evaluation of time-harmonic fields and to their ray-optical 
interpretation. Time-dependent fields in dispersive media are treated briefly 
(see Sec. 1.7e), but the Problems at the end of this chapter contain additional 
results. 


1.7b Scalar Time-Harmonic Fields 


Let us consider scalar fields exterior to source regions, for example, the 
acoustic field trea:ed in Sec. 1.3b. Since the vectorial aspect of the (longitudinal) 
acoustic field is trivial, as v is derivable directly from p by differentiation [see 
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Eq. (1.3.19)], one needs to consider only the scalar pressure p and thereby avoids 
the use of the p, ¥ wavevector formalism of Eq. (6a). In an inhomogeneous 
medium where the background density 7o, the static pressure p,, and the tem- 
perature (cc Py/m) are functions of r, one may verify from Eqs. (1.3.19) that 
the time-harmonic pressure p satisfies the wave equation 


ká + kar? (r) — (~ nV) | Po = 0, kọ = =; (14) 
where n(r) = a,/a(r) is the refractive index (not to be confused with the back- 
ground density 7), a(r) = [ypo(r)/n,(r)]'? is the local wave-propagation speed, 
and a is a reference speed in a medium with n= 1]. If the background density 
varies sufficiently slowly, the last term in the brackets in Eq. (14) can be neg- 
lected, and one obtains the approximate wave equation 


[V> + kgn*(r)Ju(r) = 0, (15) 
where u = p/nj?. 


It is desired to construct a high-frequency asymptotic solution of the form 
(the ~ signifies “asymptotically equal to”) 


my koyr) C um (r) 

u(r) ~ ev 2 GKI” (16) 

In this development, u,,(r) and y(r) are assumed to be independent of the wave- 

number ka which is chosen as the large parameter rather than the observation 

distance as in Sec. 1.6b. By substituting Eq. (16) into Eq. (15) and assuming 

that the differentiation can be performed on each term in the sum, one finds 
with k = Vy = ns, 

(ko) [k? — n?) + (ik VK + 2k-V) + V9 AE ~ 0. (17) 

m=0 0 
Since this expansion is to hold for arbitrary (though large) values of ko, the 
coefficient of each power of k, must vanish independently. From the kè term, 


k =r, (18a) 
from the k, term, 
(V-k + 2k-V)u, = 0; (18b) 
and from the general term kj’, v = 0,1,2,...,T 
(V-k + 2k-V)u, = —Vun-1, m> |. (18c) 


It is recalled that the wavevector k is normalized with respect to kọ. In deriv- 
ing Eqs. (18b) and (18c), the transport equations for the amplitude coefficients 
in the asymptotic expansion (16), use has been made of Eq. (18a), the eiconal 
equation of geometrical optics.?” In view of the recursive character of the sys- 


tin this formal development, Eq. (15) is regarded as exact. If Eq. (15) is only an ap- 
proximate form derived, for example, from Eq. (14), the higher-order terms in the expan- 
sion must be reexamined. 
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tem of equations described by Eq. (18c), all the coefficients u,, m > 1, can be 
derived in principle from the lowest-order coefficient up. 

If the medium ts non-dissipative, so that is positive real, the procedure 
for solving Eqs. (18) involves the following steps: 

1. Determination of the ray trajectories (i.e., the curves parallel to the local 
time-averaged energy flux density vector, 5). 

2. Evaluation of the phase function y by integrating along a ray. 

3. Calculation of the lowest-order amplitude 4, by invoking conservation 
of energy in a tube of rays. 

Steps | and 2 have already been formulated in Eqs. (12b) and (13) and are 
recapitulated below. Concerning step 3 we consider first the time-averaged 
energy flux density in a scalar harmonic field u, given typically by 


S = ¢{ im (u*Vu), (19) 


where ¢ is a real constant. The lowest-order solution of Eq. (16) in the high- 
frequency limit is the local plane-wave field 


u ~ et, (20) 
This “geometric-optical” fieldt dominates the remaining terms in Eq. (16) 


if the relative variation in the refractive index, |V7|/n, is small compared with 
the local wavelength kan, i.e., ift 


[Vn] 

kat <I: (21) 
Evidently, Eq. (20) is of the same form as Eq, (5). Wherever u, ts slowly vary- 
ing [an exception occurs in focal regions; see Eq. (36)], Vu ~ ik,uVy, so that 


S x Cka|uol?Vy = Cko| te PK. (22) 
For the acoustic field, u = p/n)'*, so that in view of Eq. (1.3.19), 


= * _ it 2c 
S = Re(pv*) = a | uy |7k, (22a) 


which is evidently of the form given in Eq. (22) with ¢ = (1/wm). This result 
for S is used below for integration of the transport equation (18b). 

It should be noted that the preceding (also subsequent) considerations are 
not affected when the series (16) is multiplied by (ik,)-*, 0 < $ < 1, so fields 
with fractional power dependence on k, may also be accommodated. 


Ray trajectories 


From Eq. (1 2b) [see also Eq. (22)], rays are tangent to the “ray vector” ns, 
where s is the unit vector defined in Eqs. (6d). The resulting ray equation (12b), 
repeated for convenience, is 


tAlthough the present discussion does not deal with the propagation of light, it is sug- 
gested that the term “geometric-optical” be reiained since the field so described obeys laws 
analogous to those in light optics. 

tMore precisely, the condition up(r) > ko 'u,(r) is satisfied if [Ag ug(r)n(r)}-! Veug(r) < | 
along the ray trajectory, with u(r) given by Eq. (34) (see Problem section). 
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with (5) =a (23) 


In a homogeneous medium, for which m = constant, Eq. (23) has the solution 
r = As + B, where A and B are constant vectors. The rays in this case are 
straight lines. 

In an inhomogeneous medium where n varies continuously, the rays are 
smoothly curved. Information about a ray trajectory is obtained by examining 
the vector derivative ds/ds, which defines a vector perpendicular to the ray 
curve; its magnitude is the local curvature of the ray, 

ds T 

T D (0 
where <t is a unit vector and D is the local radius of curvature along the ray. 
From Eq. (23) and since t-s = 0, t- Vn = t-d(ns)/ds = nt-ds/ds = n/D >Q. 
Thus, the ray bends toward the direction of increasing refractive index. 

For a plane-stratified medium where a(r) = n(z), the x- and y-component 

forms of the ray equation (23) yield 

d dx d d 

m = 0 = Sn, (25) 
whence dy/dx = constant along a ray [i.e., the ray is confined to a plane per- 
pendicular to the x, y plane]. It follows from Eq. (25) that n(z)(dp/ds) = con- 
stant along the ray, where P = x,x + yay. On defining @(z) = sin `' (dp/ds) 
as the angle between the ray and the z axis, one then finds that along a ray,f 


n(z) sin @(z) = a = constant, (26) 


which relation expresses Snell's law of refraction and assures that on a ray, 
each incremental change in wavevector direction is along the direction of maxi- 
mum rate of change of the refractive index (i.e., along z). The same condition 
for determining ray paths has been given in Eq. (1.6.29), wherein this ray tra- 
jectory interpretation of the saddle-point condition has been used for the gra- 
phical construction in Figs. 1.6.7 and 1.6.8. An explicit equation for the ray 
trajectories follows from dp/dz = tan @, which, in view of Eq. (26), leads to 
[see also Eqs. (1.6.28)] 


ae at 
p(z) =a f O (27) 
where p(z,) = 0 denotes an arbitrary reference point. 

For arbitrary n(r), the second of Eqs. (12b) implies that along the ray tra- 
jectory, increments in the wavevector occur in the variable direction of maxi- 
mum rate of change of the local refractive index. This requirement may be used 
to adapt the graphical procedure in Fig. 1.6.7 to the case of arbitrary medium 
variation. The medium along the trajectory is again divided into locally homo- 
geneous segments, with the interfaces between segments now chosen perpendic- 
ular to the local refractive index gradient. 


{The ray parameter a should not be confused with the acoustic speeds a Or a(r). 
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Phase functions 


With ray trajectories computed from Eq. (23), one may find the phase func- 
tion y via the integration shown in Eq. (13), or, in view of Eq. (6d), 


vie) — yir) = f nas. (28) 


The phase integral in Eq. (28) defines the optical path length along the ray. 
Alternatively, Eq. (28) can be interpreted as the time required for the phase 
fronts to cover the distance between points r, and r along the ray; on noting 
that ds/dt — a,/n is the local propagation speed, one may write 


y(r) — w(t) = a f dt, (29) 


with a, representing the propagation speed in a medium with n = |. In a reg- 
ular region where only one ray passes through a given point, it may be shown 
that for points r, and r along a ray, the optical length in Eq. (28) or the prop- 
agation time in Eq. (29) is less along the ray than along any other neighbor- 
ing curve connecting the two points. This result is known variously as Fermat’s 
principle, the principle of shortest optical path, or the principle of least time.” 
In a homogeneous medium where n = constant and the rays are straight 
lines, one has y(r) — w(r,) = n|r — r,|. Thus, the phase accumulation over a 
distance L along a ray in a homogeneous medium is given by the factor exp 
(ik,L) characteristic of a plane wave. For a plane-stratified inhomogeneous 
medium as in Fig, 1.6.7, use of Eq. (27) and the condition n sin 8 = a yields 


y(r) — y(r,) = f n(sin 8 dp + cos ĝ dz) 


= a(p — p) + i ~n (z) — adz, (30) 


an expression for the phase agreeing with that obtained by the saddle-point 
method [Eq. (1.6.24), with modifications noted after Eq. (1.6.28)]. The above 
ray solutions in inhomogeneous media are intimately related to the WKB ap- 
proximation, as shown in Sec. 5.8. 


Amplitude variation 
To determine the amplitude dependence u,(r) of the field in Eq. (20), it is 
convenient to write Eq. (18b) in a somewhat different form. First, the equation 
is multiplied by the complex-conjugate function uf(r) to yield 
luo] V-k + 2u*Vuy-k = 0. (31a) 
Recalling that k is real, and adding the complex conjugate of Eq. (31a), one 
then finds 
luo V-k + Viuo|?-k = 0 = V-(|uo|*k). (31b) 
Since this relation yields V-S = 0 [Eq. (22) with {k = constant; for the 
acoustic-wave-propagation problem, see Eq. (22a)], one obtains by the diver- 
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gence theorem of vector analysis the conservation-of-energy statement equiva- 
lent to the original Eq. (18b): 


$ S-vdA = 0, (32) 


where A is a closed surface and v a unit vector normal to A. If A is chosen as 
the surface area of a narrow ray tube as shown in Fig. 1.7.1 with §-v = 0 along 
the side walls of the tube, and S.v = + Sis over the tnfinitesimal end sections 
dA, then, from Eq. (32), S,dA, = Š,dA,, or 


S, = §, 41. (33) 


Thus, the magnitude of the flux density vector {i.e., the intensity) at r, along 
a ray is related to that at r, by the ratio of the infinitesimal areas cut out of the 
wavefronts by a narrow ray bundle, and the total nower flow within such a ray 
tube remains constant. This energy-conservation stztement generalizes those 
in Secs. l.6a and 1.6b to media with arbitrary (though slow) refractive index 
variations. From Eqs. (6d), (22), and (23), the fictd magnitude |u,(r)|, propor- 
tional to [S(r)/n(r)]'?, at an arbitrary point r along ». ray is related to |u,(r,)| 
at a reference point r, on the same ray as follows: 


pi n(r,)dA(r,) 
| U(r) | a [uo(r,)| n(r) dAty) : (34) 
For example, for a spherically spreading disturbance in a homogeneous medium, 
the rays diverge radially from the origin r = © and the cross section of a conical 
ray tube is proportional to r*. Thus, dA(r,)/dA(r) = (r;/r)’, whence |u(r)] = 
lule) 1 (71/7). 


By an alternative calculation, Eq. (31b) may be written as 


L a 
|uo|? ds 


so that by integration between the points r, and r along a ray, 


|u|? = Zin luo)? = -4 V-k = -+ V - (ns), (35a) 


l rF 


Juo(e)] = jutr exp -4f = V-09 ds]. (35b) 


For the preceding example, s is equal to the radial unit vector ro, whence V-s = 
2/r and the previous result follows. 

It is evident from Eq. (34) that the formula fails when dA(r) — 0 (i.e., when 
the rays forming the ray tube converge on 3 line or point). This condition 
defines the location of caustics or foci, near which a more detailed analysis of 
the ray-optical field must be carried out (see Sec. 5.8d for the calculation re- 
quired in a plane-stratified medium). Thus, the condition 


dA(r) % 0, (36) 


at each point r along the ray, must be added to the one in Eq. (21) to assure 
the validity of the ray-optical formulas. 
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By collecting results from Eqs. (28) and (34), one may write for the lead- 
ing term in the asymptotic expansion of a particular constituent of the high- 
frequency field (Eq. (20)]: 

J 

u(r) ~ u(r,) [ne on (2 Akoy- vr) (37) 
In this formula, r denotes the observation point along a given ray, r, is a refer- 
ence point on the same ray, dA(r) and dA(r,) are the ray-tube cross sections at 
r and r,, respectively, n(r) and n(r,) are the corresponding refractive indexes, 
while y(r) and y(r,) are the phase functions. The field at r is thus specified 
in terms of a known field at r,. For applications of these formulas to plane- 
stratified media, see Sec. 5.8. 


1.7¢ Vector Time-Harmonic Fields 


Isotropic media 


In an isotropic medium with variable relative permittivity e(r) = n?(r), 
where 7 is the refractive index, the steady-state electromagnetic field exterior 
to source regions is defined by the Maxwell field equations which take the form 
shown in (6a) with [see Eqs. (1.3.26) and (1.3.28)] 


0 —Vxi en’ (r)i O ) 
M= g 0 ) wir) — ( 0 pl!’ 


ms i (38) 


AANE H(t) 


where €, and #4, are the permittivity and permeability of vacuum and c = 
(H€). A time factor exp(—iwt) is suppressed. Use of the lowest-order 
approximation for the wavevector [Eq. (5)] then leads to Eq. (6b), written ex- 
plicitly as 
2 
k x H, = ~F Eo k x E, = {Ho kK=Vy, {= fa, (38a) 
0 


whence the eiconal equation (6c) becomes 
k? = r?’ (r), or k = sn(r), (38b) 
as noted in Eq. (6d). The lowest-order eigensolutions E(r) ~ E,(r) exp [/A, y(r)] 


and H(r) ~ H,(r) exp [ikay (r)] constitute the geometric-optical field whose 
polarization properties are evident from Eg. (38a), 


H,:k ~0~ E-k,  E,-H, ~ 0 (38c) 


i.e., the electric and magnetic field vectors are mutually perpendicular, lie in 
the equiphase surface y = constant, and describe a local plane-wave field in an 
isotropic medium. After determination of the ray trajectories from Eq. (12b), 
the phase function w can be calculated from Eq. (13). The variation of the 
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amplitudes £,(r)=]|E,(r)| and H,(r) of the geometric-optical field may be de- 
termined from the energy-conservation law 


V-S=0, S=Re(E x H*)~ 2 Ezk = Ws, (39) 


where § is the real time-averaged Poynting vector (power density), W = 
n?E E2} — (€/c)H? is the total average stored energy density, and v = c/n is 
the local wave propagation speed (rms values for the ficld quantities are implied). 
Equation (39) has the same form as Eq. (31b); when applied to a ray tube as 
shown in Fig. 1.7.1, it yields the amplitude variation specified in Eq. (34). On 
combining the results for the amplitude and phase variation, one obtains 
1/2 r 

E(r) ~ E(r,) Earn exp (ike iN nds), (40) 
where r, and r are two points along a ray defined in Eq. (12b). The direction 
of the field is determined from a transport equation for the polarization vector 
[Eq. (49)]. From the so-determined vector electric field at r, one may calculate 
the vector magnetic field directly from the second equation in (38a). 

As for the acoustic field in Sec. 1.7b, one may construct an asymptotic ex- 
pansion for the high-frequency electromagnetic field in which the geometric- 
optical field of Eq. (40) et seq. constitutes the leading term.*’ Because of the 
relative simplicity of the time-harmonic electromagnetic field in an isotropic 
medium, instead of using the first-order form of the Maxwell field equations in 
Sec. 1.7a, it is More convenient to perform the calculation from the second- 
order form. This procedure is instructive even for the lowest-order contribu- 
tion, since it yields the results in Eqs. (38b) and (39) somewhat more directly 
and simplifies the formulation of the transport equation for the polarization 
vectors. We deal explicitly with the electric field E which satisfies the vector 
wave equation 

VE + kirE + 2V(E-V Inn) = 0, (41) 


with the magnetic field determined from H = (ik,¢)"'V x E. As in Eq. (16), 
we assume that for large ko, 
<, E,(r) 
E(r) ~ gtv m 42 
(r)~ e Z Gk” (42) 
where the amplitude coefficients E,, and the phase function y (and hence the 
refractive index n) are regarded as independent of k,. As in Sec. 1.7d, subse- 
quent considerations will still apply when Eq. (42) is multiplied by a factor 
containing a fractional power of kj. Assuming the differentiability of the as- 
ymptotic representation, introducing the wavevector k = Vy normalized with 
respect to ko and substituting Eq. (42) into Eq. (41), one finds 


erw 5 l [k3 En [n? — k?) + ik| EnV -k + 2kE,,-V Inn + 2k- VEn | 


+ VE, + 2V(E,-V In n)} = 0. (43) 
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On equating to zero the coefficients of each power of ka, one obtains from the 
coefficient of kå the eiconal equation (38b), while from the coefficient of k, and 
Eq. (38b), 

EV- È + 2(E,-V In mk + 2k- V)E, = 0. (44a) 


As in Eq. (18c), the amplitude functions E,,, m > 1, can be determined from 
E,,-,; by the recursive system obtained from the coefficient of kj’, v > 0, in 


Eq. (43): 
[V k1 + 2k(V Inn) + 2k-Vij-E, = —V’E,_, — 2V[(V Inn)-E,,_1], 
(44b) 


where 1 is the unit dyadic. Equations (44a) and (44b) constitute the transport 
equations for the electric-field amplitudes. Asin Sec. 1.7a, we shall not consider 
the higher-order terms m > 1. The m = 0 contribution, the geometric-optica! 
field, is specified by Eqs. (38a) and (38c). It represents a valid approximation 
when E, <k,£,, which condition requires that the medium is slowly varying 
in the sense defined in Eq. (21).% To the order of accuracy of the geometric- 
optical approximation, the refractive index n may depend weakly on ka, there- 
by including dispersive media within the scope of the lowest-order theory.t 
In contrast to the abstract procedure, based on the first-order form of the 
field equations and leading to Eq. (6b), the present approach yields directly 
separate equations for the phase and amplitude variations in the geometric-op- 
tical field. To convert Eq. (44a) into the form (39), it is convenient to introduce 
the polarization vector B parallel to the electric-field direction, 
-Bb EK 
P= R EEN = 
On dot-product multiplication of Eq. (44a) by Ef and use of Eqs. (38b) and 
(38c), one finds 


I z d 
5 (EZ-E )V-E + nk3- E, = 0, (46) 
and, on adding to this equation its complex conjugate, 
EVE + n4 E? = 0 =V.(E%k), (47) 


which expresses V- Š = 0 as in Eq. (39). 
In a similar manner, one may convert Eq. (44a) into a transport equation 
for the polarization vector ĝ along a ray. Since 


Oe a i Á O 


ds ds E, Eo ds 
one finds, on use of Eqs. (47) and (44a), recalling that k- V = n(d/ds), 


Bo dEo_ ldg- Bag (48) 


tFor a cold isotropic plasma, n%(r) = 1 — [w3(r)/w?), where a, is the plasma frequency. 
Weak dependence on k, is taken to imply that w,/@ remains finite, 
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a: = —s(B- Y in n). (49) 


Evidently, B is constant in homogeneous regions where Vn = 0 and also for 
fields polarized with the electric vector perpendicular to the direction of stratifi- 


cation in the medium. Inclusion of the polarization vector B(r) in Eq. (40) 
completes specification of the geometric-optical field in a medium with slow 


spatial variation. 


Anisotropic media 


In an inhomogeneous anisotropic dielectric (e.g., a crystal or a cold mag- 
netoplasma) where the local wave-propagation properties depend on direction 
as well as location, the time-harmonic electromagnetic field satisfies the Maxwell 


field equations (6a), with 
—V xil 


Fä 0 
Vxi 0 0 


Hol a ) 


H(r) 
(50) 
where €, and 4 are the permittivity and permeability of vacuum and e(r) is 
the permittivity dyadic (normalized to €o) which may depend weakly on k, = 
w/c, c = (H€). A time factor exp (—iwt) has been suppressed. The lowest- 
order field approximation in Eq. (5) satisfies Eq. (6b) written explicitly as 


k x Hy = =y EEn k x E, = Ho, k= Vy, c= y% (51) 
0 


iM(V) > ( \ W(r) > | ¥(r) > | 


from which it follows that 

k. H, = k-e-E, = H, E, = H,-€- E, = 9. (52) 
Thus, H is perpendicular to E and k, but E generally is not perpendicular to 
k, so the real time-averaged power flow density vector § = Re (E x H*) is 
generally not parallel to k. In the absence of spatial dispersion (i.e., when € is 
independent of k), the vector § is parallel to the group-velocity (ray) vector Y, 
[see Eg. (1.5.24a)}. Since 


Sx + Re [E, x (k x E?)] (53) 
and therefore 
WS => |k x E, }? = 0, (53a) 


the angle between the ray and wavevector does not exceed 90°. This observa- 
tion is important for locating saddle points by the graphical procedures of Secs, 
l.6a and 1.6b. From Eqs. (6c) and (50), one finds the eiconal equation 

det [k?1 — kk — e(r)] = 0, (54) 


which permits one to calculate the ray trajectories via Eq. (12a) and thence 
the phase function y via Eg. (13). 
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Graphical methods for finding the ray direction in a homogeneous or plane- 
stratified medium have been discussed in connection with Figs. 1.6.5 and 1.6.7, 
and other observations concerning rays and wavefronts in an anisotropic envi- 
ronment have been made in connection with Figs. 1.6.2 and 1.6.6. Conservation 
of energy in a tube of rays (Fig. 1.7.1) [inferred from the transport equation 
mentioned in connection with Eqs. (6)} can be used as in the isotropic case to 


v Ray 


3 n 


r? 
FIG. 1.7.1 Ray tube. 


determine the amplitude variation |E,(r)|, but polarization effects must be 
found from Eq. (6b), LY, = 0. In the isotropic case e(r) = 1r?(r), and Eq. 
(54) reduces to Eq. (6d), since in view of Eq. (52), k-E, — 0 in that limit. 

The explicit construction of the field in an inhomogeneous anisotropic medi- 
um involves substantial difficulty even for the lowest-order (geometric-optical) 
approximation (for plane-stratified media, see References 15 and 28); further 
considerations are restricted to the homogeneous case € = constant. In this 
instance, the rays are straight lines with 


y(r) = k-r = Nr = nr cos &, (55) 


where r is the vector coordinate along the ray, n = |È] is the ordinary refrac- 
tive index descriptive of the speed of the advancing phase front along k (it is 
recalled that k is normalized to k,), and N = n cos & is the “ray refractive in- 
dex” pertaining to phase propagation along the ray. Since k and the ray are 
not codirectional but are displaced in general by an angle « (see Fig. 1.6.6), one 
has instead of the conventional N = n in Isotropic media the relation given in 
Eq. (55). It is to be emphasized that n and N, and hence «æ, are functions of 
the polar angles (8, $) which select a particular ray orientation. In terms of the 
ray velocity v, defined in connection with Fig. 1.6.2, one has v, = c/N, whereas 
for the phase velocity along k, v, = c/n. The phase function in Eq. (55) cor- 
responds exactly to that given in Eq. (1.6.25). 

When the field is generated by a point dipole (Sec. 7,3a), the rays diverge 
radially from the source point. As in the discussion relating to Fig. 1.7.1, energy 
is conserved in a ray tube, a fact that is exploited for the construction of the 
amplitude functions |E,| and | H,| in Eq. (51). One notes from Eq. (53a) that 
the ray intensity varies like |E,|*, so the variation of |E,| may be deduced from 
that of the intensity $. From conservation of energy in a ray tube, 


S(r) dA(r) = constant, (55a) 
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where dA(r) is the ray-tube cross section at r, whence for a radially diverging 
ray system, 


S(r) = Sa (55b) 


The same observation has been made in Sec. |.6b, and it has been sharpened by 
relating the energy density to properties of the wavenumber surface (see Fig. 
1.6.6): S(r) œ R,R,/r?, where R, and R, are the principal radii of curvature 
of the wavenumber surface at the point corresponding to the ray. 

From these considerations, one constructs the following ray-optical approxi- 
mation of the electric field generated by a point source in a homogeneous, un- 
bounded, anisotropic dielectric: 

Er) = DE), E) E AuRu gy, kr =kyN, (56) 
where r is the vector distance from the source to the observation point, k, locates 
a point on the wavenumber surface which has a normal along the ray direction 
r (with k,-r > 0; see Fig. 1.6.6), and the sum over i includes alf k, that 
satisfy this condition. R,, and R,, are the principal radii of curvature of the 
wavenumber surface at k. The vector A, contains the excitation amplitude and 
polarization of the field along the ray; the determination of the former requires 
the solution of the source problem (see Secs. 7.3, 8.3c, and 1.3d), whereas the 
polarization is found from the eigenvalue problem discussed in Sec. 1.3a (see 
also Reference 24). Multiple ray contributions may arise when the wavenumber 
surface has inflection points as in Fig. 1.6.6, or has several branches (see Fig. 
1.6.10 for analogous phenomena in connection with space-time rays descriptive 
of transient fields). Since each ray has its own ray refractive index N,, inter- 
ference phenomena may be observed when two or more rays have comparable 
amplitudes. The ray-optical approximation fails when R,, and (or) Ru — 00 
(i.e., when a ray corresponds to a point of vanishing Gaussian curvature on the 
wavenumber surface). Calculations for this transition region are presented in 
Sec. 8.3c. 

The form of Eq. (56) agrees with that in Eq. (1.6.25) derived by the modal 
procedure. 


1.7d The Geometrical Theory of Diffraction 


The simple ray solutions developed in Secs. 1.7b and 1.7c can be utilized 
for the study of more complicated high-frequency scattering problems via the 
geometrical theory of diffraction. The theory, developed initially by Keller for 
homogeneous isotropic media,”’ has subsequently been extended also to inhomo- 
geneous media,” to anisotropic media,” and to media supporting several wave 
species (e.g., a warm plasma”). According to the theory, the scattered field at 
a given observation point consists of contributions from geometrically reflected 
or refracted, and from diffracted, rays whose individual properties depend on 
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the local nature of the scattering object and the surrounding medium. The in- 
cident field is represented by a system of rays which, on striking an obstacle, 
are scattered; the nature of the scattered rays near the obstacle surface depends 
on the surface and medium properties at (more properly, in the vicinity of) the 
point of impact. The formulas developed in Secs. 1.7b and 1.7c can then be 
employed for tracking the scattered rays away from the obstacle boundary. A 
ray striking a fiat surface element is reflected or refracted according to the 
relevant (plane-wave) refiection or refraction law, and is propagated with an 
amplitude specified by the plane-wave reflection coefficient. A ray striking a 
curved surface element (with principal radii of curvature much greater than 
the wavelength) is refiected as from a plane tangent to the surface at the point 
of impact, but the intensity along its path is governed by a “divergence coef- 
ficient,’ due to the surface curvature, which accounts for the spreading of the 
energy contained in a narrow ray bundle. The reflected and refracted rays are 
those encountered in the geometrical optics of isotropic and anisotropic media, 
and their properties are discussed in detail in this section. 

In addition, the theory utilizes a class of diffracted rays whose characteristics 
in an isotropic medium are summarized briefly. A ray incident normally on an 
edge gives rise to “edge-diffracted” rays that emerge in all directions in the 
plane perpendicular to the edge at the point of impact; the intensity along an 
edge-diffracted ray decreases like p-'””, where p is the distance from the edge 
(see Sec. 6.4 for a detailed discussion and also the example at the end of this 
section). The edge-diffracted rays due to an obliquely incident ray lie on a cone 
having a semiangle at the apex equal to the angle between the incident ray and 
the edge; the incident and diffracted rays lie on opposite sides of the perpendic- 
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two media for a slit 


FIG. 1.7.2 Diffracted rays. 


Sec. 1.7 Ray-Optic Approximations 141 


ular plane through the point of impact [see Fig. 1.7.2(a)}. A ray incident on a 
conical tip [{Fig. 1.7.2(b)] or on a corner is scattered in all directions, and the 
intensity along a “tip-diffracted” ray decreases like r~', where r is the distance 
from the tip (see Sec. 6.8c). A ray incident tangentially on a curved object (Fig. 
1.7.2(c)] creates a “creeping” ray which travels along the obstacle surface into 
the shadow region and sheds energy continually as it progresses; as a result, its 
amplitude along the surface is found to decay exponentially with distance (see 
Sec. 6.7). In the presence of an interface between two media, a ray incident at 
the critical angle 6, from the optically denser medium launches a lateral ray 
that travels parallel to the interface in the optically thinner medium and sheds 
energy back to the denser medium by refraction [Fig. 1.7.2(d)]; the decay of 
the lateral ray amplitude due to energy leakage is found to be algebraic (see 
Sec. 5.5). The trajectories of the reflected and diffracted rays are in accord with 
Fermat's principle of least propagation time, and the manner of variation of 
the field, both in amplitude and phase, along a reflected or diffracted rayt can 
often be predicted from simple geometrical considerations, as illustrated in the 
example at the end of this section. The starting amplitude and phase along a 
given diffracted ray cannot in general be ascertained from the geometrical 
theory but must be taken from the rigorous asymptotic solution for a simple 
“canonical” scatterer whose contour at the point of diffraction is identical to 
that of the object under consideration (see the examples discussed elsewhere in 
this volume for a ray-optical interpretation of various rigorous asymptotic solu- 
tions). 

Constructed in this manner, the scattered field for a canonical object, as 
predicted from the geometrical theory of diffraction, manifestly agrees with the 
asymptotic form of the rigorous solution in the range k, —> co. However, the 
geometrical theory, exploiting the local character of high-frequency diffraction 
effects, can also be applied to more complicated shapes for which exact solu- 
tions are not readily available. For example, by approximating the vicinity of 
a point on a variable-curvature cylindrical surface by a circular cylinder whose 
radius is identical with the local radius of curvature, one can predict the be- 
havior of the diffracted (creeping) rays on such a surface; the validity of this 
prescription can be confirmed by comparing the result with the rigorous as- 
ymptotic solution for parabolic and elliptic cylinders.” Verification has also been 
obtained for the problem of diffraction by a circular aperture and by a slit, 
wherein one has to take into account multiply diffracted rays that travel from 
one edge to the other [Fig. 1.7.2(e)].°*°> Corresponding results have been devel- 
oped for scattering in anisotropic media, in media capable of supporting mul- 
tiple wave species, and in wave guide regions.**2” An illustrative application of 
the theory to a non-elementary scattering problem is given later in this section. 


+The category of diffracted rays following real trajectories in r space as shown in Fig. 
1.7.2 can be enlarged by inclusion of rays defined on complex trajectories [e.g., rays de- 
scriplive of surface waves (see Sec. 5.6) and leaky waves, or of attenuated and evanescent 
fields}. 
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An appealing feature of the geometrical theory of diffraction is its concep- 
tual simplicity and its inherent broad range of applicability in homogeneous 
and inhomogeneous, isotropic or anisotropic regions. The theory is, however, 
based on a series of postulates whose validity has not as yet been proved in 
general, so it has been necessary to provide verification by recourse to the as- 
ymptotic expansions of rigorously solvable problems. In view of the substantial 
number of such successful comparisons, it appears likely that the geometrical 
theory of diffraction is capable of predicting at least the dominant effects of 
high-frequency scattering under relatively arbitrary conditions. The theory has 
also been extended to transient problems in dispersive media through use of 
space-time rays instead of time-harmonic rays.'*:% 


Ray reflection and refraction laws 


When a ray strikes a surface across which the medium properties change 
discontinuously, it generates reflected and (in a penetrable medium) refracted 
rays which generally leave the interface along directions different from that of 
the incident ray. The new ray directions can be inferred from phase continuity 
of ali relevant wave constituents generated at the boundary, a necessary require- 
ment in order to satisfy field continuity and thence to maintain the local 
plane-wave character of the complex of incident, reflected and refracted waves. 
When applied to two ordinary dielectrics, the phase matching yields the conven- 
tional Snell's law, but a more general form results when the media are anisotro- 
pic and (or) when multiple wave species can be supported.’ Thus, if m wave 
constituents are involved, each with a phase dependence exp [ik,y,(r)], j = 
I,..., [see Eq. (5)], then on the interface B, 


y(r) = wir) = -:: = Yalt), ron B. (57) 


It follows from Eg. (57) that the derivatives of y,(r), j= 1,...,m, ina 
direction § tangential to the interface are also continuous. Since 


W = be Wy, =k, (58) 


where & is a unit vector and &,, is the projection of the jth wavevector onto 
the interface, the phase continuity condition can be written in terms of the nor- 
malized wavevectors k, = Vy, as 


k,=k,=---=k,, onB. (59) 


This relation will be used to derive reflected and refracted ray directions in iso- 
tropic, anisotropic, and compressible plasma media. The initial amplitude and 
polarization of the fields along reflected and refracted rays can be deduced either 
from additional continuity requirements applied to the asymptotic field ex- 
pression or, equivalently, from the exact solution of plane-wave reflection and 
refraction at a plane boundary between two homogeneous media having con- 
stitutive parameters identical with the local medium parameters at the point of 
impact of the incident ray. 
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Isotropic media 


Ata plane interface between two ordinary dielectrics described by refractive 
indexes n,(r) and n,(r), a ray (j = 1) incident from medium | generates locally 
a single ray (j = 3) reflected into medium 1 and a single ray ( j = 2) refracted 
into medium 2. Since K, = 7,53, K, = ms, [see Eq. (6d)], and s; = & sin 6, 
where @, is the angle between the ray direction and the surface normal, Eq. (59) 
yields 


sin 8, = sin 8,, n, sin 0, = n, sin b}. (60) 


In solving for the angles, the choice of 8, or (z — 9,) is made subject to the 
radiation condition that both the reflected and refracted rays are directed away 
from the boundary. For the pair of incident and reflected rays s, and s, in Fig. 
1.7.3(a), proceeding into the same medium, the first equation in Eq. (60) yields 


(a) Physical configuration (b) Wavenumber plot (section through 
the plane containing the rays) 


FIG, 1.7.3 Ray reflection and refraction law: 0, = 8;, nı sin 8, = n, sin 9). 


the specular reflection law, whereas for the incident and refracted rays s, and s,, 
one has Snell's refraction law. In this instance Eq. (59) implies that the triplet 
of incident, reflected, and refracted rays lies in a plane perpendicular to the 
interface. For a curved interface as in Fig. 1.7.3(a), it must be kept in mind 
that ray-optical concepts apply only when the radius of curvature is large com- 
pared with the local wavelengths 4, , = 22/kon, 2. 

The refraction and reflection laws contained in Eqs. (59) and (60) may be 
visualized conveniently with the aid of refractive index or wavenumber sur- 
faces. As noted in Sec. 1.6, for a given medium, such surfaces are obtained by 
plotting the refractive index n or the wavenumber k = kan = kk as a func- 
tion of direction. The vector from the origin to a point on the surface specifies 
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the direction of phase propagation in the corresponding plane-wave exp (ik-r); 
as shown in Sec. 1.6a, the normal to the surface at this point yields the direc- 
tion of energy propagation (ray direction) in the wave. In an isotropic medium, 
n is independent of direction, so the plots of n and k are spherical, whence the 
phase and ray propagation vectors are codirectional. At an interface between 
two media, the condition k,, = K, = k, leads to the graphical construction in 
Fig. 1.7.3(b), where the k, axis is drawn parallel to the local direction of the 
interface coordinate y in Fig. 1.7.3(a) and k, specifies the tangential wavenum- 
ber of the incident ray l; the reflected ray 3 and the refracted ray 2 are then 
determined from those points on the wavenumber surfaces corresponding to the 
same value of k. This graphical procedure has also been employed in Fig. 1.6.7 
to chart the progress of a ray in a continuously varying plane-stratified medium. 


Anisotropic media 


When a ray strikes an interface between two different anisotropic media €, 
and €,, the initial directions of the reflected and refracted rays may be ascer- 
tained by the phase-matching procedure given in Eq. (59): all wave constituents 
must have the same wavevector component k, tangential to the interface. An 
analytical form of the ray reflection and refraction laws is generally quite in- 
volved [see Eq. (7.5.9b) for the special case of a uniaxially anisotropic medium], 
but the ray trajectories may be visualized with the aid of the wavenumber sur- 
faces for the two media. Medium €, is assumed to have a wavenumber surface 
with two branches a, and a,; medium €, has a single branch b, only relevant 
portions of which are shown in Fig. 1.7.4. Consider an incident ray ! corre- 
sponding to point k, on the a, branch of the lower medium. When the xy 


(a) Physical configuration (b) Wavenumber plot 


FIG. 1.7.4 Ray reflection and refraction for anisotropic media 
(projection on the xz plane), 
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coordinate system in the tangent plane is oriented appropriately, the incident 
wavevector tangential to the interface is k, =k,, and this value of k, deter- 
mines other points k, on the composite wavenumber diagram. The correspond- 
ing rays 5, perpendicular to the surfaces are drawn so as to ensure k,-5,>0 
[see Eq. (53a)], thereby providing the trajectories in Fig. 1.7.4. Only the pro- 
jections on the xz plane are shown; although all wavevectors k, lie in this plane, 
the rays are generally not coplanar and possess a y component, unless the wave- 
number surfaces are symmetrical about the k,=0 plane. It is to be noted that 
the incident ray excites two reflected rays, one of which (ray 2) is turned back 
toward the direction of incidence. Such phenomena of “backward” reflection 
or refraction of rays may occur in an anisotropic medium because of the gener- 
al character of the wavenumber surfaces, but no backward characteristics are 
exhibited by the wavevectors, and hence the directions of advance of the phase 
fronts, in view of the phase matching condition k, = constant. One observes 
furthermore that the refracted ray 4 carries energy away from the interface, 
whereas the phase fronts in this ray propagate toward the interface (see direc- 
tion of k,), which feature identifies a “backward wave” with respect to the di- 
rection z normal to the interface. Of all points k, having the same value k, on 
the composite diagram, only those are permissible which satisfy the radiation 
condition; the latter stipulates that each reflected and refracted ray must carry 
energy away from the boundary. These constraints eliminate rays correspond- 
ing to the upper branch of a, and to the upper intersection on branch b. 


Warm isotropic plasma 


In a homogeneous warm plasma medium, electromagnetic (transverse) and 
electroacoustic (longitudinal) waves propagate independently with the phase 
speeds v = c/n, andv = a/n,, respectively, where c is the speed of light in vacu- 
um, a is the electron-acoustic speed in the plasma, and n, = |1 — (w5/@*)]'” 
is the plasma refractive index (see Sec. 1.2c). To a first approximation, these 
waves also propagate independently in a slowly varying medium, but they are 
coupled at boundaries across which medium properties change abruptly. Im- 
position of the phase-matching procedure is illustrated for an electronacoustic 
Tay incident on an interface separating the plasma from an exterior dielectric 
medium with refractive index n (Fig. 1.7.5). Since the wave processes are 
isotropic, they are described by spherical wavenumber surfaces having radii 
konp, k,n,, and kan for the electromagnetic and electronacoustic waves in the 
plasma, and the electromagnetic wave in the dielectric, respectively, with 
k, = w/c and k, = w/a. The incident electronacoustic ray ! has a wavevector 
component k, = k, sin @, parallel to the interface and via Eg. (59) and Fig. 
1.7.5(b) establishes the directions of the reflected acoustic ray 2, the reflected 
electromagnetic ray 3, and the transmitted electromagnetic ray 4, respectively. 
Since the ray and wavevector directions coincide in the present example, a 
Simple analytical statement of the ray reflection and refraction laws follows at 
Once from Eq. (59): 
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(a) Physical configuration (b) Wavenumber plot 
FIG. 1.7.5 Ray reflection and refraction for warm plasma. 


sin 0, = sin 0, = £ sin 0, = Z Z sin 0.. (61) 
1 2 € 3 € n, 4 


Analogous considerations apply when an electromagnetic ray is incident either 
from the plasma or from the dielectric side. 


Diffracted rays 


Although it is necessary, in general, to solve ‘‘canonical” scattering problems 
for specification of initial field values on diffracted rays, certain general obser- 
vations can be made concerning the multiplicity and orientation of diffracted 
rays launched by a prescribed incident ray. For example, to a lowest order of 
approximation, 2 ray incident on a slowly curved edge in a slowly varying medi- 
um excites the same scattered field as a plane wave in a homogeneous medium 
incident on a straight edge extended indefinitely along the tangent at the point 
of impact of the ray. In this canonical problem, the plane-wave and the medi- 
um parameters are chosen so as to represent local conditions near the point of 
impact; because of translational invariance along the direction x parallel to the 
edge in a homogeneous medium, an incident plane wave with wavenumber k,, 
along x excites scattered fields characterized by the same value k, = k,,. This 
condition can be utilized to chart the initial direction of edge-diffracted rays in 
a manner analogous to that used for reflected and refracted rays. For example, 
consider an anisotropic medium characterized by a wavenumber surface hav- 
ing three branches, a, b,, and b,, symmetrical about an axis w, as in a cold 
plasma subjected to an external magnetic field along the direction w [Fig. 
1.7.6(b)]. An edge is embedded in this medium as shown and is excited by an 
incident ray la with k, = k,, [Fig. 1.7.6(a) and (b)]. Diffracted rays correspond 
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(a) Physical configuration 


(b) Wavenumber plot 


FIG. 1.7.6 Trajectories of edge-diffracted rays. 


to k values lying on the intersection curves A, B,, and B, of the plane k, =k,, 
and the multibranched wavenumber surface; the rays proceed in the direction 
perpendicular to the wavenumber surface [see Eq. (53a) for constraints on their 
orientation] to points exterior to the wedge region in Fig. 1.7.6(a). As noted in 
Fig. 1.7.6, the diffracted rays corresponding to various branches of the wave- 
number surface lie along distinct cones (or sections thereof when the relevant 
branch is open) which are generally non-symmetric about the edge. In the spe- 
cial case of an isotropic medium, the wavenumber surface or surfaces are sphe- 
rical (see Figs. 1.7.3 and 1.7.5), with consequent x symmetry of the resulting 
diffracted ray cones. When the medium is an ordinary isotropic dielectric, ex- 
istence of only a single spherical wavenumber surface implies that the angle 
of the diffracted ray cone is the same as the angle between the incident ray and 
the edge, as noted in connection with Fig. 1.7.2(a). It may be noted that the 
determination of the edge-diffracted ray trajectories is the same as for a line 
source with phase progression exp (ik,,x) located on the x axis. This aspect is 
explored in Secs, 5.4d, 7.3c and 7.3d. 

The trajectories of lateral rays excited on the interface between two media 
may be discussed in a similar manner.” Lateral rays arise whenever an incident 
ray of a given species can give rise to a ray of another species directed parallel 
to the Interface; the latter ray may proceed either in the original medium (if 
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several wave types can be supported therein) or in the exterior medium. For 
an interface between two ordinary dielectrics, one observes from Fig. 1.7.3(b) 
that 6, = 90° when k, =k, [i-e., 0, = 0. =sin~'(m,/n,), where 0. is the critical 
angle (for 0, > 0., the incident rays are totally reflected and no transmission 
into medium 2 takes place)]. The critically refracted ray 2 travels along the 
interface in medium 2 and refracts energy continuously back into region { 
along ray 3, as shown in Fig. 1.7.2(d). The triplet of rays 1, 2, 3 is subject to 
the phase-matching condition in Eq. (59). When anisotropic media are involved 
as in Fig. 1.7.4, a multiplicity of lateral rays can be excited. For example, when 
the incident ray l| on branch a, in Fig. 1.7.4 has a direction such that the re- 
fracted ray 4 is parallel to the interface in region b, one obtains the lateral-ray 
configuration schematized in the first sketch in Fig. 1.7.7(a); refraction into 
medium a occurs in ray species 2 and 3, corresponding to different branches of 
the wavenumber surface for region a. Alternatively, when the incident ray 1’ 
in region a originates on branch a, as shown, it excites a lateral ray 2’ on branch 
a, which travels along the interface in medium a and sheds energy continuously 
into media a and b along rays 3’ and 4’, respectively. These aspects are treated 
further in Secs. 5.5a, 5.5b, and 7.5d. One observes from Fig. 1.7.7(b) that lateral 
ray 4 can also be excited by a critically incident ray 1” on branch a, and that 
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FIG. 1.7.7 Lateral ray trajectories on interface between aniso- 
tropic media (projection on xz plane). 
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lateral ray 2' can also be excited by a critically incident ray 1‘” from region b. 
Lateral rays occur also on the dielectric-warm plasma interface in Fig. 1.7.5. 
For example, when the incidence angle for the electron-acoustic ray | is 0, = 
sin-'(a/c), ray 3 becomes an electromagnetic lateral ray which travels parallel 
to the interface in the plasma and refracts as the electronacoustic ray 2 in the 
plasma and the electromagnetic ray 4 in the dielectric. When the incidence 
angle of ray | is 0, = sin-'(an/cn,), the electromagnetic ray 4 in the dielectric 
becomes a lateral ray that refracts as the electronacoustic ray 2 in the plasma. 
It may be noted that when the dispersion relation is written k, = k,(k,, k,), ap- 
propriate for analysis of propagation in regions with planar stratification along 
z (see Sec. 1.6b), the lateral ray corresponds to a double root on the dispersion 
surface and is thus characterized by a branch-point singularity in the k, integral 
representation [Eq. (1.6.21)]. 


Example: Diffraction by a conducting half-plane on the interface between two 
isotropic dielectrics 


The asymptotic representation of the high-frequency field for radiation and 
diffraction problems comprises in general several constituents, each of which 
has a dominant behavior of the form exhibited in Eqs. (37), (40), or their equi- 
valents. When reflection and (or) refraction at a boundary is relevant, the as- 
sociated phenomena are accounted for by the geometric-optical field u,, whereas 
shadowing effects, structural! singularities, etc., give rise to an additional dif- 
fracted field u,. Thus, the total field at an observation point r is given in general 
by 

u(r) ~ u,(F) + u(r), (62) 
where u,(r) = >) u(R,), with u(R,) representing the direct, reflected, or re- 
i 


fracted field that reaches r along a ray R,. Similarly, the diffracted field may 
also have several distinct species, u,(r) = >) uyX(R,). 
J 


The method of constructing the ray-optical field in this manner is illustrated 
by the example in Fig. 1.7.8, which shows a plane interface separating two dif- 
ferent homogeneous isotropic media having refractive indexes n, and n, < n. 
A semiinfinite, perfectly conducting plane sheet is placed on the interface, and 
the entire configuration is illuminated by a line source oriented parallel to the 
edge (this renders the problem two-dimensional). The source emits rays in all 
directions, and some of the rays reach a given observation point either directly, 
by reflection, by refraction, or by diffraction. An observation point r, in the 
upper medium is reached by the direct ray | and the reflected ray 3 which con- 
stitute the geometric-optical field. Contributions arise also from diffraction ef- 
fects that are associated with the onset of total reflection and with the presence 
of an edge singularity, respectively. The former gives rise to the lateral ray 5 
which travels along the interface in the low-refractive-index region and sheds 
energy back into the high-refractive-index region along ray 6 (for details, see 
Sec. 5.5). When the lateral ray strikes the edge, a radially spreading diffracted 
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FIG. 1.7.8 Ray-optical construction of the field when a source 
illuminates a plane interface on which is placed a semiinfinite scat- 
terer (dashed lines denote diffracted rays). 


Ui 


field is generated which reaches point r, along ray 7. The edge is also excited 
directly by the incident ray 8 which sends its own edge-diffracted field along 
ray 7 (for details of scattering by a half-plane, see Sec. 6.5). Thus 


u(r) ~ up + U + Us? + uae + ual, (63) 


where the superscripts identify the rays leading to point r,, the letter subscripts 
distinguish geometric-optical and diffracted constituents, and the number sub- 
scripts specify the appropriate exciting ray. 

The form of the individual field contributions in Eg. (63) can be determined 
from Eq. (37) or (40). The line-source field is assumed to be so normalized 
as to generate in an unbounded medium a unit amplitude field at unit radial 
distance, with the phase taken as zero at the source. Since the rays diverge 
radially from the source in the plane of the figure, but are parallel at successive 
cross sections along the line source (see Sec. 5.4d), the ray tubes are wedge 
shaped and dA(R) ~ 1/R, where R is the distance from the source. Thus, the 
amplitude along an incident ray varies like R~'’*, representative of a cylin- 
drically spreading wave. From Eq. (37), with the above-mentioned normaliza- 
tion, one obtains for the direct field contribution, 


OR ) p! Ž PNR 
Ur = 
l R, 


where it has been recognized that y(R) = kan, R for the homogeneous medium 
in the present example. In this equation and the ones to follow, R, is the length 
along the ith ray in Fig. 1.7.8. 

The refiected field may also be calculated from Eg. (37), with the reference 
point on ray 3 chosen at the interface. Since the interface is planar and the 
media are isotropic, the tube of reflected rays appears to originate at the image 
point of the source [Fig. 1.7.9(a)], whence the ratio of the area at the interface 
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(a) Reflected rays (b) Lateral ray (c) Edge-dilfracted rays 


FIG. 1.7.9 Various ray-tube constructions. 


to that at r, is given by R,/(R, + R;) (for a general treatment of reflection 
from a curved surface, see Reference 40). The reflected field at the interface, 
equal to the incident field multiplied by a reflection coefficient T, is given from 
Eq. (64a) by TR"? exp (ikan, R). The phase accumulation along ray 3 equals 
exp (ik,7t, R), whence, from Eq. (37), 


efkonlRs +R) 
wor 
N R, + R, 


The Fresnel reflection coefficient I is calculated by field matching between 
the incident, reflected, and refracted rays at the interface and, in view of the 
previously noted plane-wave character of the local field along a ray, is the same 
as for a plane-wave field incident along the direction of ray 2. 

The diffracted field along ray 6 is launched by continuous refraction of the 
field carried along the lateral ray 5, which, in turn, is excited by ray 4 incident 
at the angle of total reflection @, = sin™' (n,/n,) measured from the normal to 
the interface. Since the refraction angle equals @, and is therefore constant, the 
emerging tube is bounded by parallel rays [Fig. 1.7.9(b)], thereby furnishing a 
constant amplitude along ray 6. The phase accumulation along ray 6 is given 
by exp (ikan, R,), so ul = uy, exp (ikan, Rs), where uss, the reference value of 
the field at the interface, must again be determined by solving the boundary- 
value problem (alternatively, see Reference 41). It is found (Sec. 5.5) that the 
phase of u4s is the one predicted from the trajectory along rays 4 and S (note 
that ray 5 travels in the medium with refractive index n,) and that the ampli- 
tude is proportional to 1/k, Ri. Thus, 


(64b) 


ef kelm Rat Rs +n Rs) 
k, R3}? 
where the Heaviside unit function U(R;) signifies that this contribution exists 


only when the ray path has a finite lateral segment R, [i.e., for observation 
points in the shaded regton of Fig. 1.7.9(b), which contains the totally reflected 


U(R;), (64c) 


6) 
ds OC 
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geometric-optical rays]. Evidently, the formula fails near the total reflection 
boundary R, = 0 and must be replaced there by a transition function that can- 
not be deduced by ray-optical means (see Sec. 5.5). 

When an incident ray strikes an edge, it generates a cylindrically spreading 
diffraction field that can be described in terms of a set of radial rays originat- 
ing at the edge [Fig. 1.7.9(c)}. Thus, the field along an edge-diffracted ray 7 
decays like R7'* and its phase varies like exp (ikn, R). The reference field at 
unit distance from the edge must now be determined from the solution of the 
relevant diffraction problem. For the diffracted field excited by ray 8 in Fig. 
1.7.8 it suffices, because of the loca! plane-wave character of the incident field, 
to treat the simpler plane-wave scattering problem. Its solution furnishes a dif- 
fraction coefficient D,, which specifies the diffracted reference field generated 
hy a plane wave of unit strength incident along the direction of ray 8. Since 
the actual incident field has a strength given by Eq. (64a) with R, replaced by 
R,, one finds that 


19) D ef kon(Ra+ Rr) (64d) 
ig = ‘ 
dB 87 A R,R, 


The diffraction coefficient D,, depends on the angle of the incident and diffracted 
rays with respect to the half-plane; for scattering in a homogeneous medium, 
it has been calculated in Sec. 6.5. 

An analogous calculation must be performed for the incident lateral wave to 
yield a diffraction coefficient D,,. Then, by considerations similar to the above, 
one may write 
e Keim Ry + mAs taR) 


k, R?” Ri? 


with R, representing the entire lateral distance between the point of impact of 
ray 4 and the edge. The edge also excites a lateral wave traveling to the left 
along the interface; its contribution has not been shown but should be included 
in genera). Moreover, different wave constituents emerge when the observation 
point is far to the right of the edge, in which instance the reflected field is 
modified and the lateral wave field in Eq. (64c) is absent. 

The same procedure may be employed for the construction of the ray-op- 
tical field in the lower medium of Fig. 1.7.8. Instead of the geometric-optical 
contributions in Eqs. (64a) and (64b), one now has the refracied field carried 
along ray 10. The diffracted fields are similar to the above, except for the omis- 
sion of the lateral-wave constituent in Eq. (64c), which is absent in the opu- 
cally thinner medium (see Fig. 1.7.3). When the edge of the obstacle is located 
to the left of the point of impact of the critically refracted ray 4, there exists a 
geometric-optical shadow region from which the refracted rays 10 are excluded 
and which is penetrated only by the edge-diffracted rays 11. 

Although the dependence on ky, has not been given explicitly in the reflec- 
tion and diffraction coefficients in Eqs. (64), the distance dependence has been 
shown, One observes that for large distances R, the diffraction fields are con- 


uss oc Dey U(R;), (64e) 
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siderably weaker than the geometric optical fields, thereby complicating the 
detection of the former in the time-harmonic regime (an exception occurs in 
shadow regions where the diffraction fields are dominant). This disadvantage 
is not present under transient conditions since in view of the discussion in Sec. 
l.6c, the distinctive phases of the various field constituents in Eq. (63) imply 
different times of arrival of the transient response at an observation point (see 
Fig. 1.7.9 for a sketch of the wavefronts, and also Figs. 5.5.8 and 6.4.2). Thus, 
ne time resolution under pulse conditions provides an important means of 
iGentifying field contributions, which may be obscured in the time-harmonic 
stnady state. 

Finally, it should be emphasized that retention of only the dominant term 
in Eq. (37) for the asymptotic representation of each of the constituent fields 
does not assure that the composite solution in Eq. (63) is consistent to a Certain 
order in the small parameter 1/k,. The k, dependence of a diffraction field 
amplitude (e.g., that of the lateral wave) may correspond to that of a second 
term in the asymptotic expansion of the geometric-optical field [see Eq. (16)], 
so it may be necessary to include such terms if a consistent result to a given 
order in !/k, is desired. 


1.7e Transient Fields 


Non-time-harmonic fields in a spatially and temporally inhomogeneous 
medium satisfy the system of equations given abstractly in Eq. (2). To a lowest 
order of approximation as in Eq. (1), in a parameter regime validating a wave- 
packet description, the general field equations reduce to the simple geometric- 
optic form in Eq, (3), which are integrable along space-time ray trajectories 
defined in Eq. (10). The phase of the assumed field (1) follows from solution 
of the dispersion equation (4a) as in Eq. (11), while the amplitude and polari- 
zaticn of the field vector Y, requircs cvaluation of the eigenvectors Yoe from 
Eq, (2). Because of the complicating effects of dispersion, performance of these 
calculations is generally quite involved. To illustrate salient features, it is in- 
structive to treat the simple example of an isotropic cold plasma for which the 
lowest-order, as well as higher-order, approximations can be developed without 
undue dificulry.'” 

As in the simple time-harmonic field problems in Sec. 1.7b and 1.7c, it is 
convenient to employ the second-order form of the field equations to derive the 
dispersion and energy-vunservation equations for the lowest-order space-time 
rey amplitudes. Thus, we consider the scalar wave equation 

2 2 
[v — 5, — PAD) lute, 2) = 0, (65) 
satisfied approximately by the scalar electromagnetic potential function u in a 
Spatially inhomogeneous cold plasma characterized by the variable plasma fre- 
quency w,(r), with c denoting the speed of fight in vacuum. To introduce the 
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parameter v with respect to which the asymptotic development is to be carried 
out, one scales the space and time coordinates, 


R= 5, t=, (66) 
and obtains 
I g © (R 
(v -in-¥ D WR, t) =0, (67) 


where V} is the gradient operator in the R coordinate system, @,(R) = w,(r) = 
@,(Rv) and u(R, t) is u(r, f) in the scaled coordinates. v is now taken to be 
large, sO non-vanishing values of R and 7 imply large values of r and z. As 
noted previously, this is the range where wavepackets are fully developed; also, 
Vo,(r) = (1/v)V,@,(R) = O(1/v), so w,(r) is slowly varying. A solution for 
uv is assumed in the form of an asymptotic series, 


uR, 1) = ermB È “alB, (68) 


with y and u„ independent of v; on substitution into Eq. (67), assuming that 
the orders of summation and differentiation can be exchanged, one finds 


Vw- 2 (SE) +] F + | Viv — BSE + Wy V, 


~- 424 dlr + (vi- 4 s)F=o0, (69) 


where F stands for the sum in Eq. (68). Since this equation must hold for arbi- 
trary (though large) values of v, the coefficient of each power of v must vanish 
independently. From the p? term, one finds 


_ 1 fy\? , @(R)_ 
(Vay? — (2) T m 
from the v’ term, 
J ð 2 dy ù 
(Viv — Gh + Way Va a gege) = 0, “Y 


and from the y~” term, m > O, 


(Pv 49K 4289-9 2M Bn + aap 
(72) 


Equation (70) is the dispersion equation for the medium which, on introduction 
of a temporal frequency @ and a wavevector k as in Eq. (4b), 


Ge ~Y, È = Vey, (73) 


takes on the more familiar form 
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ke — 2 + 2e{R) =0, ie, @ = ak, R) = + [F2 + a(R)". 


(74) 


Equation (71) is a transport equation for the leading amplitude term up, and 
Eq. (72) is a transport equation for the higher-order amplitudes. The higher- 
order amplitudes can be evaluated recursively in terms of the f[ower-order ones 
and y, but this calculation will not be performed here. 


Solution of the dispersion equation 

By integrating along space-time ray trajectories defined in Eq. (10), one may 
solve for the phase function y as in Eq. (11). Since the dispersion relation (74) 
does not contain the time variable explicitly, d@/dr = 0 in Eq. (10), so@ = 
constant along a ray. Thus, Eq. (11) reduces to 


R 
wR, t) — yR, t) = | k-dR — ar — t), (75) 


where k is obtained from Eq. (74). For the special case of planar stratification, 
this phase function is the same as the one obtained in Eq. (1.6.30) by saddle- 
point evaluation of the integra) representation of the field u(R, t). A graphical 
procedure for tracking the rays has been discussed in connection with Fig. 1.6.9. 
For a homogeneous medium, © and k are constant along a ray and one obtains 
the phase function in Eq. (1.6.5), with vy defined in Eq. (1.6.1). 


Solution of the transport equation 
In view of Eq. (73), Eq. (71) can be written as 


(Vek + 459 + 2k Ve + 5 OF \u 20 (76) 


By changing variables from t to ct, introducing a four-dimensional group vel- 
ocity vector V, = ¥, + toc as in Fig. 1.6.1(b), and noting from Eq. (74) that 
¥,= V,@=kc?/@, one may verify that Eq. (76) can be written in the alterna- 
tive form: 


= (ip = 3 
D (820) =0 Dantuz (77) 


where 7, is a unit vector along the ct axis. Equation (77) implies conservation 
of the energy flux, #V,@/c*, in (R, ct) space. V, is tangent to the space-time 
rays defined in Eq. (10), which fact has been utilized in Sec. 1.66 for the special 
case of plane-stratified media. If the divergence theorem in four-dimensional 
(R, ct) space is applied to a volume generated by a small tube of rays and ter- 
minated by hyperplanes t = constant (Fig. 1.7.10), the only contribution to 
the hypersurface integral arises from the cross-section “planes” AR, and AR, 
since on the walls of the tube, b- V, = 0, b being a vector normal to the hy- 
persurface. Since the outward normals at AR, and AR have opposite directions 
along the t axis and t,- V, = c, one finds 
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R 
FIG. 1.7.10 Energy conservation in a space-time ray tube. 


2, ui(R,, T)AR, = 5 u(R, T)AR, (78a) 


whence, in view of the constancy of @ along a ray, one has for the amplitude 
u at the point (R, Tt) along a ray in terms of its value at a reference point 
(R,, Tı): 


UR, 1) = u(R,, 1,)9/ SB, (78b) 


Since the hypersurface areas AR, and AR in planes t = constant in the four- 
dimensional (R, ct) space actually represent volumes in the three-dimensional 
R-space, one recognizes that the energy-conservation statement in Eg. (78a) is 
equivalent to the statement AW = |Z AR = constant used in connection with 
Eq. (1.6.9) [see also Eq. (1.6.15)]. Via the present analysis, the validity of this 
earlier energy-conservation theorem for wavepackets has been extended to pro- 
pagation in inhomogeneous media. Note that in the inhomogeneous medium, 
only the frequency spread Að of waves in the wavepacket is preserved, whereas 
in a homogeneous medium, both Ad and Ak remain invariant. One may also 
use the considerations of Eqs. (1.6.8)-(1.6.10) for the inhomogeneous case pro- 
vided that the mapping is carried out locally in such a manner as to conserve 
energy in the wavepacket; the initial amplitude u,(R,, t;) and phase vy(R,, T;) 
near the source region can be calculated from Eq. (1.6.5) by assuming the medi- 
um to be locally homogeneous, and Eqs. (75) and (78b) are used thereafter, due 
allowance being made for the variability of k and the constancy of @ along a 
ray. 


Reflection and refraction of space-time rays 


As in the time-harmonic case, a space-time ray generates reflected and re- 
fracted rays on striking a surface B across which the medium properties vary 
discontinuously. By considerations analogous to those leading to Eq. (57), one 
requires continuity of the phase function y(R, t) on the surface B for all rel- 
evant wave constituents.** It then follows that partial derivatives of y in the 
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direction tangential to B, and dy/dt, are also continuous whence from Eq. (73), 
if m wave constituents are involved, 


ie eee Te Ö, = 0, = o =@,. (79) 


Because of constancy of the frequency @ in the complex of incident, reflected, 
and refracted rays, the matching condition (79) on the tangential wave-vector 
components k, is imposed as in the time-harmonic problem, and thus the graph- 
ical procedures depicted in Figs. 1.7.3-1.7.5 remain relevant. The initial direc- 
tions of the time-harmonic rays in r space determined in this manner represent 
the projections of the corresponding space-time rays onto hyperplanes perpen- 
dicular to the t axis. The ray directions in (R, ct) space are obtained by con- 
structing the normal vectors to relevant branches of the (ck, ©) dispersion 
surfaces at (ck,, @) points descriptive of the ray complex (see Sec. 1.6a for details 
on the graphical construction). For two cold isotropic plasma media character- 
ized by Eq. (74), with loca! plasma frequencies @,, and ®,, on opposite sides of 
a boundary separating them, the matching technique is depicted in Fig. 1.7.11. 


(a) Configuration space (b) Disperston surface 


FIG 1.7.1} Ray reflection and refraction at interface between two 
media. 


As in the analogous situation in Fig. 1.6.9, to simplify the graphical construc- 
tion, only one-dimensional propagation (with k, = 0) is considered. The match- 
ing parameter o), is determined from the incident wavepacket described by ray 
l and is used as in Fig. 1.7.11 to yield the initial directions of the reflected and 
refracted rays. 


Fields near the wavefront 


The asymptotic expansion (68) for the transient field u(R, t) = u(r, £), valid 
for the large (r, ¢) (wavepacket) regime, is inadequate to describe phenomena 
at times ¢ = r/c corresponding to arrival of the wavefront. As noted in Sec. 
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1.6c, the wavefront fields are synthesized by the high-frequency time-harmonic 
wave constituents. The asymptotic expansions of the time-harmonic fields in 
Secs. 1.7b and 1.7c can be employed to develop corresponding expansions of 
the transient fields for ¢ = r/c, thereby improving on the leading term expres- 
sions in Egs. (1.6.45) and (1.6.47). 

By the considerations of Sec. !.6c, it follows that if the time-harmonic field 
is given by a generalized version of Eq. (16), 


u(r) ~ etm! Ae) + GY epi ms |, he =F, 


(— io)” 
(80) 
then, from Eg. (1.6.20), the transient field near ¢ = y(r)/c is 
G(r, t)~ ADSUN +12 A,(pe™, where t =t — vo) > 0. 
m=0 
(81) 


The appearance of the phase y(r) given in Eq. (28), instead of r, generalizes 
applicability of corresponding results in Sec. 1}.6c to media possessing spatial 
inhomogeneities at the highest propagation speed c. Equation (81) implies that 
the wavefronts advance along directions of the wavenormal, which, in the pres- 
ent case of an isotropic medium, are parallel to the rays defined by Eq. (23). 
(For an asymptotic expansion of the fields covering the range between the wave- 
front and wavepacket regimes, see reference 22.) 


Problems 


L. Derive second-order wave equations for the acoustic pressure p and velocity v 
as in Eqs. (1.1.3): 
(a) with inclusion of the source terms given in the first-order equations [Eqs. 
(1.1.1); 
(b) allowing for either spatial or temporal variability, or both, of the background 
density 7o and pressure po. 
(c) Find the second-order equations satisfied by the Green’s functions G;; and 
G in Eqs. (1.1.5) when the background density and pressure are spatially and 
(or) temporally variable. 


2. In a volume V bounded by a surface S whereon the “impedance” boundary 
conditions in Eq. (1.1.5a) apply, use Green’s functions satisfying Eqs. (1.1.5) and 
simpler boundary conditions G = 0 = G,2 on S to derive within V representa- 
tions for p(r, 4) and v(r, t) excited by prescribed sources s(r, t) and f(r, ¢) in V. 
Hint: In addition to integration over the source region as in Eq. (1.1.4), find 
and integrate over equivalent source distributions on S to assure satisfaction of 


Eq. (1.1.5a). 


3. While the adjoint problem preserves the original boundary surface S, the 
boundary conditions on S, as well as the medium filling the volume V enclosed 
by S, may differ in general. By treating an as yet unspecified adjoint medium 
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with parameters n¢, pł, T¢ and boundary parameter @&*, show that for derivation 
of the reciprocity relation in Eq. (1.1.9), the adjoint medium and boundary 
parameters are identical with the original ones. 


. Show that the reciprocity relations in Eqs. (1.1.]1) and (1.1.12) remain valid 


when the background density and pressure are spatially inhomogeneous. 


. Ina volume bounded by a surface S, use electromagnetic dyadic Green's func- 


tions satisfying perfect conductor boundary conditions in Eq. (1.1.20c) and derive 
field representations corresponding to Eqs. (1.1.19), satisfying the impedance 
boundary conditions in Eq. (1.1.16d). Show that an additional surface integral 
contribution is required and explain in terms of equivalent electric and magnetic 
induced currents H x n and n x E on the boundary surface S, where n is the 
normal to the boundary. Repeat with use of the free-space dyadic Green’s func- 
tion. 


. (a) Derive the second-order form of the Maxwell field equations (1.1.18) with 


inclusion of the J and M source terms in Eq. (1.1.16). Interpret the source terms 
in the second-order equations as equivalent electric or magnetic currents. 

(b) Use the dyadic Green's functions defined by the second-order equations 
(1.1.21) to represent the electric and magnetic fields excited by the source distri- 
butions in (a). Compare the result with Eqs. (1.1.19), which are based on the 
first-order form of the field equations and the actual source distributions. Explain 
the difference in the two representations and convert one into the other (Hint: 
Employ the formula A. V x B= B.V x A—V-(A x B) and use the divergence 
theorem). Which formulation is more direct ? 

(c) Repeat for an inhomogeneous medium with permittivity €(r) and permeability 


Ur). 


Use the time-dependent free space Green’s functions in Eqs. (1.1.34) to calculate 
via Eqs. (1.1.19) the electromagnetic fields radiated by a pulsed circular ring 
electric current: J(r, 1) = ¢Ad(p — a)d(z)0(1). The ring has a radius p = a and 
lies in the z = 0 plane; the current direction is along the ¢ coordinate in a 
(p, È, z) circular cylindrical coordinate system. When the ring radius æ tends to 
zero and the source strength A is increased so that (aA) remains finite, show that 
the fields radiated by the electric ring current are equivalent to those radiated 
by a magnetic current dipole oriented perpendicularly to the plane of the ring. 
Relate to I (i = 1, 2) of Eq. (1.1.19). 


A pulsed, arbitrarily oriented electric current dipole with J(r, £) = pd(r)d(a) is 
located in the presence of a perfectly conducting infinite plane. Calculate the 
“half-space” Green’s functions for this region and therefrom the radiated electric 
and magnetic fields. Interpret the result in terms of the free space field and the 
field reflected by the plane. Show that the reflected field can be interpreted as 
arising from a properly oriented image dipole. (Hint: Decompose the dipole into 
components parallel and normal to the boundary and treat each separately.) 
Repeat for a pulsed magnetic dipole current M(r, 1) = md(r)d(). 


. (a) Find the time-dependent fields radiated by an arbitrarily oriented electric 


Current dipole located at the point (x’, y’, z’) in the quarter space region x > 0, 
y > 0 formed by two perfectly conducting planes intersecting at right angles. 
Show that the solution can be obtained by replacing the boundary by three ap- 
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propriately oriented image dipole sources located at (—.x’, y’, z’), (x's —y’, 2’) 
and (—.x’, —y’,2'). Interpret the solution in terms of free space fields and 
reflected contributions from the bounding surface. Draw relevant wave fronts. 
Repeat for excitation by a magnetic dipole. 

(b) Replace the quarter space region by a trough (sector) of angle « = n/n, 
where n is a positive integer. (Problem 8 and part (a) are special cases of this 
configuration, with n = | and n = 2.) Show that the image concept can be 
applied to replace the trough by (n — !) appropriately placed and oriented image 
sources. 


10. By integrating over 2’ the time-dependent three-dimensional scalar Green’s func- 
tion in Eq. (1.1.31), show that the causal two-dimensional scalar Green’s function 
satisfying the equation 


2 2 
(v; — z se) gP, P1, r) = —O(p — pea rh Vi = VF — "n (ta) 


is given by: 


>. ON aam ah } 

10.051.) = aa app Ul 
where p = (x, y) and the Heaviside unit function U(&) equals unity for « > 0 
and vanishes for & < 0. (Hint: Note that LRZ = E Az — 2/1 f(z), 
where z; are the zeros of f(z’) and f = df/dz.) 


tt. A flat, perfectly conducting obstacle of area S lying in the z = Q plane is illumi- 
nated by a prescribed electromagnetic field E,(r, ¢), H,(r, t). The electric currents 
J(r, 1) induced on the obstacle by the incident field give rise to the scattered field 
E,(r, 4), H,(r, 0). 
(a) Use Eqs. (1.1.19) to represent the scattered field in terms of the induced cur- 
rents, (Note: The Currents flow on both sides of the obstacle.) Invoke the 
boundary condition n x E = 0 on S, where E = E, + E, is the total electric 
field and n is the outward unit normal on S, to derive an integral equation for 
the induced currents {include the “edge condition”; see Eq. (1.5.37)). 
(b) Assume that the induced currents on S are the same as if S were contained 
in an infinite perfectly conducting plane; i.c J =n {x H, on S+, J=0on S-, 
where S* and S~ denote the “illuminated” and “dark” sides of S facing toward 
and away from the incident field, respectively, and n is the outward unit normal 
on S. Write explicit expressions for E, and H,. This method of approximation 
is known as the (Kirchhoff) physical optics approximation and is valid when the 
obstacle is large compared to the wavelengths contained in the temporal spectral 
decomposition of the incident field. 


-r PEN, cw) 


12. Consider an aperture of area S in a perfectly conducting screen lying in the 
plane z = 0. A known electromagnetic field E,(r, £), H,(r, £) is incident from the 
half space z < 0. 

(a) Show that the required continuity of the total tangential electric and magnetic 
fields in the aperture can be secured on replacing the aperture by a perfect con- 
ducior and placing thereon (on each side) an equivalent magnetic current 
M = E x n, where n is the outward unit normal. By this device, the problem 
of determining the overall fields in the complicated region containing the per- 
forated plane is reduced to the problem of first finding the induced magnetic 
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currents M fiowing on an infinite perfectly conducting plane. These induced 
currents give rise to the scattered field E,(r, 4), H,(r, £). 

(b) Use the half-space dyadic Green's functions of Problem 8 to represent the 
fields E,, H, radiated by the induced currents M into the regions z < 0 and 
z> 0. Then invoke the required continuity of the total tangential magnetic 
field n x (HL + H,) in the aperture to derive an integral equation for M (note 
the ‘edge condition,” Eq. (1.5.37); see also Problem 6 of Chapter 2). n x H = 
n x H, in the aperture, i.e., the tangential component of the incident magnetic 
field is not modified by the presence of the aperture. 

(c) Assume that the tangential electric field in the aperture is the same as the 
incident electric field, i.e., n x E =n x E, in S, and give explicit expressions 
for E, and H,. The resulting “physical optics” approximation is valid under 
conditions analogous to those stated in Problem iib. 


Using the free-space dyadic Green's function representations in Eqs. ().1.38a) 
and (1.1.41), derive the response to an electric current excitation J(r, r) = 
JO(r)e~'># Ul), where U(4) = 1 for & > 0 and U(a) = 0 for & < 0. Separate 
the transient contributions from those descriptive of the time-harmonic steady- 
state (¢ > 00). Identify the resulting steady-state dyadic Green’s functions 
@.,\(r,r’) and compare with those listed in Sec. 5.2. Using Eqs. (1.1.386) and 
(1.1.39a,b), find the equations satisfied by the steady-state form of the potential 
function Ñ (r, r’), as well as the steady-state form of the expressions for V? (r, r’) 
and (0/dp)(r, r’), and compare with results in Sec. 2.46, Discuss the relation 
between causality and the steady-state “radiation condition.” 


Calculate the adjoint (time-reversed, inward-radiating) fields E*(r, t) and H'(r, z) 
radiated by the analogue of the electric dipole current in Problem 13: J+ (r, 1) = 
J+ O(r)er U(—r). Separate the Steady-state and transient constituents and inter- 
pret the behavior of each. What is the steady-state analogue of the “time reversed 
radiation condition”? Using complex conjugate notation and referring to the 
results of Problem 13, find a corresponding phrasing of the time-dependent 
reciprocity conditions (1.1.28) for the steady-state time-barmonic field. 


Using a field representation in terms of the potential functions TT’ and IT’ 
analogous to that in Eqs. (1.1.42), derive the E- and H-mode constituents of the 
fields generated by a pulsed magnetic dipole M(r, t) = y,d(r)0(¢), oriented per- 
pendicularly to the symmetry direction a = Zo Deduce the result alternatively 
by duality considerations (E > H, H — —E, J — M, u <—> €) applied to Egs. 
(1.1.42)-(1.1.47). 


Recognizing that an electric current element directed along the symmetry axis 
a = Zo does not generate H-mode fields [IT = 0 in Eq. (1.1.42b)], compute the 
(E-mode) fields radiated by a so-directed element with an impulsive time de- 
pendence. Referring to Eq. (1.1.38a), show that the result does not exhibit the 
singularity difficulty [as in Eq. (1.1.46a)) across the transverse plane containing 
the source. If the source currents are spatially distributed in a volume V, does 
Eq. (1.1.42a) yield a valid field description within V? 


In a medium which is inhomogeneous but non-dispersive (all wave frequencies 
Propagate at the same speed), €) and fp in Eqs. (1.1.16) et seq. are replaced by 
e(r) and u(r), respectively. Show that reciprocity as in Eq. (1.1.25) remains valid 
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and derive relations corresponding to Egs. (1.1.28) and (1.1.29). Repeat for the 
case of an anisotropic, inhomogeneous, non-dispersive medium wherein €)0E/o; 
and {o0H/or are replaced by elr) - OE/dr and plr) - OH/Or, respectively, with 
€(r) and p(r) representing permittivity and permeability dyadics. 


18. When defining an adjoint electromagnetic problem, the spatial boundaries S of 
the region V are preserved but the medium properties in V and the boundary 
conditions on § must be suitably determined. Show that the constitutive parame- 
ters €5, Us, and B* of the adjoint problem required to achieve reciprocity as 


in Eq. (1.1.24) areeg = €o, Wf = fo, Z+ = — F, whereug denotes the transpose 
of the dyadic «£. Repeat for an anisotropic medium (see Problem 17) and show 


that this requires an adjoint medium with €* = €, p’ = H, Fr = -~F, 


19. An impulsive source acting at time ¢ = l’ is distributed uniformly over the plane 
z = 2’ in an infinite, homogeneous, non-dispersive medium characterized by the 
propagation speed co. At time fo >’, the medium propagation speed changes 
abruptly (and uniformly throughout all space) from co to cı. The scalar Green's 
function g(2, 2’; £, t’) descriptive of the space-time dependent field is defined as 


follows: 
[E — X Te, 2560) = ~l — (2 — 2’), (2) 


with e(t) = co for t < to, c(t) = c, for t > to, and subject to the causality condi- 
tion g = 0 for t < t’. To ensure continuity of the electric and magnetic flux 
densities at ¢ = to,t the boundary condition 


g, oF continuous atl = (2a) 


is imposed. 
Show that the solution is given for ! < to by 


g = F UcoT — |ZI), T=t-~-"’, ZLZ=2-2', (2b) 


and for t > to by 
Co 


g= $ (1+ 2) Ulet + To — IZI) 


sis (1 — $2) [Ueo To — cT — |ZI) — Uleyt — co To — iZI)}, (2c) 
Ci 


with To = to — l’, T = t — to. The Heaviside unit function U(x) equals unity 
for x > 0 and vanishes for x < 0. Explain the various terms in Eqs. (2b) and 
(2c) as traveling wavefronts and follow their progress in various time intervals. 
Note that a sudden change in the temporal properties of a medium introduces 
a reflected as well as a transmitted wave. 


20. Repeat the calculation of Problem 19 for an impulsive point source located at 
r = 0, whence the Green’s function is defined by: 


ká — EN oJ ete t,t’) = dt — #’)O(r), (3) 


tM. Kline and I. Kay, Electromagnetic Theory and Geometrical Optics, New York: 
Interscience (1965), Sec. 1.3. 
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subject to g = 0 for t < 2’, and to the continuity condition in Eq. (2a). Show 
that the result for ¢ <t is 


_ CsO(coT — r) 
se (4a) 


and for ¢ > fo; 


= g {(1 + 2) 607 + xt — 1) + (1 — 2) lleoTo — ct — v) 


— Het — coT) — Dit (4b) 


where the notation is the same as in Problem 19. Interpret the result in terms 
of spherical wavefronts and follow their progress through various time intervals. 
Show that the reflected field constituent in Eq. (4b) remains finite at r = 0. 
Examine the field at r = 0 in detail by using the Green’s functions in Eqs. (4a) 
and (4b) to synthesize response to a source function /(t) that vanishes for t < 0 
and acts throughout a time interval 0 < ¢ < t. Distinguish between the cases 
f< lo and t > lo. 

An electromagnetic current source is distributed over a plane z = z’ in a bomo- 
geneous, non-dispersive medium, and has the impulsive temporal behavior 
ĝô’(t — t’). At time f = h > t’, a cold homogeneous plasma is created suddenly 
(for example, by subjecting a neutral gas to ionizing radiation). The relevant 
Green’s function problem is as follows: 


2 zey] A 
H z Ta — 2] Vz, 2'5 tt’) = —8'(t — tolz — z’), (5) 
where 6’(t) = dd(t)/dt and 


w pCt) = bU(t — to), b = constant. (Sa) 


A causality condition VY=Oforr<t’ anda continuity condition as in Eq. (2a) 
are imposed. Note that V represents the time derivative of the Green’s function 
g for: +t’, 

(a) Show that for to = 2’, i.e. for radiation into a homogeneous, stationary 
plasma, 


Sy i ST 
_ FACT — (Z|) — ora e wah ) UT — | Z|). (6) 


This is the one-dimensional version of the results in Eqs. (1.1.61). 
(b) Show that for ¢ < to, with o>’, 


P = © Ser — IZ), T=! —ť, Zaz Aa (7a) 
and for ¢ > bo, 
z a 
P= Her — z) — 2 {Ae (t — To — Z) uc.) 


+) (z — -T+ 2) ugo}, To = to — l’, T =t — lo (7b) 


where Ç, = t? — [(Z + cTə)/c}. Explain the results in physical terms, and 
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compare with those for the non-dispersive media in Problem 19 (see also Problem 
38). 

Repeat Problem 21 for excitation by a point source with impulsive behavior 
O(¢ — t’). For tg = t’, the solution for all ¢ > ¢’ is given in Eq. (1.1.61b). When 
fo > 0’, the solution for t’ < t < tis that in Eq. (4a), with co = c. Show that 
for t > ta, one obtains 


ci(eT — r) J (bÇ!) r 
p= et e G) U6) 


-HEO (r-r) 0 


with Ç. defined as in Problem 21 provided that Z is replaced by r. Show that 
for T > To, the Green’s function remains finite at r = 0 and has the value 


L Tt 
= i E ssa 4 ) + To y HONTE — T$), r= 0, (9) 


Interpret the results in sige terms and compare with those for the non- 
dispersive media in Problem 20. 


Show that in a linear medium the constitutive relations can be expressed in 
derivative operator form as 


Dr, 1) = e(V Zr, 1) Ert), Br, = p(v, 2; r, r) ‘HG,1) (10a) 
or in integral operator form as 


Dír, t) = fer, tr’, t’) - Er, e’) dr’ dt’, 


B(r, 1) = f wo, tse’, t’) © Ar’, r) de’ dt’ (10b) 


if the polarization currents J and M in the medium are determined by linear 
differential equations of the form: 


ALAA r, r) - J(r, 1) = E(r, t), Pa (v, $, T, r) - M(r, 2) = H(r, t). (11) 


For homogeneous and stationary media, show that the dyadic operators have 
the form 

cr,gr’)=er—ryt—e’) Wr, e) = peir t e) (12) 
By rotating coordinates in the four-dimensional (r, 2) space so that the time axis 
passes through the observation point, show that the asymptotic approximation 
(for large +) to the integral in Eq. (1.6.1) can be given in the invariant form 
{alternative to that in Eq. (1.6.5)]: 


I(r, t) ~ Atk, je” -Ex 20) e- V(R, R R)!”?(r? + pr) v4 (13) 


3 
where 0 = >) sgn R, and R, j = 1,2, 3 are the principal radii of curvature of 
J= 


the four-dimensional (k, @) dispersion surface at the saddle point k,. { Hint: See 
Eqs. (1.6.24) and (1.6.25).] 
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25. The time-dependent, two-dimensional scalar Green’s function g(p, 9’; 8, t’) for 
an isotropic, homogeneous, cold plasma is defined by: 


2 
(v2 — 4 s = 23) etp, p’: t) = —òlp -- pee — r), p=lyz) (14) 


subject to the causality condition g = 0 for: < 2’. 
(a) Show that for p’ = t’ = 0, g can be represented in the following alternative 


forms {cf. Eqs. (1.5.51)-(1.5.53)]: 


l 7 eK mti- wt) 
á arll) MFH Oe Oe) l A do na 


DFA ka i j kJ kR)e-'™" | 
s= (in) J do ek apes oto TA 
aaa Opi go ak KERERE R-P (16b) 
~ 2 NR J- E ctk? + @t — @?’ FNY 
2 ) . 
= a k AYA R) sin Oat dk, O, = Vai F kic? (17) 
-% ! 
T — 
g = ST. AN (k, Rye! dw, k; = vo, (18) 


The transition from Eq. (15) to Eq. (16a) follows on introduction of polar co- 
ordinates in (y,z) and (#,¢) space, and use of the integral representation 


2n 
JAKR) = (1/27) f, e*R cos vw dy. Discuss the disposition of the various integra- 


tion paths with respect to singularities of the integrands. From a table of Laplace 
transforms, one may show that g is given in closed form by: 


__ cos [wa t? — (R/c)*] _R 
p= eta Ul) a9) 
where U(x) = Oor | for x < 0, or x > 0, respectively. 
(b) Substitute into Eqs. (17) and (18) the asymptotic form 


HY(w) ~ dže wa lw] >, (20) 


valid for large R and non-vanishing k or k,. Decomposing the integrand in Eq. 
(17) into two parts comprising exponential functions, show that each part gives 
rise 10 a Single relevant saddle point k, or k,: as follows: 
+ Rw, 

C?a lt — (Ric) 
Show that the sum of the asymptotic approximations of each integral, as obtained 
from the one-dimensional (single k integral) version of Eq. (1.6.5), yields Eq. 
(19). 

Simifarfy, proceeding from Eq. (18) with Eq. (20), show that the integrand 
has two relevant saddle points located at 


u) R 
O12 = + OT Ray i> Fa (22) 


R 
t> T (21) 


kn = 
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Use Eq. (1.6.43) for each saddle point to show that the asymptotic approxima- 
tion of Eq. (18) also yields the result in Eq. (19). Discuss the restrictions on the 
asymptotic results although they happen to agree with the exact solution. 

(c) Use the procedure leading to Eq. (1.6.49), in conjunction with Eqs. (18) and 
(20), to find the transition function linking the asymptotic approximations with 
the wavefront regime. Compare with the exact solution in Eq. (19). 


A line source along the z axis is embedded in a cold, isotropic, homogeneous 
plasma as in Problem 25. The time dependence of the source is that of a suddenly 
Switched-on harmonic signal 


At) = e~ U(t), (23a) 
whence its Fourier transform is 
— di ©) -—= i 
Fw) = [em fly dt = 5 (23b) 


(a) Show that the response g to this excitation is given by Eq. (18) provided that 
the integrand is multiplied by F(w) (discuss the disposition of the integration 
path). Perform an asymptotic evaluation to show that ¢ behaves for 1 > R/c as 
follows: 


bes A: | eio ve elmer | 
4 ArT (pt /T) — o (@pt/T) + Wo 
+ Lp (2 VOT eUh (24) 


where 
TEn fe (=) , h= Ë o- wi)? = E, 
Cc Ugo 


and with to = [dk,(W)/d@}-' denoting the group speed corresponding to the 
signal frequency Wo. Interpret this result by referring to Fig. 1.6.12. Note that as 
t — œ there remains only the second term in Eq. (24), the exact time-harmonic 
response [see Eq. (5.4.25)]. Discuss the conditions under which Eq. (24) is valid 
and note the different behavior of the solution for Wo > @, and Wo < Wp. 

(b) From (Re g) and (Im g), obtain the response to a suddenly switched-on 
signal fı = U(t) cos o! and fı = U(t) sin Wot, respectively. Referring to Eq. 
(1.6.49), find the transition functions for (Re g) and (Im ġ) near the wavefront 
t = R/c. Discuss the difference in behavior of the two solutions and relate it to 
the initial time dependence of the source functions fı and f} Compare with 
the transition function for the ĝ(r) excitation in Problem 25. 


Consider the one-dimensional form of the wave equation (1.7.15), with V? — 
0?/dz? and n(r) = n(z). Assume an asymptotic solution of the form (1.7.16), 
with r— z. Show that the second term in the asymptotic expansion is given by 
{see also Problem 4Q(a)): 


__—l ç (> diuk) 
u,(z) = zol E dt, (25) 


with uo(z) = A/s niz), A= constant. To justify use of only the first term in the 
asymptotic expansion (1.7.16), it is necessary that |u;| < [Kou]. Show from Eq. 
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(25) that this requirement is equivalent to condition (1.7.21), viz., |dn/dz| < 
kon. 
A source distributed over the entire plane z = 2’ in vacuum is comprised of 
electric currents flowing parallel to the y direction, uniformly along y but with 
a linearly progressing phase exp (éko@x) along x, where ko = W/c, c is the speed 
of light in vacuum, and @ is real. A time dependence exp{— iw) is implied. 
Show that the electromagnetic field has non-vanishing components E, H,, 
H, that H, and H, are derivable from £,; and that E, is proportional to the 
Green’s function g(x, z; 2’) defined by: 


g? g? , ; 
(Jz + Jz + ki) ata, zz) = —O(z — z jea, (26) 
subject to an outward radiation condition at |z| — co, Show that the solution is 


g(x, Z; z’) = = l rog xP liko(&x + /1 — æ |z — z'|)). (27) 
Discuss the properties of the radiated field for |@| < 1 and |&| > 1. 
Assuming knowledge of the field at z = 2’, i.e., 


; ; elkoax 
B(x, 2% 2°) = u(x, 2") = “ae (28) 


derive the solution in Eq. (27) by the ray-optical procedure that leads to Eq. 
(1.7.40). Why is the ray-optical result exact in this case? Show that the ray con- 
figuration for 0 < @ < | is as shown in Fig. P1.1. 


s iknax me 
Source withe °° variation 


FIG. P1.1 Ray configuration for phased plane sheet source. 


In vacuum a y-directed electric current source is distributed over a cylindrical 
surface p =a, uniformly along y and with an azimuthal phase progression 
exp (im@), where J and ¢ are polar coordinates in the xz plane and m is a posi- 
tive integer. 

(a) Write exp (im) = exp (iko&s), where s = af measures linear distance along 
the source distribution and the wavenumber k)&@ = (m/a) describes the source 
phase. For kya >> 1, a source element at A may be assumed to radiate as though 
it were contained in an infinite planar source distribution tangent to the cylinder 
at A. Show that for œ = (m/koa) < 1, the geometric-optical ray family appears 
as in Fig, P1.2, with a caustic formed at J = b = acos@ = aa (see also Fig. 
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Source with e'”° variation 


FIG, P1.2 Ray configuration for phased cylindrical sheet source. 


5.4.14). Show also that the ray tube cross section ratio As,/As, at points B and 
A along a ray is given for f >a by: 


hie = Ett, LiVp—-P—-J/@—B, L,=Vat—b% (29) 
(b) Use in Eq. (1.7.40) the initial field value from Eq. (28) and the cross section 
ratio in Eq. (29) to construct the geometric optical field at any point (7, 6), p >a, 
as follows: 

“ ae R a? — bN rt 

u1(B, $) ~ M exp lim — y + 8) + ike(Psin y — asin O) (S=) > (30) 
where y = cos7!(b/P) and M is a constant. The contribution in Eq. (30) is due 
to a ray reaching an observation point B from a source point A. The ray origi- 
nating at C and passing through the interior of the source also contributes at B. 
Calculate the field due to the ray from C, noting that a phase change exp( —i7/2) 
must be included due to the contact of this ray with the caustic [see Eq. (5.8.55) 
for the more genera! problem of a caustic in an inhomogeneous medium]. 

(c) In the region b < J < a, each observation point is also reached by two rays. 

Using the ray optical formula (1.7.40), show that the resulting field is given by: 


u(p, 6) ~ 2M exp |ime — 8) + ikoa sin f — ua 
a? ware b? 1/4 aa n 
x (e) cos (kof sin y — my — 4). (31) 
A line source at Q is parallel to a curved interface separating two different 
homogeneous isotropic media; a time dependence exp(— iwr) ts implied. 
(a) Referring to Fig. P1.3 for construction of the reflected ray-tube configuration, 
show that since 8, = 6, and a = $, 


f= r cos, RE Ay = 2åp + AQ,, aie = reese (32a) 


f Za rl; cos 0, 
Fi” an, +U- h)r cos 67 (32b) 
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FIG. P1.3 Reflection from a curved boundary. 


where r is the radius of curvature of the surface at the point of impact A of the 
incident ray, M is the observation point, and F is the virtual focus of the reflected 
ray tube. If the incident field at A is taken as 17!“ exp(ik,/,), show that the 
reflected field at M is given by: 
Ikili +a) 12 
@ D | (l, + lr cos 6G, | (33) 


Ure) ~ | Fe i 24l + (l; + Ir cos 0, 


where I is the reflection coefficient appropriate to the incidence angle 8, and k, 
is the wavenumber in medium 1. The geometrical divergence coefficient D in- 
corporates the effect of interface curvature; for a plane interface, one has r = co 
and D = |, whence Eq. (33) reduces to Eq. (1.7.64b). For a circular cylinder, 
r = constant. For calculation of fields in the far zone, one lets / — co. By letting 
l + œ and renormalizing the source strength so that the incident field is the 
plane-wave exp{ikg/;), one obtains the reflected field 


hen ~ Tethth ra r COS U, , 34 
en NOON TE pcos, my 


(b) Referring to Fig. P1.4 for construction of the refracted ray-tube configura- 
tion, show that 


— r cos 6. E rl; COS Or 
S = At/p (m — 1); + mr cos 8,’ oD 
where m = d0,/d0, = (n, cos 9;)(2 cos O)~', and Snell's law nz, sin 9g = n, sin 9, 
has been used. With k, 2 = Kon 2, show that for an incident field as in (a), the 
transmitted field at M’ is given by (cf. Eqs. (5.5.9)): 
eltkaly + ksh) 


Erans ~ EERTE + l cos r)/ cos ) 2 D’, (36) 
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FIG. P1.4 Refraction at a curved boundary. 
where T is the plane-wave transmission coefficient. The geometrical divergence 
coefficient D’ incorporates the effect of interface curvature, 
1/2 
D = | (ml, cos 9, + 1, cos a)r | , (36a) 


(m — I)i l2 + (ml cos ð, + l, cos 6,)r 


whence D’ = | for a plane interface. For an incident plane-wave exp(iko/,), 


Ureans ~ Tenit ksh) r cos Ôr ; (37) 
(m — I, + r cos Ôx 

A slowly curved interface B separates two isotropic homogeneous or weakly 
inhomogeneous media | and 2 that support, respectively, M and N wave species. 
Sufficiently close to a point P on the interface, the media may be regarded as 
locally homogeneous, and the various wave species u, satisfy there the time- 
harmonic scalar wave equation (V? + kj)u, = 0, k; = knp with k representing 
a reference wavenumber and n, the refractive index. Assume all field and geo- 
metrical quantities to be independent of the rectilinear coordinate z so that the 
problem is two-dimensional in the variable p = (x, y). Assume that wave type 
] in region | is incident on B at P, and that this incident wave uw, has the high- 
frequency asymptotic approximation 


up) ~ Ape | $ o(z)|; (38a) 


with an implied exp —iwr) dependence. The interface couples u, to M reflected 
waves in region |, 


u,(p) ~ È B,n(p)e tvii] 1 + o(+)]. (38b) 


and to N transmitted waves in region 2, 


up) ~ È Duper + ofz) |. (38c) 


Ch. 


32. 


I Problems 171 


Each of the phases satisfies near P the eiconal equation (1.7.18), (Vyj}? = 1, 
and the amplitudes satisfy the transport equation (1.7.18b). Note that n; y’ cor- 
responds to y; in Eq. (1.7.57). 

(a) Use the interface matching condition for the tangential wavevector com- 
ponents in Eq. (1.7.59) and the eiconal equation to show that the normal 
components of the various wavevectors satisfy the relation: 


ay; m\? SAT A Ey 
KE = — hn (Bee) + fe — 1) = ee (FE) +B G9 

where y is the normal to the boundary and m = | M, nal. N. 

(b) Assume that region | is a warm plasma that can support two wave types 

(electromagnetic and electron-acoustic), and that B is a perfect conductor, thereby 


eliminating region 2 (see the plasma portion of Fig. 1.7.5). The relevant scalar 
wave equations in region | are 


(V+ KDA(P)=0,  ki=kn, k= ke (40a) 
(V2 + ki) (Pp) = 0, k,= ka Rp (406) 


where H is the y component of magnetic field and p the acoustic pressure devia- 
tion from the mean. The following boundary conditions are assumed to be 
satisfied on B (expressive of the vanishing of the tangential component of electric 
field, and of an “impedance” condition for the normal component of the velocity; 


cf. Eq. (1.1.1b)}: 


o=?! _?H, 
ds iEn} ov’ 
l Op OH Noe? (i 
ATE oe A A l 2? — | — [20E 
PB = i@mNon’, ov TOs” Ne aa) : 


where q, m, No and f are real parameters and s is the coordinate tangential to 
B. Derive asymptotic forms of the boundary conditions in Eq. (41) by assum- 
ing that H and p can be represented as in Eqs. (38a) and (38b), with M = 2, 
and retaining only dominant terms. Show that if an acoustic ray is incident 
(m = 2), the reflected acoustic ray has an initial amplitude Tap) given by 


Pap) = FAR 


_ Wks (Oy;/Ov)k (dw;/Bv) — [ksOw7/As) — n) + Bk Oy’ /Ov\Noe/ceo) 
alk (OW; /Ov)k (Oy,/Av) + (k2(Ow4/0s) 141 — n3)|— Bk Oy / WN Noe / WE) 
(42) 


Derive analogous expressions for the coupling coefficient IFz = B,,/An to the 
reflected magnetic field. Repeat for an incident electromagnetic field and derive 
the corresponding coefficients I’, and I,,. 

(c) Assuming that the boundary is plane and the plasma homogeneous, solve 
Eqs. (40) and (41) for the exact reflection coefficients when a plane acoustic or 
electromagnetic wave is incident. Compare the result with Eq. (42), etc. 


Assume that excitation for the warm plasma in (b) of Problem 31 is provided 
by a line source and that the medium is homogeneous throughout. Tracking an 
incident acoustic ray, one finds that the relation between angles of incidence 
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Source 


FIG. P1.5 Incident acoustic ray (1) and reflected acoustic (2) and 
electromagnetic (3) rays. 


and reflection is given by Eq. (1.7.61) (see also Fig. 1.7.5). Use these reflection 
laws and the known radius of curvature r, of the boundary at P to determine 
the focal lengths fe and fo for the reflected acoustic and electromagnetic ray 
tubes, respectively (see Fig. P1.5). If Lı and L, are the distances from P to a 
point on the reflected acoustic and electromagnetic rays, respectively, show that 
the ratio of the ray-tube cross sections at P and at the observation point is given 
for the acoustic ray by (see Problem 30) 


Js re cosy 
fot lı 2Lilı +(L, + Ly), cos 0,’ (43a) 


and for the electromagnetic ray by 


reL, cos? 0, 


fo (43b) 
fot Ly  LyLs(cos@; + na cos 91) + rL, cos? O; + na Ls cos? ,)' 


where L, is the distance from the source to P, and n, = k,/ky. Repeat the 
calculation for an incident electromagnetic ray. 

Use the results in (b) of Problem 31 together with the above to construct 
asymptotic approximations of the fields radiated by a line source in a homo- 
geneous warm plasma bounded by a smoothly curved conducting surface. 
Assume that the line source generates known initial amplitudes of acoustic and 
electromagnetic fields. 


In a gyrotropic medium, with a steady external magnetic field applied along the 
z axis, the surface described by the wavevector k = k(6, w) is rotationally sym- 
metric and depends on the frequency œw and the polar angle 6 between k and 
the z axis. Instead of this k surface, it is often convenient to use the refractive 
index surface, defined in terms of k as follows: 


n(0, w) = s k(6, w). (44) 


By implicit differentiation of the function f = ke — wn = 0, show that the 
components of the group velocity vector v, = V% are given by (rotate coordi- 
nates so that k, = 0): 
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— ¿S0 6 — (cos 6 /nXGn/d0) (45a) 


ae O(nw)/dw 
cos 8 + (sin 6 /ndn/d0) 
Ven =e O(n) / Jw (45b) 


[Note that 0k/dk, = sin 8, On/Okz|q<const. = k~' cos 6(0n/9), etc.) Show also 
that 


c 
vr = Viia + Yee = s a Sanya (46) 
whero 
1 On 
æ = tan`! (= cha 46 
n aĝ) 1sea) 
and that the components of v, along and perpendicular to k are: 
c PN -— —_ctan & 
Vek = dnto)/oeo Up COS Q, vð dna) G00" (47) 


Thus, & in Eq. (46a) is the angle between k and v,. Show by a graphical con- 
struction utilizing Eq. (46a) and the refractive index surface that the vector y, 
is normal to the surface. 


A source distributed uniformly over the plane z = 0 and having the impulsive 
behavior (t) is embedded in a cold, isotropic, homogeneous plasma described 
by the constant plasma frequency w,. The fields are derivable from a scalar 
Green's function g that satisfies the wave equation 


ae 10 aè 
(55-5 55 Zee) = -ói (48) 
subject to the causality requirement g = 0 for ¢ < 0. Show that the solution for 
g is given by (cf. the time-integrated form of Eq. (6)]: 


2 
c= $4 (orf )o(— 2) w 
(a) The source in Eq. (48) is localizde at the space-time point (z, t) = (0,0) so 
that the space-time rays descriptive of the radiation process converge at the 
origin. Use the space-time ray method of Secs. 1.7a and 1.7e to show that the 
solution of the ray equation is [cf. notation in Eq. (1.7.67), 
z ke . -~ 
Z = v (ð), %™ = => O = tyke + Öp (50a) 
and that the field amplitude along a ray varies like T-!? [cf. Eq. (1.7.78b)}. 
Show also from Eq. (50a) that the ray parameter @ can be expressed explicitly 
in the form 


+ø 


_ ws @ 
@ = Tin (ay whence Ke = WETEA (50b) 


and that the phase at (Z, T) on a ray correiponding to @ = 0 is given via Eqs. 
(1.7.75) and (50b) by: 


Y (Z, T) — v(0,0) = F@,t/1 —(Z/ct?, ÕZO. (50c) 
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Obtain the field by superposition of the ray contributions corresponding to 
© = 0 as [m = 0 term in Eq. (1.7.68)]: 


u(Z, T) ~ ie cos [vö r de (2) — vy (0, 0) + al, (50d) 


where A(@) = |A(@)| exp (i&) is a quantity descriptive of the initial field on a 
ray, and it has been recognized that y_(0, 0) = —y.(0, 0) in order to render 
u(Z, T) real. 

(©) To determine the initial values A and y (0, 0) along a ray, it is necessary to 
solve the space-time source problem in the vicinity of the source region. Since 
this cannot be done by the ray method (note that u — co as T — 0 along a ray), 
the initial values must be found from an exact solution valid near the source 
point, as provided by Eq. (49). For sufficiently large (ct — z) values, the Besse! 
function in Eq. (49) may be replaced by its large argument asymptotic form, 
and the quantities A and y.(0,0) in Eq. (50d) are then determined by the re- 
quirement that u(Z, T) in Eq. (50d) agree with the asymptotic form of Eq. (49) 
when Z and Tt approach the source region. Perform this eva[uation. 

Comment: It may be noted that since Eq. (49) provides the exact solution at 
all space-time points, the ray method offers no advantage for the problem of 
radiation into a homogeneous plasma. However, if the medium is inhomogeneous 
with @, = @,(z), closed-form solutions can generally not be obtained. The 
present results then provide the initial field values in the vicinity of z = 0, and 
the ray method can be employed to yield asymptotic solutions at other space- 
time points (see Problem 35). The ray solution becomes invalid near the wave- 
fronts |z| = ct where a transition function as in Eg. (1.6.49) must be utilized. 
For the present problem, Eq. (49) yields the transition function if s/t? — (z/c)? 
is replaced by «/2€(¢ — ©), č = |zI/c. In view of the dispersion equation ck = 
(œw? — w?)'?, one identifies wł in Eq. (1.6.48) as wi = w?/2, and vy = —1 in 
Eq. (1.6.49). 

Assume that the source Configuration in Problem 34 is embedded in an inho- 
mogeneous plasma described by a plasma frequency w, = ,(z). In the follow- 
ing, we employ the notation of Sec. 1.7e. 

(a) Show that the space-time rays (up to the turning point, if any) are described 
by the curves 


z @ 
ct = f Jar any &© = constant on a ray. (5la) 


(b) Show that for a fixed increment d@ defining two neighboring rays, the ray- 
tube cross section dZ in planes T = constant is given by: 


dZ _ JG — OZ) (7 Oak 
E Sy OET ae 


[Note that on writing Eq. (5la) as F(t,Z,@)=0, one has dZ/d@ = 
—(OF/O@\OF/dZ)~'.] 

(c) Construct the asymptotic solution given by the m = 0 term in Eq. (1.7.68) 
on use of Eq. (51b) and Eqs. (1.7.75) and (1.7.78b). Obtain the initial field value 
on aray by letting the observation point approach the source region and requir- 
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ing that the asymptotic solution agrees with that for a homogeneous medium 
having a plasma frequency @,(0); the latter result has been found in Problem 
34 (note that in this limiting process, Eq. (51a) becomes ct-» Z@[w*—@2(0)}~ 1/2; 
other integrals are reduced in a similar manner). Show that for (Z, Tt) values on 
ray segments between the source and the turning point (if any), the asymptotic 
form of the Green's function in Eq. (48) with w, = @,(z) is then given by:t 


g(Z, T) ere 
c12 cos [v/e fs n/ O? — OG) dl — vor + (7/4) 
In [0 — OZA — E0 E (GAO d0 — GDP" 


(Slc) 
The turning point is defined by dt/dZ = œ in Eq. (51a). The ray parameter © 
depends on (Z, T) implicitly through Eq. (51a). When Eq. (5la) can be solved 
for © = @(Z, T), one may eliminate © from Eq. (51c). 
(d) If a ray has a turning point at (Z, T,) (see Fig. 1.6.9), show that beyond the 
turning point, the ray is defined by the equation: 


Zı Öd 21 © 
aofi ga ao * Ie SOR a 
Calculate the field [note the analogous calculation leading to Eq. (5.8.55)). 
36. Consider the scalar wave equation 
@5(T) 


[ve — 5 - euR, =o, (53) 


descriptive of electromagnetic wave processes in a cold, isotropic plasma whose 
properties are constant in space but vary (sufficiently slowly) with time. 
(a) Assuming a solution of the form given in Eq. (1.7.68), show that the disper- 


€i 


FIG. P1.6 Space-time ray refraction at a time discontinuity in 
the medium properties. 


tN. Bleistein and R. M. Lewis, “Space-Time Diffraction for Dispersive Hyperbolic 
Equations,” SIAM J. of Appl. Math., Vol. 14, No. 6, November 1966, pp. 1454-1470, 
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sion equation and the transport equation for uo(R, T) are given, respectively, by 
Eqs. (1.7.70) and (1.7.71), with @,(R) replaced by @,(7t). Show also that Eq. 
(1.7.77) remains valid, but that Eq. (1.7.78b) must be modified since @ + con- 
stant (whereas k = constant) on a ray [see Eqs. (1.7.10) et seq.). Discuss the 
applicability (or non-applicability) of energy conservation in a ray tube for time- 
varying media. 

(b) If the medium properties change abruptly (and homogeneously throughout 
all space) at time T = Tp, show that instead of Eq. (1.7.79), the phase-matching 
condition requires 


k = k, = -= kn at T = To (54) 


where m denotes the number of wave constituents. This matching condition can 
be schematized as in Fig. P1.6, with ©,, and @,2 denoting the values of plasma 
frequency before and after Tọ. Compare analogies and differences between the 
configuration in Fig. Pl.6 and the spatial discontinuity in Fig. 1.7.11. If the 
medium changes continuously with time, find a graphical construction for 
the ray trajectories analogous to that in Fig. 1.6.9. 


Plane-wave propagation in media with temporal inhomogeneity may be charac- 
terized by the dispersion equation @ = Qk, ¢). 

(a) Show that since the eigenfunctions exp (ik -r) account properly for the 
spatial dependence of the fields, the oscillatory representation in Eqs. (1.3.2b) 
provides the proper basis for synthesis of source-excited fields in such media. 
Show also that when such oscillatory representations are substituted into the 
field equations, the reduced equation for the time-dependent modal amplitudes 
takes the form of Eq. (1.3.13), with the operator W being time-dependent. This 
equation cannot generally be solved in closed form. However, show that for 
weak inhomogeneities, one may employ WKB procedures (see Sec. 3.5c) to 
effect an asymptotic solution of the time-dependent modal amplitudes, and that 
this leads to consideration of integrals of the form: 


37 


Ir, ~ fax, Dew dk, (55) 
where 
yir, t;k)=k'r f, axk, 9) dy (55a) 


with A(k, t) and @Xk, £) representing weakly time-dependent functions. 
(b) Use the asymptotic procedure described in Sec. |.6a to show that 


sf tw rrika (A) Zet re 
Hit, 1) ~ Alka, pert Set O(k,, 7? (56) 
where the saddle points k, are defined by 
Æ Vak, =0 at k(r,’), (56a) 


and where Q is a matrix whose elements are (0?Q)/0k,0k,), with i, j = x, y, Z; 
(Xk, t) denotes the integral on the right-hand side of Eq. (55a). Asin Eq. (1.6.5), 
3 


g — >, sgn Š, where R, are the eigenvalues of the matrix Q. 
Fi 
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38. 


39. 


(c) Relate the saddle-point condition (56a) to the space-time ray equation for a 
time-varying medium and use the graphical procedure of Problem 36b to locate 
the saddle points k,. Show that the magnitude of J(r, £t) can be expressed in the 


form 
Ke, DI ~ Ute, SA) (57) 


where Ar = {det Q|Ak [cf. Eq. (1.6.10)]. Interpret this result in terms of space- 
time rays and compare with Eq. (1.6.15). 
To illustrate the use of oscillatory representations for a time-varying medium, t 
consider the configuration of Problem 21, with w,(s) defined by 
w(t) = a, <t 

=p. {> (58) 
thereby allowing for a homogeneous plasma medium before and after to. 
(a) Writing 


V = Lf e'ti o(k, t,t’) dk, Zz = 0, (59) 

substituting into Eq. (5) and simplifying, show that 
g—c’*cos wT, $< to (60a) 
= [cos W, To cos W, T — (W,/@z2) sin @, To sin WT), l > bo (60b) 


where T =t — t’, To = to — l’, T = l — lo with @, = Vk*e*? + a? and W, = 
n/ k?c2 + b?. For a = 0, show that Eqs. (59) and (60) yield the result in Eqs. (7) 
[cf. Eqs. (1.1.61)]. 

(b) Decompose the trigonometric functions in Eqs. (60) into exponentials and 
apply to cach of the resulting integrals the asymptotic procedure of Problem 37 
when modified for a single & integration. Derive the relevant saddle-point 
equations and interpret them ray-optically. Show that for a = 0, the saddle-point 
(or ray) equation can be solved explicitly for k, = k,(z, t); derive the asymptotic 
solution for V and compare it with the asymptotic form of the exact solution in 
Eq. (7). For a + 0, show from the space-time ray configuration that the family 
of reflected rays corresponding to ray 3 in Fig. P1.6 may form a caustic, thereby 
producing wavepacket contraction (focusing). 


While dispersion generally acts to spread out an originally narrow pulse, fre- 
quency modulated (FM) pulses can be designed so as to interact constructively 
with a dispersive medium. In particular, a source-pulse frequency spectrum can 
besought such that pulse compression takes place at a specified space-time 
point, 

(a) To illustrate these aspects, consider FM pulse propagation in a homogeneous, 
cold, isotropic plasma, with excitation occurring in the plane z = 0 for a time 
interval 0 < ¢ < to; an enhanced and compressed signal is desired at z = Z at 
time ! = T, where T > to + (Z/c). For sufficiently large (Z, 7), employ 
asymptotic considerations and schematize the process by the focusing at (Z, 7) 


+L. B. Felsen and G.M. Whitman, “Wave Propagation in Time-Varying Media," JEEE 


Transactions on Antennas and Propagation AP-]8 (1970), pp. 242-253. 
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(a) Ray configuration for (b) Dispersion curve and 
focusing at (Z. T) frequencies correspond- 
ing to different rays 


wgl) 


(c) Source frequency 
profile 


FIG. P1.7 Synthesis of source-frequency profile for FM pulse 
compression. 


of the space-time rays emanating from the source region [Fig. P1.7(a)). Deter- 
mine the required source frequency spectrum W(t) by locating each ray & in 
Fig. P1.7(a) on the dispersion curve in Fig. P1.7(b) and noting the corresponding 
ray frequency @,; the source-frequency profile w = G(t) in Fig. P1.7(c) then 
follows from the intersections of the various rays with the ¢ axis. 

(b) To determine the source profile w,(t’) analytically, use the space-time ray 
equation 


v,(@KXT —t') =Z (61) 


where ¢’ denotes the departure time of the ray from the source plane z = 0, and 
v,(@) is the group velocity. Show for the cold isotropic plasma, whose dispersion 
relation is @* — k?c? — aè = 0, that 


"O (T — 1'0 
W(t ) aaa (T aes t’)? oy (Z/c* (62) 


When the plasma is inhomogeneous, show that Eq. (61) is replaced by 
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40. 


, = d% 
=T- o v(W, C)’ (63) 


where »(%, z) is the variable group velocity along a ray. Develop a graphical 
procedure for determination of W(t’), analogous to that of Fig. P1.7. (Note that 
w = constant on a ray in a spatially inhomogeneous medium.) 


Show that the first-order differential equation 
d 
AS) + a(s)w(s) = BGS) (64) 


has the solution 
w(s) = w(si) exp (— J" atm dn) + f" Bee) exp (— f'acnan) ač. (65) 


(a) Referring to the transport equations (1.7.18c) satisfied by the amplitude 
coefficients in the high-frequency asymptotic expansion (1.7.16) of the time- 
harmonic field in an inhomogeneous isotropic medium, and using Eq. (65), show 
that the solution for the mth order coefficient u,,(r) is given by: 


B (Y dA f 1 [nls dA(s)] 20, 
Um(t) = ulr) MES SAEED ae | - n Dats) [mesh gates FA Vium-s(s)ds, (66) 


where m = 0, 1,2.. (with w_, = 0); the integration variable s runs along a ray 
between points r; and r, and dA denotes the ray tube cross section. In obtaining 
the result in Eq. (66), note the equivalent forms (1.7.34) and (1.7.35b) for the 
lowest-order solution uo(r). Show that for one-dimensional propagation in a 
plane~stratified medium, the result for u, reduces to that in Problem 27. Show 
also that for validity of the lowest-order (geometric optical) approximation 
u(r) ~ u(r) exp [ko W(r)] in Eq. (1.7.16), it is sufficient to require 
[koto(r)n(r)]~' Vi u(r) < 1. 

(b) Transforming into the form of Eq. (65) the transport equations (1.7.72) 
satisfied by the amplitude coefficients in the asymptotic expansion (1.7.68) of the 
time-dependent field in an inhomogeneous, cold, isotropic plasma medium, show 
that the solution for the mth order coefficient u,,(R, T) is given by: 


R.t 1 
um(R, 1) = un(Rs, t| BR] — SI = ' yh 75 EQ Sige tev: 


(67) 


where m = 0,1,2... (with u_; = 0), the integration variable s runs along a 
Space~time ray between points (R,, T,) and (R, T), and AR denotes (in hyperplanes 
T = constant) the ray-tube cross section in the (R, 7) four space (i.e., AR is a 
volume element in three space). The operator V? is defined as VY? = V} — 
0*/c?@t?, and @ = —Oy/dt, while V, is the four-dimensional group speed. In 
deriving Eq. (67), observe that the lowest-order solution uo(R, T) may be expressed 
either as in the first term on the right-hand side of Eg. (67) [see Eq. (1.7.78b)] or 
in a manner analogous to that of Eq. (1.7.35b). Noting that ds/V, = dt/c (see 
Fig. 1.7.10), simplify the form of the integral in Eq. (67) by changing the 
integration variable to T. 
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2. Network Formalism for Time-Harmonic 
Electromagnetic Fields in Uniform and 
Spherical Waveguide Regions 


2.1 INTRODUCTION 


The general theory of time-dependent and time-harmonic linear fields 
excited by prescribed sources in an infinite homogeneous medium has been 
given in Secs. 1.1-1.4 primarily for the simple case of unbounded media. The 
present chapter examines in greater detail the application of these general con- 
cepts to the time-harmonic electromagnetic field in waveguides with perfectly 
conducting walls bounding planes transverse to the rectilinear coordinate z or 
spherical surfaces transverse to the radial coordinate r. The boundaries for the 
former uniform waveguide configuration are defined by /(p) = 0, where p is 
the vector coordinate transverse to z, and for the latter non-uniform waveguide 
configuration by F{0, $) = 0, where 0 and ¢ are angular spherical coordinates; 
uniform and non-uniform waveguides are distinguished by whether or not the 
Cross sections along the axial direction are constant. The media filling these 
regions are assumed to be isotropic but may vary abruptly or continuously with 
z and r, respectively, as schematized in Fig. 2.1.1. As noted in Sec. 1.4 for 
uniform regions, the waveguide concept is useful even for unbounded cross 
sections, especially when the medium parameters vary along the axial direction. 

The basic procedure for obtaining field solutions is essentially the same as 
in Sec. 1.4 and utilizes representations of field variables and their sources in 
terms of a complete set of vector eigenfunctions. Since the orthogonality pro- 
perties of the eigenfunctions involve only field components transverse to the 
transmission coordinate [see Eq. (1.4.30) for uniform regions), it is possible to 
seek modal expansions of the independent transverse fields E, and H,, and to 
derive therefrom the dependent longitudinal components. A complete represen- 
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cross section 


longitudinal view 


(a) Uniform 


cross section alr = ro 


tlhhtree-dimensional view 


(b) Non-uniform (spherical) 


FIG. 2.1.1 Waveguide regions. 


tation in terms of E(TM) and H(TE) modest is utilized in Secs. 2,2b and 2.5b 
for uniform and spherical waveguides, respectively, to represent the transverse 
fields and also their equivalent sources, General properties of vector-mode 
functions in isotropic regions are discussed; their explicit evaluation for various 
cross-sectional configurations is deferred to Chapter 3, and generalizations to 
anisotropic regions are considered in Chapters 7 and 8. It is shown that on use 
of modal representations and orthogonality properties, equations satisfied by 
the transverse vector field may be reduced to Z- or r-dependent scalar transmis- 
sion-line equations for the modal amplitudes, analogous to those in Eq. (1.4.15) 
or (1.4.36b). 

As noted in Sec. 1.1b, calculation of vector fields is often facilitated through 
use of scalar potentials. For transversely unbounded uniform regions, this 
scalarization has been derived, for example, in Eqs. (1.1.38) [see also Eqs. 
(1.1.49)]. In Sec. 2.3, scalarization of vector flelds in transversely bounded 
uniform regions is achieved by introduction of complete orthogonal sets of 


{The abbreviations TM and TE stand for transverse magnetic and transverse clectric, 
respectively; in uniform regions, H, = 0 for the former and E, = 0 for the latter, whereas 
in spherical regions, correspondingly, H, = 0 and E, = 0. Sec Sec. 8.2 for a general deriva- 
lion and further discussion of E- and H-mode decompositions. 
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scalar-mode functions; the latter are then used to yield modal expansions for 
the scalar potentials. Although this procedure of formulating vector fields in 
terms of scalar potentials is more circuitous than that in Sec. 1.1b, it has the 
advantage of furnishing the actual potential solutions. As in Chapter 1, it is 
recognized that calculations of fields excited by arbitrary source distributions 
are simplified via dyadic Green’s functions. On introduction of one-dimensional 
transmission-line Green’s functions, with reciprocity properties similar to those 
of three-dimensional dyadic Green’s functions, one may develop modal solutions 
for the latter, both for piecewise homogeneous media and for media exhibiting 
continuous z variation. These derivations form the substance of Sec. 2.3. 

The transmission-line equations formulated in Sec. 2.2 and utilized in Sec. 
2.3 are solved in Sec. 2.4 for the special case of media with piecewise homo- 
geneous z dependence (continuous z variation is treated in Secs. 3.3 and 3.5), 
Emphasis is placed on network schematization of excitation, transmission and 
reflection processes, and on network methods for calculating transmission line 
voltages and currents; the latter represent the amplitude coefficients in modal 
expansions of the transverse electric and magnetic fields, respectively. Section 
2.4 concludes with a brief summary of the relation between modes and resonant 
transmission lines, a subject to be explored more fully in Sec. 3.3. 

Fields in spherical waveguide regions are analyzed in a manner similar to 
the above, with the presentations in Secs. 2.5, 2.6, and 2.7 paralleling those in 
Secs. 2.2, 2.3, and 2.4, respectively. 


2.2 DERIVATION OF TRANSMISSION-LINE EQUATIONS IN UNIFORM 
REGIONS 


2.2a The Transverse Field Equations 


In this section, the transformation of the inhomogeneous, steady-state 
Maxwell vector field equations into the scalar transmission-line equations for a 
typical mode is summarized for the case of a uniform waveguide depicted in 
Fig. 2.1.la. The procedure is similar to that given in Sec. 1.4 for isotropic 
linear fields in homogeneous unbounded regions, but it is generalized here to 
admit regions possessing transverse boundaries and longitudinal stratification. 
The steady-state electromagnetic vector fields excited by a specified electric 
current distribution J(r) and magnetic current distribution M(r) are defined by 
the field equations 


V x E(r) = —jwyH(r) — M(r), 
V x H(r) = jweK(r) + J(r). 


On the perfectly conducting boundary of the uniform waveguide, the tangential 
component of the electric field must vanish, i.e., 


(1) 


vx E=0 on s, (1a) 
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where s denotes the curve bounding the transverse cross section S and v is a 
unit vector normal to sand lying in the plane of the cross section. The vanish- 
ing of the tangential component of E on s also implies the vanishing on s of 
the normal component of H. For a region with infinite cross section, condition 
(1a) is replaced by a “radiation condition” which requires that, for any source 
distribution contained in a finite region, the field solution at infinity comprises 
only “outgoing” waves. The boundary conditions on the longitudinal (z) termini 
of the region are left open for the moment and will be taken into account in 
the subsequent solution of the transmission-line equations. A harmonic time- 
dependence exp (+ jmf) is assumed,t whence to obtain the solution for fields 
with arbitrary time variation, a temporal synthesis as described in Sec. 1.4 must 
be carried out as well. For the present discussion, the scalar permittivity € and 
the permeability x of the medium may both be z dependent. 

As noted in Sec. 1.4, orthogonality conditions for modes guided along z in- 
volve only field components transverse to z. It is therefore desirable to eliminate 
the dependent components E, and H, from Eqs. (1) and derive field equations 
for the independent transverse components. To this end, one takes vector and 
scalar products of Eqs. (1) with the longitudinal unit vector zo Thus, 


joull x % +M x z = z x (V x E) = —ZE + VE, 


-2E +VE Qa) 


and 
—JouH, — M, = Zo ° (V x E) = —V, f (Zo X E), (2b) 


where the transverse gradient operator V, = V — z,0/dz. Similarly, for the 
second of Eqs. (1), one has, by duality, 


jatz x E +z x J = V,H, — oH, (3a) 


jJOCE, + J, = V,-(H x Zo). (3b) 
Upon substituting for E, in Eq. (2a) from Eq. (3b), one obtains 


fr a EE A x (V,V, - H, X Zə — V,J,) + M, x Z 


= jou ( vy). (H, x Z) + Mi. X Zo, (4a) 
and, by aa" 

H, TOAZ E J 4b 

-È H, = joe (1 + Wi) «(ay x E) + zo X Jus (4b) 


where the equivalent transverse electric and magnetic current distributjons are 
given, respectively, by 


tAn exp Uwi) dependence is customary in applications involving electrical networks 
and in this chapter is chosen for this reason. 
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VM V.xM 
J, = J, — tS z= J, L- J 5 
VI V,x J 
M, = M, + == = — — 


The quantity k = @e)'” is the wavenumber in the region and I is a unit 
dyadic such that ]-A=—A-I=A. 

The transverse field equations (4) and (5), which admit a z-dependent € and 
j, provide the basis for the treatment of field problems in uniform waveguides.t 
They are completely descriptive of the total field equations (I), since from Eqs. 
(2b) and (3b), the longitudinal components are derivable from the transverse 
components as 


jJWtE, = V, | (H, X 2) — J, (6a) 
jopH, = V, + (z, x E,) — M, (6b) 
The boundary condition (la), requiring the vanishing of the rotal tangential 


electric field on the perfectly conducting guide walls, can be restated in terms 
of the transverse field components as 


iri 
n 
V, : (H, x Zz) = 0 i 


where the second relation follows from Eq. (6a) upon assuming that J, = 0 on 
s. This restriction, which requires the vanishing on the boundary of the z com- 
ponent of the applied electric current source, is of no practical consequence 
since an applied tangential electric current source on a perfectly conducting 
surface is “short-circuited” and cannot radiate a finite field. 


(7) 


2.2b Modal Representation of the Fields and Their Sources 


As noted in Sec. 1.4c for the special case of free space, the vector electro- 
magnetic field equations can be transformed into ordinary scalar differential 
equations on representation of the fields in terms of a complete orthonormal 
set of “guided” eigenfunctions. Although in Sec. 1.4c, this representation was 
performed in terms of ¥ eigenvectors indicative of both the electric- and mag- 
netic-field vectors, it could equally well have been effected by individual vector 
representations of the electric field E in terms of eigenvectors e(p), of the 
magnetic field H in terms of eigenvectors h(p), etc. This latter procedure will 
be followed for field representations in the bounded regions considered in this 
Chapter. For a perfectly conducting waveguide filled with a homogeneous, 
isotropic medium, a possible complete eigenvector set comprises both E(TM) 
mode functions e’(p), h’(p) and H(TE) mode functions e’(p), h’(p); these mode 
functions are defined below in Eqs. (10) and in Sec. 2.3a; justification of the E- 
and H-mode decompositions is treated more generally in Sec. 8.2. In terms of 


tFor an analogous treatment of waveguides filled with anisotropic media or with media 
possessing transverse variation, see Sec. 8.2. 
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the indicated mode functions, a representation of the independent transverse 
fields is given as *? 


E(r) = 2 Vitzde(p) + 3 Vi'(z)er'(), (8a) 
Hy(r) = E KW) + E Izh), (8b) 
Jt) = Diep) + E eD), (8c) 
Mr) = Z v(z)hi(p) + E vi(z)b/(), (8d) 
where / is in general a double index, and 
h, = Zo X &. (8e) 


In view of Eqs. (6) and (8) one obtains the longitudinal-field representations 
[by Eqs. (10), only E modes contribute to the representation of £,, while only 
H modes contribute to the representation of H,] 


jO@€E,(r) + Jr) = 2 I(2)V, : e(p), (9a) 
jeouH (x) + Me) = E VO, - Wp) (9b) 


The specific form of the transverse vector eigenfunctions e, and h, is de- 
pendent on the shape of the guide cross-section and is, in general, defined by 
the following z-independent equations [see Eqs. (8.2.25)]: 

V,V,-e = — kže, V.V,- bh = — khi, 
(10) 
V,V, i h; = 0, V.V, e; = 0, 
subject, in accord with Eqs. (7), to the boundary conditions on the curve s with 
normal v bounding the transverse cross section: 
vxe=0=V,-(h xm) v xe =O=V,- (hy x Zo) ons. (10a) 
One notes from Eqs. (10a) that the vector mode functions introduced in the 
representations (8a) and (8b) satisfy individually the appropriate boundary 
conditions (7) on the transverse electromagnetic fields. Moreover, since applied 
electric and magnetic currents have no tangential or normal components, re- 
spectively, at a perfectly conducting surface, the representations for the source 
currents in Eqs. (8c) and (8d) are likewise meaningful for realizable source 
current distributions on the boundary. 
Upon applying the following transverse form of Green’s theorem,f 


ff asta -V,V,-B—B-V,V,- A] 
S (lla) 
= $ ds{(A - vX, - B) — (B- v\(V, - AJ], 
tEquation (11a) is obtained by applying the divergence theorem in the transverse cross 


section to the expression 
V,- (AV, - B — BV,- A] = A-V,V,-B-—B-V,V,-A 
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where A and B are suitably continuous transverse vector functions, to the vector 
mode functions defined in Eqs. (10), one deduces the orthogonality conditions 
over the cross-sectional domain S (normalization to unity is assumed): 


ffe- erdS =u = [fer etas ffe- etas=0, — (11b) 
s $ s 


and similarly for the h, functions. The asterisk denotes the complex conjugate,t 
and the Kronecker delta is defined as follows: 6,, = 0, i = j; 6, = 1. In view 
of these orthonormality properties, the mode amplitudes in Eqs. (8) are deter- 
mined as follows: 


V(z) = [[Ede)-er(p)ds, I2) = ff Hit) - hř(p)as, (12a) 


v(z) = [| Male) br(p) ds, idz) = fS Iulr)  e%(p) dS, (120) 


where the distinguishing ’ and ” have been omitted since the equations apply to 
both mode types. Utilizing the equivalent current definitions in Eq. (5) and 
employing the vector integration-by-parts formula (divergence theorem in two 
dimensions) 


[fasv,s- A= -|| dSfV A +$ ds fla-v), (13) 


with f and A suitably continuous scalar and vector functions, one may reexpress 
the integrals of Eqs. (12b). The contribution to the gradient integrals from the 
bounding contour s vanishes in view of the boundary condition h, - v = 0 (Eq. 
(10a)] and the specification J, = 0 on s, so Egs. (12b) become 


vz) = [Í Me) > bep) ds + Zr ff I(r) + ex(p) as, (14a) 
idz) = [Í Ser) - elp) aS + Y7 [È M(x) - bx(p) as, (14b) 
where : > 
Waea e a i 
Y, hip) = Zo jop 9 ri — 0, (1 ) 
Zie (Pp) = Zo Y, eko), e% = 0. (14d) 


The vanishing of h;, (for E modes) and of e%, (for H modes) follows directly 
from Eqs. (10). The introduction of the characteristic impedance and admittance 
Z,and Y7 (defined explicitly in Eqs. (15)] serves to highlight in a physical sense 
the contributions of the various integrals as either voltages or currents. It is to 
be noted that the formulations in Eqs. (14) do not require differentiability of 
J, and M, in the cross section S as implied in Eqs. (5) and (12b). 


Since the mode functions may be complex, although &/? and &/? are real, the orthog- 
Onality condition involves the complex conjugate function. 
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Upon inserting the modal representations (8) into the transverse field equa- 
tions (4), interchanging the order of summation and differentiation, making 
use of Eqs. (10), and equating like coefficients of the mode functions e, and h,, 
one obtains the desired transmission-line equations for the E- and H-mode 
amplitudes as [see Eq. (1.4.35b)] 


-Z = jk, Zl, + Vis (15a) 
A = JK Y, V, + in (15b) 


where the modal characteristic impedance Z, (admittance Y,) and the modal 
propagation constant x, are defined as follows: 


E modes: 
Tie a = ea JP R = JER, 50) 
t 
H modes: 
Zl = gr =% K = JP RP = jR (45d) 
1 i 
k? = a? ue, and both y and € may be functions of z. The form of Eqs. (15a) 
and (15b) permits identification of V, and J, as transmission-line voltage and 
current,’ respectively. The choice of sign on the square roots in Eqs, (15) assures 
the damping of non-propagating modes (x, imaginary) away from the source 
region for the assumed time dependence exp (+jmr). The evaluation of the 
source voltage v, and current i, amplitudes follows directly from the specified 
electric and magnetic source currents J and M via Eqs. (14a) and (14b). Solu- 


tions of Eqs. (15a) and (15b) for various stratifications and terminations in the 
z domain are discussed in Secs. 2.4 and 3.3b. 


2.3 SCALARIZATION AND MODAL REPRESENTATION OF DYADIC GREEN’S 
FUNCTIONS IN UNIFORM REGIONS 


Solutions for the vector electromagnetic field excited by prescribed sources 
in a uniform waveguide region bounded by perfectly conducting walls (if any) 
and filled with a transversely homogeneous material follow from the represen- 
tations in Eqs. (2.2.8) and (2.2.9); the vector-mode functions are evaluated from 
Eqs. (2.2.10) and the modal amplitudes from Eqs. (2.2.15) subject to appropriate 
boundary conditions in the z domain. Solution of the vector eigenvalue problems 
in Eqs. (2.2.10) is facilitated by introduction of scalar-mode functions. The 
scalarization achieved in this manner may be utilized to define E- and H-mode 
(Hertz) potentials from which the electromagnetic fields themselves can be de- 
rived. For point-source excitation, these potentials are equivalent to the scalar 
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Green’s functions that have been introduced in Eqs. (1.1.38) and (1.1.49) with- 
out intervention of an eigenfunction expansion, The procedure discussed below 
yields explicit modal representations for these functions, or equivalently for the 
customarily defined Hertz potentials related to them, and thereby solves the 
scalar potential problems. We first express vector-mode functions in terms of 
scalar-mode functions, and then scalarize the overall field representation. 


2.3a Mode Functions 


In representing the transverse electric vector field E, in Eq. (2.2.8a) in terms 
of two independent vector mode sets {e'} and fe], use has been made of a theo- 
rem which states that any transverse vector can be decomposed into two parts, 
one of which is solenoidal and the other of which is irrotational.* The vector 
set {e} is irrotational (i.e., V, x e; = 0in S), while the vector set {ef} is sole- 
noidal (i.e., V, + e’ = 0 in S) [see also Eqs. (2.2.10)]. In view of these properties, 
the vector-mode functions e; and e; can be represented as gradients and curls 
of scalar functions ®, and y, as follows: 


e(p) = — 2p) (1a) 

e/(p) = VEAP? x a (1b) 
and, consequently, 

WP) = —z x AP, (Ic) 

Wep) = -Epe (ld) 


By Eqs. (1) and (2.2.10) the mode functions ®, and w, are defined by the 
two scalar eigenvalue problemst 


Vib, + kid, =0 in, (2a) 
®, = 0 on s if ki, + 0, 
(2b) 
2, = 0 ons if ki, =0 (TEM mode), 
and 
Viy, + key = 0 in S, (2c) 
OY, _ 2d 
A =0 ons. (2d) 


tThe vector-mode functions for the TEM (transverse electromagnetic) case are deter- 
mined via e (p) = hy(p) x z= —Vr@o(p), where ,(p) is the solution of Eq. (2a) with 


ki, = 0, with the normalization ff. eXp)dS = I. 
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Specific solutions of Eqs. (2) for various guide cross sections are tabulated in 
Chapter 3.7t 


2.3b Fields in Source-Free, Homogeneous Regions 


Using Eqs. (1) and assuming interchangeability of summation and differen- 
tiation operations, one may write Eqs. (2.2.8a) and (2.2.8b) as 


E(r) = —V,Vi(r) — V, V” (r) X Ze, (3a) 

H,(r) X z = —V, F (r) — VI") X Zo, (3b) 

where the potential functions V’(r), /'(r) and V’'(r), I’'(r) are defined as follows: 
Ve) = DV), ve) = Devi AP, (4a) 

1) = DH), ro = EOL (4b) 


The potential functions in Eqs. (4) are related to the Hertz potentials II’ and 
TI” (Eqs. (1.1.42) and (1.1.53)} by 


II'(r) = a I(r) = y TO, (5) 


From Eqs. (3) and (2.2.6), the an fields can be expressed at any 
source-free point where € and # are non-variable as’ 
E(r) = V x V x [z M'(r)] — jou x [z II"(r)), (6a) 
H(r) = joeV x [zoII’(r)] + V x V x [z II"(r)]. (6b) 
The two independent functions 7'(r) and V’'(r) in Eq. (5) suffice to determine 
the total fields via Eqs. (6). In a source-free region, V'(r) and I(r) are obtain- 


able from //(r) and V(r), respectively, by differentiation with respect to z, as 
is evident from the transmission-line equations (2.2.15). Thus, 


1 1 dI(z)®(p) _ , 
Pie 2 —jK6YÝ d k, aR. (7a) 


and, similarly, 


Lo yu 


Equations (2) and (2.2.15) may be used to verify that in a source-free, 
homogeneous region, the Hertz potentials II’ and T”, given by Eqs. (4) and 
(5), satisfy the wave equations 


(V? + + en = (8) 


I(r) Z 


tlt should be pointed out that the scalar eigenfunctions ®, and y,, like the vector eigen- 
functions e; and e;, each form an orthonormal set (see Sec. 3.2). Normalization of these 
scalar eigenfunctions differs from that used in Reference 2. The relation between the 
cigenfunctions here and those in Reference 2 is the following: 


KAD) cet.2 am ®,, Kilwilret.2 = Wu 
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2.3c Green’s Functions for the Transmission-Line Equations 


To obtain explicit solutions for the Hertz potentials in source regions, it is 
necessary to relate the modal coefficients in Eqs. (4) to their excitations. For 
this purpose, it is convenient to introduce modal Green's functions that are one- 
dimensional scalar analogues of the dyadic Green’s functions defined in Sec. 
1.1b. In view of the linearity of the transmission-line equations (2.2.15), one 
can obtain the voltage and current solutions at any point z by superposing 
separate contributions from suitable point voltage and current generators distri- 
buted along points z’. In analogy with Egs. (1.1.19), one thereby finds’ 


V(2) = —{ dz' T(z, 2" 2!) — | dz’ Z(z, z'Vi(2') (9a) 
Kz) = -Í dz' Y(z, z')o(z’) — { dz' T(z, 2')i(z’), (9b) 


where the mode subscript ; has been omitted. Equations (9) reduce the problem 
to that of determining T” (z, z’), ¥(z,2z') and Z(z, z’), T/(z, 2'), whose stgnificance 
as modal Green's functions is evident: —T"(z, 2’) and — Z(z, 2’) are the com- 
ponent voltage responses at z due, respectively, to a unit voltage and current 
source (generator) at the point z’, while — Y(z, z’) and —7‘(z, z‘) are the cor- 
responding current responses to the same excitations. Thus, if in Eqs. (2.2.15), 


one sets v(z) = —0(z — z') and i(z) = 0, there results 
-4 T'(z, z’) = jKZY(z, z') — &(z — 7’), (10a) 
-7 Y(z, 2’) = jkYT”(z, 2’), (10b) 
and, if v =0,i = —ô(z — 7'), 
-5 Z(z,z') = jKZT (2, 2’), (10c) 
-5 T(z, z') = jKYZ(z, 2') — 0(z — 2’), (10d) 


subject to as-yet-unspecified boundary conditions at the z terminations. 

The modal Green’s functions defined in Eqs. (10) satisfy reciprocity prop- 
erties when x and Z are either constant or z dependent. We consider a given 
terminated transmission line to be excited by two separate source distributions: 
the first, 22), i(z), giving rise to V(z), 1(2); and the second, 6(z), i(z), giving 
rise to F(z), /(z). Both sets satisfy transmission-line equations: 


—& = jxZ1 +», (11a) 
-7 = jKYV +- i, (Lib) 


and 
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-Z = jxZI + ô, (11c) 
-d = jey? +i. (11d) 


Upon multiplying Eqs. (11a)-(11d) by /, Vi1V, respectively, subtracting the 
sum of the resulting Eqs. (1 !a) and (11d) from the sum of Eqs. (116) and (11c), 
and integrating over z between the limits z, and z,, one obtains 


(PI — IV) = f dzwl + iV — i — ôD. (12) 

Both sets of voltages and currents satisfy the same terminal conditions at z, 
and zZ: 

Vz) = FMa) Pd = FZ), (13) 

where Z(z,:) are terminal impedancest (see Sec. 2.4 for details on the network 

interpretation of the transmission-line equations). Thus, the left-hand side of 


Eq. (12), expressing the difference between the values at z, and z, of the 
bracketed quantity, vanishes and one obtains the reciprocity relation 


("deol + iV — iP —6n =0. (14) 


To apply the reciprocity condition (14) to the modal Green’s functions de- 
fined in Eqs. (10), one selects the following special source distributions: 


(a) y= 6=0, i= -K2-7') (= —H(z — 2"); 
V — 2(z, 2’), ar Z(z, 2"), 

(b) i=i=0, v= —ôlz — z’), 6 = —ĝ(z — z"); 
I— Y(z,z'), Í— Y(z, 2"), 

(c) yv=i=0, i= —ô(z — 7'), ô= —Hz — 2"); 


I> T(z, 7), ¥ > T(z, 2"), 


whence one obtains the following reciprocity theorems: 


(a) Z(z", z’) = Z{z', z"), 
(b) Y(2"'", z’) = Y(z', 2"), (15) 
(c) T2", z’) = =T" (z. z"! ; 


which bear evident similarities to those for the dyadic Green’s functions listed 
in Egs. (1.1.29). 

In view of the reciprocity relation (15c) between T’ and T” one deduces 
from Eqs. (10) the important fact that the general solution for the voltage and 
current in a source-free region can be expressed solely in terms of either Y(z, z’) 
or Z(z, z'). Suppose we have found Y(z, z’); then T” is obtained from Eq. (10b). 


{Fox clarity, it is recalled that in this section, Z, Z(z,), and Ziz, z’) denote, respectively, 
the characteristic impedance, the terminating impedance at z,, and the voltage Green's 
function for the ith mode. 
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Because of the reciprocity theorem, a knowledge of T” implies the knowledge 
of T’, which in turn determines Z(z, z’) via Eq. (10d), provided that z + 2’ 
(i.e., away from the source). Thus, all the required information is contained in 
Y(z, z'); an alternative statement applies for Z(z, z’). Actually, one can also 
determine the voltage and current in a source-free region from either T’ or T”; 
however, as is shown in Sec. 2.4d, the basic Green's functions are the transfer 
impedance Z(z, z’) and the transfer admittance Y(z, z’), from which T” and T” 
are derivable. Because of the fundamental role played by the current (i.e., the 
E, field component) in the case of E modes, it is usually convenient to deter- 
mine E-mode solutions from Y(z, z’); by duality, the Green's function Z(z, z’) 
is usually more convenient for H-mode quantities. 


2.3d Modal Representations of tbe Dyadic Green’s Functions in a Piecewise 
Homogeneous Medium 


As shown in Sec. 1.1, the electromagnetic fields radiated by point current 
excitations are conveniently expressed in terms of dyadic Green’s functions. In 
this section we derive modai solutions for the dyadic Green's functions in regions 
whose properties are constant along the z direction and show how the dyadic 
Green’s functions can be related to scalar Green’s functions. 

From Eqs. (6) one notes that the electromagnetic fields E(r) and H(r) ex- 
terior to source regions can be expressed in terms of the scalar potential func- 
tions J'(r) and V'’(r) defined in Eqs. (4). If the assumed sources are electric and 
magnetic current elements situated at the point r’, 


Jr) = Iôr — rv’),  M(r) = M°S(r — r’), (16) 


where J° and M’ are arbitrarily oriented constant vectors, then the modal rep- 
resentations for J’ and V” in Eqs. (4) can be simplified. Consider first the E- 
mode current /,(z) occurring in the representation for the E-mode current 
potential J'(r) in Eq. (4b). Upon recalling the definitions for the transmission- 
line Green’s functions ¥,(z, z') and THz, 2') in Eq. (9b), one notes that for a 
point source 


H(z, 2') = —Y¥(z, 2!)u(2') — T(z, ziz’), (17) 


where the dependence of Ji(z) on z' has been indicated explicitly and the sub- 
scripts have been inserted to highlight the modal character of the various 
quantities (for a network interpretation, see Fig. 2.4.4). It will be desirable to 
have T;'(z, 2’) expressed in terms of Y/(z, z’). From Eqs. (1 5c), (10b), and (1 5b), 
one finds that 

l a -l d 
jk, Y, dz’ IK, Y, dz! 
Since x, Y; = we for E modes [see Eq. (2.2.15)], one obtains, instead of Eq. 
(17), 


Ti(z, z) = ~T¥(z’,z) = Y,(z’, 2) Y(z, z'). (18) 


Iz, z) = SA) + i He) ZS | HG, 2" (19) 
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In a similar manner, one can show that the H-mode voltages V’/(z), occurring 
in the representation of the voltage potential function V(r) in Eq. (4a), can be 
expressed in a manner dual to that in Eq. (19): 


n A — an POLS AY 7 er t 1 
Vite, 2!) = SEE) + hoe) aZe (20) 


Since d(r — r') = 6(p — p')ô(z — z’) in Eq. (16), the source terms v, and 
i, defined in terms of J and M by Eqs. (2.2.14), take on the following simple 
form: 


vz) = v(z’)O(z — 2’),  i(2) = i(2")6(z — z’), (21) 
v(z’) = ht(p’) < M° + Zreži’) - J°, (21a) 
i(z') = e#(p’) - J° + Yi hh(p’) - Me. (21b) 


Upon substituting the scalar mode functions via Eqs. (1), one finds that for E 
modes, 


fen + bine 8) 
fee) + ey i 
= n D? | mo _ € | n 2p). a, 
= (ee X Ye M jwe (zV; = Vy; m) e? 
(22) 
where V; denotes differentiation with respect to the primed coordinates p’. In 
view of the vector identities 


Zo X Vig = —V’ x (z0) - —(V' x 4 (23a) 
and 


(viza -avee = (Vz — mV") 
= V'(V' - 2.9) — V"(zop) > (V' x Vi x mp, (23b) 
where g is a scalar function of p’, one obtains the following concise expression 
for I(r) after substituting Eqs. (19)-(23) into Eq. (4b): 
I(r) = (V! x VW! x S(r, r) - J? — jwe(V! xX 2)SA'(r, r')- Me, (24) 
where 


joc, e) = FOC) 2,2) Qa) 


The meaning of the operations (V’ x Zo) and (V’ x V’ x Zo) is defined in Egs. 
(23a) and (23b), respectively. Equations (24) evidently are valid only when 
ki, # 0 (i.e., any possible TEM modes are excluded).t If the waveguide structure 


+The interchange of operations of summation and differentiation, assumed valid in 
deriving Eqs. (24) from Eqs. (4), may not be permissible in certain problems involving 
continuous spectra of eigenfunctions (see Sec. 5.2b). [Similar remarks apply to Eqs. (25).} 
In these instances, the above expressions are to be considered as formal and must be pro- 
perly interpreted [see Eq. (1.1.38) for related comments pertaining to the operator 1/V?]. 
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can support one or more TEM modes, the contribution to the radiated fields 
from these modes must be taken into account separately [see footnote to Eq. 


(2b)). 
For the H-mode potential function V(r) in Eq. (4a) one obtains by analo- 


gous considerations the dual representation 
V"(r) = JOUN’ X 2) S(r, r) P+ (V XV! x 2) P(e, r) M, (25) 


where 
x ? 
juf") =E a a Z"(z, 2'). (25a) 


w, are the scalar H-mode functions defined in Eqs. (2). 

Upon substituting the representations for I'(r) and V''(r) from Eqs. (24) and 
(25) into Eqs. (6), one obtains the desired formulation for the electromagnetic 
fields observed at r due to vector point-source excitations of electric and mag- 
netic Currents at r’ as in Eq. (16) [see Eq. (3a)]: 

E(r, ec’) = — Z (r, r') - Io — F (r, vr’) M°, (26a) 

H(r, r') = — F nlr, 2’) - Jo — Y (r, r') - M° (26b) 
where 2, Y and J ,, J „ are the dyadic impedance, admittance, and electric 
and magnetic transfer functions, respectively [see Eqs. (1.1.49) with r 4 r’]*: 


— ja? (r, r') = (V x V Xx XV’ x V' x air, r’) 


+ kV X MV! x Zo)" (r, r’) (27a) 
— jO uY (r, er) = (V x V Xx AV x V' Xx Zf” m,r) 
+ k?(V X ZAV’ X S(r, r’), (27b) 
F (r,r) = (V x V x zAV’ x 2)S'(e, r') 
+ (V x ZV x V’ Xx 2) ”(r, r’), (27c) 
—I (rr) = (V x V X V’ Xx Z)" (r, r) 
+ (V x z,)(V’ x V’ x 2)A"(r, r’), (27d) 


where k? = w* ye = constant. Via Eqs. (27), the dyadic Green's functions are 
expressed in terms of scalar functions Y’ and S” in what appears to be a 
fundamental form. The symmetry inherent in the expressions is to be noted. 
In Egs. (32b) and (33b) the functions — V2 F' and — V? S" are shown to be 
scalar Green’s functions that satisfy Eqs. (36) and (37). Since from Egs. (15), 
Yi(z, 2’) = Yi(z', z) and Z/(z, z^) = Z!'(z’, z), it follows from the modal repre- 
sentations for FY’ and S” in Eqs. (24a) and (25a), respectively, that for real 
D, and Wat 

tAithough not always convenient, the mode funciions ®, and y; in regions bounded 


either by perfectly conducting walls, or else unbounded, can always be chosen real. Only 
such regions, wherein k2 is real, are considered above. 
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FP yry= Avr), SU’) = Slr, r), (28) 
whence, from Eqs. (27), 

Zir, r) = Flr, r), Yl r) =r, Ir, r) =S ale, e), (29) 
where the tilde (~) denotes the transposed dyadics. We therefore verify the time- 
harmonic furm of the reciprocity conditions derived previously in Egs. (1.1.29), 
where for ease of identification we have changed the notation to 

Bı = 2, Ga = Fa Ga = F ae Ga = Y. (30) 
To include also the point r = r’, Eqs. (27) must be modified as in Eq. (1.1.38) 
or (1.1.49). 
Equations (24) and (25) simplify considerably for the case of longitudinal 
sources, 
J = 2s’, M = z M’. (31) 
From Eq. (23a) one notes that (V’ x Zo)® > 2 = 0, while from Eq. (23b), 
(V' x V’ x WẸ > Z = —V E. One may write 
I'v) = J°G'(r, r'), (32a) 
where, in view of Vr (p) = ~ki? @i(p’) or V2O(p) = —k} Op), 
G'(r, r) = ~V} F'r,r) = — VS (r, r’) 


~ ey Z OPDP YAZ, 2’). (32b) 


Similarly, one writes 
V"(r) = M°G” (r, r’), (33a) 
with 
G” (r, r) = —VP S" (e, r') = — VS" Cr, r') 
I , Ld ? 

= joy 2 yi(PwE IP), 2’). (33b) 
One notes from Eqs. (32) and (33) that a longitudinal electric current source 
excites only E modes along z while a longitudinal magnetic current source excites 
only H modes. The fields are now determined by the following simplified form 
of Eqs. (26): 


Err) = ZW x V x 2)G'(r, r') — MYY x 2)G"”(r,r'), (34a) 


H(r, r’) = JV x 2,)G'(r, ’) + x (V x V x z)G”(r, r’). (34b) 


We show now that G’ and G” are scalar Green’s functions satisfying, subject 
to appropriate boundary conditions, the scalar wave equation with an inhomo- 
geneous term —d(r — r’). Let the operator (V? + k?) act on G’ as represented 
in Eq. (32b) and assume that the operations of summation and differentiation 
can be interchanged. lhen, since V?®, = —k?®, and x? = k? — ki}, 
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g? 2\ 7 n 1 PY È 2) y ' 35 

(v: + 24 e) r) = Ag E OWO; O(a te) Yiez) BSa) 
—9(z — 2') 2 Dp)D (p) 

—ô(z — z')ôlp — p') = —ôlr — r’). (35b) 
The transition from Eq. (35a) to Eq. (35b) follows via the differential equation 
for Yi(z,z’) obtained on elimination of TY(z, z') from Eqs. (10a) and (10b), 
while the identification of the mode function series as 6(p — p’) is discussed in 
Chapter 3 [see, for example, Eq. (3.2.17a)}. Thus, the E-mode function G’ is 
a scalar three-dimensional Green’s function which satisfies the inhomogeneous 
wave equatian 


(V? + K)G'(r, r') = —d(r — r’) (36) 
subject on the perfectly conducting waveguide boundary s, to the same bound- 
ary condition as (p) [see Eq. (2b)], 


G'(r, r') = 0, rons. (36a) 


The boundary conditions on G’ in the z domain will depend on stratification 
along the z coordinate. For example, across a dielectric interface at z = 2,, the 
transverse electric and magnetic fields are continuous, so the voltage and current 
in each mode are continuous [see Eqs. (2.2.84) and (2.2.8b)]. Since Y‘(z, z’) 
represents a current, continuity of Y;(z, z') across z, implies from Eq. (32b) that 
G'(r, r’) is likewise continuous across z,. From the transmission-line equations, 
the mode voltage is proportional to (1/x; Y/)(d/dz)Y{(z, 2’), and since x; Y, = 
@é€, continuity of voltage implies via Eq. (32b) that (1 /€)(0/dz)G‘(r, r’) must 
likewise be continuous at z,.t Thus, we find that G’ and (1 /e)(0G’ /dz) are re- 
quired to be continuous across a dielectric interface. Similarly, if the region is 
terminated at z, in a perfectly conducting plane on which the transverse electric 
field vanishes, each modal voltage vanishes and requires that 0G’/dz = Oat z,, 
while for an unterminated z domain, a “radiation condition” requiring an out- 
ward flow of energy is appropriate. The modal representation for G’ in Eq. 
(32b) thus constitutes the solution of the Green's function problem posed in 
Eq. (36) subject to the above-discussed boundary conditions. 

By analogous considerations, one shows that the H-mode Green's function 
G” in Eq. (33b) satisfies the inhomogeneous wave equation 


(V? -+ 2)G"(r, r') = —ô(r - r’), (37) 


subject on the perfectly conducting waveguide boundary s to the same condition 
as w,(P) [see Eq. (2d)], 


te and x in Eqs. (24a), (25a), (32b). and (33b) have constant values appropriate to the 
medium containing the source point z’; in Eqs. (24), (25), (27), and (34), « and u have con- 
stant values appropriate to the medium containing the observation point [see also Egs. 
(38), (40), and (42)}. These remarks are relevant for analysis of media with piecewise con- 
stant € and z. 
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6G" a 
ae 0 on s. (37a) 


The boundary conditions satisfied by G” in the z domain are dual to those on 
G'. At an interface plane z = z,, G” and (1/#)(0G"/ðz) must be continuous, 
while at a perfectly conducting plane, G” = 0.t It follows from Eqs. (32b), 
(33b), (36), and (37) that the scalar functions S(r, r’) and A’’(r, r') satisfy the 
time-harmonic form of the differential equation (1.1.38b), subject to boundary 
conditions identical with those on G’ and G”, respectively. The recovery of 7’ 
and Y” from G’ and G”, respectively, requires the inversion of Eqs. (32b) and 
(33b). For k} + 0, this inversion is accomplished readily in a basis wherein 
— V? — k? or ki?, and leads directly to the representations in Eqs. (24a) and 
(25a). 


2.3e Modal Representations of the Dyadic Green's Functions in an 
Inhomogeneons Medium 


The formulas derived in Sec. 2.3d apply to homogeneous media and must 
be modified if € and y are functions of z. In this instance, the results of Secs. 
2.2, 2.3a, 2.3b, and 2.3c remain valid with the exception of Eqs. (6), which 
should be written at a source-free point as 


l d ts 

E(r) a get x V X Zoir) —(V X %&)V'(e), (38a) 
l ji 1 

H(r) = ota) x Vx 2)V"'(r) + (V x z,)I(r), (38b) 


with J’(r) and V’’(r) defined in Eqs. (4). As regards the results in Sec. 2.3d, one 
notes from the method of derivation that Eqs. (19)-(23) still apply provided 
that € and y are replaced by e(z’) and ,((z’), respectively. It then follows that 
Eq. (24) should be written as 
4 nA l / 1 
I(r) = — L, Si + M? t e LaSi $ J’, (39) 


where the vector operators L; and Li are defined as 


L = V x Z, L= V x V x Z, (39a) 
and 
Pax p> Sap PEP? Yi(z, z’). (39b) 


Dual considerations apply to Eq. (25). 
With the above modifications, the dyadic Green's functions in Eqs. (27) are 
now written in the following form: 


| / VA z 1 
F (r, r^) = Deel) Lala a + Lilia, (40a) 


+See the preceding footnote. 
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\ — l tcp" 1 cpl 
E + L,L,S7%, (40b) 
J (r,r) = De LiL Si + jane LLS, (40c) 
— I (r, r') = aa) ——. LL + iwel) L L375 (40d) 


where 
L =V XxX to L=VxVxy =L WAP dpe Z;'(z, 2z’). 


(40e) 


It is readily verified that these more general expressions satisfy, as they must, 
the reciprocity relations (29). 

The modal Green's functions Y/(z, z’) and Z/'(z, z’) are defined in Egs. (10). 
Because K(z) = [@* u(z)e(z) — &2]'”? is now variable, the characteristic imped- 
ances Zz) and admittances Y,(z) are also functions of z, so the associated 
transmission lines are non-uniform.t On elimination of TY and T/ from Egs. 
(10a), (10b) and (10c), (10d), respectively, one finds that the modal Green’s 
functions satisfy the following second-order differential equations [note from 
Eqs. (2.2.15) that xi(z)¥i(z) = we(z), xi(2)Zi(z) = œp(2)]: 


[DiX(z) + ¥7(2)] Vi, 2') = —jae(z'(z — 2’), (41a) 
[Di(2) + #/2(2))Z/(z, z’) = —jou(z')(z — 2’), (41b) 

where 
D? (z) = az) Tota æ = E Or H. (41c) 


The boundary conditions at the endpoints of the transmission line are phrased 
as in Eq. (13). Note that the E-mode terminal impedance is given via Eqs. (10a) 
and (10b) by ((a/dz) Yi(z, z')/—jK, Y, Yi(z, 2’)],,,5 the spatially varying charac- 
teristic impedance here should not be confused with the terminal impedance in 
Sec. 2.3c. At a junction between two transmission lines with parameters x,,(z), 
21,(Z) and ,,(Z), Z,(Z), respectively, the voltage and current are continuous. 
Thus, from Eqs. (10), Y;(z, z’), [1 /e(z)}(d/dz) Yi(z, z’), and Z;(z, 2’), [1/x(z)] 
(d/dz)Z;'(z, z') are continuous across the junction point. (See also Secs. 3.3a 
and 3.3b for a solution of the non-uniform transmission-line equations.) 

If the sources are longitudinal, Eqs. (40) simplify and lead to expressions 
analogous to those in Sec. 2.3d. In fact, one obtains expressions similar to Eqs. 
(34): 


tAlthough the waveguide region is geometrically uniform in that successive geomet- 
rical cross sections transverse to z are identical, an electrical non-uniformity is introduced 
by the longitudinal variability of the medium constants. Consequently, the network rep- 
resentation discussed in Sec, 2.4 involves non-uniform transmission lines representative of 
the z behavior of a typical mode (see also Secs. 3.2d and 3.3b). 
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E(r, r) = jac ae Ge r) — M°L,G'(r, r’), (42a) 
0 r r’ M? tr , 
H(r, r) = J' L, G(r, r’) T oue L,G"(r, r’), (42b) 
where 
1 "A Í 7 ! a 2 
G (r, r’) = Se as » Y((z, Z )®.(p)®; (p’) = T ees v; A (43a) 
Grr) = ma? 2. Zi (z, zy PW") = — iA ogn VeSa (43b) 


The differential equations for the scalar Green’s functions G’ and G” are now 
in view of Eqs. (41): 
[DUz) + V? + k?(2)]G'(r, r’) = —O(r — r’), A(z) = wrpfz)e(z), (44a) 
[Pilz) + Vi + R(z)G"(r, r) = —d(r — r'), (44b) 


where 


et. ¢0 14a 
BY 2) = Ways. ae a (44c) 


It may also be verified that the Green’s function G’(r, r’)/4/€(z) satisfies the 
wave equation with the modified wavenumber &(z): 


G'(r, r) _ or —r’) = ety, E l 
[V? + &*(z)] Je Eer k*(z) = k?(z) e(z an Ve 


(45) 


with a dual relation applicable to G’(r, r’)// u(z). Corresponding equations for 
S, and S; follow on use of Eqs. (43). The conditions satisfied by G’ and G” 
on the transverse and longitudinal boundaries of the region are the same as those 
deduced in connection with Eqs. (36) and (37). These boundary conditions, in 
conjunction with Eqs. (44), render the specification of G’ and G” unique. The 
modal representations in Eqs. (43) constitute solutions for G’ and G” and are 
directly deducible from a z-transmission analysis. Alternative representations 
of the solution for G’ and G” can be constructed by the procedure discussed in 
Sec. 3.3¢. 

All the above relations reduce to those in Sec. 2.3d when € and yw are 
constant, 


2.4 SOLUTION OF UNIFORM TRANSMISSION-LINE EQUATIONS 
(NETWORK ANALYSIS) 


2.4a Source-Free Case 


As shown in Secs. 2.2 and 2.3, the solution of an electromagnetic field 
problem in a uniform waveguide region requires knowledge of the (vector or 
scalar) eigenfunctions in the transverse domain, and of the modal voltage and 
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current amplitudes along the transmission coordinate z. Mode functions for 
various transverse cross-sectional configurations are given in Chapter 3. This 
section is concerned with solutions of the transmission-line equations (2.2.15) 
or (2.3.10) when the medium filling the waveguide region is piecewise constant 
along z.*? Continuous z variation leads to Eqs. (2.3.41) which are studied in 
detail in Sec. 3.3. 

As a preliminary, we shall consider a region that contains no sources. Thus, 
v =i = 0 in Eg. (2.2.15) and omitting the modal subscript i, one obtains the 
homogeneous (source-free) transmission-line equations 


—£ V(z) = jxZI@2), 


d (1) 
= I(z) = jKYV(z). 


Since x and Z are assumed to be constant, the two first-order differential equa- 
tions (1) are reduced to the following second-order equation for either V or J: 
d 2) V(z) _ 
(Sa +X ) Kz) = 0, K, Z constant. (2) 
The solution of Eqs. (2) may be expressed either in traveling-wave or stand- 
ing-wave form. For a traveling-wave description one writes 


V(z) = Vinc(2")e-"-? + Vren(2'Je seer, (3a) 
ZNZ) = Vil) — Vaalz jeto, (3b) 


Vinc(2’) and Fan(z') are the (generally complex) amplitudes of the incident and 
reflected voltage waves at a point z’ on the transmission line. The first term on 
the right-hand side of Eq. (3a) represents a wave traveling in the +z direction 
[for the assumed time dependence exp (+jmé)]; the second term represents a 
wave traveling in the —z direction. Equation (3b) follows from Eq. (3a) in 
view of Eqs. (1). If one defines the voltage reflection coefficient F(z) as 


ro) = ae, (4) 

one may rewrite Eqs. (3) as 
V(z) = Vinc(z/Nene?? + F(a e], (5a) 
NE) = YV [et — Peete], (5b) 


It is evident from Eqs. (3a) and (4) that the reflection coefficients at two points 
z and z’ on the transmission line are related as follows: 


Fiz) = T(z)et e-s, (6) 

l In the standing-wave description one expresses the voltage and current sotu- 
tions as 

V(z) = V(2') cos x(z — z') — jZI(z') sin K(z — 2’), (7a) 

I(z) = Kz’) cos k(z — z') — JYV(z') sin k(z — z’). (7b) 
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The duality between the solutions in Eqs. (7a) and (7b) is to be noted. By defin- 
ing the absolute impedance Z(z) [admittance ¥(z)] and the relative (normalized) 
impedance Z'(z) [admittance Y'(z)] at the point z ast 


one may write Eqs. (7) as 
V(z) = V(z’) [cos K(z — 2') — fY’(z') sin K(z — z’)], (9a) 
K(z) = K(z') [cos K(z — z’) — jZ'(z’) sin (z — z')]. (9b) 


Upon taking the ratio of Eqs. (9a) and (9b), one finds for the relation between 
impedances at two points on a transmission line, 


i | + jZ'(z') cot K(z — 2’) 
20) Z'(z') + foot (z — z’) He) 


From Eqs. (3) the relation between the standing-wave and traveling-wave 
formulations is evidently 
V(z) =. V ine(z) + V ot(Z), 
(lla) 
Zk(z) = V ine(Z) pag Veoei(Z), 
and 
Vine(Z) = z [V(z) + ZK2)), 
Vrou(z) = 3 (V(z) — Z1(z)]. 
The relation between the impedance and reflection coefficient at z then follows 
readily as 


(11b) 


vy i+ 1 _ 242) ~ 1 
Z (z) = f=Te@). Y'(z)’ F(z) = Zz) +0 (12) 


ŽI inc (2) 
Z -i 
— T(z) =a) 
2H e(2) | pe y V(z) 
z Z 


(a) (b) 


FIG. 2.4.1 Network represeniation of an incident wave. 


tThe prime in this seclion denoles normalized quantities and is not 10 be confused with 
lhe prime denoting E-mode quantities in Secs. 2.2 and 2.3. Also 2(z) and Y(z) denote herein 
the input impedance and admittance at the point z, while Zand Y represent the constant 
characteristic impedance and admittance, respectively. 
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The first of Eqs. (11b) permits the network representation of an incident wave 
at the point z in terms of either a (zero internal impedance) voltage generator 
of strength 2V,,.(z) or a (infinite internal impedance) current generator of 
strength 2Zime(z) = 2YVin(z) shown in Figs. 2.4.1(a) and 2.4.1(b), respectively. 
Positive directions for voltage and current are assumed as indicated. 


2.4b Point Source on an Infinite Transmission Line 


In Sec. 2.4a we have obtained the solution of the homogeneous transmission- 
line equations with as-yet-unspecified boundary conditions. To obtain a solution 
of the inhomogeneous equations (2.2.15) requires the ability to describe source 
regions on the transmission line. As pointed out in Sec. 2.3c, the description of 
source regions is simplified by first considering point-source excitations and then 
obtaining the total response by use of the superposition theorem, The represen- 
tation of the distributed voltage and current sources v(z) and i(z) in terms of 
Point sources is accomplished as follows: 


vz) = f oez — z')dz', i(z) = f ieste — z’) dz’, (13) 


where the integration over z’ extends over the source region. If the voltage and 
the current at z due to point sources 2(z’)6(z — z’) and i(z')6(z — z’) at z’ are 
denoted by V(z, z’) and (z, z’), respectively, one obtains the total voltage and 
current by superposition ast 


V(z) = fre, zdz,  Kz)= ike z’) dz'. (14) 


In view of Egs. (14), the basic problem is that of finding the point-source re- 
sponses Y(z,z’) and Z(z, z’). The modal voltage and current sources 2(z) and 
i(z) are known in terms of the specified electromagnetic source currents [see 
Eqs. (2.2.14)]. The problem can be reduced further by introduction of moda! 
Green’s functions as in Eqs. (2.3.9), but this aspect is deferred for the present. 

The transmission-line equations appropriate to the indicated point-source 
excitations are 


-4 V(z, z’) = jeZK(z, z’) + vô(z — 2’), 


(15) 
-4 I(z,z') = jxYV(z, z’) + id(z — 2’), 


where the notation v(z') = v, i(z’) = i has been adopted. By integrating Eqs. 
(15) over z between the limits z’ — @ and z’ + a, where a — 0, one obtains 
the following discontinuity relations for V(z, z') and J(z, z') at z = 7Z, 


[V(z, z')]-25 = —2v, (A(z, z’): = —i. (16) 
+Note that the functions V(z, 2’) and Xz, z’) are related to the modal Green's functions 


defined in Eqs. (2.3.9); V(z, z) = — T(z, 2’)u(2’) — 2(z, 2’)i(z’) and Kz, z’) = — ¥(z, 2’){2’) 
— T(z, z’)i(z’) [see also Eq. (2.3.17)]. 
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———— 


z -a z +a 
FIG. 2.4.2. Network representation for point-source excitation 


It is assumed in Eq. (16), subject to subsequent verification, that V(z, z’) and 
I(z, z'), although discontinuous, are bounded at z’. The discontinuity relations 
(16) admit the simple network representation shown in Fig. 2.4.2, where the 
point-source voltage and current generators have zero and infinite internal im- 
pedance, respectively. In a strict network sense the voltage generator in Fig. 
2.4.2 is to be Interpreted as two generators of strength »/2, located on each 
side of the current generator. 


FIG. 2.4.3 Point source in an infinite transmission line. 


To illustrate the use of the network in Fig. 2.4.2, we consider a simple ex- 
ample of a point source situated in an infinite transmission line (Fig. 2.4.3). 
(The general problem of arbitrary terminations is treated in Sec. 2.4c.) Since 
the line is infinitely long with no reflections, waves travel away from the source 
and boundary conditions at z = +o are provided thereby. By inspection, the 
solution is written as 


Vii, zen), az 2, (11a) 
V(z, z’) = : 
V(z'-, z2'jer iter) Z< 2. (17b) 
and, similarly for J(z, z’), 
Kz +, e z> Z', (17c) 
Kz, z’) = 
Az —, A a ) z< z, (17d) 


To determine the amplitude of the voltage and current at z'— and z’+, one 
notes that the impedance looking away from the source in either direction Is 
equal to Z. Thus, the voltage generator v operates into a series impedance 2Z, 
while the current generator i operates into a shunt admittance 2Y. By super- 
posing the responses from v and į one has 
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V(z'+,2') = —4 (+v + Zi), Kz'+,z) = —}(Łi + Yv), (18) 


go that anywhere on the transmission line 


V(z, z’) = —4 [u(z, z'w + Ziļje~t*l r, (19a) 
Kz, 2') = —4 [u(z, z')i + Yvle™=!- (19b) 
where 
I, z>2', 
u(z, z') = * ee (19c) 


2.4c Excitation of General Transmission-Line Network by a Point Source 


We consider now the general problem of a point source in a transmission- 
line system terminated by arbitrary, but prescribed, impedances. The terminat- 
ing impedances represent the boundary conditions on the z termini of the 
transmission line and are determined directly from the corresponding boundary 
conditions on the electromagnetic fields. As a typical example we consider the 


network problem shown in Fig. 2.4.4, where Z, and Z. are the terminating 


FIG. 2.4.4 Network representation for general point-source-excited 
transmission line, 


impedances at the end points z, and z,, respectively, and Z and x are the (con- 
stant) characteristic impedance and propagation constant of the line. To the 
left and right, respectively, of the terminating points z, and z,, the transmission- 


line system may be relatively arbitrary and is described by the impedances Z, 


and Ze. which suffice to characterize the effect of the terminating structure on 
the transmission-line behavior in the interval z, < z < z,. In passing from the 
transmission line with constants Z, x to a line with constants Z,, «, connected 
at, Say, Z} one makes use of the relations in Sec. 2.4a, together with the con- 
tinuity of the voltage and current across a direct junction between transmission 
lines. The latter property follows directly from the continuity of the transverse 
electric and magnetic fields across a (source-free) dielectric interface [see Eqs. 
(2.2.8a) and (2.2.8b) and recall the orthogonality of the vector-mode func- 
tions and the fact that the mode functions are independent of the parameters 
€,,. and 44, 2 descriptive of media | and 2 separated by an interface z = constant]. 


208 Network Formalism for Time-Harmonic Electromagnetic Fields Ch. 2 


The solution of the above network problem is accomplished by first finding 
the voltages and currents at the generator terminals, and determining therefrom 
the voltages and currents anywhere in the interval z, < z < z, by means of the 
homogeneous transmission-line solutions Eqs. (5) or (9). The generator circuit 


shown in Fig. 2.4.5 is representative of a general problem wherein Z(z') and 


[(z'—,2') ~—— [(z’+,2z’) 


FIG. 2.4.5 Generator circuit for general transmission-line problem. 


Z(z') are the impedances seen looking to the right and to the left, respectively, 
from the generator terminals. One computes Z(2’) and Z(z') in terms of the 
given terminations Zr of Fig. 2.4.4 by means of Eq. (10).f By conventional 


network analysis employing the superposition of the responses from v and i, the 
solution of the network problem in Fig. 2.4.5 is seen to be the following: 


Vie gy ee (20a) 
Zz’) ¥(z") 
VG Dyas 2, te, (20b) 
Zz) ¥(2') 
ieee s = U7 (20c) 
Ze) Ye) 
EEE EREE ©) (20d) 


Z) Ye) 
where 
Zz!) = Z’) + Ze), Ye) = Ye) + Yen. (20e) 
The determination of V and J at any point z on a transmission line with 


constants x and Z follows from corresponding values at z’ via either Eqs. (5) 
or (9). Thus, from Eqs. (5), (11b), and (20), one obtains in the traveling-wave 


tin view of the choice of positive directions for voltage and current noted in Fig. 2.4.1, 
Z’ z2 in Eq. (10) represents a normalized impedance looking to the right. To apply Eq. 
(10) to an impedance z looking to the left, a minus sign must be placed before every 
Z (ie, Z > -Z). 
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description for z > 2’, 


V(z, z’) z -4> Zz!) + Z +Z p YC) ae ek [arias r’) + T(2")et ine: 4, 


Ze’) Ye’) 
(21a) 
net) = —1 | ¥@4 4 vo rad ee ee ee 
21 Ye) Z(z') 
(21b) 


while for z < z’,t 


V(z, z’) om oy l = Zz) +Z + Zi FE) Y herie + Tze t- 


2 Z(2’) Y(z') 

(21c) 

I(z, z’) S i = Ye) + ¥ r + Yı p AEZ fein — Fize, 
2 Ye’) Z(z') 

(21d) 


The reflection coefficients T and T looking to the right and left, respectively, 


are obtained in terms of the corresponding impedances Z’ and Z’ asin Eq. (12). 
In the standing-wave description, one has, from Eqs. (9) and (20) for z >z’, 


V(z,z’) = -/ + “| [cos x(z — z’) — jY’) sin K(z — z’)], 
Zz’) ¥(z’) 
(22a) 


Kz, z’) = ea ge = le K(z — 2’) — j2'(2') sin K(z — 2’)], 
¥(z')  Z(z’) 
(22b) 


and, for z < 2’, 


V(z, z’) = -| -0 + J. {cos K(z — z’) + j¥'(z’) sin K(z — z’)], 
Zz’) ¥(z’) 
(22c) 


tThe traveling-wave description for z < z’ has the form (incident wave in the —z 
direction) 


E — 
Viz) = Vinz’ [etira + F(z’ )e7 istan], 
—Kz) = YVine(z’)let sx 2) — Fize- Jre =), 


Vine(2’) = 4[V(z’) — ZKz’)). 
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I(z, z’) = -| -ge + 2. [cos (z — 2") + jZ'(z") sin K(z — z')]. 
Y(z')  Z(z') 

(22d) 

Equations (21) and (22) are general solutions of the point source-excited 

transmission-line problem. For special cases, appreciable simplification is 

aad — 

achieved. The case of an infinite transmission line, for which Z(z') = Z(z') = 

Z {i.e., F(z’) = F(z’) = 0; see Eq. (12)} has already been discussed [Eqs. (19)]. 

If the transmission line is terminated on the right but extends undisturbed to 

infinity on the left, then Z(z’) = Z, and ['(z’) = 0. One finds for the traveling- 
wave description, particularly appropriate in this case: 


V(z,2') = —4 (w + Zi[e e- + T (z'jet t- — (23a) 
Z ; 
Kz, z') = —4(i + Yve — T (z’et-) (23b) 
V(z, z') = -| —v ae ‘saa (23c) 
L Ze)4+Z  Y@y+yY | 
_ y i Z< Za 
Iz, z’) = j a a po (23d) 
Y(z') + Y Z(z')+ Z 
Additional special terminations for this case are 
l. Short circuit at z,: F(z) = — 1, Z(z,) = 0, 
whence, from Eq. (10), 
Z'(z') = j tan K(z, — 2’), (24a) 
and 
2. Open circuit at z,: F(z) = +1, Z(z,) = ©, 
whence 
Z'(z') = —j cot K(z, — z’). (24b) 


The total voltage V(z) and current J(z) excited by a distributed source 2(z) 
and i(z) are obtained from V(z, z’) and J/(z, z^) by integration as in Eq. (14). 


2.4d Green’s Functions for Transmission-Line Equations 


The point-source excitation discussed above can be simplified on introduc- 
tion of unit amplitude generators of voltage and current to represent the exci- 
tations v and į employed in Figs. 2.4.2-2.4.5. The transmission-line voltages 
and currents excited by these point sources constitute the transmission-line 
(modal) Green’s functions Z(z, z’), Y(z, 2’), T’(z, z’), and T*(z, z’) introduced 
in Sec. 2.3c and defined in Eqs. (2.3.10). We shall evaluate the modal Green’s 
functions by two alternative procedures, the first of which is based on the net- 
work representation of the transmission-line problem, while the second Is in- 
ferred directly from the differential equations (2.3.10). 
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The network procedure is illustrated in the following calculation of Y(z, z’). 
Since Y(z, z’) is defined as the current at a point z on a transmission line ex- 
cited at z’ by a series voltage source of amplitude v = — | (see Sec. 2.3c), the 
pertinent network problem is shown in Fig. 2.4.6. The general solution for 
the voltage and current on a point-source-excited and arbitrarily terminated 


T= Y(z, 2’) 


FIG. 2.4.6 Network problem for the determination of Y(z, 2’). 


transmission line of propagation constant « and characteristic impedance Z has 
been given in Eqs. (21) and (22), and is readily specialized to the determination 
of Y(z,z’). In particular, the standing-wave representation yields 


¥(z, z') = ¥(z', z') [cos x(z — 2’) — jZ’) sin (z — z')], z>z’, (25a) 


Y(z', z') [cos (z — z') + jZ'(z') sin x(z — zh z<z', (25b) 


where 
Y(z', z’) = 2 = SE. CEN (25c) 
Zz’) 2(z') + Z(2z') 
It is to be noted that the evaluation of Y(z', z') is source independent and de- 
pends only on the impedances seen to the right and left of the point z’. 


It is desirable on occasion to evaluate Z not at the source point z’ but at 
some other point Z, at which its determination is simpler. The relation between 
Z(z’) and Z(z,) may be inferred from Eq. (10) (see also the footnote to Fig. 
2.4.5), which yields 


I _ [cos x(z’ — z) + jZ'(Zo) sin K(z’ — zo)] 
Z(z') Z(20) 


x [cos x(z! — za) — jZ’(z,) sin K(z’ — zo). (26) 


For z > 7', the term inside the brackets in Eq. (25a) can be written as J(z)/1(z’) 
[see Eq. (9b)], whence the second term inside the brackets in Eq. (26) is written 
as I(z')/1(z,). Upon substituting Eq. (26) for ¥(z’, z’) into Eq. (25a) and inter- 
preting the resulting ratio /(z)/J(z,), one obtains the desired reformulation for 
zZ> 2’: 
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Y(z, 2’) = [cos K(z' — Zo) + jZ'(20) sin K(z’ — Zp) 
Z(Zo) 
x [cos x(z — zo) — jZ'(z,) sin x(z — 2,)]. (27a) 


In view of the reciprocity relation Y(z, 2’) = Y(z’, z) [Eq. (2.3.15)], the corre- 
sponding expression valid for z < z’ follows as 


¥(z, z’) = [cos K(Z — Zo) + jZ'(z) sin K(Z — Zo)] 

Z(Z) 
x [cos x(z’ — z.) — jZ’(z,) sin K(2z’ — 2,)]. (27b) 
Equations (27a) and (27b), can be subsumed into a single expression valid for 

all z as 
Yie, z) = [00s R(z< — zo) + J2'(20) sin K(z< — 20) 

Z(Zo) 

x [cos (2, — Zo) — jZ(zq) sin K(z> — zo), (28a) 


where z, stands for z when z < 7’, and for z’ when z > z’; the converse holds 
for Z.. 
By duality, the Green’s function Z(z, z’) is obtained as 


Zz, z') = [cos (Z< — zo) + j¥"(20) sin (ze — 20)] 
Y(Zo) 
x [cos (z> — zo) — j¥(z,)sinK(zs — 2.) (28b) 


and by virtue of its definition as the voltage excited on a transmission line by 
a point current source of amplitude i = — 1, evidently represents the voltage 
solution for the network problem shown in Fig. 2.4.7. Since 


cos K(Z — Zo) F jZ) sin K(z — 2p) 


= 4 [1 + Z'(z {e7 _ T(z.) etiru-m) (29a) 
where 


FIG, 2.4.7 Network problem for the determination of Ziz, z’). 
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> SAO 
Fejs Z)-1 


= (29b) 
Z'(Z) + 3 
one may write Eq. (28a) in the alternative traveling-wave form, 
= 
+Jiultc—8e) __ —Jxlae-tp 
¥(z, 2) = Le Eade 
Z(Zo) 1 — T(zo) 
—Jx(z>—%e) P tjxlt»-ro) 
x ee tt = (zy) eto (29c) 
1 — I"(Zo) 
Similarly, one has, for Eq. (28b), 
+ Ja(ra— E.) T. —Jfxr(tc— Ee 
Z(z, z') = = et tet tT (eo) eo 
Y (Zo) 1 + T (zo) 
gee eae ae (29d) 


l + T(z.) 


Alternative to the network derivation of the admittance and impedance 
Green’s functions is an evaluation based on their defining differential equations 
(2.3.10) and on the source-free wave solutions thereof, each of the latter satisfy- 
ing the boundary condition to the left or right of the source point. By eliminating 
T” from Egs. (2.3.10a) and (2.3.10b), one obtains a second-order differential 
equation for Y(z, z') in the form 


dz 


valid for constant x and Z. The boundary conditions at the endpoints z, and 
z, of the z domain distinguish a unique solution of Eg. (30), and are stated in 
terms of the terminating “logarithmic derivatives” or normalized impedances 
(i.e., ratios of voltage to current): 


(d/dz) Y(z, z') 
f —jKY)Y(z, z| nes oe 


(ia +) YG, z) = — je Yò — 2’), (30) 


as seen from Eq. (2.3.10). 

The construction of the Green’s function of a second-order differential equa- 
tion can be carried out by a well-established mathematical formalism (see also 
Sec. 3.3) which is conveniently and significantly viewed from a network stand- 
point. For all points z + z’, Y(z, z’) must satisfy the homogeneous equation (30) 
(i.e., it is a source-free wave solution of the transmission-line equations). Since 
Y(z, z') is actually a (normalized) current on a transmission line, then for z > 2’, 
a homogeneous solution that satisfies the boundary conditions at z, can be 
written from Eg. (9b) as 


Kz) = cos K(Z — Z) — jZ"z,) sin K(Z — Zo), (31a) 
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where an arbitrary point z, has been introduced as a reference, and a normali- 
zation [(z,) = 1 has been adopted. The homogeneous network problem for 


which Ie) represents a solution is shown in Fig. 2.4.8; it should be stressed 
that the above wave solution makes no reference to the presence of a source. 


I2) 
—\—- 
Z Z - 
Lr 
K K 
Zo Zo 


FIG. 2.4.8 Homogeneous network problem for Kz). 


In an entirely analogous manner, one obtains for z < z’ a homogeneous solution 
which satisfies the boundary conditions at z, as 


Kz) = cos K(z — 2,) + jZ'(z,) sin K(z — 2). (31b) 


Again, Nazo) = 1. In the notation of Figs. 2.4.6 and 2.4.8, the homogeneous 
network problem is that shown in Fig. 2.4.9. The normalized impedances 
(logarithmic derivatives) at z, are related bilinearly to those specified at the end- 
points z, and z, [see Eq. (10), with footnote on p. 208]. 


Ka) 
fe 
Z Z 
Z, 
K K 
Ži žo 


— 
FIG. 2.4.9 Homogeneous network problem for £(z). 


To construct the Green’s function, one imposes the following requirements 
on Y(z, 2’): 

1. It must have a z dependence of the form J(z) for z > z’, and J(z) for 
z<. 

2. From the symmetry | condition Y(z, z') = Y(z', z) (Eq. (2.3.15)], Y(z, z’) 


depends symmetrically on Í and J. 
3. From the defining differential equation (30),t or the network picture 


tFrom Eq. (30) one infers by integration over an infinitesimal interval centered al z’ 
that (d/dz) Y(z,2z’) has a jump discontinuity, with Y(z,z’) bounded and continuous, ar 
2.22"; 
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(Fig. 2.4.6), it is evident that Y(z, 2’) is continuous at z = z’ and has a jump 
in its derivative (i.e., the voltage) at z = 2’. 
From the above it follows that Y(z, z') must be of the form 


ARD), z>2, (32a) 
Y(z, z') = anor 
A I(z’)I(z), z<, (32b) 


or, in the notation of Eq. (28), 


V(z, z’) = A zaiz). (33) 


A is a constant independent of z (or z’) and must have the correct magnitude to 

satisfy the discontinuity requirement on dY(z, z')/dz at z'. Since A is not a 

function of z (or z’), we may choose the source point at z’ = Zo So as to permit 
€E + 

a particularly simple evaluation of A. Since J(z,) = J(z,) = 1, a simple network 

evaluation of the current at z = Z, yields (see Fig. 2.4.6, with z’ = 2,) 


I 


Y(Zo, Zo) —- a = Á, (34) 
Z(Zp) 
and the Green’s function Y(z, z’) is given by 
e 4 
Y(z, z’) = Kz, Zo)», Zo) (35) 
Z(Zo) 


where the dependence on z, has been explicitly exhibited in Í and Í. Equation 
(35) is identical with Eq. (28). It is to be noted that the evaluation of A in Eq. 
(34) by a simple network scheme is equivalent to calculating the reciprocal of 


the Wronskian of the two solutions J and J. (See Sec. 3.3b.) 
2.4e Resonance Properties of Terminated Transmission Lines 


In the preceding sections we have evaluated the response of a terminated 
transmission line to prescribed excitation. This involves the determination of a 
modal Green's function Y(z, z') or Z(z, z’) from which the desired response 
can be inferred. The form of these Green’s functions makes evident the interest- 
ing possibility of obtaining a response even in the absence of excitation. Such 
a circumstance characterizes a resonance and is achieved whenever Y(z, z’) or 
Z(z, z') becomes infinite, either for some mode wavenumber k, with fixed k, or 
for some k with k, fixed. 

Since a terminated transmission line is representative of a cavity or of a 
transversely viewed waveguide, resonant situations provide information about 
the complete sets of modes in cavities or in waveguides, In the former case we 
consider a waveguide of finite cross section so terminated as to Constitute a 
(closed) cavity resonator (see Fig. 2.4.10). In the latter, the original waveguide 
must be of infinite extent along at least one of its cross-sectional directions and 
terminated in the longitudinal direction; it may then be viewed alternatively as 
an infinitely long waveguide with axis along the infinitely extended cross-sec- 
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6) í 


(a) Waveguide cross section (b) Terminated transmission line 
(k; Prescribed) 


Z} Z3 


FIG. 2.4.10 Cavity problem. 
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(a) View in xy plane (b) Longitudinal view 


(c) Network picture 
FIG. 2.4,11 ‘Transverse resonance” problem. 


tional direction. The special case of a parallel-plate waveguide containing a 
stratified dielectric is depicted in Fig. 2.4.11. In each event the resonances 
characterize the possible modes either of oscillation or of propagation that are 
capable of being excited in such a structure. More generally and mathemati- 
cally, it can be shown that the singularities (poles or branch points and associated 
branch cuts) of modal Green's functions distinguish the complete spectrum of 
possible modes in cavities or waveguides, and the residues at the poles and/or 
suitable branch-cut contributions, characterize the corresponding mode func- 
tions. (See Sec. 3.3a.) 

By inspection of Eqs. (27)-(29), it is apparent that the modal Green's func- 
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tome J 
tions become infinite at the zeros of the total impedance Z(z,), or of the total 


admittance ¥(z). One observes that the impedances Z(20) and Z(25) seen look- 
ing to the left and right, respectively, of the point z, are functions of the pro- 
pagation constant k = (k? — k?)' and hence depend implicitly on the free-space 
wavenumber k = w/c (c = velocity of light in the waveguide medium) and 
mode wavenumber k,. The values x = x, for which 


Zz) = 0 or Z(2o, K) = — Z(Zo, K) (36) 
are independent of the choice of z, and distinguish the resonances of the trans- 
mission-line system (i.e., the wavenumbers x, for which the line current or 
voltage may be finite even with vanishing excitation). One distinguishes between 
real and complex values of x,; the former obtain in reactive (nondissipative) 
systems, the latter in lossy systems. 

The resonant frequencies of modes in a cavity, formed by a uniform guide 
terminated at both ends, may be determined from the equivalent modal net- 
work. For a specified cross-sectional mode wavenumber k, the values of x, at 


which Z(z,) vanishes determine the resonant angular frequencies ©, of the given 
mode k, in the cavity. For a non-dissipative cavity, @, is real and hence the 
resonance is undamped (in time). For a dissipative or loaded cavity, œ, is com- 
plex and the resonance is damped, the ratio of the real and imaginary parts of 
x, being indicative of the Q (quality factor) of the particular resonance. 

The modes in an infinite uniform waveguide may be inferred from the re- 
sonances of an appropriate “transverse network” if the guide cross section has 
the appropriate symmetry. In this application, one prescribes the frequency @ 
and determines mode wavenumbers k, corresponding to the resonant values x, 
of the terminated network representative of the transversely viewed waveguide 
under consideration; this is the so-called “transverse resonance” procedure for 
mode evaluations. The k, so determined are the propagation constants of the 
modes capable of propagating along the axis of the waveguide in question. The 
relation between the problem of resonances on a terminated transmission-line 
network and the eigenvalue problem for modes in the waveguide cross section, 
of which the network is representative, are treated in more detail in the Sec. 
3.3a. 

A resonant situation provides information not only about the resonant fre- 
quencies of a network but also about the corresponding source-free voltage and 
current distribution that can exist at these frequencies, Although the distribu- 


tions Kz) and I) in Eqs. (31a) and (31 b) arise from sources to the left or right, 
respectively, of the network terminations, it is evident from Eq. (36) that at 
resonance, the wave solutions K2) and Kz) are identical and satisfy the boundary 
conditions at both terminations of the network. These source-free resonant 
solutions characterize the eigensolutions or mode functions of the eigenvalue 
problems mentioned above (see Sec. 3.3). 
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2.5 DERIVATION OF TRANSMISSION-LINE EQUATIONS IN SPHERICAL 
REGIONS 


To describe fields in the spherical waveguide region of Fig. 2.1.1(b), the 
vector field equations (2.2.1) are conveniently expressed in spherical polar co- 
ordinates (r, 8, $). The electric and magnetic field components E, and H, trans- 
verse to the radial direction r are independent field quantities from which the 
longitudinal components E, and H, may be determined. The field equations 
may therefore be reduced to equations for just the transverse fields. On intro- 
duction of a complete set of transverse vector eigenfunctions, one may derive 
modal representations for E, and H,, with r-dependent mode amplitudes that 
satisfy spherical transmission-line equations. The procedure is directly analo- 
gous to that in Sec. 2.2 for uniform waveguide regions with the direction z re- 
placed by r. 


2.5a The Transverse Field Equations 


In the spherical coordinate system of Fig. 2.5.1, the location of a point P is 
specified by the radial distance r from the origin; the angle @ measures the in- 
clination of the radius vector r with respect to the z axis, and the azimuthal 


‘bo 


FIG. 2.5.1 Spherical coordinates. 


angle ¢ locates the xy plane projection p of r with respect to the x axis. To, Oo, 
and $, are defined as unit vectors along the directions of increasing r, 0, and ¢, 
respectively, whence r, x 9, — 4. It will be convenient to employ two alter- 
native representations of the operator V in a spherical coordinate system’: 


Vene+ Vator +, (1) 
where T a 
V = Oo 59 + 90a Bae 


1 d; 1 o 
Ve = Fain 899 519 FO + pag e (la) 
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The first and second formulations are convenient for vector operations to the 
left and right, respectively, with their difference arising from the non-vanishing 
angular derivatives of the unit vectors in a curvilinear system. 

To reduce the Maxwell field equations (2.2.1) to their transverse to r form, 
we take scalar and vector products with the radial unit vector r, and find, after 
manipulations analogous to those leading to Eqs. (2.2.4),* 


~$ GE) = jooutr)| + py VY (H, x r) +M, xr, (2a) 


z CH.) = joe) + an VV L(x E) +r x Ju (2b) 


where the permittivity €(r) and permeability 4(r) are permitted to be functions 
ofr but not of 6 or ġ, k? = w* ye, r = ror, and J,,, M,, are the equivalent trans- 
verse source distributions: 

r x ,VM,, M,, = M, + ——r x VJ.. 2c 
jouer jaur) Je) (ae 
A subscript ¢ distinguishes a vector transverse to r. The longitudinal (radial) 
field components are derivable from the transverse fields and the longitudinal 
source currents via 


Ji. = J, — 


(ro % E,) = M,}. 
(3) 


If a perfectly conducting transverse boundary s described by the equation 
SG, $) = 0 is present, the tangential electric field must vanish so that 

vx E,=0, V,:(H, x rm) =0 on s, (4) 
where v is a unit vector normal to s. Equations (2) and (3) are completely 
equivalent to the original field equations (2.2.1). 


E, = Aer (H, x Yo) E Jyh, H, = 


l 
mu jour 


2.55 Modal Representation of the Fields and Their Sources 


As in the uniform waveguide case in Sec. 2.2b, solutions of the source-free 
transverse field equations, individually satisfying the transverse boundary con- 
ditions, constitute a complete set of functions that may be employed to represent 
an arbitrary field. In view of the assumed variability of € and u with r only, a 
typical source-free solution may be written in the separable form 


rE, = ViAr)e,(p), rH, = L(r)h(p), (5) 


where p = (8, $). Substitution into Eqs. (2) (with J = M = 0) yields separate 
equations for the radially and transversely dependent factors. The transverse 
vector dependence may be eliminated from these equations in a simple manner 
if: (1) operation on a vector by ,VV, + produces a result proportional to the 
vector, and (2) h, = x, x €. As in Eqs. (2.2.10), these two requirements may be 
made consistent by separately imposing the auxiliary conditions V, - (rm x e,) 
= Qor V, - (b, X r,) = 0, thereby splitting the modc set into two parts. It is 
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then implied from Eq. (3) that H, = 0 and E,, = 0, respectively, thus identi- 
fying the two sets as E and H modes with respect to r. This argument is again 
related to the theorem that permits decomposition of any vector into a curlless 
and a divergenceless part.‘ The curlless part may subsequently be expressed as 
the gradient of a scalar function, whereas the divergenceless part may be written 
as the curl of a longitudinal vector [see Eqs. (2.6.1) and Sec. 2.3a]. 

The mode functions e, and h, = ry x e, are chosen to satisfy the following 
eigenvalue problems and subsidiary conditions in the transverse cross section S:° 


rV, e = —kire, V,- (to X &) = 0, (6a) 
r, yV, z h; = — kieh, y, s (b; x ro) = 0, (6b) 


where r° in (r?,VV,) has been included to make the operator dependent on the 
transverse coordinates only, and the single and double primes denote E and H 
modes, respectively. The boundary conditions on both mode sets are, from Eq. 
(4), 

vxe,=0=V,- (b xr) on s. (6c) 
On use of Eq. (2.2.1 la), one may verify that the vector eigenfunctions satisfy 
orthogonality relations analogous to those in Eq. (2.2.11b): 


ff ee dQ =6,, = ff ee * dQ: [f č. etd = 0, (7) 
S S S 


and similarly for the h,, with dQ = sin 6 d9 dọ = dS/r denoting the angular 
surface element. The eigenfunctions are normalized by setting the integral equal 
to unity when ij = j. 

The complete set of vector eigenfunctions defined in Eqs. (6) may now be 
utilized to represent the electromagnetic fields and the excitation functions in 
Eqs. (2a) and (2b): 


rE (0) = E VAE) + E Vireo), (8a) 

rH) = E MWO) + E KOO), b= rox en (8b) 

PIAT) = E iep) + Liter), (8c) 

MaE) = E ADO) + E CN). (8d) 
Correspondingly, from Eq. (3), 

rE, + a =D Zileo rH, + oat =E YV h (8e) 


with Z,e,, and Y,h,, defined below in Eqs. (10c) and (10d). When these expan- 
sions are substituted into Eqs. (2a) and (2b), and use is made of Eqs. (6a) and 
(6b) together with the orthogonality relations (7), one obtains spherical trans- 


mission-line equations for the modal voltage and current amplitudes V, and /;: 
l dl, ' 
-X = jk, Zidi + Vn ap = jK, Y, V, +i, (9) 
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where K, Z,, and Y, are the modal propagation constant, characteristic imped- 
ance, and characteristic admittance, respectively. For the E modes, 


Ki) = yen- 2) = yey = RO (9a) 


for the H modes, 
Kr) = af Kr) — kar > Z= YO = SAD, (9b) 


with k?(r) = œw u(r)e(r). One observes that even when the medium is homo- 
geneous (€, 4 constant), the propagation constant and characteristic impedance 
are r dependent (i.e., the transmission lines are non-uniform). This is a conse- 
quence of the non-uniformity of the transverse sections, which are not identical 
but only similar, at different radial distances. The source terms v, and i, in Eqs. 
(9) are calculated from the known currents J and M on inversion of Eqs. (8c) 
and (8d): 


l 
— vr) = | Mi) - htp) dQ + Zt fÈ Ie) - eżaR, (10a) 
S S 
l, i i 
Hr) = SS I) + e(o) dR + YF SÈ MO) - hid, (10b) 
S S 
where 
taf — Vee ka ®, Ht Se 
Zien =T joe ~ Fo Sper’ en = VY, (10c) 
Y’h!, =u ‘bh _, kuy, hi, = 0. (10d) 


jon ~ *jopr 

The scalar mode functions ®, and yw, are defined in Sec. 2.6a. Solutions of the 

transmission line equations for various radial domains are given in Sec. 2.7. 
The average power $ transferred across a spherical surface with radius r is 

given by 


S = Re I. E x H*.41r,dS =Re > VOin+> vrO), (lla) 


where the last expression follows from Eqs. (8a) and (8b) and the orthogonality 
conditions (7). The total power is therefore equal to the sum of the contribu- 
tions carried by the individual modes. When the observation point is moved to 
infinity (r —> oo), and all sources (real or induced) are assumed to be confined 
within the region r < a, the contributing modes have kr >> k,, whence K, —> k 
Z (r)— § = A uje, and V(r) — $1(r) [see Eqs. (9) and Sec. 2.7]. Since modes 
with k,, >> ka have strongly damped amplitudes, the mode series contains only a 
finite number of terms in the effective range. The total radiated power may 
then be expressed in terms of the “far-field” voltages as follows: 


f= + F Ian? + + EIV, ree, (11b) 
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which formulation is useful for the calculation of such quantities as the scatter- 
ing cross section of an obstacle, or the transmission cross section of an aperture. 


2.6 SCALARIZATION AND MODAL REPRESENTATION OF DYADIC GREEN'S 
FUNCTIONS IN SPHERICAL REGIONS 


As for uniform waveguide regions, the vector-field and eigenvalue problems 
in Sec. 2.5 may be reduced to scalar problems through use of E£- and H-made 
(Hertz) potentials. The scalarization procedure and the definition of scalar 
Green's functions G’(r, r’), G” (r, r'), A'(r, r'), S(r, r’) equivalent to these po- 
tentials are summarized below, in analogy with the discussion in Sec. 2.3. 


2.68 Mode Functions 


Since from the second of Eqs. (2.5.6a) and (2.5.66), the vector set {ej} is 
irrotational (V, x e = 0) while the vector set {e/’} is solenoidal (V, - e; = 0), 
the mode functions e; and ef can be represented as gradients and curls of scalar 
functions ®, and y, as follows: 


j r.V 
= h; X To, H = oe = To X e. (1) 
ti rl 


Then from the first of Eqs. (2.5.6a) and (2.5.6b) there result the following scalar 
eigenvalue problems subject to boundary conditions deduced from Eq. (2.5.6c): 


rV, VO, + k7®, = 0 in S, 


PV, V = sly asin a + rage (2) 
®, = 0, ki, 0 
9 x =otf TF (2a) 
Os i . 
and 
ry, Vy + key, = 0 in S, (3) 
a — 0 on s. (3a) 


2.6b Fields in Source-Free, Homogeneous Regions 


As for uniform regions (Sec. 2.3b), the definition and modal representation 
of the scalar radial Hertzian (or Debye) potentials II’(r) and II’(r) follows 
directly on substitution of Eq. (1) into Eqs. (2.5.8) with the result that at any 
source-free point r,!%!* 

E(r) = E’(r) + E’’(n), H(r) = Hr) + H’(r). (4) 


+This case corresponds to a TEM mode (E, = H, = 0), which is treated separately. 
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The E-mode constituents are given by 
E(r) =V x V x (rIl(r)},  H’(r) = joeV x [rii (r), (4a) 
and the H-mode constituents by 
E” (r) = —j@uv x [rl (r), H” (r) = V x V x [rM (r). (4b) 


€ and 4 have been assumed constant, for simplicity. In reducing these expres- 
sions, the following relations are useful: 


Veneer Viv pA = VIA —4,V, + VA. (5) 


The scalar potential functions have the modal representation 


oe ee T(r)D,(p) 

Il'(r) = Joer os (6a) 
a} = l Vi (rw (p) 

Ie) = oi y koo o’ (6b) 


and satisfy at any source-free point the scalar wave equation 


Mr) _ 
(V? + KTN) = 0, 


l ð ð 1, | 
V:A = Fors + y, é V)A = E T Pa Y, s V)CA, (7) 


where V, - ,V is defined in Eq. (2). As for uniform waveguides, one may alter- 
natively define II’ and II” directly by Eq. (7) subject to appropriate boundary 
conditions, and then derive the electromagnetic fields from Eqs. (4); this se- 
quence, reversed herein, yields in the process the modal solutions in Eqs. (6a) 
and (6b). 

The boundary conditions satisfied by the potentials II’ and II” are easily 
inferred from the modal representations (6a) and (6b). On a transverse bound- 
ary, the E mode potential behaves as ®,, and across a radial boundary, J; and 
V, must be continuous [see Eqs. (2.5.8a) and (2.5.8b)]. Thus, if the region is 
bounded transversely by a perfectly conducting surface s described by the equa- 
tion /(8, $) = 0, and comprises homogeneous spherical layers along the radial 
direction, then from Eqs. (2a) and (2.5.9), 

1 = 
l I(r) = 0 on s, (8a) 
eIl and ap (riT’) continuous at r = F, 


where r, locates an interface between two different homogeneous regions. 
Similarly, for the H-mode potential, 


oTi” (r) 0 
a 


on s, 
y 


(8b) 
MAN” and 2 (ril) continuous at r = Fe 
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where v denotes the normal to s. For a perfectly conducting radia! boundary 
at r = r, the vanishing of V;’ and dI;/dr implies that these conditions reduce 
to O(rIT’)/or = 0 and TI” = 0, respectively. 


2.6c Modal Representations of the Dyadic Green’s Functions 


The potentials in Eqs. (6a) and (6b) may be represented in terms of modal 
Green’s functions Z,(r,r'), Yr, r), Ti(r, r'), and TY(r,r'), defined in Egs. 
(2.3.10) as voltage or current responses to either a voltage or current point 
generator. The considerations in Sec. 2.3c hold for variable x, and Z, so that 
the results apply directly to the present discussion, with z, z’ replaced by r,r’, 
respectively. By proceeding as in Sec. 2.3d, one may show that the potential 
functions II’ and IT”, corresponding to excitation by point current elements 
M(r) = M°d(r — r’) and J(r) = J°d(r — r’), may be expressed in terms of 
auxiliary functions S(r, r') and .A(r, r^) for r Æ r’ as 

jJomerll'(r, r) = (V x V x oS, r). J? — jwe(V! x 15)’ (r, Fr’) Me, 
(9a) 
jour" (r, r) = (V' x V x oS”, Wr’) M? + joul’ x r)”, r) J, 
(9b) 


witht 


jweS'(r, r’) = peer ') Y(r, r’), 
jous" (r, r’) -= 2 y eee Zi(r, r’). (9c) 


In these equations, V’ denotes differentiation with respect to the source point 
coordinates (r’, 6’, $’) and r; is the radial unit vector in the primed coordinate 
system which describes the orientation of the source vectors J° and M? (i.e., 
J? = riJ? + 8,58 + OJ8, etc.). It is to be noted that the vectors J° and M° 
are treated as constant and that the curl operations are to be interpreted as in 
Eq. (5), with the dot product carried out subsequently. The form of Eqs. (9a) 
and (9b) permits the dyadic Green's functions at a source-free point to be 
written symmetrically as follows: 


—joe#(r,r') = (V x VXV x V xosi, r) 


+ kV x V x o”, r’), (10a) 
—jouY (r, r') = (V x V xY x V xS Tr) 
+ KUV X mV! x ro) Ir, r’), (10b) 


with similar formulas resulting for J, and J „. These results are directly 
analogous to those in Eqs. (2.3.27). 


+It is implied that k, + 0. The case kj, = 0 arises in connection with the TEM mode, 
whose contribulion must be included separately. 
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As in uniform regions, the preceding formulas simplify substantially when 
the sources are longitudinal (radial). One observes from Eqs. (9) that a radial 
electric current element excites only E modes and a radial magnetic current 
element only H modes, thereby making the fields excited separately by these 
sources derivable from a single scalar function. The potential functions I’ and 
II’ are now expressed as follows: 


ey — pelr r) nmen — ago C'T, r’) 
A ETA SM E u (11) 
where, in view of Eqs. (2), (3), and (9c), 
Ge) = IV, MI = TL Ooyer(o) ME, (ia) 
rr'G"(r, r) = —r?V VS) = nang a r) (11b) 


It may be verified that G’ and G” are scalar Green’s functions which satisfy the 
inhomogeneous wave equations 


G'(r, r’) 


(V? F Men: r’) = —O(r = r’), O(r — r’) = ORE E 


r° sin G! 
(IIc) 


subject to boundary conditions identical with those stated for IT’ and II”, re- 
spectively, in Eqs. (8a) and (8b). This follows on performing the operation 
(V? + k?) on the modal expansions for G’ and G”, recalling Eqs. (2), (3), and 
(2.5.9), and recognizing that >), ®,(p)®*(p’) = 6(8 — 6')d(¢ — ¢’)/sin O’ (see 
Eq. 3.3.32a). 


2.7 SOLUTION OF SPHERICAL TRANSMISSION-LINE EQUATIONS 
(NETWORK ANALYSIS) 


2.7a Source-Free and Source-Excited Transmission Lines 


As noted in Sec. 2.6c, the solution of the transmission-line equations (2.5.9) 
is facilitated by introduction of the modal Green’s functions Z,(r, r’), Y(r, r’), 
Ti(r,r'), and T'(r, r') defined in Eqs. (2.3.10). Since details on non-uniform 
transmission lines are given in Secs, 3.3a and 3.3b, only a summary for spherical 
lines is presented here. We observe that the source-free equations for the voltage 
and the current are different, and that it is usually preferable [in view of the 
relations x, Y, = we, K; Z? = wy from Eqs, (2.5.9a) and (2.5.9b)} to solve these 
equations for the E-mode current and for the H-mode voltage, with the E-mode 
voltage and H-mode current derived from Eqs. (2.5.9). The E-mode current 
Green’s function Y;(r, r’) and the H-mode voltage Green’s function Z;(r, r’) 
satisfy the second-order differential equations [see Eqs. (2.3.10)]t 


tOne should not confuse the Green's function Y/(r, z) with the characteristic admit- 
tance Y’, and similarly for Z/(r,7’) and Zy. 
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[iy a HERSIEN = <r — a) 
1 egl d 7 LA , . hl ILA } 
fre! zy 4 op a+ lz, (r, 7’) = — jK! ZÔ — r’), (1b) 


which simplify substantially in a homogeneous medium wherein (x Y’) and 
(x; Z;’) are constant. This reduction does not occur for (x Y”’) or (iZi), which 
enter into the equations for the H-mode current and E-mode voltage, 
respectively. 

In a source-free region where yz and € are constant, both Z; and V’ are 
solutions of 


FE + Kir) ro = 0, Kr) = AA 1 — / i fy (2) 


A distinction arises in the use of k,, = ką and k; for the E and H modes, respec- 
tively. These equations are solved in terms of the spherical Besse} functions 
[see also Eq. (5.9.3)] 

jp(kr), n,(kr), hi (kr), hD (kr), Ge pp + 1), (3) 
any two of which are linearly independent. The spherical Bessel function z,(k;r) 
is related to the cylindrical Bessel function Z,,,,.(kr) as follows: 


zikr) = TE Z, sank). (3a) 


It is noted from Egs. (2.5.9) that the spatial dependence of the E-mode voltage 
V and the H-mode current I; is given by the r derivatives of the functions in 
Eq. (3). The spherical Bessel functions have the following asymptotic behavior 
for reasonably large p and kr >> p: 


j,(kr) ~ sin (kr — By, n,(kr) ~ —cos (kr = r), 


hi} (kr) ma jeter ania) kr ‘> p;t (4a) 


for kr < p, one has, to within constant factors, 


a1 
j,(kr) ~ SA on (kr) ~ Fh Mk) ~ - (2) "kr Sp. (40) 


The expression for j,(kr) when p is arbitrary and r — 0 is 
r Sn [kr\?*} 
kr) ~ (3) , 4c 
LD ~ FOF \2 = 
from which the first of Eqs. (4b) follows on employing Stirling's formula for 
the gamma function [Eq. (3.6.52b)]. 
Evidently, for observation points with kr >> p, a mode characterized by the 


+Here and in the following, the first and second of (1,2) superscripts or subscripts 
refer to the upper and lower symbols, respectively. 
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index p propagates locally like a uniform plane wave in the radial direction, 
whereas no propagation takes place in the region kr & p. This behavior con- 
forms with the transmission-line viewpoint since the propagation constant x, 
and the characteristic impedance Z, reduce to their free-space values when 
kr >> kn but are imaginary when kr < k,, (below cutoff mode), with the change- 
over occurring in the vicinity of the turning point kr = k,, (see also Sec. 3.5c), 
Thus, depending on the location of the observation point, a given spherical 
mode may exhibit either propagating or evanescent characteristics. To amplify 
on these observations, consider a point source in free space located at r = y’ 
in a coordinate system not centered at the source; the equivalent network in- 
cludes a point generator at r’ on the non-uniform transmission line. As will 
be seen below in Eq. (11), the voltage and current in a mode with index p 
behave according to j,(kr) (or its derivative) when r < 7’, and h®kr) (or its 
derivative) when r > r’. Two regimes may now be distinguished: p < kr’ and 
p kr. When p< kr’, then krè p in the region r > r’ so that the mode 
field propagates undamped in the outward direction. Propagation obtains as 
well in the region r’ > r > p/k but changes to decay when r < p/k, with the 
latter inequalities to be understood in an approximate sense only. Alternatively, 
when p >> kr’, the mode fields decay on both sides of the source but propaga- 
tion takes place eventually when r > p/k. If various modes have the same 
amplitude at the source, the important ones in the radiation field are those with 
p< kr. Modes with p> kr’ contribute primarily to energy storage in the 
neighborhood of the source region. 

It may also be mentioned that in the radiation zone kr >> k,,, where the ith 
mode propagates locally like a radial plane wave, the associated electromagnetic 
field is transverse. This follows from Eqs. (4a) and (2.5.8) from which it is noted 
that E, and H, are O(1/r), whereas E, and H,, are O(1/r’) (the scalar and 
vector mode functions have no radial dependence), Thus, the well-known far- 
field behavior of a localized source distribution emerges naturally from the 
spherical transmission-line analysis, 

Methods for solving the E- or H-mode equations (1) in the presence of 
sources are detailed in Secs. 3.3a and 3.3b. From the spherical Bessel functions 
in (3) and their Wronskian [j,(x)1,(x) — »,(x)j,(x)] = 1, one finds that source- 
free “‘standing-wave’’ solutions of Eqs. (1) are expressible in terms of the func- 
tions c and s of Eq. (3.3.18); for a radially homogeneous medium with constant 
€ and 4, these have the form 


e(kr, kro) = j,(kr)n,(kro) — ,(kr)i,(kro), (Sa) 
s(kr, kro) = -+ (n,(kr)i,(kro) — j,(kr)n,(kre)) (5b) 


where the prime denotes the derivative with respect to the argument. The H- 
mode input admittance of a line terminated at r = r,,, as seen from ro, may 
then be determined from Eqs. (3.3.20) and (3.3.21) as 
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ore 
AE Y, (fo) = 


FAEDLAESI == W(X) i p(%2,1)] F (joose/k) Yr) EE Jpl%o)t(%21)] 
[i p(<o)et(X2, 1) = n(x) p(x) T (joou/k) YLEn (Xo) (x21) = J (Xo), (%2,1)] 
(6a) 


with x, = kr,,v = 1, 2. Y” and Y”, denote terminal admittances at the end- 
points r, œ> ro and r, < ro, respectively. The solution for the H-mode voltage 
Green’s function Z/(r, r’) then follows from Eq. (3.3.22) as 


Zr, r) = E< Xo) + JOUYN ASE <, XA X) — fOUY(re)s(x>, Xo} 
Y, (ro) + Yi (ro) 
(6b) 


From Eq. (3.3.26b), the expression for the E-mode input impedances Zira) has 
the same form as Eq. (6a) except for the duality replacements 4 > €, Y — Z; 
the E-mode current Green's function Yi(r, r’) = jæeg'(r, r’) then follows from 
Eq. (3.3.26). 

An interesting feature of Eq. (6a) may be noted. When the region includes 
the origin (i.e., r, = 0), the input admittance or impedance reduces to [see Eq. 


(4b)] 
Sip) Zl) j) _ Ju 


which expression is independent of the termination Y”, or Zi. Thus, no bound- 
ary condition need be specified at the singular point r = 0, the only require- 
ment being the finiteness of the solutions for the voltage and current. As noted 
in Sec. 3.3b, this point is termed a “limit point” in the theory of differentia! 
equations. 

An alternative formulation may be carried out in terms of traveling-wave 
functions as in Eqs. (3.3.28)-(3.3.30). For constant 4, €, wave functions travel- 
ing in the (+r) direction are given, for a time dependence exp (j@f), by 


7 


Nis (2) 
vif a 


£. 

s œ WO (kr); (8a) 
v, 
in the —r direction, 


1t 


| a I. 
P cc A(kr), y œ WY(kr). (8b) 
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Thus, for matched (reflectionless) terminations,f the input impedances for the 
E and H modes are 


twr Tn = ED. c= 4, oa 


kr on ) kr 
C= Kier CO = ee. (9b) 
and these quantities, together with the input impedances at rp = r obtained 


from Eq. (6) and its dual, may be employed in the calculation of the reflection 
coefficients in Eqs. (3.3.28), etc. 


2.7b Special Terminations 


Bilaterally matched region 


Bilateral matching occurs in a suitably idealized spherical region wherein 
the field solution is comprised entirely of waves traveling away from the source 
(bilateral radiation condition); such a region constitutes the spherical analogue 
of a biinfinite uniform region. While the matched condition is automatically 
satisfied at r — co in an unbounded region, it does not obtain at the lower end- 
point z = 0, which introduces reflection. It is therefore necessary to shield the 
origin by a reflectionless termination, for example, a “perfectly absorbing” sphere 
having a radius a [Fig. 2.7.}({a)].¢ Asin the analogous problem of propagation 


ZL > 


S(8,%)=0 Zir) 
Matched 


@ K;(r) 
SVN =e 
cay, 


(a) Physical configuration (b) Equivalent network 


FiG. 2.7.1 Bilaterally matched radial region. 


on an angular transmission line (Sec. 3.4b), such a boundary, which must absorb 
completely all radially propagating modes, is generally non-physical but forms 
a useful prototype for subsequent considerations; it may be synthesized approxi- 


tWhen observed for kr >> p, a matched termination is taken to imply negligible re- 
flected field; no separate identification of waves traveling along the +r and —r directions 
is possible when p > kr, 

{The present discussion concerns the radial domain only and remains valid in the pre- 
sence of radially independent, perfectly conducting boundaries as shown in Fig. 2.7.1(a). 
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mately in sufficiently lossy regions. The modal network problem is sketched in 
Fig. 2.7.1(b), with the voltage and (or) current generators representing the ex- 


citation. The input impedances Z,(r’) are now given by their matched values 
+ 4 


Čr’), and the reflection coefficients I (r’) equal zero. Equations (6) and their 
dual then yield, for the modal Green's functions, 


a D = Yur = + AP kr HP krS). (10) 


Homogeneous region, 0 < r < œ 


When the source is located in an infinite homogeneous region, the boundary 
at r = a is absent and the modal network problem is the one shown in Fig. 


2.7.2. The input impedance seen looking toward r = oo is stil} equal to C(r’), 


| 
] 
l 
ì 
l 
| 
0 


FIG. 2.7.2 Radial region 0 < r < œ. 


but its value in the other direction must now be taken from Eq. (7). Then 
from Eq. (6b) and its dual, the modal Green’s functions follow as 


Zi(r,r’) _ = 2) 
Bia Yi(r, r) = j(kr)hg(kr>). (11) 


Semiinfinite homogeneous region, 0< a < r < œ 


When the obstacle in Fig. 2.7.}(a) is perfectly conducting, the expression in 
Eq. (11) must be modified to assure the vanishing of the vollage when r = a. 


This may be accomplished either from Eqs. (6a) and (6b), with Y’, = oo (see 
Fig. 2.7.3, where a short circuit appears at r = a), or directly by inspection. 
The following result is obtained: 


Zi(r, r)_ |; J (ka) 0 2 
i) jkr) Hy Kr) |r) (12a) 


For the E modes, the requirement V;(a) = 0 implies via Eq. (2.5.9) the vanish- 
ing of (dI/dr),-,., whence 


Yr, rẹ = listkr.) = da. KPKT <) |AP(krs). (12b) 
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FIG. 2.7.3 Perfectly conducting sphere. 


The expressions for Z/(r, r’) and Y;,(r, r') are no longer identical as in Eqs. (10) 
and (11) because the perfectly conducting boundary is not its own dual. 


Composite region, 0 < r < œ 

If the region r > a is filled with a homogeneous medium having constitutive 
parameters €, 4, while the region 0 < r < a is characterized by €,, 44, one has 
the network problem shown in Fig. 2.7.4. The continuity of the tangential 
components of E and H at r = a is assured from the continuity of V, and J, 


0 a r’ Se 


FIG. 2.7.4 Dielectric sphere. 


[see Eqs. (2.5.8a) and (2.5.8b)], so the equivalent network involves only a simple 
junction. When the source is located outside the sphere, the transmission line 
is matched forr > r' and reflection occurs only at r = a. The solution may then 
be constructed by adding to the bilaterally matched Green's functions in Eq. 
(10) the reflected wave contribution; there is no need to analyze the problem 
from the beginning. The situation is more involved when the source is located 
inside the sphere, in which instance reflections occur from both ends of the 
transmission line. 

The E-mode current reflection coefficient f (a+) seen slightly to the left 
of the point z = a in Fig. 2.7.4 is given from Egs. (3.3.29a) and (3.3.29c) by 


_ [¢i(a)/ Zia) + 3 
where the C(a) represent the matched impedances seen from r =a in the 
transmission-line descriptive of the region exterior to the sphere, 
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Cla) = -HED Cd = KiED, k= ovine, b= of 4, 


(13a) 


while Z(a) denotes the input impedance seen to the left from r = a [see Eq. 
(7)], 

Jka) 
Jka)’ 
If the incident current is taken as h")(kr), the reflected current at r — a hasan am- 
plitude I;,A°)'(ka), so its value at any point must be [2$)(ka)/h'?(ka) JT}, (kr). 
Upon combining this result with Eq. (10), one finds 


Yr, °C = 4 [akro + AAAI ‘Aa ya>(kr | hkr,), a<r <o, 
(14) 


and an analogous expression for Z; (r, r’). The behavior of the moda! Green’s 
function inside the sphere may in this simple case be obtained by inspection 
from the requirements that the current remains finite at z = 0 and continuous 
at r =a: 


Za) = — jl, 4a) SOE Ca A (13b) 


Yr, r) = Yla, r)? Wn pee O<r<a. (18) 


The previously derived results may ` recovered as special cases from Eq. 
(14). For the bilaterally matched configuration, f, = 0. For the perfectly 
conducting sphere, obtained in the limit as |é,| -> oo, arg €, - —72/2, one has 
e 
Z,(a) — 0, and, therefrom, Eq. (12b). Equation (11) follows on letting a — 0. 


PROBLEMS 


1. A homogeneously filled uniform waveguide has a cross section S bounded by the 
curve s = 5; + S2, The following boundary conditions are assumed on the two 
portions s, and s, which comprise the waveguide boundary: s, is a perfect elec- 
tric conductor (En = 0) while s2 isa perfect magnetic conductor (Hun = 0). 


(a) Show that the fields in this waveguide may be decomposed into E and H 
modes, and formulate the eigenvalue problem for the scalar mode functions 
from which the vector modes may be derived. 

(b) Apply these results to the determination of the mode functions in a rectan- 
gular waveguide, one side wall of which is a perfect magnetic conductor 
while the remaining walls are perfect electric conductors. 


2. The dyadic Green's functions Z (r, r') and &(r, r’) defined in Eqs. (2.3.27) are 
given in an unbounded homogeneous medium with constant €. 4 by 


JE zer) =E mr) =k [1+ Deter (1a) 
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where G; = (4%|r —r’})~'exp[—jkIr —r’|] [assumed time dependence exp (jwr)]. 
l is the unit dyadic (1. A = A - 1 = A). When r —> œ, show that Eq. (la) re- 
duces to the far field relation 


Pa gry =jkr+jkle’)/r 
Ers Ea n na — roro), >r, (1b) 


r 
where fo is a unit vector in the r direction. 


3. (a) Show that for an exp (jmr) dependence, the free-space dyadic Green’s func- 
tions in Eqs. (1) have for r # r’ the spherical mode representation 


(Wr, r) = py FO) HE Wr) + py WONT )Æ Nr), (2) 


FZE = EECA) + EEO) p= E, 0 
i l 
where re = r when r < r’, r< =r’ when r > 7’, with the converse applying 
to r>. Also, if h (kr) denotes the spherical Hankel function, 
rFO Mp) = hkr, p), k3 = p(p+ 1), 
rI) Np) = HM krh (O, A) — jhe Nkr XY; wO, D), (4a) 


PN) = F EO + PO, HPO = z PEMD — HM) 
and 
BME) = KEM Kr eB, P) — E APMENZ CG) ki? = Wp +) 
BNE) = HEM KEG, $), (4b) 
aP = FEA) + EMO, FPO) = (EW — EO). 


The transverse and longitudinal mode functions are defined in Eqs. (2.6.1) 
and (2.5.10c, 2.5.10d), and their explicit form is given by Eqs. (3.4.63), 
(3.2.51b) and (3.4.79a). 

(b) Apply Eqs. (1)-(3) to calculate the field of an electric current element with 
strength J located at r’ on the z axis and oriented parallel to the x axis. By 
letting z’ —> co, show that the identification 

_ jope kJ =o (5a) 
anr’ 
yields an incident plane wave of unit amplitude. 
Note: Show first from Eq. (6.8.2a), with r’ + co and @ = 0, that 


ao 


kre-ikr = 2, (2n + 1X —JP ja(kr). (5b) 
(c) What modification must be included in Eqs. (2)-(4) when r = r’ [see Eq. 


(2.5.8e)}? 


(d) Show that the preceding formulas remain valid in the presence of conical 
boundaries provided that one employs the appropriate eigenfunctions in Sec. 
3.4b. 
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4. Show that the normalized vector mode functions for the TEM mode in a biconi- 
cal region bounded by the surface 0 = ĝ, z are as follows: 


9,/2) 7-12 
03 (6, p) = Oo zap [2r in (EF) , 0<6,5050<n, (6) 


hho = ro X Cy €p =H, =0. (6a) 


5. Derive the modal Green's functions (radial transmission-line solutions) when the 
source in Fig. 2.7.4 is situated in the region 0 < r’ < a. 


6. The electric field in an aperture of arbitrary shape perforating a perfectly con- 
ducting infinite screen of negligible thickness may be represented equivalently 
by a magnetic current distribution M(r’) = E(r’) x n placed on the unperforated 
screen (Sec. 1.5b). E(r’) denotes the aperture electric field and n the unit normal 
pointing into the half-space region. The power § radiated into the half-space is 
given by Eq. (2.5.11). 


Aperture 
Feeding guide 


FIG. P2.1 Radiating aperture. 
(a) Show that the voltages required in Eq, (2.5.1 1b) are given by: 


lVCr)| E 


J M(r’) - HE 0") aS'|, (7) 
a 


where 3€'') js defined in Eq. (4a) and A is the area of the aperture. 


(b) Assume that the aperture is fed on one side by a waveguide propagating a 
single mode (Fig. P2.1); at a reference plane removed “many” guide wave- 
lengths from the aperture, the voltage in this mode is given by 


Vy = Uf M(r’) - h(n’) dS’, (8) 
A 


where h is the real transverse vector mode function for the dominant mode 
in the guide (see Sec. 2.3a). Assume that M, and therefore V, is real. Show 
that if Ê is the dominant mode current in the waveguide referred to the 
aperture plane, the radiation conductance G of the aperture as seen from 
the waveguide may be defined as 


L 5 Vir? LAA Cli 

> 2 Ot ' (9) 
C7 A f 

which expression is obtained from power flow considerations at r — œ in 
the half-space, or by 


l 
t7% 
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Re [fE x H“ - nds 
A 


g = Rel _ i 
Vv yr 
[as J fase . [Re Wilr, c’)] © M(r’) 
ye? (10) 
Z z 


which results from the total power flow calculated at the aperture. The 
half-space dyadic admittance &Y,(r, r’) for r’ on A is equal to twice the 
free space admittance V(r, r’) in Eq. (la). Show that the aperture field 
satisfies the integral equation 


(Re /)h(r) = ff [Re ,(r, r’)] - M(r’) ds’ (11a) 


= FEMI) + EVA, rina. (1b) 


t 


Show also that the expressions for G are stationary (variational) with respect 
to small variations of M about the correct value specified in Eqs. (11), and 
that the result obtained for G by substituting an approximate “trial function” 
for M is larger than the true conductance. (See R. E. Collin, Field Theory 
of Guided Waves, McGraw-Hill] Book Co., New York (1960), Chapter 8.) 


7. Various elementary distributions of magnetic current as shown in Fig, P2.2 are 
placed on a perfectly conducting infinite plane. Consider two possible coordinate 
systems, both having the common origin shown in Fig. P2.2. In system I, the z 
axis is perpendicular to the plane whereas in system II, the z axis is taken along 
the horizontal axis in Fig, P2.2. Show that the following spherical E modes (Emn) 
and H modes (Hmn) are excited by these arrangements [refer to Problem 6 of 
Chapter 3 for forms of the scalar mode functions): 


System I 

(a) Hn; 

(b) Hmn m odd, n odd (lowest: H,,); 

(c) Han m even, n even (lowest: Ho, H22); 

(d) Emn m odd, n even and Hmn m,n odd (lowest: H11); 

(e) Emn m even, n odd and Hmn m, n even (lowest: Eon H22); 
(1) Emn n even, n odd and Hmn m, n even (lowest: Eo, H22); 
(B) Eon n odd (lowest: E;); 

(h) Hon n even (lowest: Ha). 
System If 

(a) Hoi; 

(b) Hon n odd (lowest: Ho:); 

(c) Hon n even (lowest: Hoz); 
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Ie + 


(a) (b) (c) 
2b z i ! 
2a 
(d) (e) (f) 
(g} (h} 


FIG. P2.2 Elementary source distributions: (a) single element; 
(b)-(f) various symmetrical arrangements of two elements; (g) ring 
current; (h) ring of radia! elemets. 


(d) Emn m,n even and Hmn, m even, n odd (lowest: Ho); 
(e) Emm m, n odd and Hmn, m odd, n cvcn (lowest: Er, Ha) 
(f) Ein n odd and Hn, n even (lowest: En, Hi); 

(8) Emn m,n odd (lowest: E,,); 

(h) Hmn m,n even (lowest: Hoz, H22)- 


The modes designated as “lowest” remain dominant when the dimensions a, 
b, c are small compared to the wavelength. 


8. When the aperture in Problem 6 is small compared to the wavelength, the spheri- 
cal mode series in Eq. (9) is rapidly convergent. If the field distribution in the 
aperture is representable in terms of one of the elementary source configurations 
in Fig. P2.2, the dominant contribution to the conductance G arises from the 
corresponding lowest mode(s). 


(a) Rectangular slot terminating a rectangular waveguide: 
A symmetrically placed rectangular slot having dimensions a; b’ terminates 
a rectangular waveguide with dimensions a, 6. When the waveguide is ex- 
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FIG. P2.3 Rectangular configuration, 


cited in the dominant mode, a reasonable “guess value” for the induced 
aperture field is 


E(r’) x n = M(r’) = zo cos rz, (12) 


where the z axis has been chosen parallel to the a dimension of the guide. 
Tbis source distribution excites predominantly the Ho, spherical made (see 
Problem 7). When the slot dimensions are small, show that 


F IPADE o 2 ap Ai aa hof a 


where Yo and A, are the admittance and the guide wavelength of the 
dominant (Ho) mode in the rectangular waveguide, and À is the free-space 
wavelength (for Y, and 4, = 22/x, see Eqs. (2.2.1 5d}]. 


(b) Annular slot terminating a coaxial waveguide: 
A coaxial waveguide with dimensions a, b and excited in the TEM mode is 
terminated in a concentric annular slot having dimensions a’, b’ (Fig. P2.4). 


(a) Side view (b) End view 
FIG. P2.4 Coaxial configuration. 


A simple trial function for the electric field in the slot is E(r’) = Pp(!/p’), 
the variation in the incident TEM mode, so that 


Mír’) = -Q F (14) 
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where p is the radial coordinate transverse to the guide axis which has been 
chosen coincident with z (in view of the rotational symmetry of the aperture 
field, this coordinate choice is Natural). Show that for smal! values of (6’/A) 


and (a’/A), 
yo ve snap lca) ~ Cr) | as) 


Show that the complete spherical mode expansion for the conductance is 
{refer to Problem 6 of Chapter 3 for the scalar mode functions]: 


G _ In (b/a) = (4n + 3) F Poni D|’ 


Yo ig Mir’) arr | On + 1)(n + 2) Ld sus 


x If M(r’)j,(kr’) dr’ | * (16) 
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3. Mode Functions in Closed and Open 
Waveguides 


3.1 INTRODUCTION 


By the modal analysis and synthesis procedure of Chapter 2, electromagnetic 
fields in isotropically filled uniform waveguide regions are representable as 
superpositions of modal fields. The latter have z-dependent amplitudes described 
by transmission-line voltages and currents, and transverse vector characteristics 
determined by the shape of the guide cross section. Solutions of the transmis- 
sion-line equations in media piecewise homogeneous along the waveguide axis z 
have been given in Sec. 2.4, and their network interpretation has been empha- 
sized. The present chapter deals with evaluation of the transverse vector eigen- 
function characteristics. As noted in Sec. 2.3a, the solution of the vector 
eigenvalue problem is facilitated by introduction of scalar eigenfunctions satisfy- 
ing appropriate scalar eigenvalue problems in the cross-sectional domain. This 
scalarization, equivalent to a field decomposition into £ and H modes, is possible 
for homogeneously filled cross sections but fails when the medium properties 
depend on the cross-sectional vector coordinate, p. Nevertheless, for p-dependent 
medium parameters, the vector-field problem may still be scalarized if the 
waveguide region admits a transmission-line analysis along one of the transverse 
coordinates. This procedure is illustrated in Sec. 3.2d. Section 3.2d also contains 
a generalized derivation of the transverse field equations and moda! representa- 
tions of the electromagnetic field in transversely inhomogeneous regions. 

Scalarization permits evaluation of vector-mode functions by solution of 
scalar eigenvalue problems in the transverse domain.t Little analytical progress 


fIt should be emphasized that scalarization is automatic in an acoustic field whose prop- 
erties are derivable from a scalar pressute p. While solutions of scalar eigenvalue prob- 
lems in this chapter are phrased in electromagnetic terms, they are applicable to the 
acoustic field on simple reinterpretation of relevant variables. 
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can be made unless the geometry is separable, in which event a two-dimensional 
eigenvalue problem can be reduced to two one-dimensional problems. Treat- 
ment of the one-dimensional case is thus of fundamental importance and is of 
primary concern in this of chapter. The relevant eigenvalue equation is of the 
Sturm-Liouville type and exhibits certain genera! features that are reviewed in 
Sec. 3.2a. Eigenfunctions for closed and open regions describable in rectangular 
and circular cylindrical coordinates are derived in Secs. 3.2b and 3.2c by classi- 
cal techniques, and orthonormality and completeness are expressed succinctly by 
spectral representations of the (unit operator) delta function 6(p — p'). Antici- 
pating subsequent function-theoretic applications to the construction of alterna- 
tive field representations, some attention is given in Secs 3.2b and 3.2c to analytic 
continuation of modal representations into the complex plane of the spectral 
variable. 

The classical procedure for solving eigenvalue problems leads to difficulties 
in open regions (one or both domain endpoints at infinity) since the mode spectra 
may then be continuous and the eigenfunctions improper. To normalize the 
mode set Under these circumstances, one may pass to the infinite limit from an 
originally bounded domain, as illustrated in Secs. 3.2b and 3.2c for rectangular 
and circular geometries, respectively. A more powerful and direct technique is 
provided by the characteristic Green’s function (resolvent) procedure of Sec. 
3.3, based on the intimate relation between resonant solutions (eigenfunctions) 
and the response to point-source excitation already noted in Sec. 2.4e. Thts 
method, formulated in Secs. 3.3.] and 3.3.2 for the Sturm-Liouville differential 
operator describing propagation on a genera! non-uniform transmission line, is 
relevant not only for one-dimensional eigenvalue problems but also for source 
problems in inhomogeneous media. Questions of mode completeness and nor- 
malization for both discrete and continuous eigenfunctions are answered system- 
atically by exploring the singularities of the characteristic Green’s function in 
the complex plane. The above-mentioned analytic continuation of spectral 
representations forms an integral part of this procedure, thereby facilitating the 
construction of alternative field representations as is shown in Sec. 3.3c. Detailed 
applications of the method to eigenvalue problems in various geometrical con- 
figurations are given in Sec. 3.4. 

Although the theory of the Sturm-Liouville differential equation or, equi- 
valently, propagation on a non-uniform transmission line, can be discussed in 
some generality, explicit solutions in terms of known functions are possible only 
for special inhomogeneity profiles. A variety of such special solutions is pre- 
sented in Secs, 3.2 and 3.4. Under more general conditions, explicit construction 
of the field behavior requires approximation procedures whose success relies on 
the ability to represent the solution to the given problem as a weak perturbation 
of a known solution to a related problem. If the unperturbed problem is de- 
scribed by a differential equation that exhibits in certain critical regions (near 
turning points, singularities, etc.) the same analytical behavior as the desired 
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problem, solution of the latter can be constructed by systematic techniques 
detailed in Sec. 3.5. One aspect of this procedure involves reformulation of the 
differential equation problem as an integral equation whose kernel! constitutes 
an unperturbed (“comparison”) Green's function, and subsequent solution by 
iteration. Various techniques are illustrated by discussion of specific examples. 


3.2 CLASSICAL EVALUATION OF MODE FUNCTIONS 


3.2a General One-Dimensional Eigenvalue Problem 


Before proceeding with the calculation of scalar two-dimensional eigenfunc- 
tions for various separable geometries encompassed by Eqs. (2.3.2), we consider 
briefly some characteristics of one-dimensional eigenfunctions and the associated 
eigenvalues. The determination of the eigenfunctions /,, and the eigenvalues À, 
in the domain x, < x < x, poses a problem of the Sturm—Liouville type:' 


d 

[EOE — g(x) + Anw(x)|fnl3) =O, Sexy (I) 

subject to the homogeneous boundary conditions 

d 
pa + afm = 0, X = Xiz (la) 
where p, q, and the weight function w are assumed to be piecewise continuous 
functions of x in x, S x < x,- The boundary condition in Eq. (la) is of the 
“impedance” type, as may be noted from the discussion relating to Eqs. (2.3.41) 
[see also Eqs. (3.3.5)]}. 

We show first that the eigenvalues A,, are real for real p, 4, w, and «, 2, 
the so-called Hermitian case corresponding to a non-dissipattve medium. Upon 
multiplying Eq. (1) by fž, where * denotes the complex conjugate, integrating 


over x between the limits of x, and x, and using integration by parts and 
the boundary conditions in Eq. (la) on the first integral, one finds 


= j. dx pldfm/ dx) gj y dx q| ml? B @,| Sal + Qa) Sa XD]? 
f” dx wi faP 


Since the right-hand side of Eq. (2) is real for real values of p, q, w, @.2 it fol- 
lows that A,, is real in this case. 

To deduce the orthogonality property of the eigenfunctions for the Hermitian 
case, one multiplies Eq. (1) by the eigenfunction f* belonging to the eigenvalue 
Ax = A, and integrates over the x domain to obtain 


Pans (P$) -— f daxasi fn + Àn ie dx wf* fa = 0. (3) 


(2) 


m 
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Similarly, starting from the defining equation for f*, multiplying by f, and 
integrating, one obtains Eq. (3) except for the interchange of m and n. Upon 
subtracting the second equation from the first, rearranging the terms and carry- 
ing out a simple integration by parts, one finds 


afew [onal 


In view of the boundary conditions (ia), the right-hand side of Eq. (4) vanishes, 
leading to the orthogonality property of the eigenfunctions f,, and ff relative 
to the weight factor w: 


F dxwff*—0, men. (5a) 
The eigenfunctions are normalized to unity by the requirement that 


[dx wif, = 1. (5b) 


The set of eigenfunctions fm comprising all possible solutions of Eq. (1) 
constitutes a complete set that can be employed to represent a permissible func- 
tion F(x) in the interval x, < x < x, [a permissible function is one for which 
the representations below exist; i.e., the sums or integrals in Eqs. (6) converge]: 


FQ) = E Fufa(®) (6a) 


where the sum extends over all eigenfunctions fa. From the orthonormality 
property of the f„ functions in Eqs. (5) one evaluates the transform F„ as 


Fa =| at WOFROS AE. (6b) 


The completeness and orthonormality of the set fẹ, can be expressed concisely 
in a symbolic manner by choosing for F(x) the delta function d(x — x’). Then 


Fy = |7 AE WESE — SAE) = WSA), (7a) 
so that from Eq. (6a) one infers the completeness relation 
Se 2) Efile <2 (7b) 


The representation of a permissible function F(x) as in Eq. (6a) follows from 
Eq. (7b) upon multiplication by F(x')w(x‘) and integration over x’ between the 
limits x, and x). 

The considerations above are based on the assumption that the eigenvalue 
Spectrum is simple and discrete. Continuous spectra, when applicable, can be 
derived therefrom by the limiting procedure of Secs. 3.2b (semiinfinite region) 
and 3.2c (open angular sector). A more direct treatment in terms of character- 
istic Green’s functions is given in Sec. 3.3. 
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3.2b Homogeneously Filled Rectangular Cross Sections 


Finite rectangular region 


The cross-sectional geometry is bounded by perfectly conducting walls and 
illustrated in Fig. 3.2.1. The transverse operator V? is represented in this case 


by 


g: g? 
rT (8) 
Upon assuming a solution of the form 
D.p) = ®,(x)®(y), O(P) =0 ons, (9) 


where ®, and ®, are functions of x and y, respectively, one reduces Eqs. (2.3.2a) 
and (2.3.2b) to the two one-dimensional equations 


(5 + p’) ® (x) = 0, (0) = ©,(a) = 0, (10a) 
d Z = B 7 
(5 +q Jy) =0, (0) = 0,5) = 0, (10b) 


where p’ and g? are “separation” constants in terms of which the transverse 
wave-number k;, of Eq. (2.3.2a) is given by 


ke = p? + q’. (10c) 


Similarly, one assumes for the H-mode functions defined in Eqs. (2.3.2c) and 
(2.3.2d), 


vie) =v»), Z =0 ons, (11) 


from which it follows that w, and yw, satisfy one-dimensional equations as in 
Eqs. (10) with the boundary conditions 

OW» _ sias Wee e 

he atx = 0,4; o9 at y = 0, b. (12) 


The solution of the eigenvalue problems posed in Eqs. (10) is readily found 
to be 


D(x) = 4/2 sin px, p-f m= D2 hes, (13a) 


D) = yZ sing, gE n=—1,2,3,°--, (13b) 


where the multiplicative constants have been so chosen as to normalize the mode 
sets to unity, i.e., 


[ @3Gpax = 1 = f'Dar. (14a) 


One readily verifies the orthogonality of the eigenfunctions from the relation 
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ff sin Z sin am dx = 0, mÆm™m;, mn’ = 1,2,3,---, (1 4b) 


and similarly for the ®,(y), so Eqs. (14a) and (14b) can be subsumed into the 
single orthonormality relation 
l, P = p 

f D(x), (x) dx = 6,5 = e a (14c) 
Since Eqs. (10) and (12) are evident specializations of Eqs. (1), the orthonormal- 
ity properties of the one-dimensional eigenfunctions could have been anticipated 
from Eqs. (5) without the explicit calculation in Eqs. (14). As in Eq. (7b), 
completeness and orthonormality can be expressed conctsely as 


ee È © ,(x)®,(x!) = 2 È sin TEX sin ™X Qc <a 


(15) 
whence the representation of a permissible function F(x) follows from Eq. (15) 
upon multiplication by F(x’) and integration over x’ between the limits 0 and 
a, while the orthonormality relation (14) is deduced upon choosing for F(x) 
the eigenfunction ®,.(x). Ina directly analogous manner, one has for the y 
domain, 
oy — y') = > D (y) y) = +3 si n= sin” my 0< j <b. 


(16) 


The representation of the two-dimensional delta function ô(p — p’) = 
d(x — x')6(y — y’) for the rectangular domain in Fig. | follows directly from 
the knowledge of the two one-dimensional representations above as 


E DDP, 0< % <a, 0<}, <b, (17a) 
' i y 
O(p — p) = 


4 = n BAX sjn MAY mmx! nny” 
= 2 sin : sin ; sin a sin ; (17b) 


from which the desired two-dimensional mode functions in Eqs. (2.3.2) are 


2 MTX Sin NY = 
D (p) = Ta sin | p mn=tl,2,3,-°:, (18a) 
and the transverse Wavenumbers 
k? = A + (2) (18b) 
a b 


$; in this instance represents the double sum $27., Doz... The product repre- 
sentation of the delta function in Eq. (17a) is obtained from the requirement 


| = ff óp — p as = f“ dx f dy d(x — xy —y), Pins. (19) 
AY 


Sec. 3.2 Classical Evaluation of Mode Functions 245 


The serra of the two-dimensional set ®,(p) is assured from that of 
®,(x) and ®(y) since for i = (p, g), J = (P, q’). 


iJ DPAP) dS = |" dx [dy DADDA) = sr r = Èu 


(20) 
A permissible function F(p) in the rectangular domain can now be represented 


via Eq. (17a) as 
F(p) = || F(e')6(p — p) as" = E Fp), (21a) 


F, = || FpD’) as’. (21b) 
S 


Similarly, one deduces the mode functions y, appropriate to the rectangular 
cross ‘section in Fig. 3.2.1 and to the boundary conditions in Eq. (11). The 
orthonormal functions y (x) and y,(y) are given by 


a 


x 


FIG. 3.2.1 Finite rectangular region. 


j nT l 

y(x) = 2 cos px, P= m= I, 2, sees WAX) = 77’ (22a) 
/ l 

Yy) = + cos q}; 4 = T n= l,2,.; Wy) = Sh (22b) 


As in Eq. (15), the completeness and orthonormality of the mode set y,(x) is 
conveniently expressed via the delta-function representation 


O(x — x') = 2 y (x)y (x') = 2 H Em COS PX COS Px’, O< 7 < a, 
(23) 


with €, = 1,€,, = 2, m > I, while for the two-dimensional mode set y,(p), 


ôlp — p’) = p> wi(pwip’), 0< Bij <a, 0 zy <b, 


= z MY na MTX nay’ 
, aap EmE p C08 — = cos. (24) 


yS 


eee 
abs 
Thus, 
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y, (p) = A/ care cos E~ cos TF, m, n = 0, l; 2, SOE (25a) 
and 
2 2 
e = (ME) + (F). (25b) 


Semiinfinite rectangular region 


If the a dimension of the waveguide in Fig. 3.2.1 is allowed to become in- 
finite, the rectangular waveguide configuration goes over into the semiinfinite 
rectangular trough shown in Fig. 3.2.2. The transition to the open region is 
traced out by defining 


P == Cn i a i) AČ m am Ga, Cai a . (26) 
b 
y 
X —_—_—— x 


FIG. 3.2.2 Semi-infinite rectangular region. 


As a becomes very large, one notes that the eigenvalues p = mz/a,m = l, 2, 
--+, fall closer and closer together until they coalesce in the limit into a con- 
tinuous spectrum. Upon substituting Eq. (26) into Eq. (15), and letting a — co 
(i.e., A€,, — 0), one obtains 


d(x —x') = lim 2 = sin (č x) sin (n x’) A€_, (27a) 
= =f sin Ex singx'd&,  0<%,< 00, (27b) 
SO 
= 2 
D(x) = P(E, x) = a sin ğx, 0< ¢ <0. (27c) 


The sum J z-, in Eq. (15) is replaced here by the integral i dé, since the 
0 


eigenvalues are continuous. 

The continuous eigenfunctions in Eq. (27c) are improper [i.e., the normaliz- 
ing integral (2/7) {> dx sin? &x does not exist (is infinite)]. The normalization 
constant 6,,- in Eys. (14) is replaced in this case by the delta function 6(¢ — ¢’), 
as is verified upon multiplying Eq. (27b) by sin ¢’x’, integrating from x’ = 0 
to x’ = oo, and interchanging the order of integration on the right-hand side 
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(the interchange of the order of integration is essential for the deduction of a 
transform theorem and is assumed valid for the class of permissible functions): 


sin &’x = ine sin x (= f sin č’ x’ sin &x’ dx') dë 


= f f sin Ex (E — &’) dë, (28a) 


= f sin &’x’ sin &x’ dx’ = d(E — ©), (28b) 


which relation is evidently of the same form as Eq. (27b). ®.(x) in Eq. (27c) 
is seen to Satisfy the required boundary condition ®,(0) = 0. The lack of a 
boundary condition at x = oo is a consequence of the singular (limit point) 
character of the endpoint at infinity? [see the footnote to Eq. (3.3.21)]. 


The two-dimensional completeness statement for E modes in the semiinfinite 
region of Fig. 3.2.2 can be written as 


E DAMDA,  0< 3, <0, 0<} <b, (29a) 


op — ep) = 4 e2 nny may" 
=|. ag 2. sin &x sin F sin ğx’ sin at (29b) 
i.e., 
DP) = Sez sin Ex sin 72, O0O<FE<co, n=1,2,3, >}, 
k= e+ (F). (29c) 


It is noted that 5), in Eq. (29a) stands in this instance for {5 dé Do7-, since the 
mode set in the x domain is continuous. 
For the H-mode functions one obtains, by a similar limiting process, 


5x — x!) = 2 f” cos Ex cos ex! dé, 0<%,<00, (30a) 
N Jo x 
SO 
yx) = Nes coséx, Oct <om. (30b) 
Thus, 
LvdPwip’), 0<ž, <0, 0<} <b, (31a) 
óp- p= 4° á 
2 "af . cos "72 cos Ex! cos 2" 
zl, d $, €, COS x cos A cos €x’ cos p’ (31b) 


248 Mode Functions in Closed and Open Waveguides CA. 3 
vp) = af 26 cos Ex cos™, 0 E< oo, n=0,1,2, ++, 
mb b 
2 
ke =O + + (# ). (3{c) 


Quarter-space region 


Upon letting the b dimension in Fig. 3.2.2 increase indefinitely, one obtains 
the qnarter-space region in Fig. 3.2.3 and, from the preceding section, the fol- 
lowing completeness statements (the continuously variable index q is denoted 


by n): 


x 


FIG. 3.2.3 Quarter-space region. 


E modes: 
: o EDD o< * <œ, 0< $ < œ, (32a) 
pe i a I, dn sin ¢x sin ny sin €x' sin ny’, (32b) 
Le., 
@(p) = + sin Ẹx sin ny, 0<E<m, <<; kitr. 
(32c) 


The symbol $, denotes in this case the double integral in dé f dn. 


H modes: 


2, w APY Ap), 0 < x! < oO, 0< 4 < œ, (33a) 
ô(p — p') = 


<I, dé | dn cos &x cos ny cos €x’ cos my’, (33b) 
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2 
y,(p) = x 


— cos Èx cos ny, 
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0O<F<awo, << 
Half-space region 


= C -4 nè. 


(33c) 
A half-space region x > 0 is shown in Fig. 3.2.4, Eigenfunctions for the 
infinite interval —oo < y < œ are deduced most simply by considering not 
the bounded domain 0 < y < b as above, but instead —b/2 < y < b/2, and 


FIG. 3.2.4 Half-space region 
then letting b — co. One finds the delta-function representation for the latter 
range directly from Eq. (16) upon introducing the change of variable y > y — 
6/2, y'’—> y' — b/2: 
=! 2n — I)ay’ 

dy —y) = =>) cos (24 — DTX cos En — Tay" 

2S. 2amy.. nay’ _b -y b 

+ £3 sin 200) sin ak. a <y sy 
l.e., the eigenfunctions ®, in this case comprise the two mutually orthogonal 
Sets 


5 (34a) 
(2n — Nay 
cos <——_____" + 
Dy) a qe A 


2 ? < pA 
. 2nny 

sın Ea 

Eq. (34a), 


(34b) 
which are even and odd in y, respectively. Upon defining in the first sum in 
_(2n— x 
F 


and in the second sum, 


Anu = Nass ~~ Nn, 


(35a) 
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_ 2m _ 2n 
Na =s bb’ An, se b , (35b) 


and going to the limit b — œc, one obtains 
= cos ny cos ny’ dn + = is sin yy sin gy’ dy, (36a) 
d(y = y’) = A Jo Tw Jo 


if y _ y 
1 f cosnly —y)dn, 00 <2, < o. (366) 


For the H-mode functions, a similar result is obtained if the transition b — oo 
is Carried out for the y {y) in Eq. (22b) after defining the latter over the inter- 
val —b/2 < y < b/2 as above. The lack of dependence of the infinite interval 
eigenfunctions È (y) = w,(y) on the boundary conditions for the finite interval 
is a consequence of the limit-point type of singularlity at y =: +00 [see the 
footnote to Eq. (3.3.21)]. Thus we have, from Eq. (36a), 


T {sin ny 
Py) = wy) = J+ oe ny 


An alternative and frequently more useful representation of the delta func- 
tion is obtained upon expressing the cosine terms in Eq. (36b) as the sum of 
two ex ponentials:t 


— y) = S wy- y’) 7 i —Inly-¥') 
oy n=l ”! dn 4 mle dn 


eh pipe gg | A 
=z] E dn= zf e ” dn (37a) 


= 2 @,(y)OF(y') = x w AYT’). 


In this Fourier integral representation, the eigenfunctions are complex and the 
delta-function representation involves the complex conjugate [see Eq. (7b)]. The 
eigenvalue parameter 7 ranges from — oœ to 4-co. Thus, 


l —o << y<oo, O<y<oco. (36c) 


®,(y) = yy) = Tae —œ <y <œ, ~o <4 <oo. (37b) 


The orthogonality condition analogous to Eq. (28b) is now, with respect to the 
complex conjugate, 

= "etre dy! = Hq — n’). (37c) 
An advantage of the representation in Eq. (37a) is the simple deformability of 
the contour of integration into the complex 4 plane. If y > y’, the integrand 
in the first integral in Eq. (37a) decays exponentially in the upper half of the 
complex y plane (Im y > 0), so the endpoints of the integration contour can 
be shifted from the real y axis to y = —oo + je and n = 400 + jd, with €, 
6 > 0. Similarly, if y < y’, the contour of integration in the second integral 


tNote that the use of J = /—1 does not imply a preferred time dependence at this stage. 
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representation in Eq. (37a) can be deformed into the upper half of the y plane. 
The utility of these formulations in the complex plane for transformation of a 
given field representation into an alternative one will be emphasized in Sec. 3.3. 

In summary, two-dimensional delta-function representations for the half- 
space region are as follows: 


E modes 
5(p — P’) = E DAPO) 0 > F<, —oo <}, < oo, 
~ z : a J 7 dy sin Gx e~” sin €x'e*!™, (38a) 
L.e., 
®,(p) = L sin &x e, O<E<mw, =o <<; k= 4 
(38b) 
H modes 


Alp = p) = Dvdewip, <j, <0, =o <], < oo, 


= = i dë E dn cos Ex e-/” cos Ex'e*!”, (39a) 
i.e., 
wp) = J cos tx e7, 0<č<%, -—wo<ycm, KP =& ++. 
(39b) 


Free-space region 


For the free-space region shown in Fig. 3.2.5, the E- and H-mode scalar 
eigenfunctions ®,(p) and y,(p) are seen to be identical. The eigenvalue problem 
in x leads to the same Fourier integral representation as in Eq. (37a), so the 
two-dimensional free-space representation constitutes the two-dimensional 
Fourier integral theorem: 


5p — P) = DOO) = Lydpwile’s = << o, 
— oo <y < oo, 
= al dé l dn ETID gti tny) (40a) 
i.e., 
Dp) = ve) = mee, =œ << ğ <o, —o << %; 


=e t. (40b) 
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P 


FIG. 3.2.5 Free-space region. 


Parallel-plate region 


For the parallel-plate region shown in Fig. 3.2.6, the y-dependent eigen- 
functions are those in Eq. (37b), while those for the finite x domain are given 
in Eqs. (13a) and (22a), respectively. Thus, for E modes, 


Y 


FIG. 3.2.6 Parallel-plate region. 


5p — P) = E DAPO) O< <a, ~co <] < oo, 


œ (>) z : x’ : 
a > f dy sin MEX e-10 sin MAX erm, (41a) 
ana m=l —o a a 


LC., 


,(p) = Ge sin T e, m= l, 2,3, -, -w2w<y<o; 


kid = (ZA) + n; (41b) 


for H modes, 
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ôlp — p) = B wyro) 0< x <a, —o <} < 09, 


_té€ mX MAX’ jyy 
= TTA dn Em COS ~ e Ja? cos a el, (42a) 
1.C., 
wip) = gi cos TE emi m= 0, 1, 2, , —%© < < 0; 
p= (Z) esL e52, mal (42b) 


Transmission-line interpretation of one-dimensional eigenvalue problem 


The one-dimensional eigenvalue problems in the preceding sections can be 
interpreted in transmission-line terms as defining resonant voltage or current 
solutions on an appropriately terminated source-free transmission fine. Consider, 
for example, the eigenvalue problem in the x domain as stated in Eq. (10a). If 
x is taken as the transmission coordinate, the equivalent transmission-line con- 
figuration is that shown in Fig. 2.4.10 with z, =x, = 0, z, = xX, =a, Z, = 
0 = Z The source-free voltage solutions on such a transmission lineare defined 
by the homogeneous second-order differential equation (2.4.2), which is identical 
with Eq. (10a), provided that z = x, x = p. In view of the requirement that® ,(0) 
= ® (a) = 0 in Eq. (10a) (i.e., the vanishing of the transmission-line solutions 
at the short-circuit terminations), one identifies ®,(x) as the resonant voltage 
V(x). Equation (2.4.7a), with z’ = x’ = 0, leads upon imposition of the bound- 
ary conditions V(0) — V(a) = 0 to the resonant solutions in Eq. (13a), to within 
an arbitrary multiplying constant. Similarly, from the source-free transmission- 
line equations, V is proportional to d//dx [see Eq. (2.4.1)]. Hence, the eigen- 
function y,(x) satisfying the boundary conditions in Eq. (12) can be identified 
as the current J(.x) on a short-circuited transmission line. The eigensolutions in 
Eq. (22a) then follow directly from Eq. (2.4.7b). Alternatively, one may employ 
the dual configuration of a transmission line terminated in open circuits at x = 
0, a (i.e., Z- = Z, = oo). In this instance, the currents vanish at x = 0, a, so 
® (x) and y,(x) can be identified as the resonant current and voltage solutions, 
respectively. 

As emphasized in Sec. 2.4e, the source-free solutions on a terminated trans- 
mission line are intimately related to the singularities of the modal Green's 
function Z(x, x’) or ¥(x, x’) defined in Eqs. (2.4.28) and (2.4.29) (with z, z’ 
replaced by x, x’). This connection is highlighted further by an examination of 
the voltage and current solutions V(x, x’) and I(x, x’) in Eqs. (2.4.22) excited 
by voltage and current sources v and j at x’. To obtain a finite response in the 
absence of excitation (i.e., when v = i = 0), one requires via Eqs, (2.4.22) the 
vanishing of the total impedance Z(x’) and admittance ¥(x’) (see also Eq. 
(2.4.36)]: 


254 Mode Functions in Closed and Open Waveguides Ch. 3 


Z(x') = 0 = Zx’) + Z(x'), (43a) 
or, equivalently, 
Yx) = 0 = ¥(x’) + ¥(x), (43b) 


where the choice of x’ is arbitrary. Equations (43) constitute “transverse re- 
sonance” relations that can be satisfied only for resonant values of the propaga- 
tion constant k,, = p. For the case of a simple transmission line of length a 


short-circuited at both ends, one chooses x’ = 0 so that Z(0) = 0; then one 
— 
has, via Eqs. (2.4.24a) and (43a), Z(0) = jZ, tan pa = 0, i.e., 


P = — m= l,2,, (43c) 


as in Eq. (13a). The corresponding source-free solutions (eigenfunctions) are 
then given by the expressions inside the second set of brackets of Eqs. (2.4.22b). 
For eigenvalue problems of a general type, the above relation between the 
singularities (resonances) of the modal Green’s functions and the source-free 
solutions on a terminated transmission line will be elaborated in Sec. 3.3a. 


3.2c Homogeneously Filled Cylindrical Cross Sections 


Coaxial cross-sectional waveguide configurations of interest are the coaxial 
sector and annulus shown in Fig. 3.2.7. The sector is bounded by perfectly 
conducting cylindrical segments at p = a, b and radial plane segments at ¢ = 


(a) Sector (b) Annulus 


FIG. 3.2.7 Coaxial regions. 


0, g; the annulus is bounded by perfectly conducting cylinders at p = a, b. It 
is to be noted that a sector of angle g = 2x7 still contains a septum along the 
$ = 0 axis and is not equivalent to the annular region. 

The cylindrical p, coordinate representation for the transverse operator 
V? is 


—10.8,12 
Vi = 5 ap? ap A 
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Assuming product solutions for E and H modes, 
Dép) = ©,(p)®(9), DAP) = 0 ons, (45a) 


vie) = vAu, =o ons, (45b) 


one reduces Eqs. (2.3.2) to two one-dimensional equations: 


D 
d’? 2 D ($) =i f = = 
(ae + ihyo = ° po ayes, Meee 


; # 


© 
d 44 _ È (A) _ Pics = 
(5 E + Bo) thy = 0. gy} =0 atp=ab, (46b) 
p 


where p = k,,; the eigenvalues p° and g’ are, of course, different for E and H 
modes. For the annular region in Fig. 3.2.7(b), the boundary condition in the ¢- 
domain is replaced by a periodicity requirement on ®, and d®,/d@ (similarly 
for y, and dy,/d9). 

As for the rectangular-cross-section case, the two-dimensional eigenvalue 
problems in Eqs. (46) can be interpreted as resonant transmission-line problems 
for the p and ¢ domains. The eigenvalue problems in the ¢ domain in Eq. 
(46a) are identical in form to those encountered in the rectangular geometry 
in Eqs. (10)-(12), so the corresponding solutions ®,(¢) and w,(ġ), are represen- 
tative of the resonances on a uniform angular transmission line of length ¢ = g, 
with the eigenvalue parameter q distinguishing the resonant values of the 
Propagation constant. In the radial eigenvalue problem (46b), distinguished by 
the Bessel differential operator, p is the eigenvalue parameter with g fixed by 
Eq. (46a). Upon comparison with Eqs. (2.3.41) (see also Sec. 3.3a), one notes 
that the resonant transmission line of length b — a, representative of the radial 
domain, is non-uniform, since both the characteristic impedance and propaga- 
tion constant are functions of the transmission coordinate. 

If the ġ domain is bounded by radial planes at ¢ = 0, g, the complete set 
of eigenfunctions ®, and w, can be employed as in Eqs. (15) and (23), to 
represent the delta function 6(¢ — ¢'): 


E modes 
i$ — $') = L0)®,$) = 2 È sin 7B sin™, o< <p 
Le., 


®,(9) =/2 singh, q= F` m=1,2,---. (47b) 
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H modes 
56 — $) = Dv.) = 2 È en cos ecos ME, o< <y, 
(48a) 
L.C., 
2 ge m a Cm, 
vd) = £2 cos af, q=’ m=O0,12 | ST. 
(48b) 


For the complete annular region, 0 < $ < 2z, the eigenfunctions and their 
derivatives must be periodic with period 22, i.e., 


“Hoo orp =o 49 
= 0, do (9) = 0, (49) 


and similarly for w ($). The E- and H-mode functions are identical in this case 
and can be inferred from the delta-function representation 


= >; €, cos mọ cos mg! + = >; sin md sin mo’, (50a) 
m=0 m=) 


5b — $') = tz- D €n cos m(b — $’), (50b) 
A H eTo- 0< $ < 2z. (50c) 


The eigenfunctions can therefore be given either in the real form, 


D$) = w$) = (i eed q=m=0,1,2,-:-, (Sta) 


in go)’ 
or in the complex form [see Eq. (37b)), 
I 
DAA) = vb) = ore, = gQ=m=0,41,42,---. (51b) 


The radial equation (46b) is satisfied by Bessel functions Z,(pp), where g 
and (pp) denote the order and argument, respectively, and Z stands for the 
Bessel function J, the Neumann function N, or the Hankel functions H? and 
H™, Two linearly independent solutions must generally be employed to satisfy 
the required boundary conditions at p = a and p = b. Detailed calculations 
for various geometrical configurations are given in the examples below. 


Finite angular sector 


E modes. The angular sector configuration shown in Fig. 3.2.8 is obtained 
from Fig. 3.2.7(a) by letting a—» 0. The eigenfunctions for the ¢ domain are 
those listed in Eq. (47b). Concerning the radial domain 0 < p < b, the eigen- 
functions ®,(p) satisfy the differential equation and boundary conditions 
specified in Eq. (46b). At the singular endpoint p = 0, the boundary con- 
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b 
FIG. 3.2.8 Finite angular sector. 


dition ®,(0) = 0 is replaced by a finiteness condition. This requirement is 
satisfied by the Bessel functions J,: 

Dp) = A,J( pp); J(Xne) = 90, Xng = Pd, (52) 
where A, is an as-yet-undetermined normalization constant and x,, is the nth 
positive root of the Bessel function J,(x), satisfying the boundary condition 
®,(b) = 0. Finiteness at p = 0 follows from the small-argument behavior of 
the Bessel function J,(x) ~ x° for x — 0, where g > 0 from Eq. (47b). Since 
Eq. (46b) is a special case of Eq. (1) with x— p, p(x) = w(x) > p, a(x) — q?/p, 
Àm — P, it follows from Eq. (2) that p is real and that ©,(p) satisfies the 
orthogonality condition (5a). Indeed, proceeding as in Eq. (4), 


(P — p°) |" dp ph pp)sdv'p) (53) 


Ps 


= [pp SA Pp)IAp'P) — PPTL P’P)IAPP)] >.» 
where Ji(x) = (d/dx)J,(x), and recalling the behavior of J,(x) near x — 0, one 
affirms, for two unequal eigenvalues p and p’, that 


b 
| PIPOJ pdp =0, pr. (54) 


The normalization constant A, can be determined from Eq. (53) by letting 
p be an eigenvalue satisfying Eq. (52) and treating p’ as a variable parameter 
that approaches p. The resulting indeterminate form is evaluated by L’Hopital's 
rule to yield 


f pJ*(pp) dp = lim LPT App) g — ppJp' p)F pp) 
0 p-"p = p° 


— —pl(d/dp pJ Ap" b)J(pb)] 
(d/dp Xp — p*) l»r-» 


2 
= È JCD) = FJ. pb), 


so the identification 


EE es a 


A, = b Jhan) =- Jiri) 


assures the desired orthonormality 
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f p®,(p)®,.(p) dp = 4,,.. (55b) 
The relation 
T ka 6 3 ae bo 60) when J (Xn) =0, n= 1,2,3,..., (55c) 
is a consequence of the recurrence formula’ 


Jal) = EJA) — I(x). (55d) 


It then follows from Eq. (7b) that we may represent the delta function ĉ(p — p’) 
with weight factor p’ as 


O(p — P) _ Ny JA PP) APP’) 
p 2 D, (P), (p) D 0O<p<b, (56a) 
where 
p= =e; J. (%nq) =0, n=1,2,3,..., q fixed. (56b) 


The two-dimensional delta function 6(p — p’) can be represented in cylin- 
drical coordinates as the product of ô(p — p’)/p’ and 6(¢ — ¢”) since 


= — 9’ |! = ! f 1p — P’) a V : 

1= | ô -pas = fap | ap p TET igph pins. (57) 
Thus, fr 0 <$ <P,0 <P <b, 

lp — p) = 2, D,(p),(p’) 


— 4 y y sin gb Japp) sin ag’ J,(pe') _ mn — X, 
bt Pa, 2 J2, (pb) ieg RaT 


2 ; PER E i 
D(p) = er eA as qd J (pp), ki = (=) (58b) 


H modes. The angular eigenfunctions for the H-mode problem are given 
in Eqs. (48). Upon following the same procedure as in Eqs. (52)-(55), one 
obtains, for the radial eigenfunctions, 


p| — 2 FPP) 
Pa(P) = PN Coby = GJ, pb) as 
where for q fixed, 
p=% Ut.) =0, n= hoe. (59b) 


X4, being the nth positive zero of J;(x). Thus, one may represent the two- 
dimensional detta function as 
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50-9) = Ewy) 0<%<b 0<$<e, 


= LŽ È €m ITB) r TF phy ©? 1$ ICPP) cos 98! JCP 0"), 
q=", p= Sm, (60a) 


Le., 


vie) = a] Eee), ke = (2a), (60) 


with €, = 1,€,, = 2 for m> 1. 


Open angular sector 


E modes. If the b dimension in Fig. 3.2.8 is allowed to become infinite, one 
approaches in the limit the wedge geometry of Fig. 3.2.9. To obtain the radial 
spectrum from that for the finite sector, we introduce into Eqs. (56) the change 
of variable 


p= č, =~, (6la) 


FIG. 3.2.9 Open angular sector. 


As b — œ, the contributing terms in Eq. (56a) are those for which x,, is large 
so that the asymptotic form for the Bessel function of large argument can be 
employed [see Eq. (4.2.22b)]:? 


Pe ee ey em Z) 
JAG,5) Vz COs (čb 7 4}? b —> œ, (61b) 
from which one obtains for the zeros (&,b) in Eq. (56b), 


2P 


One notes that as b — œo, the discrete eigenvalues č, coalesce into a continuum 
along the positive real axis. Also, 


Jab) ~ y zeg (-1Y. (614) 


If one defines the increment 


Čab ~ (n zS 7)" +2 = large positive integer. (6lc) 
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Ağ, = East > Čan Sr A: b —> oo, (6le) 
then the radial delta function in Eq. (56a) transforms into 


APP) — lim FETED AEP WED = [RICE ED d, 
P Aga0 ĉn=0 0 


0 P, oo, 6 
<< (62) 


The transform theorem associated with Eq. (62) is referred to as the Fourier- 
Bessel or Hankel transformation.? The lack of a definite boundary condition 
on the eigenfunctions ®,(p) = v €. J(ép) at p — oo is a consequence of the 
limit-point singularity of the Bessel differentia! equation at this endpoint? [see 
the footnote to Eq. (3.3.21)]. 

The two-dimensional scalar representation theorem for the wedge-shaped 
region in Fig. 3.2.9 then becomes 


d(p — p’) = 2 D (p) p), 0< a <o, 0< ‘ <Q, 


” 5 psy f: sin gd J (€p) sin 9¢' J,(Ep') dé, (63a) 
ie: 
DM) = [8 singh EP. q=, ma1.2..., O<E< o: 
oie (63b) 


As in the transition from Eq. (36a) to the Fourier integral representation in 
Eq. (37a), it is often desirable to cast the Fourier-Bessel transform theorem in 
Eq. (62) into an alternative form in which the integration over € extends from 
—co to +2. Upon introducing 


JG) = + LAG p) + HPP), (64) 
where HY:?(x) is the Hankel function of the first (second) kind of order q and 
argument x, one may write Eq. (62) as 


O(p— p')_y -+7 
p' cr 2 


=4) CHP) da, h=4f CHP EOE) ag. (65) 


If the range of € is to be extended to € = — œ, account must be taken in the 
integrands of J, and J, of the € = 0 branch-point singularity arising from the 
presence of the Hankel function [and also of the Bessel function in Eq. (62), 
since g is not integral]. To assure single-valucdness of the integrands when con- 
tinued into the complex č plane, we introduce a branch cut along the negative 
real č axis (see Fig. 3.2.10). The following circuital relations’ then provide 
the means for changing č into —€(0 < € < oo): 
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Im ¢ Im & 


$ -plane 


Branch cut 


Re § 


Branch cut 


(a) (b) 


FIG. 3.2.10 Contours of integration in the complex E plane. 


J,(xe*/") = e*/* F(x), (66a) 
HY (xe) = —e-1* H2(x),  H®(xe7") = —e!" Hx). (66b) 


Suppose we introduce the change of variable E = Eexp ( jm) in the integrand 
of J, in Eq. (65). Then 


hee E HOË pe I") J (E p'e-!*) dé 
h=zf EHR Epes Ep'e) dé, (67a) 


=4f__ EHPIEDIEP) dé, (676) 


where Eq. (67b) follows from Eq. (67a) upon use of Eqs. (66). Thus, Eq. (65) 
may be written as 


O(p—p')_ ly" 1) ae MEA! 
a] SHEEP aE = > | EMER DIED) ae. 
(68) 


The contour of integration extends along the upper shore of the branch cut 
and the positive real axis as shown in Fig. (3.2.10a). The alternative expression, 
with p and p’ interchanged, given by the second integral in Eq. (68), is deduced 
by representing J,(€p’) in Eq. (62) in terms of the Hankel function combination 
in Eq. (64), and proceeding as above. It is noted that the spectral representa- 
tion for the weighted delta function in Eq. (68) is not given in the Hermitean 
(complex-conjugate) form as in Eq. (7b), but rather in the ‘‘biorthogonal” form 


or = a ©,(0)B,(p') dè, (68a) 
DAD) = SLE) DAD) =È HED) (68b) 


where ®,(p) represents an “adjoint” function. 
In a completely analogous manner, one may proceed by introducing the 
new variable č = & exp (—jz) into /, of Eq. (65) and simplifying in accordance 
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with the circuital formulas in Eqs. (66) to obtain the representation 


i(p 7 P) 4 f 7 EM%Ep)I(Ep’) dË = + i= ig CHE (CP) ISP) dě 
(69) 


-jn 


with the path of integration as shown in Fig. (3.2.10b). 

The integral representations in Eqs. (68) and (69) permit deformation of 
the contours of integration into the complex ¢ plane, results of which will be 
useful for subsequent function-theoretic manipulations. To show this, we ex- 
amine the asymptotic behavior of the Bessel and Hankel functions for large 
values of their argument: 


~a f2 -m z) = 
J (w) zy C (w 9 4) |w| ——> oo, R<argw <n, 
(70a) 


How) ~ a exp | +/(w — T — z), lw] — œ, =n <argw<z, 
(70b) 


where w is a complex variable whose argument lies between —z and +x. If 
Im w > 0, the magnitude of H‘(w) decays like exp (—Im w), while that of 
J (w) increases like exp (Im w), so 


HYNES) ~ T eT Teee- ld —> o, 0< arg č <L R. 


(71) 


For p > p’, the integrand of the first integral in Eq. (68) therefore decays ex- 
ponentially over an infinite semicircle in the upper half of the complex € plane, 
while for p < p’, the integrand of the second integral exhibits a similar behavior. 
For a suitable class of functions representable by the transform theorem in Eq. 
(69), the contour C, in Fig. 3.2.10a can thus be deformed away from the real 
axis at || — oo into a path C] in the upper half of the € plane; in consequence, 
the delta function in Eq. (68) can be represented as 


WPL 5 | EEA dad, 0<4 <0, (12) 


where p< and p, denote the lesser and greater, respectively, of the quantities 
p and p’. 

It should be emphasized that the above deformation of the contour C, into 
the contour Ci must be examined in detail when a function F(p) is being rep- 
resented. The representation for F(p) becomes, via Eq. (68), 


Fo) =z f EEEO PO = | a FER) dp. (72a) 


Although it is assumed that the representation exists (integrals converge) and 
that ĝ(Ğ) is a regular function of € on the contour C,, 6(¢) may have singulari- 
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ties in the upper half of the ¢ plane. The presence of such singularities (whether 
poles or branch points) must be taken into account in any path deformation. 
This aspect is given further attention in Sec. 3.3. 

In a directly analogous manner, one may show that the delta-function rep- 
resentation in Eq. (69) involving the contour C, in Fig, (3.2.10b) can be expressed 
in terms of an integral over the contour C; in the lower half of the € plane as 

SOP LS EHAEO 9<% <0, (73) 
Pp C: P 
with similar remarks applying to contour deformation when a function F(p) is 
being represented. 


H modes. Upon going to the limit b — co in Eq. (60a) in a manner analogous 
to that employed in Eqs. (61) and (62), one finds that the radial eigenfunctions 
w.(p) become identical with ®,(p) so that the delta-function representation in 
Eq. (62) applies here as well. This lack of dependence of the eigenfunctions for 
the infinite interval b — oo on the boundary conditions at the finite endpoint 
b is a consequence of the limit-point type of singularity at p — oo. Thus, one 
obtains 


O(p — p’) = 2 wilpy.(P'), 0< s, <p 0<?, <œ, 


p 
E r 2 j j ČEm cos g J (Šp) cos gg’ J (Šp') dé, (74a) 
1.€., 
ve) = EÈ cos ab AEP), q=, m=Oi1 Qi OSE <0: 


I, m=0, 


74b 
2, m> il. on 


1? 
ki” = ae En = | 


Circular waveguide 


The eigenfunctions for the circular waveguide region shown in Fig. 3.2.11 
differ from those for the finite angular sector in Fig. 3.2.8 only in that the one- 
dimensional eigenfunctions for the ġ domain are those given in Eqs. (50) instead 
of Eqs. (47) and (48). The results can then be written down directly from Eqs. 
(56) and (59) for E and H modes, respectively. 


FIG. 3.2.11 Circular waveguide. 
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E modes 
Ap — p) = EOD) Ox no <m, 054, <0, 


2 = ent ol jm?’ 
where 
— Xam. a = wae 
P ai b » JA Xam) 0, n p 2, ° 
Thus, 
®(p) = IKIT" me Ja pP), m=0,41,42,..., 
Seale - 
ren eee kt = (Se). (15b) 
H modes 


d(p — pP’) = 2 w (pw? (p’) 


emt J (pp)e’"* J,,( pp’), 
(76a) 


I a 
TE motu 2 [pb — mE pb) 


where 
p = 7, Tim) = 0, n=1,2,... 
Thus, 
VD = Sere moyen (pe m=0, £1, £2,..., 
n=1,2...5 k?= (Ze). (76b) 


Although the radial eigenfunctions ,(p) and y,(p) in Eqs. (56) and (59) 
were obtained on the assumption that q > 0, the extension of the above to 
Negative integer values of q follows from the relation 


Jn(x) = (—1)"J_,,(X), m = 0) !1,2,.... (77) 


Free space 


The free-space region in Fig, 3.2.5 can be analyzed in a polar-coordinate 
representation upon letting b — oo in Fig. 3.2.11. The E- and H-mode prob- 
lems become identical in this case, so 


dp — p’) = 2 D,(p)®*(p’) = 2 vipwi(p’), 0< 6, <2”, 0< 5 < 0, 
BEz ae if Gene F(Sp)er"* Im(G0') dE, (78a) 


1.€., 
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,(p) = WAP) = A aa E In GA). m= 0, $ l; +2, ae ) 


O<E<o, k= Ee (78b) 


Alternatively, one may employ the radial delta function representation in Eqs. 
(68) or (69) instead of the symmetric form (62) implied above. 


3.2d Inhomogeneously Filled Cross Sections 


Transverse field equations and modal representations 


The representation of electromagnetic fields in uniform waveguide regions 
filled with a homogeneous medium has been discussed in Sec. 2.2 and has led 
to the eigenvalue problems in Secs. 3.2b and 3.2c. In this section we consider 
the more general problem wherein the cross-sectional medium is inhomogeneous 
(i.e., the dielectric constant € and the permeability 4 are functions of the cross- 
sectional variable p). To derive the transverse field equations for this case, one 
modifies the procedure of Sec. 2.2 since € = €(p), 4 = (p). Instead of Eas. 
(2.2.4) and (2.2.5), one has for a suppressed time dependence exp (jat): 


-& = jo(m -+ 4v4 v.) . H, x Z + M, X 2, (79a) 
M= M,— 24, x 2 (79b) 
Ht = joo(el ER AERA Zo X E, + Zo X Jo (79c) 
oe E 5 V, x `“, (79d) 


Although Eqs. (79) are valid even in the general case € = e(p, z), 4 = 
(p, z), the restriction to variation only in the cross section permits the use of 
simple field representations with z-independent vector-mode functions. 

As in Sec. 2.2, it is assumed that the transverse electromagnetic fields defined 
by Eqs. (79) can be represented in terms of complete sets of transverse vector 
modes, characterizing the possible guided waves that can be propagated along 
the z direction: 


E(r) = 2 V (z)e,(p), (80a) 
Hr) = 2 I{z)b{p). (80b) 


In contrast to the homogeneous medium, the transverse vector-mode functions 
e, and h,, in general, are not related via h, = z, x e, as in Eqs. (2.2.8e); more- 
over, no separability into E and H modes relative to the z direction exists (see 
Sec. 8.2 for a treatment of arbitrary media). 

To determine vector modes e,(p) and h,(p), which constitute the transverse 
z-independent parts of the three-dimensional mode fields E,(r) and H,(r), we 
observe that the latter represent solutions of the source-free Maxwell field 
equations 
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V x E(r) = —jouH (r) Vx Hr) = joeE({r). (81) 


Since € and z are z independent, a typical mode field propagating in the +z 
direction is characterized by a z-dependence exp (—jx,z), so one may write 


E(r) = & (pe, H(r) = HÆ (pe. (82a) 
The transverse mode functions e, and h, are then identified as 
E (r) = e(p)e7, Hr) = Y,h(p)e/*", (82b) 


where the characteristic admittance Y, = 1/Z, is introduced as a convenient 
normalization parameter, to Obtain the e, and h, relations previously derived in 
Sec. 2.2 for e and u constant. The defining equations for the eigenfunctions e, 
and h, and corresponding eigenvalue x, are obtained upon substituting Eqs. (82) 
into the source-free transverse field equations (79): 


Z,x,e, = w(u 3 Avv.) b, X Zoy (83a) 


Y,x,h, = w(e1 a aV v,) ` Za X €p (83b) 


On the perfectly conducting cross-section boundary s,e, and h, satisfy the 
boundary conditions 


v xe =0= V,- (h, X 2) on s. (83c) 


In the previously considered case of constant € and z, Eqs. (83) were decoupled 
by letting h, = 7) X e,; this choice leads to two separate and essentially scalar 
eigenvalue problems for E and H modes given in Eqs. (2.2.10) and (2.3.2), with 
Z, and Y, defined as in Eqs. (2.2.15). No such simplification obtains in this 
more general case. However, if the transverse cross-sectional configuration is 
describable by separable coordinates and the variability of € and “ depends 
only on a single transverse coordinate, it is sometimes possible to decouple Eqs. 
(83) into two scalar eigenvalue problems. For the case of rectangular waveguide 
containing a dielectric stratified along one of the transverse coordinates, this 
procedure is illustrated below. It may be noted that Eqs. (83a) and (83b) and 
hence e, and h, are unchanged if Y, and x, are replaced by — Y, and — x, re- 
spectively; — Y, and —x, describe a field traveling in the —z direction [see 
Eq. (82b)]. 
Upon use of the transverse form of Green’s theorem [see Eq. (2.2.1 1a)], 


ffas| a l và- V, . As) — A*. vi(2 V,- A) | 
= 2 ds 4 [(A, + vV, - A7) — (Af -© vy(V, - ADI, 


A, , = hy, X Zo, (84) 


and Eqs. (83a) and (83c), one deduces the following relation between the mode 
functions (€ and x are assumed rea] so that the waveguide is non-dissipative): 
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Zyxt (fh, x zo- ef dS = Zn, [f b7 + zo x eas. (85a) 
S S 


By changing € into 4 and h,, into —e, , in Eq. (84), one obtains, via Eqs. (83b) 
and (83c), the dual relation 


Y?r? ff zo x e, + hf dS = ¥,x,{{ Zo x ef - h, ds, (85b) 
S S 


and, from combining Eqs. (85a) and (85b), 


(x3? — x3) f f h, X z+ ef dS = 0. (85c) 
S 


If i = j in Eq. (85c), the integral is non-vanishing and represents the complex 
power carried by a typical mode. To satisfy the equation in this case, it is neces- 
sary that x? = x}? so that x? is real. The appearance of x} in Eq. (85c) implies 
the existence of propagation constants +x, and is indicative of the z reflection 
symmetry in this configuration. Upon choosing an appropriate normalization, 
we may therefore write the biorthogonality relation between e, and h, for the 
non-degenerate case (x, = K; when i + /) as 


Í f b, x Zo - ef dS = ô,  (non-dissipative case). (86) 
S 
The orthogonality property in Eq. (86) permits the simple evaluation of the 
modal amplitudes in Eqs. (80) as 
Vz) = || Ex) - h¥(p) x zoas, (87a) 
S 


12) = |È H\(r) - za x e*(p) as. (87b) 


Multiplication of Eqs. (79a) and (79b) by h* x z and Z, x eř, respectively, 
integration over the cross-sectional domain S, reduction of the resulting inte- 
grals involving the gradient operators via Eqs. (83) and (84), and use of Eqs. 
(87) finally leads to transmission-line equations for the determination of V, and 


t 


= = IZAL + v (88a) 


-7 = jK Y, V, + in (88b) 
where 
vlz) = f] MaC) - be(p) aS = |È MC) - hr(p) ds + Z? fÈ I(r) - eX(0) as, 


(89a) 
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n V, Š h, xX Zo 
Z,€,,(p) = te (89b) 


and 
i(z) = f [ Julr) - e(p) dS = Í f IE) - etp) as + Y? [| MO) - hap) as, 
S AY S 


(89c) 


E V, -Zo X @, 

Y,b,,(p) = Zo jou . (89d) 
The expressions for the source terms in Eqs. (89a) and (89c) are derived upon 
use of the integration-by-parts formula (2.2.13) and the specification J, = 0 on 
the perfectly conducting boundary s. As in the analogous equations (2.2.14), 
no assumption concerning the differentiability of J,/€ and M,/u, implied initially 
in Eqs. (79), is required. It is noted that the mode amplitudes V, and /, are 
determined from the solution of the uniform transmission-line equations (88) 
as for the case of homogeneously filled waveguide cross sections. 


Evaluation of vector-mode functions by transverse transmission analysis 


As for the homogeneously filled waveguide regions discussed in Chapter 2, 
field solutions in waveguides with inhomogeneously filled cross sections may be 
synthesized via Eqs. (80) from knowledge of the modal amplitudes V,(z) and 
I,(z) and the transverse vector-mode functions e,(p) and h,(p). The former satisfy 
the transmission-line equations (88), whereas the latter are defined by Egs. (83). 
Solutions of vector field problems such as those in Eqs. (83) are facilitated if 
scalar potentials can be introduced; the vector partial differential field equa- 
tions are transformed thereby into more easily treated scalar equations. Such 
a scalarization procedure has been employed in Sec. 2.3a for reduction of the 
vector eigenfunction equations (2.2.10) in homogeneously filled regions and has 
led to the decomposition of a general vector field into E and H modes with 
respect to z. As noted in connection with Eqs. (80), this procedure is inappli- 
cable when the waveguide medium depends on the cross-sectional coordinates; 
in fact, it does not seem possible to scalarize the vector eigenvalue problem in 
the general case of inhomogeneously filled cross sections. Scalarization can, 
however, be achieved for special cross-sectional configurations, included among 
which ar rectangular waveguides filled with a medium whose properties depend 
only on one of the cross-sectional coordinates, x. In this practical case one may 
decompose the field into E and H modes with respect to x; although these 
modes are characterized by H, = 0 and E, = 0, respectively, they are in gen- 
eral “hybrid” with respect to z (i.e., they possess z components of both the 
electric and magnetic field). 

In the solution of the constituent eigenvalue problems, it is convenient to 
view the cross-sectional region as a resonant transmission line, as was noted in 
Sec. 2.4e. To illustrate the “transverse transmission” method for determining 
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mode functions, we consider first the homogeneously filled rectangular cross 
section. Although this simple configuration is analyzed more easily by the con- 
ventional E- and H-mode decomposition with respect to z as in Secs. 2.3a and 
3.2b, the transverse transmission analysis yields an alternative set of modes, hy- 
brid with respect to z, comprised of a superposition of conventional E and H 
modes. The hybrid modes satisfy the orthogonality condition in Eq. (86) and 
are not characterized by the simple conventional relation h; = Z x e, Con- 
siderations for the homogeneously filled cross section are then generalized to 
the inhomogeneous case for which scalarization cannot be achieved by the 
method of Sec. 2.2. 


Homogeneous cross section 


Referring to Fig. 3.2.12, we seek to evaluate mode fields characteristic 
of propagation along the z axis with a dependence exp (—jx,z), with the wave- 
number x, to be determined. Viewed in terms of transverse propagation, the 
configuration in Fig. 3.2.12 can be regarded as a parallel plate waveguide in the 


x 
FIG. 3.2.12 Infinite rectangular waveguide. 
x direction, terminated in short circuits at x = 0 and x =a. For a typical 


paralle!-plate-guide mode, the transverse (to x) vector-mode functions (E modes 
and H modes with respect to x) have the form 


€C y, z) = Er yje- = [yoe,(y) + 202, (y)]e-™, (90a) 
by(y, z) = hyje 1 = [yah (y) + ZA e", (90b) 
h, = Xo X é,, (90c) 


where the bar ~ denotes quantities relating to the x transmission analysis, and 
the subscript T distinguishes vectors transverse to x; the mode index i has been 
Suppressed and Xo, Yo, and z, are unit vectors along the x, y, and z directions. 
The mode functions é, and b, are derivable directly from Eqs. (41b) and (42b) 
(with x, a, y, ņ replaced by y, b, Z, x, respectively) and Eqs. (2.3.1) (with V,, Zo 
replaced by V;,x,). The transverse (to x) electric and magnetic mode fields 
can thus be represented as 
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E(x, y, z) = V(x)e (yen, (91a) 
H,(x, y, z) = I(x)br(y)e7™, (91b) 
while the x components of the fields are given by [see Egs. (2.2.6)] 


E,(x, y, 2) = ig Vr t (Hr x xo) = eV, - Bry) (910) 


H (x, y, Z) = aa (x) x E) = ae eV hey), (91d) 
where 
Y; = ni + TA V; = Wee — JK2Zp. (91e) 


V(x) and I(x) are the resonant transmission-line solutions discussed at the end 
of Sec. 3.2b. 

The desired mode functions e(x, y) and h(x, y) corresponding to propagation 
in the z direction are obtained upon comparing Eqs. (91) with the alternative 
representation of the fields transverse to z: 


E(x, y, z) = V(z)e(x, y) = L emex, y), (92a) 


H(x, y, 2) = I(z)h(x, y) = x1, e hC, y). (92b) 
NZ, 
Since we seek a traveling-wave solution in the z direction, the choice 
V(2) = Z, Kz) = = en Ins, (92c) 


has been made, with Z, representing the as yet unspecified characteristic im- 
pedance and N a normalization constant indicative of the arbitrary amplitude 
associated with the resonant solutions V(x) and I(x). Comparison of Eqs. (91) 
and (92) yields 


ex, y) = Mx ET, » Br(y) + PEO), (93a) 
h(x, y) = NZo| xo Ho Pr- hO) + yol(x)A,( »)|. (93b) 


Since all mode quantities (except Nand Z,) in Egs. (93) are known, it is evident 
that the mode functions are solely dependent on the transmission-line solutions 
V(x) and /(x). In the simple example appropriate to the configuration in Fig. 
3.2.12, the transverse transmission-line solutions are 


Vix) = sin px, pHk,= rr, (94a) 
Pie a dV(x) og 
I(x) = kz, EZ ae JY) COB px, 


with 
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- for E modes in x, 

Y,= (94b) 
cae for H modes in x. 
op 


The propagation constant x of the mode propagating in the z direction is given 
by 


= Skt — ki = Sk? — kt — ke}, k= pa, k, =" (940) 


where k, is the originally given eigenvalue for the y domain of the parallel-plate 
configuration. It is noted that 


V,- ê&(y)=0 for H modes along x, 


= (94d) 
V,-h-(y)=0 for E modes along x, 
while, from Eqs. (90) and (91), 
E, PE 7 V ê, SARE 
(x, y, z) (x)é,(y)e (94e) 


H,(x, y, z) = xh pje". 


The total vector-mode fields whose transverse parts are given by e(x, y) and 
h(x, y) in Egs. (93) separate naturally into E and H modes along x but contain, 
in general, both Æ, and H, components. Moreover, h # Z, x e, and the orthog- 
onality properties are those given in Eq. (86). While N is chosen to achieve 
orthonormality of the mode set, the choice of Z, is a matter of convenience. 
If ð/ðy = 0 in Eqs. (93) and é, = 0 = Á, then one notes that h = 2) x e pro- 
vided that Zx/wu = |. The corresponding modes are H modes with respect 
to both the x and z directions, Z, is the conventional H mode characteristic 
impedance [see Eq. (2.2.15d)], and the e- and h-mode functions can be made 
identical with those in Eqs. (2.3.1). 


Inhomogeneous cross section 


To generalize the preceding results, we Consider the evaluation of the vector- 
mode functions when the rectangular waveguide configuration in Fig. 3.2.1 is 
filled with a medium whose dielectric constant € and permeability 4 are x de- 
pendent [i.e.,€ = €(x) and x = y(x)]. As mentioned previously, this structure 
Cannot, in general, be described in terms of the conventional E and H modes 
with respect to the z direction. However, an analysis in terms of £ and H modes 
with respect to the x coordinate can be carried out since the separability of the 
Maxwell field equations into transverse and longitudinal parts, and the subse- 
quent derivation of the transmission-line equations, is not affected by a variability 
of the medium along the x transmission coordinate (see Sec. 2.2). Thus, the 
transverse (to x) and the x components of the electric and magnetic fields for 
a typical mode can be expressed as in Eqs. (91), leading to the transverse (to z) 
vector mode functions e(x, y) and h(x, y) in Eqs. (93), provided that V(x) and 


272 Mode Functions in Closed and Open Waveguides Ch. 3 


I(x) satisfy the source-free transmission-line equations (2.2.15) descriptive of a 
variable medium: 


-0 = jk,(x)Z(x)I(x), (95a) 


-2x = jk, ADYE), Yio = (95b) 


l 
Z(x)’ 
where k, denotes the propagation constant in the x direction. The bar ~ has 


been omitted for convenience. 
Second-order differential equations for either V(x) or I(x) are obtained from 
the two coupled first-order differential equations in Eq. (95) as 


d 1 = aV(x) = 
dx ove ae) + k XY (x)V (x) = 0, (96a) 
d 1 = d(x) _ 
n kors a + KAZO) = 0. (96b) 
Since, from Eqs. (2.2.15), 
k,(x)Z(x) = w@u(x) for H modes in x, (97a) 
k(x) ¥(x) = we(x) for E modes in x, (97b) 


the differential equations (96a) and (96b) have a simple form when applied, 
respectively, to H modes and E modes. Thus, the resonant transmission-line 
solutions are defined by: 


H modes (along x) 
Mo Fe + EOS, KPO) = oF wade) — KP, 


(98a) 
v''(0) = V'(a) = 0. (98b) 

I is determined from a knowledge of V” via 
r'o) = — I) (98c) 


—jou(x) dx 
E modes (along x) 
feof 4 + KADIO = 0, K) = ME) — KA, (99) 


dx 
di) o atx =0, a, (99b) 
ax 
with 
Wx) = —1 U) 9 
ON rea ax (325) 


The primes and double primes distinguish E- and H-mode quantities on the 
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x-directed transmission line. The resonance (eigenvalue) problems above are of 
the general form discussed in Sec. 3.2a. 

We note again that the vector-mode fields obtained on substitution of the 
above H- and E-mode resonance solutions from Eqs. (98) and (99) into Eqs. 
(91) are characterized by the vanishing of E, and H,, respectively, but they 
possess, in general, both E, and H, components. 


3.3 CHARACTERISTIC GREEN’S FUNCTION (RESOLVENT) PROCEDURE AND 
ALTERNATIVE REPRESENTATIONS 


For finite intervals and piecewise constant p, q, and w, the mode spectrum 
associated with the general Sturm-Liouville eigenvalue problem of Eqs. (3.2.1) 
is discrete.) Hence, the direct solution of these equations as well as the sub- 
sequent normalization of the eigenfunctions fm in Eq. (3.2.5b) are straightfor- 
ward. Moreover, the superposition of all possible discrete solutions constitutes 
a complete set of functions as noted in Eq. (3.2.7b). However, for open intervals 
and singular p,q, or w, which may admit continuous mode spectra, the direct 
solution of the eigenvalue problem offers difficulties; boundary conditions on 
Sm at singular endpoints are often ili defined, normalization of the now improper 
mode functions [see Eq. (3.2.28b)] may become formidable, and completeness 
of the modal set is not evident. To circumvent these problems, the normalized 
continuous mode spectra for a number of open configurations have been deduced 
in Sec. 3.2 as a limiting case of the known discrete spectra for corresponding 
finite domains in which one of the dimensions becomes infinite. In this section 
we examine an alternative and direct procedure for the determination of both 
discrete and continuous complete sets of modal representations. 

The present method exploits an intimate relation between source-free (elgen- 
value) solutions and the characteristic Green's function. In network terms, the 
eigenvalue problem defines the resonant voltage or current waves on a terminated 
non-uniform transmission line while the Green’s function displays the similar 
resonant responses to excitation by a point voltage or current generator; these 
analogies are useful in subsequent discussion. After a description of the general 
procedure in Sec. 3.3a, construction of Green’s functions for the Sturm-Liouville 
problem is given in Sec. 3.3b. 

The theory of one-dimensional characteristic Green's functions facilitates 
consideration of alternative representations for two- and three-dimensional elec- 
tromagnetic (or acoustic) fields. As noted in Sec. 2.3, electromagnetic field 
solutions for a variety of closed and open regions can be constructed via guided- 
wave representations along a preferred direction z. Such representations are 
predicated upon the availability of E- and H-mode eigenfunctions ®,(p) and 
y.(p) for separable cross sections transverse to z (Secs. 3.2 and 3.4) and the 
abtlity to determine the corresponding z-dependent modal amplitudes. For field 
calculations in certain parameter ranges, alternative representations are often 
desired since their convergence properties may be better than those for the z- 


274 Mode Functions in Closed and Open Waveguides Ch. 3 


guided formulation. These observations have already been made in Sec. 1.5 
and have been illustrated there for simple space- and time-dependent field rep- 
resentations either in space-guided or time-guided form. It has been shown 
that one representation may be derived from another by function-theoretic 
techniques involving analytic continuation and contour deformation in the 
complex plane. These function-theoretic aspects are treated naturally and con- 
cisely by use of one-dimensional characteristic Green’s functions as shown in 
Sec. 3.3c. The method is illustrated in detail for three-dimensional scalar Green’s 
functions in rectangular or cylindrical geometries, and more briefly for spherical 
regions. 


3.3a Relation between Characteristic Green’s Function and Eigenvalue Problems 


The characteristic Green's function g(x, x’; A) for the Sturm-Liouville prob- 
lem of Eqs. (3.2.1) is defined by the equation‘ 


LS hx) — a(x) + Awa) ee, x! A) = 8 — x << 
(1) 

subject to the boundary conditions 
(= $ a2) BC, x'; A) =0, X= X12. (la) 


The parameter A is arbitrary but so restricted as to assure a unique solution of 
Eqs. (1); discussion of these restrictions is deferred until later. The distinction 
between characteristic Green’s functions and the modal Green’s functions dis- 
cussed in Sec. 2.4 is that the parameter A is left unspecified for the former. 

A network schematization of the characteristic Green’s function problem 


I(x, x’) 
Se call 


FIG. 3.3.1 Non-unitorm transmission line excited with a unit cur- 
sent generator, 


is shown in Fig. 3.3.1. The voltage and current on this transmission line satisfy 
the non-uniform transmission-line equations (3.2.95) with the addition of a 
current source term i(x’) = —6(x — x’) [see Eqs. (2.3.10) or (2.4.15)]:t 


tWhen referring to wave solutions, a time-dependence exp (+ jot) will be used in this 
section, 
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oe) = jk,(x)Z(x)Mx, x’), (2a) 
-RE = jk (x) ¥(x)V(x, x’) — Ox — x’), (2b) 


where Z(x) = 1/Y(x) and &,(x) are the characteristic impedance and propaga- 
tion constant. For an H-mode transmission line with distinguishing double- 
prime superscripts, ky Z” = wy, so the corresponding second-order differential 
equation for V’’'(x, x’) has the form [see Eq. (3.2.98a)} 


d l d Lol = k> tt PN See oS = 
P Ee A + kže'(x) an (x, x’) = —jawe(x — x), (3) 


where k = W? h€, and 


K(x) = Eo, e'(x) = ‘2 ) (3a) 


Hy and €, being convenient constant reference ane for the permeability and 
dielectric constant, respectively. Upon comparing Egs. (1) and (3) one makes 
the identifications: 


Ax) = w(x) = g(x) = —kje(x), AP = —A, 


4 AE 
V" (x, x!) = jwg" (x, x'; À). (4) 


The boundary conditions in Eq. (la) are rephrased by Eqs. (2a) and (4) in terms 
of 


| on jalde” fax) (Sa) 


yr 1,28” ’ 


and replaced by terminating admittances Y” and Y! at x, and x;: 


ape ae I(x, x’) Ja = P(x, x') Yoa —j&, 
Y7 3 V” (X, x’) aa Wit, Yy = V" (x, x’) x’) Olh (5b) 


The behavior of g and dg/dx in the vicinity of the source at x = x’ is 
readily inferred from the network representation in Fig. 3.3.1. V” is continuous 
across the current generator, 1.e.,f 


V(x, x YES = 0, A —> 0, (6a) 
while the discontinuity in the current is given by 
oox er (6b) 


Thus, the corresponding conditions on g are 


B(x, x; Axt = 9, px) Z g(x, x; Ayers = —1. (6c) 


tNote that xyi? = f(a) — fla). 
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For the E-mode problem denoted by prime superscripts, ks Y’ = we, and 
the current /'(x, x’) is the most readily determined quantity [see Eqs. (3.2.99)]. 
The appropriate network problem, dual to that in Fig. 3.3.1, is shown in Fig. 
3.3.2. Network equations and their connection with the characteristic Green’s 
function are obtained upon making the following duality replacements in Eqs. 
(3)-(6): 

V" >l, MoV, Poe, bee, krok, Y> Z, ge’. 
(7) 


FIG. 3.3.2. Non-uniform transmission line excited with a unit 
voltage gencrator. 


Since the configuration in Fig. 3.3.1 (or Fig. 3.3.2) can be viewed as a cavity 


(lossless if j Yr, iY, k2, and Z? are real), it is physically manifest that the volt- 
age (or current) response g will be finite and well defined unless the choice of 
parameter A is such that a resonance can exist. For fixed values of a, , and x, 2, 
resonances will exist for parameter values A,, at which the corresponding voltage 
or current will be infinite. To assure a unique solution of the network problem 
it is therefore necessary to restrict the parameter À in Eg. (1) so that 1 ¥ Àm. 
For the lossless situation, denoted mathematically as the Hermitian case wherein 
the resonant values A,, are real [See Eq. (3.2.2)], this restriction can be stated 
more weakly as Im A + 0. If A in Eg. (1) is now regarded as a general complex 
parameter, g(x, x’; A) is a regular function of A in the complex À plane except 
at points A = Àm, where it becomes infinite and possesses simple pole singulari- 
ties, Since the resonant condition A = À, implies the persistence of a response 
even when the source is removed, the functional form of the resonant solution 
satisfies the homogeneous equation (3.2.1). Thus, information about the desired 
ejgensolutions of Fa, (3.2.1) is contained in the singularities of the characteristic 
Green’s function ¢ ind the problem of determining all possible resonances (1.e., 
a complete set of eigenfunctions) is directly related to the complete investigation 
of the singularities of g(x, x’; A) in the complex A plane. In the above discussion 
it has been assumed that the dimensions x, and x, are finite so that cavity re- 
sonances, which occur for discrete values of A,,, characterize simple pole singu- 
larities of g. If one of the dimensions becomes infinite, or if p, g, or w possesses 
a singularity, the discrete resonances may coalesce into a continuous spectrum ; 
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in this instance, g(x, x’; A) possesses a branch-point singularity giving rise to the 
necessity of introducing a branch cut in the complex À plane to ensure unique- 


ness of g. 
To relate the complete eigenmode set f,, in Eq. (3.2.1) to the characteristic 


Green’s function in Eq. (1), it will be assumed for the moment that the mode 
set is known so that any suitable function F(x) can be represented as in Eqs. 
(3.2.6). In particular, g(x, x’; A) can be represented as 


B(x, X75 A) = E nl" A\fn(X), XX Xa (8a) 
where 


Bal’, A) = J WOSE, x's 4) dë. (8b) 


Upon substituting Eq. (8a) into Eq. (1), utilizing the delta-function representation 
from Eq. (3.2.7b), interchanging the orders of summation and differentiation, 
employing Eq. (3.2.1), and equating like coefficients of the (linearly independent) 
eigenfunctions fm on both sides of the equation, one obtains 


Em(x', A) = ~{2). (9) 


a(x, x; À) = = pe x) (10) 


so, from Eq. (8a), 


This representation for g highlights the existence of singularities in the complex 
A plane at the resonant (eigen) values A, 

If Eq. (10) is integrated in the complex J plane about a contour C enclosing 
all the singularities of g, then an application of Cauchy's theorem yields the 
following formal relation [see Eq. (3.2.7b)]: 


' di 
- 399, g(x, x"; A) dd = -E fa) f(x) — in) $. ae 
A — d(x — x’) 
= Li Sal) fn) = Ere (11a) 
i.e,,t 
a e g(x, x'; À) dA. (11b) 


w(x’) =i 


The integration is carried out in the positive (counterclockwise) sense. Although 
the restriction À ~ A,, has been imposed to yield a unique solution of Eq. (1), 


i tAn alternative proof of Eq. (11b) follows from Eq. (1) on multiplication by 1/2 and 
Integration over a closed contour C such that 


flare Va 


Vanishes, 
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this solution can be extended by analytic continuation to apply as å — Àm. The 
procedure sketched above has assumed the presence of simple pole singularities 
of g (i.e., a discrete Spectrum of eigenvalues). Equation (11b) can also be em- 
ployed when g has branch-point singularities representative of a continuous 
Spectrum; in this case, the integration contour must lie on the ‘‘spectral sheet” 
of the complex A plane, whereon g decays as |A| — 00.5 Moreover, the technique 
may apply to problems with dissipative media or boundaries (non-Hermitian 
case with p, g, w, oF Œ, not real) for which the eigenvalues 1,, may be complex. 
In this instance, f*(x') in the delta-function representation of Eq. (11) is gen- 
erally replaced by an adjoint function f„(x'). 

Thus, the problem of finding a complete orthonormal set of functions is 
reduced systematically to determining the solution of the corresponding inhomo- 
geneous differential equation (1), completely investigating its singularities, and 
then inferring the desired representation theorem by carrying out the contour 
integration in Eq. (11) about all the singularities of the characteristic Green’s 
function in the complex À plane. After discussing a general procedure for evalu- 
ation of g in the next section, the above technique will be illustrated in Sec. 3.4 
by various examples. 


3.3b Construction of the Characteristic Green’s Function 


The characteristic H-mode Green’s function can be constructed from a 
~ > 
knowledge of the two solutions V(x) and V(x) of the homogeneous equation (1) 


satisfying the required boundary conditions at x, and x,, respectively: 


(Zp -q+ w) Va) =0, (+a) =0 at x = x, (12a) 


d d _ yo REN d ) P = 
(rS q + Aw) V(x) = 0, (pe + V=0 atx=x, (12b) 
The solution for g satisfying Eqs. (1) when x + x’ and the required continuity 


condition at x = x’ [see Eq. (6c)] is thus 


g(x, x’; A) = AVV (x), (13a) 


The symbol V (voltage) has been retained to emphasize the network interpre- 
tation of the Green’s function, and x. or x, denote, respectively, the lesser and 
greater of the quantities x and x’; the double prime on V, distinctive of an H- 
mode problem, has been omitted. The constant A must be so determined as to 
satisfy the jump condition (6c) on p dg/dx (i.¢., the current) at x = x’: 


Ap(x')| V(x!) 2 Vix) — HL x)| E (13b) 
Thus, 
g(x, x’; À) = Prka, (14a) 
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where W is the Wronskian determinant, 
WV, V) = (Vs = ve). (14b) 


If one multiplies Eq. (12a) by y and Eq. (12b) by V, and subtracts the 
resulting equations, one finds 


-d dV 3d WV ed woo 
= ie te VP ay = dy PUY, Vj, (15a) 
sO 
pwU, V) = constant for all x, (15b) 


and can be evaluated at any convenient point x, in the interval x, < X < Xz 
— a" 

Upon introducing homogeneous solutions of Eqs. (12), V(x, x) and V(x, xo), 

normalized to unity at Xo, 


V(x, Xo) = TO V(x, Xo) = ACA (15c) 
V(xo) V(xo) 


and recalling Eqs. (5), one may write the Green's function solution in Eq. (14a) 
as 


~ => 
V(X, Xo) V(x., Xo) 


JOM Y(xo) 


g(x, x’; A) a (16) 


where Fixa) denotes the sum of the admittances seen looking to the left and 
right from xo: 


7 y 7 = Kx) I(x) F a p aV 
Y(Xo) = Y(%) + Yx) = = + e Kx) = £-*-—-] . (16a) 
( 0 ( Xo Vix) V(x) 0 j w Ho dx n 


Although we have employed network notation for the convenience of those 
familiar with such concepts, it should be noted that the network identifications 
in the derivation of g(x, x’; A) via Egs. (12)-(16) et seq. are not essential. 

The above considerations for non-uniform transmission lines are gener- 
alizations of those carried out in Sec. 2.4 for uniform transmission lines. It is 
noted that the resonant condition determining the singularities of g in the com- 
plex À plane is given as in Eq. (2.4.36) by 


Yxa) = Y¥(Xo, An) = 0, (17) 


where the dependence on À has been indicated explicitly. The Green’s func- 
tion representation in Eq, (16) can be cast into a form analogous to that in Eq. 
(2.4.28) if one introduces standing-wave solutions c(x, xo) and s(x, Xo) (regular 
in the complex å plane) satisfying the homogeneous equation 
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with the boundary conditions 
C(Xo, Xo) = I, S(Xo, Xo) = 0, 

PÈXo)C' (Xo, Xo) = 0, P(Xo)5'(Xo, Xo) a l, (18a) 
where the prime denotes the derivative with respect to the first argument of c 
and s [i.e., c'(Xo, Xo) = (d/dx)e(x, X>)|,.,.]. For the uniform transmission line 
in Sec. 2.4, p = €' = Ifie,p = w = 1,g = — kè, c(x, x) = cos k a(x — xo), 
S(x, Xo) = (1/Kx0) Sin k(x — Xo) with kło = ki — A= kk — kê). In analogy 
to Eqs. (2.4.22a) and (2.4.22c) we may write 


V(x, xo) = elx, xo) — jpo ¥(xe)s(x, xo), (19a) 
whence, by Eq. (2a), 
copy I(x, Xo) = jr(x)e"(x, xo) + Op Ax) Y(x0)8'(x, Xo). (19b) 


Equations (19) can be employed to deduce the relation between the admittance 
at x, and the terminal admittance YY at x, in Eq. (5b): 


op Y (xq) = IPEN o, X) + OMe ple) Yis (xo x) (20) 
U(Xo, X) — JW py YLS (Xo x) 
Similarly,t 
V(x, Xo) = ¢(%, Xo) + jop Yx) (x, Xo), (2la) 
and 
— opo Y(x,) = PEN Xo. X1) — Oplo) Y'o x) (21b) 


C(Xa, X,) + JOL Y%5(Xo, xı) 


The expression for the characteristic Green's function in Eq. (16) can now 
be written in the general form analogous to that in Eq. (2.4.28), which is par- 
ticularly useful for the analysis of stratified regions:t 


g(x, x’; A) 
_ [e(X<, Xo) + j@po Y(%)5(X<. x)(x., Xo) — JØ Y(Xo)S(x>. Xo)] 
= eee eee 
jOply Y(Xo) 
(22) 
tIf x, or x, are singular points of the differential equations (12), the necessity or not, 
of specifying a boundary condition may be assessed from the dependence of Yxa) on Yr. 


—>) 

— ° ° . . x aa? Q . v 
If ¥(x,) is independent of the terminating admittance at the singular point (“limit-point 
Condition), requirement of a finite solution at x, or x, suffices.‘ 

tIn the absence of stratification, it may be more convenient to use Eq. (14a) directly. 


Sec, 3.3 Characteristic Green’s Function Procedure 281 


Since for the resonant values A, of 1 one has 
Fros Am) = ¥(%0 dn) + Yo Am) = 0, (23a) 


the distinction between V and V in the expressions in the numerator of Eq. (22) 
can be suppressed so that each bracketed expression satisfies simultancously the 
boundary conditions at x, and x+. Thus, the discrete H-mode eigenfunctions 
w(x) (if they occur) have the form 


W(x) = A, V(x, Xo; Am) = Am V(x, X03 Am) 


= A,[c(x, x); An) + jot Y(Xo, An)X, Xo; Am); SxS, 
(23b) 


where A, is a normalization constant, and the dependence of all functions on 
Àm has been exhibited explicitly. 

A virtue of the characteristic Green’s function procedure is that the mode 
set, obtained via the integration in Eq. (11b). is automatically normalized; the 
classical normalization procedure, as illustrated in Eq. (3.2.53) et seq., can be- 
come quite cumbersome if the eigenfunctions have a complicated form. If the 
only singularities of g in Eq. (16) [or Eq. (22)] in the complex A plane are sim- 
ple poles situated at the zeros À„ of ¥(x;), then the behavior of the denominator 
in the neighborhood of a typical zero at A,, is given by the Taylor series ex- 
pansion 


Y(X%o, À) = Y(xo, An) F (À E Àn) 3 ¥(%o, dn) p'e’ , (24a) 
where 
I Fixo An) = È Vx», a) (24b) 
dÀ, Oo ^m — JÀ 0? A= ån’ 


From Eqs. (11), (4), and (16), one thus has the following delta-function repre- 
sentation for the A-mode problem (in the non-dissipative case): 


HX) — x) = aah a(x, x; Add = DVM) (25a) 
Jic m 
ce V Xecs Xo; DIZER Xo, À) dì (25b) 
Znjic japo ¥(Xo, À) 


Ves X03 AnDY “Otas Xoi An) 1 f _ a 
™ — — jorpt8/OAn)V(%o, Àn) 2I À — i. 


e 


V(x, Xo; An)V*(x', Xo; Am) vy OF 
= J eto SmI adolat YY = jB. 25c 
i wy,(d/ PAn) B( Xo. dn) f ; i 


The normalized mode functions #,,(x) are therefore given by 
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n(x) = — V(x, xo; An). (25d) 
wld 0A,,)B(Xo, Am) 


A typical contour of integration in the complex À plane is sketched in Fig. 
3.3.3. The caret has been introduced to emphasize that the w,, are the scalar 
eigenfunctions appropriate to an N mode decomposition with respect to the 
transverse (x) coordinate. The vector ejgenfunctions relative to the z direction 
are obtained as in Sec. 3.2d. For non-dissipative configurations, the eigenvalues 


A plane 
C 


FIG. 3.3.3 Contour of integration. 


An and the susceptance function BR are real, so that, in view of Eq. (21a), the 
eigenfunctions ¥,,(x) are also real. However, an alternative representation em- 
ploying the traveling-wave solutions in Eqs. (28), instcad of the standing-wave 
functions in Eqs. (18), leads as in Eq. (25a) to a delta-function representation 
involving complex-conjugate functions *(x’) [see Eqs. (3.2.76)]. These possi- 
bilities are illustrated by the examples in Sec. 3.4. 

For the £-mode problem, a corresponding representation theorem is deduced 
upon use of the duality relations in Eq. (7). The E-mode characteristic Green’s 
function g’(x, x’; A) is given by [see Eq. (16)] 


go, x/; a) = Ay) Zex) = Ze) + Ze), 26) 
JOE, Z(X,) 
where the primes, distinctive of the E-mode problem, have been omitted from 


Tand the total impedance function Z(x») [see the footnote for (Eq. 22)]. By 
duality with Eqs. (19)-(21), 


I(x, Xo) = €(X, Xo) F jae, Z(xp) s(x, Xo) (26a) 
and 
+E, x xX) = JPAXo)€' (Xo, X25) £ oP 0) Zr5' (Xo X21) (26b) 


t 
(Xo, X21) F jOE, Z75(Xo, X21) 


The eigenvalues A,, are specified implicitly by the resonance equation 
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Z(Xo, Àn) = 0, (26c) 


and the delta function can be represented in terms of the E-mode eigenfunctions 
®,, as 


e'(x)d(x — x’) = -z $ g'(x, x'; Add = 2 &_ (0) O*(x’) 
= I(x, Xos àI *(x, Xo» Àn) vA = jx. (27) 


p Eo (I/A nX (X25, Àm) ' 
Thus, the discrete orthonormal E-mode eigenfunctions Ô, are given by 


®,,(x) = Kx, Xo» Àm), Xı < x < Xz» (27a) 


l 
w, (0/ An) X(x 03 Àm) 


with T taken from Fq. (26a). 

It is sometimes convenient to deal with modal reflection coefficients instead 
of modal impedances. The appropriate generalizations of the uniform line re- 
lations (2.4.12) are obtained on writing 


V = V + V= HSN), (28a) 
Kx) = L + Lx) = LA +p) = LU + Bp, (28b) 
where the subscripts , and _ on V or Z denote wave components traveling in 


the +x and —x directions, respectively, and TY, are the voltage (current) 
reflection coefficients seen when looking along the +x directions: 

= _V,; pas _d, 
T, =- Ve T, = I (28c) 


If [= V,/I. denotes the input impedance of a matched transmission line 
looking in the +x direction, and € = —V_/I_ represents the corresponding 
quantity for the — x direction, then 


l, = -$ I, T, = =$ ea (29a) 
C i 
and 
Zæ) = x) 1+) Z(x) = Gx) 1 Ete 
1 — LMF) 1 — SOT (x) 
(x) x 
(29b) 


Conversely, 
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2) _ | Zx) _ | 

Tee O Toate (29c) 
Zo) 41 A(x) 1 
C(x) ¢(x) 


The transverse resonance relation 
Z(x) + Z(x) = 0 
can then be expressed alternatively as 


-<~ = 

Pols) = 1 = FF). (30) 

The above traveling-wave formulation Jeads to a set of eigenfunctions alternative 
to that in Eq, (27). 


3.3c Alternative Representations 


The theory of alternative Green’s function representations, alluded to at the 
beginning of Sec. 3.3, is best discussed in conjunction with the one-dimensional 
characteristic Green’s functions introduced in Sec. 3.3a. The starting point is 
provided by the completeness theorem in Eq. (11) relating the characteristic 
Green’s function to a complete orthonormal set of eigenfunctions via an inte- 
gration in the “characteristic” complex plane. We consider first uniform wave- 
guide regions describable in a (p, z) coordinate system, and then summarize 
corresponding results for spherical waveguides. To extend the considerations 
of Sec. 3.3a to two-dimensional eigenfunctions ®,(p) of the form 


D(p) = Dud),  p = (u, v), (31) 


where ®,(u) and ®,(v) are one-dimensional orthonormal functions in separable 
u and v coordinate spaces transverse to z, we note from Scc. 3.2 that the com- 
pleteness relation for the ®,(p) is as follows: 


d(p — p’) = Hu — vo — 0) = ŁO (Pp) (32a) 
= E DUDU) L DOD o’), (32b) 


where the curvilinear metric parameters h, and h, in Eq. (32a) are defined via 
the relation dS = hh, du dv, dS being an area element in the cross section, Then 
from Eq. (11) applied to the u-dependent functions, 

O(u — u’) _ PE OR | D, (uD (w) 

a a = x D ,(us) PF (u') za Inj $ dh, 


s a p 


ee : 
= 3g f ghu, u’; À dhu, (33) 


where ®,, = ©,, g, is the characteristic Green’s function associated with the 
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eigenvalue problem in the u domain, and the contour C, in the complex A, 
plane encloses in the positive sense all the singularities (poles or branch points, 
with associated branch cuts) of g,. The first representation in Eq. (33), involv- 
ing the discrete or continuous sum over the eigenvalues A,, results on evalua- 
tion of the contour intcgral from thc singularities of g,, the contour integral 
being the more general form of the completeness relation. On employing the 
analogue of Eq. (33) for the » domain, 


en) v) =È DvP) = -zf ElV, v’; A,) dÀ, (34) 
with C, defined similarly to C,, one has 
N — l f. EN j fe 
d(p — p) = -a f galt u’; À.) dh,|| j f g (v, v; Å) di, | (35a) 


= ota $., $o, gle W5 Aden 0's 2) dà, day (35b) 


When the eigenfunctions in Eqs. (33) or (34) are used to represent a three- 
dimensional Green’s function in (u, v, z) space, one obtains 


G(r, r’) = > D,(p)PP(p')e(Z, 2's Au). (36) 


The z-dependent modal Green’s function g, satisfies a One-dimensional equation 
resulting on elimination of the (u, v) dependence from the corresponding three- 
dimensional equation. Examples of a reduction of this kind have been given 
in Sec. 1.3, where Eq. (1.3.16) defines the one-dimensional time-dependent 
Green’s function in terms of r-dependent eigenfunctions; in Sec. 1.4, where 
Eq. (1.4.15) defines essentially the function g, in Eq, (36)t; and in Sec. 2.3, 
where (j@e)~'Yi(z, z’) in Eqs. (2.3.43a) and (2.3.41) can be identified with g,. 
On comparing Eqs. (32), (35), and (36), one observes that the three-dimensional 
scalar Green’s function G can be represented in terms of the onc-dimensiona] 
characteristic Green’s functions! g, and g, and the modal Green’s function g, 
as follows: 


G(r, r’) = (aaj ay fF, f. BAU, U’; A,)g.(v, V; Ae Zz, Z's Ar) dh, dàu (37) 
The contour C, in the complex À, plane encloses in the positive sense all sin- 
gularities of g, but no others, while the contour C, in the complex 1, plane 
encloses in the positive sense all singularities of g, but no others. Additional 
singularities in the A, and (or) À, planes arise due to g,(z, z’; A,); it is recognized 
that generally 2, = 1,(A,, 1,), where the detailed dependence of A, on 4, and 
A, is dictated by the particular coordinate representation in the u, v domain. 
For example, from Eq. (3.2.10c), with A, = K? = k? — k?, 


TNote use of a time-dependence exp (— iw) in Sec. 1.4. 
tAs pointed out in Sec. 3.3a, the moda! and characteristic Green’s functions differ only 
in that the parameter 2 is specified for the former (4 = 2,), but unspecified for the latter. 
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A,=k*?—A,- A, for rectangular coordinates u = x, v = y, (38a) 
and from Eq. (3.2.46b), with k? = p*— À, 
A,=k—- 2, for cylindrical coordinates u = p, v = g.t (38b) 


The contour integral representation in Eq. (37), involving the one-dimen- 
sional Green’s functions g,,g,, and g,, can be considered as the most general 
separable representation for the three-dimensional Green’s function G. Upon 
evaluating the contour integrals in Eq. (37) in terms of the discrete and (or) 
continuous spectra arising from the pole or branch-cut singularities, respectively, 
of g, and g,, and noting that g, has no singularities inside the contours C, and 
C. one recovers the original z-transmission formulation in Eq. (36). Different 
representations are also obtainable by contour deformations in the À, and A, 
planes. Typical examples wherein g,, g,, and g, have singularities in the A, and 
A, planes are shown in Fig. 3.3.4. The functions g,, g,, and g, are so defined as 
to vanish sufficiently rapidly at infinity in the J, and A, planes. This is achieved 


Singularities Singularities 
of g, of g, 


Singularities of g, 


Singularities of g, (simpl les) 
simple poles 


(branch point and branch cut) 
(a) A, plane (b) A, plane 


FIG. 3.3.4 Contours and singularities in A, and A planes. 


by an appropriate choice of branch cuts and Riemann surfaces, associated with 
any existing branch-point singularities of the g functions, so as to result in no 
contribution to the integral in Eq. (37) from closed contours as |A,| — oo and 
|å |— oo. The path C, in Fig. 3.3.4(a) can therefore be deformed into the 
path Cy enclosing the singularities of g, in the A, plane, to yield 


G(r, r’) = may. A ghu, u’; Àdglo, v'i A,)e,(z, 2/2 4,)da,da, (39a) 
= $ Oodi) DOOR (z )g (u, u’; Aura), (39b) 


In this case, gu = g, depends also on A, [see Eq. (3.2.46b)], so one should write gu —> 
g(u,u’; Ay, A,). Thus, g, has singularities in both the 2, and A, planes, while g, has singu- 
larities in the 4, plane only. Only the singularities of g, enclosed by the contour C, in the 
complex 4, plane contribute to the modal representation for G as in Eq. (36). 
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where the modal representation in Eq. (39b) is obtained upon evaluating the in- 
tegrals over the contours C/ and C, in Eq. (39a). The ®,(z) denote the eigen- 
functions in the z-domain arising from the eigenvalue problem associated with 
g, A, being the characteristic parameter.f In Eq. (39a), g, and g, are now 
characteristic Green’s functions, while g, is a modal Green's function wherein 
J, takes on the values specified along Ci. Because of the explicit presence of 
g.(u, u’; A,,,) in Eq. (39b), one identifies this representation as arising from a 
guided-wave analysis in which the transmission direction is taken along the u 
coordinate. The above procedure has evident similarities with that used in con- 
nection with Eqs. (1.5.55) and (1.5.59); with reference to Figs. 3.3.4(a) and 
(1.5.3), A, may be identified with %°. 

Alternatively, one may deform the contour C, into the contour C; in the 
complex A, plane as shown in Fig. 3.3.4(b) to obtain 


N — l ; la l. 
G(r, r') = (CHj $ $ glu, ul; A,)g(v, v'; A,)g(z, 2’; À.) da,da,, (40a) 


= 2 ®,(z)O?(z’) 2 D (2) OF (u giv, v; Aup). (40b) 


The moda! representation in Eq. (40b) is derived by considerations analogous 
to the above and is identified as a v-transmission formulation. The ®,(z) are 
the eigenfunctions in the z domain arising from the eigenvalue problem associ- 
ated with g, as the characteristic Green’s function and À, as the characteristic 
parameter. Additional representations are possible wherein, say, only the inte- 
gral C, in Eq. (40a) is evaluated in terms of the mode spectrum in u while the 
integral C, remains unchanged. It is to be emphasized that all of the above 
alternative representations are to be considered as formal in that the deform- 
ability of contours must be verified in each case. 

Equations (40) are valid for the case wherein g, is a function of both A, and 
À, For a radial transmission formulation, as in Eq. (38b), g, is not a function 
of A,; instead, g,, as noted thereunder, is a function of both A, and A,. In this 
instance, the contour C? encloses the singularities of g, in the A, plane, with A, 
treated as a fixed parameter. From Eqs. (3.2.46b) and (1) [see also Eq. (3.4.91)], 
one notes that 


d a A, i. CSF — p 
Then one has, instead of Eq. (40a), 
Nn — l , a , /, 7 t, — 
GF) = ay f. $. gilu, ws Au; Agi (2, v’; A Dglz 2; kè — 4,) dà, dÀ.. 


(42) 


tFor non-Hermitian problems with complex eigenvalues, the spectral representation 
involves the symmetric form wherein ®#(z2’) is replaced by ®,(z’), or more generally by 
an “adjoint” function ®,(z’). 
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Equation (40b) still applies formally, except that ®,(z) are the eigenfunctions 
in the z domain arising now from the eigenvalue problem associated with g, in 
the A, plane, while ®,(u) are eigenfunctions in the u domain arising from the 
eigenvalue problem associated with g, in the A, plane (in the latter, J, is held 
fixed at the eigenvalues arising from the eigenvalue problem in the z domain). 
As for Eq. (39b), the remarks concerning the form of the spectral representa- 
tion apply here as well. 

Alternative representations for Green’s functions in spherical regions are 
constructed in a similar manner. On defining radial and angular characteristic 
Green’s functions g,, gẹ, and gs as in Eqs, (3.4.92) and (3.4.64), respectively, 
one may rewrite the E-mode Green’s function in Eq. (2.6.1 la) in the following 
forms [see also Eq. (1DF: 


-7J 2 D (p)D (9) a8, 8; q% Asdg Cr, r'; Ag) dào, 
(43a) 
l 2 i / ? 
(=z) $., f. ga(P, ġ , à s)8&(0, 0 ; Ag; Aa)8.(r, ry Ay) di, dg, 
rr'G'(r, r’) = (43b) 


+ inf £ D (pdo) f. gO, 0'; g%; Aodg(r, r'; Ao) dade, 
(43c) 
»» GEOL ACAD I R(r)R(r’)e6(8, 0'; q3; à) etc. (43d) 


The dependence of gẹ on the two parameters À, = g? and A, = p(p + 1) has 
been exhibited explicitly, and C,,C,, and C, denote contours that enclose in 
the positive sense all of (and only) the singularities of g,, g,, and g, in the com- 
plex A, and A, planes, respectively. Equation (43c) follows from Eq. (43a) by 
contour deformation about the singularities of g,, and Eq. (43d) results by eval- 
uating the integral in terms of the radial eigenfunctions R,(r) and the adjoint 

functions R,(r) via [see Eqs. (3.4.100) and (3.4.101)]: 
ir = r) = ag gry A) dà = ERR). (44) 

N) Yc, $ 
In addition to Sec. 1.5, detailed applications of the characteristic Green’s 
function method for construction of alternative representations for G(r, r’) may 
be found in Secs. 5.6a, 5.7b, 6.7, and 6.8. Directly analogous considerations 
can be applied to the scalar function Y defined in Eqs. (2.3.24) or (2.3.39), in 
which case an additional pole singularity exists in the complex A, and (or) A, 
plane because of the presence of the | /k? factor. Although the examples above 
involve primarily the electromagnetic E-mode problem, construction of the 
electromagnetic H-mode Green’s functions, or of the acoustic Green’s function 

defined in Sec. !.la, proceeds similarly. 
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3.4 ONE-DIMENSIONAL CHARACTERISTIC GREEN’S FUNCTION AND 
EIGENFUNCTION SOLUTIONS 


The characteristic Green’s function method of Sec, 3.3a for solving eigen- 
value problems in closed and open regions is applied in this section to rectan- 
gular, cylindrical, and spherical cross sections. To illustrate the method, we 
begin with a detailed discussion of closed rectangular geometries and then pass 
on to open regions, first by a limiting procedure and subsequently by a direct 
approach. Examples thereafter are treated more concisely, with the presenta- 
tion comprising essentially the characteristic Green’s functions, their analytic 
properties, and corresponding completeness relations. 


3.4a Rectangular Cross Sections 


Bounded x domains 

We consider the composite cross sections shown in Fig. 3.4.1, which are all 
characterized by the same one-dimensional eigenvalue problem in the x domain. 
The various media contain a piecewise constant lossless dielectric with 


Ej; -d < x < 0 
€(x) = ? E; > Ez (1) 
Ez, 0<x<a 
v y 
€} €> 
A |. 
=d Oj a 


FIG. 3.4.1 Rectangular regions (bounded in x) partially filled with 
dielectric. 


the discontinuous nature of which leads to a discontinuous representation of the 
eigenfunctions, as will be seen below. The eigenvalue problems in the y domain 
are those appropriate to a homogeneous medium and have been solved tn Sec. 
3.2b. A constant, free-space permeability 4, is assumed, so y/(x) = 1l in Eq. 
(3.3.3a), and the surfaces at x =a, —d are assumed to be perfectly conducting. 


H modes (in x) 


The network configuration descriptive of the H-mode characteristic Green’s 
function problem is shown in Fig. 3.4.2, where we distinguish between source 
locations in mediums | and 2, respectively. The relevant propagation constants 
and characteristic admittances are denoted, respectively, by k., = ,, Y,, and 
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(a) -d<x’<0 (b) O<x'<a 


FIG. 3.4.2 Equivalent transmission-line problems (H modes along x). 


ka = K, Y, From Eq. (3.3.4) it is noted that the homogeneous equation 
(3.3.18) for the standing-wave functions c and s becomes 


[E + w(x, 21 = 0, (2) 
where 
K2(A) = k? + å, —d<x<0 
K(x, A) = , ki, = Wht > 0. 
Kia) = KE +A, 0O<x<a 
(2a) 
If one chooses x, = O in Eq. (3.3.18a), he finds that 
c(x) = COSK,x, s(x) = x sin K, x, —d<x< 0, 
1. (3) 
c(x) = cos Kx, s(x) = T KX, 0<x<a, 


where the explicit dependence of the c and s functions on x, = 0 will not be 
exhibited henceforth. Since Y, =o= Y; for the perfectly conducting termi- 
nations at x = —d, a, it follows from Egs. (3.3.20) and (3.3.21b) that 

wu Y(0) = —jk,cot k:a, Op Y(0) = — jK, cot kid, (4) 


K/wğ being the H-mode characteristic admittance, whence from Eq. (3.3.19a) 
and (3.3.21a), 


V(x) = sin x(a — x) Q0<x<a, (Sa) 
V(x) m sın Ka 

V(x) = COSK,x — Z cot K4 Sin K, xX, —d<x< 90, (5b) 

1 

V(x) = COS Kax + x cot X,dsin K,x, O<x<a, (Sc) 
— 2 
V(x) = 

V(x) = Sine a —d<x<0. (Sd) 


sin Kd 
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For subsequent application it will be convenient to employ, instead of Eq. (5c), 
the traveling-wave formulation: 


Vax) = —L— fem + Fe], 0< x <a, (6) 
1+ T:(0) 


where the refiection coefficient T0) looking to the left at x = + 0 is given 


by 


= Yn — ¥(0) Kı + jK, cot Kid K: 
r.(0) = —“—_ o = d | Peet 6 
2(0) Yo + ¥(0) Mz — JK, cotKyd °° Oly (6a) 


The H-mode characteristic Green's function 2’’(x, x’; 4) can now be written 
down directly from Eq. (3.3.16).f In view of the discontinuous representation 


of Vix) for x > Oand x < 0, g” is represented discontinuously about x = 0, 
For a source location as in Fig. 3.4.2(a), 
— > 
Vi(x<)ViCx>) 
iW Ho Y(0) 
pie ays japo Y( 
V x WV; (x) 
jopo ¥(0)’ 
for the source location in Fig. 3.4.2(b), 


—d<x<0, -d<x'<0, (1a) 


O<x<a, —d<x'< 0; (7b) 


e > 
KWK) L d<x<0, 0<x <a (10) 
illo Y(O 

g'(x, x’; à) = Ser 
Vax WA) O<x<a, 0<x’ <a (7d) 
jwp Y(0) 


Equations (7) can be subsumed under the single formula 


a(x, x; 4) = PEW) Ro = Fo + Yo, (8) 
JOply Y(0) 


where the subscript f stands for | or 2 if the corresponding variable x or x’ 
lies in the range —d to 0 or 0 toa, respectively. To assure that the solution 
for g” is unique, the restriction Im À + 0 (i.e., Im x? + 0, Im x} =Æ 0) is im- 
plied. 

The singularities of g” in the complex A plane consist of real simple poles 
at the zeros of Y(0). Although g” is a function of x, >, and, from Eq. (2a), 


Kya = VA + kia (9) 


tV(x) and Vx), as given in Eqs. (5S) and (6), are identically the normalized quantities 
defined in Eq. (3.3.15c). To simplify the present notation the dependence on x, = 0 has not 
been exhibited. 
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no branch-point singularities exist at A = —A?, since Vp, ¥(0) and therefore 
g” are even functions of x, , [see Eqs. (4)-(6)]. Thus, a power-series expansion 
about x, = 0 or x, = 0 comprises only integral powers of x? or x} and hence 
integral powers of A, so the regularity of g” in the neighborhood of the points 
A = —k?, is assured. From Eq. (4) the zeros Àm of Y(0, À) are specified im- 
plicitly by the transcendental equation 
K, cot K,a = —K, cot K,d, (10) 
kR=A+k=å, k= +k=ÎÂ+h h=k-— k >O. 
(10a) 
For real values of x, and x, (i.e., i> 0), Eq. (10) has an infinite number 
of solutions to be denoted by Kim, Kzm (only positive roots Kim and xın need be 
considered since negative values leads to the same A,,). For imaginary values 
of x, and K, a< —h), Eq. (10) becomes 
|x| coth [|k,|a] = —|x,| coth [|x,|d], K,,, imaginary. (11a) 
Since the left-hand side of Eq. (lla) is positive while the right-hand side is 
negative, no solution exists. However, for real x, and imaginary K, (—h < î <0), 
Eq. (10) can have roots K,,, |x l: 


r, cot r, = —¢t, coth (5 1), r+ = hd? = ( — f) (kd), 
| 
(11b) 
where 
K,d=r,>0; [xkn ld = t, Kz, imaginary. (1 1c) 
Equation (11b) can be interpreted graphically as in Fig. 3.4.3. Itis noted that X 
roots exist for (2N — 1)z/2< J/hd < (2N + 1)z/2, with no solution possi- 
ble when ./ hd < 1/2. These modes therefore possess a low-frequency cutoff. 


t 
i 
I 
l 
e- r cotr= -t ceoth G t) 


\ 
{ 
| 
| 


NIA Ke = -- - -- - ef ~~ +e 


n 3m 27 


FIG. 3.4.3 Graphical solution of transcendenta! equation (11b). 
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The spectral representation of the delta function is now obtained, as in Eqs. 
(3.3.25), by integrating the characteristic Green’s function g” in Eq. (8) along 
the contour C shown in Fig. 3.4.4 enclosing all singularities: 


À plane (À = A + k2) 


-h = —(k? — k?) 


FIG. 3.4.4 Contour of integration and singularities in the A plane. 


ôx — x) = =ar = 9, g'(x, x's A) da, (12a) 
= LPs) + Pm Wma), =d < eG. 
(12b) 


where the contributions for — h <Â, < 0 and An > 0 have been exhibited 
separately, From Eq. (3.3.25d) and Eqs. (5) and (6) one obtains, for the ortho- 
normal eigenfunctions Y,, and „p, 


rete 7 eG + C275, RIT <tr e0 


sinz 
(13a) 
+ sinh [t,@(1 — x/a)] _ @ 
Y (x) = sinh (t, a) , æ = d’ 0 < X < a, (13b) 
where 
At = Olo LA BO, A,) = s jo @) hd? + csc? r, — & esch? (r,a) |. 
(13c) 
Similarly, 
_ l sink,,(x +d) D 
Pnl) = T S a Km > 0, —d< x< 0, (14a) 
J sin kanla — x) (14b) 


A, SINK,,@ 
Kon > 0, O<x<a, 


[el 4. F(0)- =], (14c) 
Anll + TO <a 


© 
` 
pan 
x 
ww 
il 


with 
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gli 2) + (e+ Boe 


h 
P F a6 ; + IKK, cot Kind |, (14d) 
m — Øko Am) — 2 
Ihn £ ja +a) + (Se + a} cot? Kma 
lm 
— gear t Mand. (14e) 


It is verified that Eqs. (13) and (14) reduce to the results obtained previously 
for a homogeneously filled waveguide [Sec. 3.2b] when (a) A = 0 (€, = €,), 
(b) d= 0, or (c) a =0. Attention should be called to the different behavior 
of the eigenfunctions ¥,(x) in Eqs. (13) and %,,(x) in Eqs. (14). While ?,,(x) is 
represented by an oscillating function over the entire region —d < x < a, W,(x) 
behaves in this manner only in the dielectric €, (note: €, > €,). In the remain- 
ing interval 0 < x < a, W, decays away from the interface x = 0. Viewed in 
modal terms with respect to propagation along z, the fields corresponding to 
the ĝ, are essentially confined within the dielectric slab while the fields derived 
from the y,, fill the entire waveguide cross section. The former are termed 
“trapped” modes and their existence depends entirely on the presence of the 
dielectric; the latter may be regarded as perturbations about the dielectric-free 
case. 


E modes (in x), The solution for the E-mode characteristic Green’s func- 
tion g'(x, x’; A) and the associated orthonormal eigenfunctions is similar to 
the above except for duality replacements [see Eqs. (3.3.26)-(3.3.30)]. The 
results are summarized below. 


Characteristic Green's function 


g'(x, x’; a) = >) Zeo) = ZO) + ZO). (15) 
j, Z(0) 
c(x) = cos Kix, s(x) = & sin Kx, —d<x<0, 
K, 
i (15a) 
c(x) = cos Kax, s(x) = f sin KX, 0<x<a, 
2 
we, Z(0) = j% t Z0) = j*: Be Eg 
0 =j—jtank,a, @€)Z(0) = j= tan Kid, €)2 ’ 
€ €} Eo 
k=kp à RHR +À. (15b) 


— 7 cK: S 

I(x) = cos K,x + =—* tan xa Sin Kx 
€K, 

—d<x<0, (15c) 

cos x(x + d) 


7 (x) = cos Kd 
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LO) = Ea 


2 O<x<a. (15d) 
I(x) = cos K,x — an tan xd sin Kx 
Singularities of g': Simple real poles at 
Íi Kam tan X,,@ = —K im tan Kind, Kimy Kam > O, (16a) 
and at 
Sr, tan r, =f, tanh(t,a), r? += hd’, a=, h= k k, 
X,d=r,>0; \K2,|d = t, K, Imaginary. (16b) 


Equation (16a) has an infinite number of solutions and Eq. (16b) has a finite 
number. The graphical representation of Eq. (16b) resembles that in Fig. 3.4.3, 
provided that all curves (except the circle) are shifted to the left through an 
interval z/2. The low-frequency cutoff found for the H-mode solutions ¥, is 
therefore absent in the E-mode case. 


Yy y y 


€? €? €: 


~d 0 =d 0 -d 0 
E€ >€ Yy 


FIG. 3.4.5 Semi-infinile regions (in x) partially filled with 
dielectric, 


Delta-function representation (—d < 7 < a), 


f 


€'(x')8(x — x’) -35 $. g'(x, x's À) dà 


I! 


2 Ê, s(x) n(x) + py Ên a(x) Âz), (17) 
with the subscript § defined as under Eq. (8), and 


@,(x) = SEM tM cnc Vad, —d<x<0, (17a) 


6, (x) = cost a a 0<x<a, (17b) 


2 — 0 9 p tanh (t,@) sec? r, a 
At = we, gy XO, A) = A [BERG nar + EP 4 4 sech? (t,a)|, (170) 
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while 

Ên (x) = Sikt, Kin > 0, -—d<x<0, (17d) 

m Im 
Ê,„(x) = £08 Keela — 2), Kim > 9, 0<x<a, (17e) 

m 2m 

€, l €; h 
2 t tom Kim 2 2 ms 
A= E É + a + EE + =) tan? Kim d TEA tan Kind | ; 

(17f) 


The physical distinction between the mode fields corresponding to the ®, and 
ÔÊ, is the same as discussed in connection with the H modes. 

Employing Eq. (17), one may represent a suitable function F(x) in the in- 
terval —d < x < a as follows: 


F(x) = ° ake €’(x!)6(x — x') dx’ 


Z fÊ) + E fin Dns (x), —d <x < 0, 
= y m (18) 
L S, ĝ, (x) T E fn Bao (x); 0 < x< a, 
where 
| zi, F(x)" (x) dx! + A af F(x’ Ô+ a(x) dx’, (18a) 
= b | Fe ba) dx + Ff FER) ax, (18b) 


and the asterisk denotes the complex conjugate. 


Semiinfinite x domain 

As a— œ in Fig. 3.4.1, one obtains the open cross-section configurations 
in Fig, 3.4.5. The eigenfunctions appropriate to this case can be obtained as a 
limiting case of those for finite a. 


i plane (im VÀ <0) 
Branch point 


ry 
C 


FIG. 3.4.6 Path of integration and singularities in a complex A 
plane. 
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H modes (in x) (a — œo). As a — co, the resonances K,,, and K:n in Eq. (10), 
with K, > 0, coalesce into a continuous spectrum, while those in Eq. (11) re- 
main discrete and satisfy the equation 


r,cotr,=—t, m+ = hd, asa—oo. (19a) 


Moreover, from Eq. (13c), 


, d hë l 
Aa (1 +4). (19b) 
while, from Eq. (14d), 
Bish Ei SS BOG a) See l 
a 4 | [1 + F, OJLL + 1.4, 0)*] 


(19c) 


where rg, 0) is given in Eq. (6). In the last equation the continuous variables 
č, and € have been defined as the limiting values of Kim and K,,, aS a —> oo: 
Kim > Č, Kim >&= VE Fh O< Exc, arco, (19d) 


Upon noting that the increment A¢ is given as in Eq. (3.2.26) by Ağ = xz/a, 
a — oo, one may write Fq. (12b) as 


B(x — x) = E PaP) + [PAE xO FE, x) dk, 


-d< },< œ, B=1,2, (20) 
where, in view of Eqs. (13), (14), and (19), one has, for the discrete spectrum, 
paeo) = + Beled) t DI O<r<Vhd, —d<x<0, 

; sin 7, 
(20a) 


(x) = + en tyxld, O<x< oo, (20b) 


As in Eq. (8), 8 = 1 for x or x’ between —d and 0, while 8 = 2 for x or x’ 
between 0 and oo. Just as in the closed region, the magnitude of ,, oscillates 
while that of Y,, decreases exponentially for x > 0. Thus, the field of such a 
mode is confined again to the region —d < x < 0 occupied by the dielectric 
€. Modes traveling in the z direction with this transverse field behavior are 
Characterized as “trapped waves,” or “surface waves,” since the field appears 
to be trapped inside the dielectric with the larger permittivity and guided by 
the dielectric surface. 
For the continuous spectrum, 


W(E, x) = peer +r, oc&<a, -d<x<0, 
(20c) 
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BAG, x) = ee le + TO, Qe], O< x < 00, (20d) 
where 
= _ € +jé,cotó,d 2 2— (2 __ 2 
r(0, ¢) = E— jE cote,’ i= h+ & = (ki — k?) + &. (20e) 


The traveling-wave representation for Y,, derived as a limiting case of Eq. 
(14c), has a significant physical interpretation. For the assumed time depen- 
dence exp (+ jr), the contribution from the first term inside the brackets in 
Eq. (20d) constitutes a properly normalized (incident) free-space plane-wave 
mode traveling in the — x direction [see Eq. (3.2.37b)], while the second term 
comprises the wave reflected at x = 0 with reflection coefficient r(0, €). Thus, 
the continuous spectrum for x > 0 is obtained by adding to a properly normal- 
ized incident wave a reflected wave so adjusted that the boundary conditions 
at x = 0 are satisfied. 

The delta-function representation in Eq. (20) could also have been de- 
duced directly from the characteristic Green’s function. As a — œ and since 
Im x, Æ Q, the standing wave in Eq. (Sa) goes over into a traveling wave. In 
this transition, the restriction Im x, < 0 appropriate to the assumed time de- 
pendence exp (+ j@r) must be observed [see Eqs. (2.2.15)] and yields the fol- 
lowing (bounded) result for x > 0: 


Vi(x) oe", kK = JEG A= VQ, Ime <0, (21a) 


and 
V(x) + cos K, x — j sin Kx, K, = AJA? + h h = ki — k, 
1 


(21b) 
Moreover, from Eq. (4), 


Y(0) > ae ie., jit Y(0) = jx, + K, cot Kya. (21c) 


The Vax) are still given by Eqs. (Sc) and (Sd). V, and ¥(0) remain even func- 
tions of x, but not of x,, À = —k?j is therefore a regular point in the complex 
A-plane. On the other hand, an expansion of g’’(x, x’; A) about the point A = 
— k} contains integral powers of K,, so A + k = A = 0 is a branch point of 
order |. If we define 


t= \A Jet, Sk =| iler’, (22) 


the convergence requirement Im Ji <Oin Eq. (21a) restricts the argument 
y to the range 0 > y > —2z. To impose this condition on the entire top sheet, 
the spectral sheet, of the two-sheeted complex Â plane, one chooses a branch 
cut along the positive real axis as shown in Fig. 3.4.6. 
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The Green's function g” may also have relevant pole singularities at the 
zeros of ¥(0), namely when 
jkı = —K, cot Kd. (23) 
Solutions of Eq. (23) exist only for real values of x, and imaginary values of 
K, = —j|%] (ie, 0 > A > —h), leading to the transcendental equation (19a). 
The location of possible pole singularities is shown in Fig. 3.4.6. Upon perform- 
ing an integration as in Eq. (12a) about the contour C in Fig. 3.4.6 enclosing 
all the singularities of g” in the complex à plane, one obtains after residue 
evaluation at the poles A, the series in Eq. (20), with g(x, x’; A) given by Eq. 
(8) and subject to the modifications in Eqs. (21). The remaining contour inte- 
gral about the branch cut can be written as 


l X ] coe ~ [0 a 
l= -zg foan g'(x, x’; À)dà — EF f g'(x, x; A) da (24a) 


sag 10 A a a 
aap lo lan xsd K) = g'(x, x’; de — ea 


— 
— 


l oog~ JO a a 
—— ee J te ae 2 
= Im i g'(x, x'; À — k?) da 


-2 Im Í exe kd P= (24b) 


The transition from Eq. (24a) to (24b) is based on the property 
g'(x, x; he) = g(x, x'; At) = g(x, xd), Â = Île”, 

(24c) 
satisfied by g”. Upon substituting the appropriate representations for g” into 
Eq. (24b), one obtains directly the continuous spectrum as in Eq. (20). 

E modes (in x) (a — œœ) 


The results for the E-mode problem, obtained in direct analogy to those 
above, are summarized below: 


l 


€'(x')6(x — x’) = Fa 


$ gC, x's A) dÀ (25a) 
= E ÔA) + fo DE DRE, xde, (25b) 


-d <% < %, p=, 


where, for the discrete spectrum [see Eq. (20) for definition of domains cor- 
responding to $ = 1, 2], 


B(x) = SLADE D, ocr < Vd, —d<x <0, 


(26a) 
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A -137d 
D(x) a £ A » 0 <x< oO, (26b) 


a= Fl + GY ket [+ Ge) Teh 260) 


Also, r, and r, are the solutions of the transcendental equations 


! 
4 rtanr, =, P+2 = hd? (26d) 
| 


The continuous spectrum is given by 


$46.2) = /2SSE4 On Tog, GAHE 


0<F<o, —d<x<0, (27a) 
biasing ir a 


= Z(0) z _ Jő, tan ğıd — Hoe) 
r,(0, €) = Z0) — Zor — 27 
0, 6) Z(0) 47 JG; tan ıd + G(€;/€2) ao) 
If d — œ in Fig. 3.4.1, one obtains the semiinfinite configurations shown 


in Fig. 3.4.7, which differ from those in Fig. 3.4.5 in that the medium with the 
larger dielectric constant (€.) extends to infinity in the x direction. 


mia A N 


a 


€ >c 


FIG. 3.4.7 Semi-infinite regions (in x) partially filled with diclectric. 


H modes (in x) (d > œ) 


As d— œœ in Eq. (10), the resonances Kim, Km > 0, coalesce into a contin- 
uous spectrum and the second series in the delta-function representation (12b) 
transforms into an integral analogous to that in Eq. (20). However, in distinc- 
tion to the case a — oo, the resonance parameters K,, and |x, | in Eq. (11b) 
become continuous as d — oo. In tracing out the transition d —> oo, one em- 
ploys instead of Eq. (5b) the traveling-wave formulation similar to that in Eq. 


(6): 
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V(x) = —ti—fe-m= 4 Fe], -d<x<0, (28) 
1+T,(0) 


where the reflection coefficient T (0) seen to the right at x = 0 is given by 


z _ K, + jk, cot ka 
O= K, — jK cot Ka (28a) 


Since from Eqs. (13c) and (14e), 
ER A ELESE ARER eT d— œœ, Sh < <o, 
(1 + Fn OM + PE, 0)*] 


(29a) 
with 
— 7 t 
Teo = pte o sETh h=- BDO, 
(29b) 
and 
A — A}, d= œ, O<Ë<KȚJR, (29c) 


one obtains via Eqs. (12)-(14) and (28) the delta-function representation: 


B(x — x) = [PE DPE dE =< X <a, p= 1,2, 
(30) 
where —oo < (x or x’) < 0 for f = I and 0 < (x or x') < a for f = 2, with 


Dien x) = 7 [ees + PE, 0e, 0< <o -o< x< a, 
(30a) 


Palën x) = HLZ EEO O<x<a. (30b) 
27 sin ga 
It is noted that € is imaginary for 0 < —&, < vV h. 
To deduce Egs. (30) directly from a characteristic Green’s function anal- 
ysis, one notes from Eqs. (5) that as d — oo, with Im x, < 0 appropriate to an 
exp (jwt) time dependence, 


V(x) = ems —oo < x <0, (31a) 
V(x) > cos K2x +j% sin K2x, 0<x<a, (31b) 

2 
Dilly ¥(0) + Ki. (31c) 


Since g/’(x, x’; A), by Eqs. (8) and (31), is an even function of x, but not of *,, 
a branch-point singularity exists at x, = 0 (i.c., A = —k?) in the complex A 
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plane. In analogy to Eq. (22), the restriction on the argument of A on the spec- 
tral sheet is 


Im VÂ +h< 0, ie., —2xz < arg(A + h) < 0, A=A4+ kh = x}, 
(32) 
so that the branch cut is drawn from A = —h to œ along the positive real axis 
in the A plane (see Fig. 3.4.8). To determine possible pole singularities we ex- 
amine the resonance condition 


jou, YO) = 0 = jx, + x,cot K,G. (33) 
À plane (Im VA th <0) 


FIG. 3.4.8 Singularities and path of integration in { plane. 
Since Eq. (33) has no real solution 4, on the branch Im x, < Of, no pole singu- 
larities exist, and the contour of integration is that shown in Fig. 3.4.8. Thus, 
in analogy with Eqs. (24), 


d(x — x’) = -r f g(x, x’; À) da (34a) 
= —+ Im f dg,ġig" (x, x’; či — ki), =o < k <a 
(34b) 


which, upon insertion of g” from Eqs. (8), (5), and (31), yields Eq. (30). 


E modes (in x) (d — oo) 
Spectral representation of delta function: 


e'(x')ô(x — x’) g'(x, x'; A) dA, (35a) 


| aaj Je 
= f ©(é,, xÔ., x') de,, B= 1.2, (35b) 


+The corresponding discrete eigenfunctions, if they exist, must be square integrable 
(i.e., vanish at x —» — oo), so Sec. 3.2a applies. Since the problem is non-dissipative, any 
discrete eigenvalues must be real. 
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where 8 = 1 when —oo < (x or x’) < 0 while 8 = 2 when 0 < (x or x’) < a. 
The contour C in the complex Â plane is as shown in Fig. 3.4.8, and from Egs. 
(17) as d— ©, 


Eno = Eler —FE Me, 0< <0, —o <2 <0, 
(36a) 


6.0.9 = (Eu -FRE MER, o<x<a (366) 


r _ JŠ tan ga — ¢,(€2/€1) = /A_—h eS eee 7 
r,(¢,, 0) jë tan Ea F KACA d Jf } > h k? ki > 0, 
(36c) 


Infinite x domain 
Configurations comprising two dielectrics, semiinfinite in x, are shown in 


FIG. 3.4.9 Rectangular domains (infinite in x) partially filled with 
dielectric. 


H modes (in x), The characteristic Green’s function for this case is given 
by 


g'(x, x's A) = Le) aa) (37) 
J@Ly Y(0) 
with 
VO) = em, kkt, Imk <o, (37a) 
V(x) =e, sk A Ime,<0, (37b) 
V(x) = —1 ferme 4 Fer], Fo) = = (38a) 
TE RO) i Kı +K: 

V(x) = nee [e + I ,(0)e~/"*], T,(0) = Ey ı(0), (38b) 

1 + F0) 


jol Y = j(K, + x3). (38c) 
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Since g” (x, x’; A) is not an even function of either x, or K, branch points 
exist in the complex A plane at A = —k? and A = —&?. The argument of À = 
A + k? is then restricted in accordance with Im x, < 0, Im x, < 0, as follows 
[see Egs. (22) and (32)]: 


O>argd > —2a, 0>arg(A +h) > —22, h=k?—k?, (39) 


À plane (Im VÀ <0, Im Vith <0) 


FIG. 3.4.10 Contour of integration and singularities tn the 
complex 4-plane. 


with corresponding branch cuts along the real A axis shown in Fig. 3.4.10. 
Since g” possesses no pole singularities on the branch of the Riemann surface 
for which Im x, < 0 and Im x, < 0, the contour of integration is drawn as 
in Fig. 3.4.10. Since the replacement of Â by å e~ in g” yields g’’* [see Eq. 
(24c)], we may write 


d(x — x’) = -55$ g'(x, x’; A) da 
C 


= —2 Im |? gg" xi & — KA) dẹ, — 2 Im [Ee Da 
(40a) 


= f} WE ORE x) dE, + S7 WAE, OBE, x) aë, 
X 
— o0 < x’ < ww, (40b) 


where 8 = 1l and f = 2 correspond to —oo < (x or x’) < 0 and 0 < (x or 
x’) < oo, respectively. For 0 < € < oo, one has the two mutually orthogonal 
sets 


Jı nie Ta 
ne EN Esta 


—-o<x< 0, (41a) 
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heei 
pea- EEEO o 0<x<o, (41b) 
W sin ğx 
with 
E=VJETA>O, F(§,0) = a (41c) 


For 0 < €,< VA (i.e., č = —j\č|), the reflection coefficient r, is complex and 
of unit magnitude; one has 


P(E x) = wer [es 4. F(—jlE], 0e], 00 <x <0, (42a) 
Palën x) = = (1+ F—ji€], eK, O< x< oo (42b) 


E modes (in x) 


Characteristic Green’s function: 


g'(x, x’; A) = PERIPESI (43) 
jaco Z(0) 
with 
I(x) =e Imk, <0, R= =k +A, (43a) 


T(x) =e, Imk, <0, k= =k +A=Â, (43b) 


I(x) = = ços K,x — j Ht sin KX, (43c) 
€K; 
1,(x) = cos kax + j En. sin xx, (43d) 
joe Z(0) = j (F + 4). (43e) 
2 1 


Spectral representation of delta function for — œ < a < 00; 
€'(x')6(x — x!) = -z+ $ då g'(x, x’; À) 
2nj c P 2 
Yh A a 2 A A 
= f’ dE, OAE DÊRE x) + [ab DE, OME, x’), 


(44) 
where the contour C is given as in Fig. 3.4.10, and with 0 < Č < œ, 
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cos €,x 


VEE sin &,x 


cos €x 


Vf sin &x | 


66,2) = -SU + TE O) , 0 <x <0, (45a) 


BE, x) = / 211 +70) 0<x<00, (45b) 


with 


PEO ey E = vVEFR (450) 


Also, with 0 < €, < v h, 


Ôo x) = oe le — Pijl oeg,  —oo<x <0, (46a) 
Ô = yz D — DJI Oleh,  0<x< oo. (46b) 


3.4b Angular Transmission Lines 


When waves propagate along an angular coordinate in a curvilinear coordi- 
nate system, their characteristics differ from those associated with rectilinear 
propagation. A distinguishing feature in angular regions is the invisibility of a 
source point from an observation point displaced far enough along the curved 
axis; the consequent division of an angular propagation region into illuminated 
and shadow zones is explored in detail in Chapter 6 for diffraction in cylindri- 
cal and spherical geometries, Despite these differences, some angular regions are 
described by one-dimensional angular transmission lines that are indistinguish- 
able from uniform lines. Angular intervals are finite in extent, owing either to 
the presence of angular boundaries or to periodicity requirements in the absence 
of boundaries; corresponding angular transmission lines therefore have finite 
length and are terminated in impedances representative of boundary conditions 
at the endpoints of the interval. However, as in rectilinear regions, wave motion is 
analyzed most directly on an infinite reflectionless (bilaterally “matched”) trans- 
mission line. Reflective terminations are then accounted for by superposition of 
multiply reflected waves or, alternatively, by auxiliary (image) sources located 
outside the physical section of the infinite line. Because of their importance for 
cylindrical and spherical scattering problems, image representations on angular 
transmission lines are emphasized in this section; the ray-optical interpretation 
of image contributions is presented in Chapter 6. 
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Cylindrical regions 


Angular boundary-value problems encountered in the analysis of scattering 
in cylindrical (p, $, z) regions are schematized in Fig. 3.4.11; Fig. 3.4.11(a) 
shows a wedge-shaped domain with radial planes at ¢ = 0, ø, while Fig. 3.4.1 1(b) 
indicates the angular periodicity required in the absence of $-dependent bound- 
aries. The radial coordinate p and the axial coordinate z are perpendicular to 


= 
or 
6=6, 
" $ = 0, 27, 47 vee 
¢or@ S (b) Periodic 
¢=0 
or 
79 =6, 


(a) Bounded 


(c) Infinite (non-periodic) 


FIG. 3.4.11 Angular domains (¢=azimutha}! coordinate, @=latt- 
tudinal coordinate), 


$ in the plane of each figure and perpendicular to that plane, respectively. As 
noted in Sec. 6.2, information relevant to angular transmission is obtained most 
simply by considering z-independent fields which decompose into E-mode and 
H-mode constituents with respect to z. The corresponding angular characteristic 
Green’s functions are denoted, respectively, by 24(¢, $’; A) and g5(¢, $’; 4), and 
are defined by the differential equation [see Eqs. (3.2.46a) and (3.3.1)] 


(Jp: + 4) 8608, 8 D = — 8b - 6) (47) 


While Eq. (47) is of the same form as Eq. (2.4.30) for a uniform rectilinear re- 
gion and the transmission-line solutions for the two systems are therefore iden- 
tical, the physical attributes of angularly and rectilinearly propagating waves 
differ substantially. In the absence of angular boundaries [see Fig. 3.2.7(b)], ge 
must meet the periodicity requirements [Fig. 3.4.11(b)] 


308 Mode Functions in Closed and Open Waveguides Ch. 3 
S(O + 7,9; A) = 8,(6 — 2, 9’; A); 
AG + 2,9’; A) = Spee — x, $'; 4), (48a) 


with —x < ($, 6’) <x. The E- and H-mode functions are identical in this 
case, thereby making the distinguishing primes on g, unnecessary. If the ¢ in- 
terval is taken as — z < ($ — ¢') < z (i.e., symmetric about the source location), 
condition (48a) can be written in the simpler form 


ipa, pia) =0 at G-O)=42. (48b) 


If perfectly conducting plane boundaries are present at ġ = 0 and at ġ = Ẹ, 
0 < @< 27 [see Figs. 3.2.7(a), 3.2.9, and 3.4,11(a)], the range of ¢ and ¢’ is 
restricted to 0 < (¢, ¢’) < 9 and the corresponding boundary conditions on g, 
are 


E modes (along z) 


a6.¢54)=0 at ¢=0,¢. (49) 
H modes (along 2) 
Spend, $: =0 at =O. (50) 


Equivalent network configurations representing the various boundary-value 
problems above are shown in Figs. 3.4.12 and 3.4.13 (see Figs. 3.3.1 and 3.3.2). 
For two-dimensional diffraction problems involving £ modes along z, the source 
is an electric line current and the only electric field component, E,, is propor- 
tional to the two-dimensional Green's function G’ (see Sec. 6.2). Hence, it is 
appropriate to treat g, as a measure of E, (i.e., as a voltage), leading via Fig. 
3.3.1 and Eq. (3.3.4) to the equivalent networks in Fig. 3.4.12.t Analogous con- 
siderations apply to the H-mode problem and yield the network representations 
in Fig. 3.4.13. It is noted that the network problems in Figs. 3.4.12(a) and 


(a) Periodic case (b) Angular sector 
FIG, 3.4.12 E modes along 2(g4 — voltage). 
tE- and H-mode designations are with respect to the z axis, The E-mode problem along 


z is actually an H-mode problem along the transmission coordinate ¢ since E, = 0, thereby 
corresponding to the designation in Eq. (3.3.4). 
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3.4.13(a) are exact duals of one another, thereby yielding the previous result 
g, = & for the periodic case. Perfectly conducting boundaries at the endpoints 
of the sectoral region give rise to the short-circuit terminations shown in Figs. 
3.4,12(b) and 3.4.13(b). From Eq. (47), the g-independent propagation constant 
on the angular transmission lines is given by ,/Q and a characteristic imped- 
ance (admittance) for the H-mode (E-mode) problems can be chosen propor- 
tional to ./ À [see Eqs. (3.2.97), (3.2.98), (3.3.4) and the footnote on p. 000]. 
The voltage—current solutions on these transmission lines can therefore be taken 
directly from Sec, 2.4. 


o'-f $’ ¢’ +7 
(a) Periodic case (b) Angular sector 


FIG. 3.4.13 H modes along z(g% — current). 


The solution for the network problems in Figs. 3.4.12 and 3.4.13 can be ex- 
pressed in terms of the traveling-wave representation in Eq. (2.4.29d) (with 
Zo = 0) appropriate to a point-source-excited, terminated transmission line ex- 
tending from ¢ = 0 to ¢ = g:t 


g, g': 1) = (e/M*< + Tea + Pe- Ine-2>)) (51) 
2 jle’? = I Te-+) 


where I and T are the reflection coefficients at the left and right endpoints, 
respectively [see Eq. (2.4.6) for relation between T(0) and T)], and w= / À. 
To have g, vanish at $= 0, 9, as in Fig. 3.4.12(b), it is required that T =T = 
— 1, whence 


; 9) _ Sin Hd. sin ulo — $5) 
&4(9, $ ’ A) =< ~ kasing (Sta) 


while the vanishing of dg’; /d at the endpoints in Fig. 3.4.13(b) requires T= 
T = 1, whence 


gic, g'i 2) = SS MB cos ue — o) (51b) 


fIn this section x is a complex parameter and is not to be confused with the same 
symbol used elsewhere for the permeability. 
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For the periodic case, one notes from Fig. 3.4.13(a) that the symmetric net- 
work can be short-circuit bisected at ¢’. Assume for the moment that ¢’ = 0. 
The resulting problem is then identical with that in Fig. 3.4.13(b), provided 
that the source (of strength —4 because of the bisection) is moved to ¢’ = 0, 
and that ọ is set equal to x. Displacement of the origin to ¢’ merely implies 
that ¢ is replaced by ¢ — ¢’. Finally, from symmetry considerations, the same 
response holds in the region ¢ < ¢’, whence ¢ — ¢’ can be replaced by |ġ—ẹġ'| 
to yield an expression valid in the entire interval |¢ — ¢'| < xz. Therefore, 
twice the angular Green’s function for the periodic case is deduced from Eq. (51) 


on writing Tes 1, p = x, $- = 0, $> —> 16 — ¢'|, whence 


(9, ¢'; A) = -EE a= ie ot (Sic) 


24 sin pn 


The Green’s function solution in Eq. (51) is more general than that required 
for the problems discussed above since it applies also when the reflection coef- 


ficients Î have a value different from +1 or —1. In fact, if one employs in- 
stead of the simple boundary conditions in Eqs. (48)-(50) the more general 
“impedance condition” 


pom tits, at g= hy (52) 


where c, and c, are constants independent of ¢ and 4, one finds that Eq. (51) 
also represents the solution in this case provided that the following values for 
the reflection coefficients are employed: 

P #—ce ruc, 

regre nae (53) 
Upon recalling that # represents the characteristic impedance (admittance) for 
the H-mode (E-mode) problems, one notes that the voltage (current) reflection 
coefficients in Eqs. (53) have precisely the form (2.4.12), with c,,2 representing 
the terminal impedances (admittances) (for passive terminations, Re c, z > 0). 
The boundary condition (52) is utilized in Sec. 6.6 for analysis of diffraction 
by a wedge with a variable surface impedance. 

For the above terminations, one verifies readily that g, is an even function 
of 4 (i.e., a regular function of A near A = 0), and hence no special care need 
be taken in the definition of ./ 4. The only singularities are simple poles 
located at the zeros of the denominator of Eq. (51) (with the possible exception 
of u = 0). At infinity in the complex A plane, 

en tim pllé-¢'1 


~ —, as [Impl oo. 54 
lee! 2| u| | | 29 ( ) 


The representation in Eq. (51) is directly suited to the development of the 
image formulation described previously. The Green’s function 29(¢, $'; y) on 


an “infinite” (bilaterally matched) angular line is obtained upon letting r=0. 
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Since complex u corresponds to a dissipative line, in which the response is re- 
quired to decay away from the source, Eq. (51) (for T = 0) is valid only when 
Im #<0. Conversely, since g, is an even function of u, upon changing 4 into 
— yu in Eq. (51), one derives a limiting form valid when Im 4# > 0, so 


+ suld-o'l 

23(¢, ¢'; u) = eae Im 4 $ 0. (55) 
Unlike g,, 23 is not an even function of y and is, in fact, discontinuous across 
the real u axis. Hence, viewed as a function of A = yp’, g} possesses a first- 
order branch point singularity at A = 0, with branch cut along the positive real 
x axis [the top sheets in Eq. (55) are defined by Im ./X S 0]. Its behavior as 
{Im pt] — co is identical with that of g, in Eq. (54). Upon employing the con- 
vergent power-series expansiont 


LPP yet, Im < 0, (56) 
EIP = Tre- n=l 


in Eq. (51) and rearranging terms, one may write 


gel, $'; A) = g(h, #') + > ToD gs (9, 219 — $') 


+ LiT [es(d, 2np + $') + gsl, —2no + $')] 
(57) 


i Lr T-T p7(¢, —2np — ¢'), Imu<0, 


with g¢ given in Eq. (55), and T, r defined as in Eq. (53). On replacing u by 
— u in Eq. (57), one obtains a series representation valid when Im u>0. 
Equation (57) comprises contributions that can be interpreted as arising 

from a set of sources located at the points 

$= 2n- ý, n=0,4+1,+2,... 

d = 2np + #', n= +1, +2,... 
on an infinitely extended transmission line. Only the actual source at ġ = ġ' is 
situated in the physical angular domain 0 < (¢, ¢’) < g; all the other (image) 
sources lie outside this range. The amplitude of a given image source is iden- 
tical with that of the corresponding multiply reflected wave; with each reflec- 
tion at @ = 0 and ¢ = 9, a reflected wave acquires an amplitude factor I and 
I’, respectively. Hence, image 1, arising from the first reflection at ¢ = 0, has 


(58) 


an amplitude T; image 1’, arising from the first reflection at ¢ = Q, hasan ampli- 


tude T: image 2, arising from the second reflection at ġ = 0, has an amplitude 
r I; etc. The angular coordinate ¢ in Fig. 3.4.14 has been plotted along a 
Straight-line scale which makes the meaning of the extended non-periodic an- 
gular domain —co < ($, ¢’) < œ unambiguous. If ¢ is plotted on its con- 


țIt is assumed that (TF ]e-211m ule <l. 
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Physical 
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FIG. 3.4.14 Image representation for reflecting terminations at 
$ = 0,9. 


ventional circular cylindrical coordinate scale whereon an increment of 2z 
corresponds to a complete circuit, it is necessary to view the @ domain as 
a complex Riemann surface’* having an infinite number of sheets (Fig. 
3.4.11(c)]; the passage out of the physical domain 0<¢<@ into the image re- 
gion then proceeds via branch cuts introduced along the lines ġ = 0 and ¢ = g. 
However, the extension of ¢ into a complex Riemann surface is not essential if 
all subsequent considerations are confined to the physical range 0<<(¢, ¢') <Q, 
over which Eq. (57) is defined unambiguously. In this instance, one interprets 
the image contributions as multiply reflected waves between the boundaries 
ġ = 0,9. Although we shall adopt this latter, simpler interpretation to avoid 
the necessity of defining ¢ in a multisheeted complex plane, the equivalent im- 
age formulation schematized in Fig. 3.4.14 may be kept in mind as a simple 
schematization of the multiple reflection process. 

If the terminations at ¢ = 0, g comprise short or open circuits (i.e., l = 
+1), Eqs. (57) simplify and can be written more compactly as 


gapo: A) = D a3, 2ng +H) + D wed, 2m9— 8), (59) 


where the upper and lower signs correspond to rers + 1 and ge ges l, 
respectively. For the periodic case, one obtains in view of the remarks preced- 
ing Eq. (Sic): 


£6(, 6 2) = D glo — g’, 2nm) = $3 ag, 2na + $'), (60) 


Physical 

domain 

x ———x -- > (9 — 9’) 
-4n — 2n —T T 2n 4n 


FIG. 3.4.15 image representation for periodic case. 


with an image representation as shown in Fig. 3.4.15. Equations (59) and (60) 
are used in Secs. 6.5 and 6.7 for an angular transmission analysis of high- 
frequency diffraction by a perfectly conducting wedge and cylinder, respectively. 

Completeness relations for the domain 0 < ġ < g, with the boundary con- 
ditions of Eqs. (51a)-(51c), have already been given in Eqs. (3.2.47), (3.2.48), 
and (3.2.50). For the impedance boundary condition in Eq. (52), with c, = 0 
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for convenience, one finds that g, in Eq. (51) has simple singularities at 4 = €, 
where 


cot č = I$, (61) 
C; 
If the surface impedance parameter is reactive so that c, = jy, with y >O, then 
Eq. (61) has a discrete infinity of real roots ¢,, ¢2,..., and a single imaginary 
root € = jn, n real, satisfying coth ng = n/y; these roots may be determined 
from the graphical construction in Fig. 3.4.16. Then from Eq. (3.3.11), 


—cot ty Ey 


(a) cot & = —§,/7 tb) coth np = n/y 


FIG. 3.4.16 Graphical solution of Eq. (61), with e, = jy, Yy > 0. 


l 
—a— > ay(P, $'; A) dÀ, (62a 
ye Vv (by ($') F wow APUC), (62b) 


where U(y) = l or 0 when y > 0 or y < 0, respectively, and 


: 2 ua Z 
vO) =| enp] SE- =E (620) 


a: 2 1/2 
vib) = rrea Ae- 7 >0 (62d) 


The eigenfunctions y,(¢) in Eq. (62c) are oscillatory in the interval O<¢<@9, 
while y,.() in Eq. (62d) decays away from the reactive boundary at ¢ = 0 and 
is therefore analogous to the surface-wave modes in Eq. (17b). The occurrence 
of only a single surface-wave mode is attributable to the assumption at $ = 0 
of a surface impedance that idealizes an implied medium in ¢ < 0; in the 
analogous problem shown in Fig. 3.4.1(a), the medium in x < 0 is exhibited 
explicitly. It should be emphasized that constancy of the parameters c, , does 
not imply constancy of surface impedance on the angular boundaries ¢ = 0, 9 
since the cylindrical (p, ¢, z) coordinate system is curvilinear. This aspect is 
explored in detail in Sec. 6.6. 
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Spherical regions 


Two-dimensional eigenvalue problems in the (@, 6) cross section transverse 
to the radial coordinate r in a spherical coordinate system are defined by the 
differential equations (2.6.2) and (2.6.3). For separable boundary conditions 
[i.e., in regions bounded by plane surfaces ¢ = constant and (or) conical surfaces 
0 = constant], the two-dimensional eigenvalue problems may be reduced to 
two one-dimensional eigenvalue problems: 


D 
d? 2 D$) a ‘ ae = 
(63a) 
d . d _ q? , 00) 7 ? 7 B 
(4, sin on sind + píp + 1) sin 0) 28) =Q. ai = 0 a@= Ôi 
(63b) 


where the product solutions ®,(p) = ®,(¢)®2(@) and yw(p) = w (ġ)ys(0) have 
been introduced, and where p(p + 1) = k}. Since Egs. (63a) and (3.2.46a) are 
identical, the eigenvalue and characteristic Green’s function problems for the 
azimuthal (ġ) domain are the same as in cylindrical geometry. For the @ domain 
0, <0 <0, comparison of Eqs. (63b) and (3.3.1) yields the characteristic 
Green’s function problem: 


(anO ako + Asin) 00,0 9,2) = 80-09, (64 


where g is a fixed parameter which, in spherical boundary-value problems, 
represents the azimuthal eigenvalue [see Eq. (63a)]. On replacing x by @, com- 
parison with Eq. (3.3.1) shows that the @ transmission line is non-uniform, 
since the parameters p(@) = w(@) = sin @, g(@) = q?/sin 0 are @ dependent. 
For an angularly unbounded spherical region, the endpoints of the @ interval 
are 0, = 0 and @, = xz; 0, = 0,0 < 0, < x represents a single cone at @ = @,, 
while 0 < 0, < 0, < x defines cones at 0 = @,, @,, respectively. The boundary 
conditions for electromagnetic E- and H-mode problems with respect to the 
radial direction, distinguished by primes and double primes, respectively, are 
[see Eqs. (2.6.2) and (2.6.3)} 


gO, 0'; g?;A4)=0 at =0,:, (E modes), (64a) 
A g(0, 0's g% A) = 0 atð=0,, (H modes), (64b) 
Note @ = 0, x are “limit point” singularities of the differential operator in 


Eq. (63). If these points terminate the @ interval, a sufficient boundary con- 
dition is 
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ge finite at 0, = 0 and (or) @, = 2. (64c) 
These angular boundary-value problems may be schematized as in Fig. 3.4.11. 
The various g,(0, 6’; g?; 2) may be constructed from the linearly inde- 
pendent solutions of the homogeneous equation (64). Since À = vyv + l)isa 
complex parameter and q may also be non-real (see discussion on alternative 
representations, Sec. 3.3c), the classical Legendre polynomials are inadequate 
to describe this more general situation. Instead, it is best to express the as- 
sociated Legendre functions as special cases of hypergeometric functions, the 
theory of which is well advanced. It may be shown that P;*(cos@) and 
P-{cos (x — @)] = P,*(—cos @) are linearly independent solutions of the as- 
sociated Legendre equation and are related to the hypergeometric function 
F(a, B; y; 2) as —, 


P;*(cos @) = morg an (£) F(—v,v + ki + q; sint 2) 
= P=*_,(cos 8), (65a) 


P>%{—cos 6) = rrp oo GLES +1;1+ 4; cost $), (65b) 


where T(x) is the gamma function and v and g are arbitrary. Some properties 
of the hypergeometric function are given tn Sec. 3.6b. Important for the present 
discussion is the relation 
F(a, b; c; 0) = 1, (65c) 
which permits the study of the behavior of P>*(+cos@) near the singular 
points @ = 0, x. It is also useful to recall that 
Fla, b; c; 2) = pete p Fla, b; a + b E fet 223) 
c-a- I (cM (a + b — ce) 
“Tore 


rae) DO 


F(c — a,c —b;c—a—b+) l-72), 
(65d) 


which relation permits study of the behavior of the hypergeometric function 
near z = 1, If Reg > 0, then P7%(cos@) and P,*(—cos@) are bounded at 
0 = 0 and 6 = z, respectively, but not at the opposite endpoint. We shall also 
have occasion to employ the Wronskian 


P;*(cos @) 4 P;*(—cos 0) — P7 —cos 0) 4 P-@(cos 0) 


— 2 sin(v — g)xT(v — q+ 1) 
z sinf Vw+q+) 


a ENTE 66 
sin O T (g —v)I'(v + q + Ly’ (66a) 


the asymptotic formula 
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re O~ Vem tory (0 + 3)?- FF 


x [} if o(+)], (66b) 
valid when |v] >> lgl, jarg v| < x, |v| sin @ >> 1; the Stirling approximation 
rv +a) Re BE \vj —» co, jarg v| < x,a > Q; (66c) 
and the relation 
Fla, b,c: 2) ~ 1 4+ o(-), E (66d) 


Like the azimuthal Green's function g, defined in Eq. (47), gẹ may be 
synthesized in terms of images on an infinitely extended @ transmission line. 
As noted earlier, such a representation is useful for analysis of high-frequency 
diffraction by conical and spherical obstacles. We illustrate the procedure for 
the domain bounded by 0, = 0 and 0, = @, < 2 since closed-form expressions 
for g4 or g3, analogous to Eq. (51), then have a relatively simple form. By Eq. 
(3.3.14) and Eqs. (64)-(66), the desired solution can be written in terms of the 
Green’s function 29(@, @; q?; A) for the interval 0 < 0 < x, plus a correction 
term. Thus, g} is given by 


a ee Twt+g¢t+!) -e 
238, 0 ’ q’; A) = oF (v a q xa 1) sin (v E gn P; (cos 0-)P,; “ cos 0,), 
0 < A < N, (67) 
with A = v(v + 1), Im 2 = 0, and Re q > 0. Then, for E modes, 
ga, 0'; g?; A) = gS(0, @; q?; A) 
in %4 j T(v + g + DP; —cos 0o) 
t g Cos OP, (cos 9°) y F Pecos Osin 0 qR 
(68) 
and, for H modes, 


gol, 0'; q°; A) = g8, 0'; q°; A) 
T p- : / I(v +q + 1Xd/d0.) P7? — cos 0o) 
+ g Elos OP, (08 8) Py G+ 1 yd dB); (cos B,) sin © — qr 
(69) 
For positive real q, one verifies that g3, gh, and g; behave asymptotically as 
l : sake 
6. 8: a Al > [Im »ti6-6'1 > 00, 70 
(gol ’ »q ? )i ivja/sin @ sin 0 | | v| oo ( ) 
whence the characteristic Green's functions decay at infinity in the complex A 
plane. Since A = (v + 1) = (v + 4)? — 4, and (sin zz)F(z)I'(1 — z) = z, one 
observes that 29, g, and g are even functions of (v + 4). 
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To obtain traveling-wave solutions on a bilaterally matched @ transmission 
line, it is necessary to introduce traveling-wave functions instead of the standing- 
wave functions P>*(--cos @) [see Eg. (66b)}]. The traveling-wave functions 
E(€, 0) for arbitrary v and g are defined as followst: 


+ 


EUG, 0) = t TE qı [P;(—cos #) — e*-"Pre(cos @)}, (71) 
= EAE, n — Oet E=v +h, (71a) 

whence 
P;*(cos 0) = 4 (EOE, 0) + ELS, 0). (71b) 


The relation in Eq. (71a) is evident from the definition (71). On use of hy- 
pergeometric function representations for P;?(+cos 0), one may show that"? 


Et, 0) = ao ee et Ke~ani2-n/4) RONE, Q), (72) 
where 
y , e-/6 
REE, 0) = F(s T g, % aot q; d F 1; + 2j sin 9) (72a) 


(1 — eFC FG — g E +4—G 6+ l; e*). (72b) 
Equation (72b) follows from Eq. (72a) via the transformation 


F(a, b; c; ) = (1 — ZP F(b, c — a; c; 2). (72c) 


Z 
l—2 
The traveling-wave character (for large ¢ sin @) of the functions E\'€, 0) be- 
comes evident from Eq. (72) on use of the asymptotic formula (66d), which 
yields 


RY, A) ~ 1, ič] > 00, sin 6 + 0. (72d) 


The characteristic Green’s functions in Eqs. (68) and (69) can now be rep- 
resented in terms of multiply reflected traveling waves if one utilizes Eq. 
(71b) and the power-series expansion [note analogy with Eq. (56)] 


l aS à 
EA af 5 (6, 9)", (73) 
where, for Im ¢ > 0, 
b$, 9) = TENE Bh = —el(UGo-an-n/2) f, (Oo), (73a) 


with L = 1 for the E-mode case in Eq. (68), and L = d/d, for the H-mode 
case in Eq. (69). Thus, one finds 


țin the present discussion, j is the imaginary unit and does not refer to a particular 
harmonic time dependence. 
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(0, 0: gs BF — 1) = BE +q+ rae = 2) l l l, 


asin 6 sin 6 
(74) 
where 
l } = ge (8, ONR )R(8,) 
+ LTP gO, 210, — Ofu RAE, ORME, 0) 
+ OT) fees, —2n0, + ORME, ORE, 0) 
+ 8500, 20, + O)REE, ORME, 0) 
+ È TT fugr O, —2n0, — ORIG, ORME, 0), (14a) 
-0 = = — |] for go 
= g' = e/sla : i T = Hat /2)s r =Z | 74b 
z5 (0, 0’) —2jč f +1 for gj. oe 


Equation (74) is valid when Im € > 0; since g is an even function of € [see 
remarks following Eq. (70), a series representation for Im € < 0 is obtained 
on replacing č by —é. 

The series in Eq. (74a) has been written in a manner that permits direct 
identification with corresponding terms in the azimuthally traveling-wave ex- 
pansion (57). Recalling Eq. (72d) and recognizing from Eq. (73a) that for 
sin @, sin @’, sin 0, % 0, 


oe o+), č] — o0, (75) 


one finds, that the large € asymptotic behavior of Eq. (74a) coincides with Eq. 


(57), whence the image representation in Fig. 3.4.14 applies directly, T in Eq. 
(14b) expresses the effective reflection coefficient at the singular endpoint @ = 0, 


while I accounts for reflection at 0 = @,. Since the large-€ value of the term 
in brackets in Eq. (74) equals unity, the asymptotic Green's function in @ 


space differs from that in ¢ space only through the factor [sin @sin 0']J-'?. g3 
represents the asymptotic form of the Green’s function on a bilaterally matched 


@ transmission line (i.e., when Ters 0). For arbitrary & values, the image 
representation retains its validity, but it is no longer possible to represent the 
propagation process in terms of waves traveling solely along +0 and —@. 
Thus, the first term in Eq. (74a) [with Eq. (74)) yields the exact Green’s func- 
tion in an angularly matched (i.e., infinitely extended) 6 space, but the presence 
of the functions R(@.) and R\(@,) distorts the purely traveling wave charac- 
ter of 23(0, @’). 

Completeness relations involving eigenfunctions that satisfy the differential 
equation (63b) are obtained directly on use of Eq. (3.3.11) and the appropriate 
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characteristic Green’s function. The results are summarized below, with A, = 
p(p + 1) denoting the eigenvalues while D3 ¢(7) and y%(@) represent the £- and 
H-mode eigenfunctions, respectively. 


0<@6<2 

The characteristic Green's function g$ for the complete @ interval between 
0 and z is given in Eq. (67). As noted after Eq. (70), g§ is an even function of 
v + 4 and hence contains no branch-point singularities in the complex A = 
y(v + 1) plane. I(w) has no zeros and has simple poles with residues (— 1)*/n! 
atw = —n,n=0,1,2,..., while the Legendre functions P,%(-+cos @) are 
regular in any finite part of the complex v plane. Thus, the singularities of g$ 
are simple poles located at 


A,= Wp 1), pt+32=2+(¢4+7+4 3), n=0,1,2,.... (76) 
From Eq. (3.3.11), on substitution of Eq. (67) and a residue evaluation, 


WP = 4 (200 +g) + EAE 22 + D prs (eos 6)P-4(c0s 6, 


sin 
(77) 


so the normalized scalar eigenfunctions ©3(@) and y3(@) for the E- and H-mode 
problems, respectively, are identical and are given by 


036) = y2(0) = {ert a) + Nn 24 + D “t Pza (cos 0), 


1, a Pa (gy ge (77a) 
When g = m is an integer, one may employ the relation’ 
-mfyy — (ml — mt YD) payee 
P,™(x) = (—1) Iwt mD P?(x) (78) 
to reduce Eq. (77) to 
o6—-0)_,¢ y(n — m)! om = ' 
sin 7 4 2, (2n (2n +] la n! F; (cos 0)P; (cos 0 ), (79) 


where P7(cos @) is the conventional Legendre polynomial which vanishes iden- 
tically when n < m. The eigenfunctions are now 


0:9) = yx(0) = | oan m] pafos 0), na—m=0,1.2..., 


(n + m)! 
(79a) 
where 
P (cos @) = saa GG = n cose? 
Pr(cos @) = (— 1" sin” 0 SZ PAD] (79b) 


or, for special choices of n and m, 
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P,(cos 0) = 1, P,(cos @) = cos@, 
P,(cos 0) = }(3 cos? 0 — 1) = 1(3 cos 26 + 1), etc., (79c) 
P\(cos@) = —sin@, Pi(cos@) = —3sin 20, 
Pi(cos 0) = 3{1 — cos 2@), etc. 


Also, the following relations are useful when n and m are positive integers: 


P™(0)=0= f P”(cos 0) dð, n+ modd, 


4 P™(cos 0) - == f P™(cos @) cos @ d0, n + m even 


d on _ P™cos@)} (79d) 
i eda a a" 
d », _ Picos@)| — n(n + 1) 
dö P,(cos 0) B ~ sin 3 a / ie 
0<),< ~<A, 
E modes 


gs in Eq. (68) is an even function of v + } and thus exhibits pole singulari- 
ties only. The poles are simple and are located at 

A, = Pp + 4), where P>4(cos @,) = 0. (80) 

No poles arise when v — q equals an integer since under these conditions, 

P;*(—x) = (—1)’-*P>“x); a similar relation obtains when v + q + 1 isan 

integer (note: P7° = P-%_,). The weighted delta function then has the spectral 


y 


representation 


ôO — 0') _ -5 Yop + Npe 1) 


sin 9 Tp —q +!) 
P,*(— cos 0.) -g -4 } 
* [sin (p = qyell@/Op)P; eos Bay] ©? 08 “Po os 0, 


(81) 


and the orthonormal! eigenfunctions are 
_|____ 2(2@p + DM +g + 1)P,*(—cos Oo) P= (cos 0 
wO = | arpa lyse aman) e) PCO) 
(81a) 
where p is any positive zero of P5*(cos 0). 


H modes 


gi in Eg. (69) is an even function of v + $ and exhibits pole singularities 
only. The poles are simple and are located at 


A, =P p+ }), where AGa f0) = 0. (82) 
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The weighted delta function has the spectral representation 
ôl — 8) _ i esc? (9 
Apr = beset (3) 6, 


sin 


_ I(p+q+ 1) 
ZR + Urs) 


(d/a0,)P;*( — cos 95) een 
X Sin Tp = gyal (F/dp 0B,)P. (cos 0y) (08 OPs Cos 6") 
(83) 


where ô., = 0, & + P, and 6,, = 1; the orthonormal eigenfunctions are 


q = —7n(2p + DI(p + g + 1){((d/d0,) P, *(—cos A 12 ; 
y3(9) 7 rt a + D[sin (p — gr} 2 p o)P=*(cos S| P- (cos 0), 
p>0, g#090. (83a) 


When g = 0,4, = 0 is an eigenvalue, and the constant term 27'? csc (@,/2) 
must be included. In this instance, the functions P>*(x) reduce to the ordinary 
Legendre functions P(x) = P,(x). 


0<960,<90<0,<2 
E modes 


The E-mode characteristic Green's function g,(0, 6’; g?; 4) which vanishes 
at 0 = 0, ,, may be expressed in the form 


HO g'i- a2 1) — Z OMG Oe, OC, Gg; 8, OT (v + ¢ l) 
EOE N= Thin (v— gato a F Nv, G 8,0) CP 


where 
C(v, g; a, P) = P7*(cos «)P;*(—cos B) — P;*(—cos «)P,*(cos p). (84a) 


The behavior at {| — co is still specified by Eq. (70), and the singularities of 
gs are simple poles located at 


4,=Pp+1), where C(p,q; 42,6) = 0. (85) 
Then 
ôO —0)_ x (2p+1Wip+4a+!)  P;«(cosô,) 
sin” T 2 Y isin (p — gallo — q + 1) P;%(cos O;) 
Cp, q, 0, 0)C(p, q; 0’, 0) 
i (d/dp)C(p, 4; 0n 0) ee) 
and 


©3(6) = | | n(2p + UE (p + g + 1)P5%(cos 0.) i 
b 2lsin (p — gır p — q + 1)P;%(cos 6,)[(0/0p)C(p, q; 9,, 02)) 


x C(p, q; 0, 0). (86a) 
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H mode 


10 O gt: 2) — Z BW a; 8<, 9) B(v, q; 95, 9,1 (v +g + 1) 
BG, 05 a A) = [sin (v — q)x]I'(v — q + 1){(0708,)B(y, q; 8., 8,)) 
(87) 


where 


B(v, q; &, B) = P/*(cos a) 2 P>*(—cos B) — P7*(—cos æ) a P>*cos $). 


(87a) 
Simple poles are located at 
à, =p(p+ 1), where Ls B(p, q; 92, 6,) = 0. (88) 
2 
The delta-function representation is 
0—0) _ 1 6, — 90, 0-4-8 
sing 2° ( t) ose ( T 5, 
_ 2 yes T(p + 4 + I)f{(d/d0,)P;%(cos 9,)] 
EMR VET ETEDI CANACCI 
x BCP, a; 8, 0:)B(p, q; 0, 92) (89) 


(0°/dp 08.)B(p, q, 6,, 8.) 
whence for q + 0 and p > 0, 
wt(0) = |- n(2p + Dr(p +g + 1 ){(4/d6, )P5%(cos 0,)] J” 
É 2{sin (p — qn)i (p— q+ 1X(d; d@,)P;*(cos 6;) 


B(p, q; 0, 0) 
x (8p dO,)B(p, 9: O 0T” om) 


When q = 0, the constant term 


oom Capt) c 2)" 


must be included. 

Equations (86) or (89) lend themselves to the study of various special cases. 
First, one may derive the results in Eqs. (8!) and (83) by letting 0, — 0. Next, 
consider the symmetrical case 0, = x — 9,. In this instance, the transcendental 
equation (85) may be separated into 


0 = C(p,q; n — 9,,9,) 
= [P,%(cos 0,) + P;°(— cos ,)]LP;%(cos 0.) — P;,*( —cos 8,)), (90) 
so that the eigenvalues occur in two sets p’ and p” corresponding to the 
vanishing of the first and second factors, respectively. It may be verified that 
the modes described by p’ and p” possess even or odd symmetry about the 


bisecting plane 9 = x/2 so that a source problem in a symmetrical biconical 
region may be decomposed into two separate simpler problems arising from 
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even and odd excitation about the symmetry plane. Analogous considerations 
apply to the H-mode case. 

While the mode functions described above are complete for the representa- 
tion of scalar functions, azimuthally symmetric vector fields may contain in ad- 
dition a TEM mode that must be derived separately. 


3.4c Radial Transmission Lines 


Because of the non-uniformity of successtve cross sections transverse to the 
radial direction, radial transmission problems in cylindrical and spherical geo- 
metries involve non-uniform transmission lines, as noted in Sec. 2.7 for the 
spherical case. Although vector separability into E and H modes with respect 
to the radial direction is possible for spherical geometries, it is generally not pos- 
sible for electromagnetic fields in cylindrical geometries ; nevertheless, cylin- 
drical regions may be viewed as waveguides in the direction parallel to the 
cylinder axis. Radial transmission is then relevant for alternative representations 
of the z-separated solution (see Secs. 3.3a and 6.2). Since the radial problem in 
spherical coordinates, as specified by Eq. (2.7.2), is related to that in cylindrical 
coordinates in Eg. (3.2.46b) by the transformation in Egs. (3.5.1) and (3.5.2) 
[see also Eq. (2.7.3a)], results for the cylindrical case are readily obtained from 
the spherical transmission-line analysis in Sec. 2.7. 

The radial characteristic Green’s-function problem in cylindrical regions is 
defined as follows [see Eqs. (3.2.46b) and (3.3.1)]: 


d d À i EE OEE, 
subject to the boundary conditions 
BP, p’;t, 4) =0 at p = Piz (91a) 
BAP PE 9 ap = pix (91b) 


for E modes (single primes) and H modes (double primes), respectively. When 
Pı = 0, the boundary condition at the origin is replaced by a finiteness require- 
ment [see also Eq. (2.7.7)], while an unbounded domain p, — oo requires im- 
position of a radiation condition. The eigenvalue problems associated with the 
characteristic Green’s functions g, in Eqs. (91) differ according to whether 2 
or T is the characteristic parameter. In a z-transmission representation of three- 
dimensional Green’s functions involving the eigenfunctions ©,() or ¥,() in 
Eq. (3.2.46a) [see also Sec. 3.3c], 4 = q? is prescribed from the angular eigen- 
value problem and 7 is the characteristic parameter for the radial domain. On 
the other hand, in a $-transmission representation of two- or three-dimensional 
Green’s functions, t is prescribed and À is the characteristic parameter (see 
Secs. 3.3c and 6.2b; for two-dimensional problems, t = k?, while for the three- 
dimensional case, T = (k? — y*), where y is the eigenvalue for the z-dependent 
eigenfunctions]. Mode spectra and completeness relations for various radial 
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domains, required for the z-transmission representation, have already been given 
in Sec. 3.2c. It follows from Eqs. (2.7.1-2) (with #, € = constant, k?—+7, k2—+A) 
and from Eqs. (91) that the characteristic Green’s functions g,(r, r’; t, 4) and 
g,(p, P'; T, 4) for the spherical and cylindrical geometries, respectively, are re- 
lated as follows : 


EAP PT A) = agri A+ D, (92) 


p'a p° 


where for the E-mode case, 
g = : Yir r) Kot, kia, (92a) 
and, for H-mode case, 
g! = Zz Zr, 7), kèr, KPA, (92b) 


with Y;(r, r’) and Z;(r,r') denoting the modal Green’s functions in Sec. 2.7, 
and ( = /p/e. 

For the unbounded radial domain 0 < p < œ wherein the E-and H-mode 
solutions coincide, one has from Eqs. (92), (2.7.11), and (2.7.3a) (with j— —i),t 


£0, PT, A) = BIS TRIMMER) Y= VT, 0<%, < 00, 
(93) 


If v = q > 0 is prescribed, then q is the characteristic variable and g, possesses 
a branch-point singularity at T = 0 in the complex T plane. It then follows from 
Eq. (3.2.70b) that the condition Im a/t > 0 must be imposed in order for g, 
to decay as p — oo. By choosing a branch cut along the positive real t axis and 
defining 0 < arg T < 22, one may enforce Im ./ 7 > 0 on the entire top sheet, 
the “spectral” sheet, of the complex t plane. From Eg. (3.3.11) and the change 
of variable € = ./7, one obtains the spectral representation of 6(p — p’)/p’ 
in Eq. (3.2.72), which can be written in the alternative forms in Eqs. (3.2.68) 
or (3.2.62). 

When 7 is prescribed and 4 is the characteristic variable, a different spectral 
representation is derived ; as noted earlier, ./ r = k for angular transmission 
formulations of z-independent two-dimensional Green’s functions (see Sec. 6.2). 
g, now has a branch-point singularity at 4 = O in the complex 4 plane. The 
Hankel function of the first kind (with Im k > O for small dissipation) satisfies 
the radiation condition at p — œ for fields with time dependence exp (— iwt). 
To enforce finiteness at p = 0, it is necessary to impose Re v > 0 since J,(kp) 
~(kpY as p— 0; by drawing the branch cut along the negative real axis as 
in Fig. 17(a) and defining —x < arg å < n with y = ./ A, one has Rev > 0 


+For the discussion of characteristic Green’s funciions, j Or i merely denotes the imagi- 
nary unit; however, subsequeni results apply directly to radiation problems with time de- 
pendence exp (— iot). 
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on the spectral sheet of the complex A plane. Since g, behaves like (p</p>)” * 
as A-»0o [see Eqs. (2.7.4b)], the characteristic Green’s function decays 
at infinity on the spectral sheet, thereby providing the basis for application of 
Eq. (3.3.11). Comparison of Eqs. (3.3.1) and (91) shows that the weight func- 
tion w equals — I/p, whence one obtains as the desired completeness relation 
in the domain 0 < (p, p’) < œœ [note that the imaginary unit j in Eq. (3.3.11) 
is replaced by / in the present discussion] : 


pop — P’) = a A E(P, p's kè, 4) da (94a) 


= Ff" wkpdHomkp,)dv = 5 |” vilkp)Hikp')av (94b) 
= ja =- {09 


= zl : vHSM(kp)Hi(kp’) dv (94c) 
-w 

= al "WL — &")HO(kp)H (kp!) dv (94d) 
o 

= E O (kp)®,(kp), 0< a < 00, (94e) 


where C is the integration contour in Fig. 3.4.17(a). Equation (94c) follows 
from Eq. (94b) on use of the relations 


I(x) = [H P(x) + HP(x)), HEX) = eH), (940 


(a) A plane (b) v plane 
FIG. 3.4.17 Iniegration paths and singularities. 


whence vH'(x)H( y) is an odd function of v that does not contribute to the 
integral along the imaginary v axis. The symmetrical form of Eq. (94c) justifies 
suppression of p. and p, in the second of Egs. (94b). The representation the- 
orem contained in Eqs, (94) gives rise to the Kontorovitch-Lebedev transform 
pair'! 


fp) = 4] EPEA, Fo) = f EARO) dp, (95) 


the convergence properties of which are discussed in connection with Eqs. (6. 
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3.1). From the generic representation in Eq. (94e), one may identify on com- 
parison with Eqs. (94b)-(94d) the orthonormal radial eigenfunctions ® (kp), 
the adjoint functions ® (kp) [see Eq. (94b)}, and the meaning of $, ,. 

When the radial domain extends from p = a to p = co, boundary condi- 
tions at p = a must be included. For generality, we assume that 


E = — ikČg, at p =a, Č = constant, (96) 
from which follow the special cases in Eqs. (91a) (C = 00) and (91b) (Č = 0). 
As noted in Sec. 6.7a, C may be related to the surface impedance on a cylin- 
drical scatterer with radius a. The solution for g, satisfying Eq. (96) and the 
radiation condition at infinity (for Im k > 0) is now given by [see also Eq. (2. 
7.14) 

t k3; A) = ZË] pk p.) — POHO kp.) HO = Jk, (97 
g (P, P; , )= 2 A Pe) d(v) y ( P<) v ( P>), y a/ , ( ) 
where a < (p, p’) < œ and 

b(v) = Ji(ka) + iCd (ka),  da(v) = H! Xka) + iCH (ka), (97a) 
with the prime denoting the derivative with respect to the argument. One may 
verify on use of Eq. (94f) that g, in Eq. (97) is an even function of v, so 4 = 0 
is a regular point in the complex A plane. g, decays as A — œo [see Eqs. (6.7. 
14) et seq.] and has complex pole singularities v, defined by the transcendental 
equation 

d(v,) = 0, (97b) 
located in the first and third quadrants of the complex v plane (see Sec. 6.A5 
for the special cases C = 0 or Č = 00); the pole locations A, = v3 in the com- 
plex A plane are shown in Fig. 3.4.18. Equation (3.3.11) then yields the com- 
pleteness relation’: 
l 
2zi Jc 
ni D ee HKHK), (98b) 
i È d(v) 


E DAOP) a< fe < oo, (98c) 
p 

Equation (97) may also be used to derive a spectral theorem for the case 
where y = q > Q is prescribed and k? — t is the characteristic parameter. One 
may verify that g, possesses a branch point at t = 0 in the complex t plane 
and that the condition Im ./ 7 > 0 must be imposed to satisfy the radiation 
condition at infinity [see discussion following Eq. (93)}. For the special cases 
C= 0 and Č = 09, no pole singularities [i.e., zeros of Hi?(./¢ a) or H?” (s/t @)) 
exist on the spectral sheet 0 < arg T < 2z [see discussion preceding Eq. (5.9.12)]. 


p'(p — p') = &(P, P"; kè, A) da, (98a) 


| 


I 
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FIG. 3.4.18 Singularities of g, in complex 4 plane. 
By considerations analogous to those mentioned earlier, one then obtains the 
following completeness relations in the domain a < (P, p’) < œ {see also Eqs. 
(3.4.24)]: 


ee) =— xa}. &(P, A’; T, g’) at (99a) 
=| OPOP, Č = o, (99b) 
a F YY) dE, C=O, (99c) 
where 
oP) = VE | Meo) - HE Heo], (99d) 
PAP) = VE [Mee — RE HEO] (99e) 


C is a contour enclosing the branch cut along the positive real À axis, and € = 
a/ 7. It may be noted that the normalized eigenfunctions in Eqs. (99d) and 
(99e) are obtainable from those for the interval 0 < p < œ in Eg. (3.2.62) on 
adding to the latter a solution of the homogeneous equation (91) so as to satisfy 
the boundary conditions D{a) = 0 and d¥,(p)/dp|,-, = 0, respectively. 

The corresponding characteristic Green's functions and completeness rela- 
tions for the radial domain in spherical regions follow from the preceding re- 
sults for cylindrical regions and from Eq. (92). In particular, for the unbounded 
domain 0 < (r, 7’) < co: 


r° — r') = na A g(r, r'; A) dA (1998) 
| - (1/2) + joo . 

= spf, AAKrohP(kr 2v + I)dv (100b) 
] = (1/2) } too : 

= ră J an HE CANA’ 2v + 1) dv, (100c) 
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which formulas are a restatement of the Kontorovitch-Lebedey transform the- 
orem in Eqs. (94) in terms of spherical Bessel functions as defined in Eq. (2.7. 
3a). Similarly, for the domain a < r < oo with a perfectly conducting surface 
located at r = a, the H-mode Green’s function in Eq. (2.7.12a) yields {see Eq. 
(98b) with C = o9] 


hX Kr)h(kr')j (ka) 
12 = = t a li (3) = 
r?6(r — r’) Z (2s + 1) ikI(0/ds\h™(ka)) hka) = 0, (101a) 
while the spectrum corresponding to the E-mode Green’s function in Eq. (2.7. 
12b) leads to 


r S TPE |, S AOC kr) hp (kr')j(ka) a1) = 
ror — r’) = L20 + 1) RODNET” hka) = 0. (101b) 
In these relations Im k > 0, thereby making the results applicable to problems 
with exp (—iwf) dependence, For exp (+ jwt) dependence, one replaces A% by 
h® throughout and lets i —> — j in Eqs. (101). 


3.5 APPROXIMATE METHODS FOR SOLVING THE NON-UNIFORM 
TRANSMISSION-LINE EQUATIONS 


As presented in Chapter 2, the solution of field problems by modal analysis 
and synthesis requires knowledge of the eigenfunctions transverse to a chosen 
transmission coordinate, and of the modal amplitudes along that coordinate. By 
the characteristic Green’s function method of Sec. 3.3a, eigenvalue and trans- 
mission-line problems are shown to be closely related, whence solution of sepa- 
rable multidimensional] field problems rests essentially on the ability to solve 
one-dimensional transmission-line equations. These equations are of the Sturm- 
Liouville type and admit solutions in terms of known functions only for special 
forms of the x-dependent parameters p, g, and w in Egs. (3.3.1) or (3.3.18). It 
is therefore relevant to discuss approximation or perturbation procedures that 
can be applied to more general parameter variations. If the parameters vary 
“slowly” over a distance interval equal to the local wavelength, the WKB ap- 
proximation furnishes an unperturbed solution with a broad range of validity. 
For rapid variations, one must resort to special functions that approximate the 
desired one as closely as possible in the interval in question. While application 
of these methods, as described below, is successful in many cases of practical 
interest, the detailed calculation of the Green’s functions or eigenfunctions for 
Specific medium variations must frequently be accomplished by numerical 
means. 

The Sturm-Liouville equation (3.3.18) may be reduced to a standard form 
by renormalization of the c, s solutions (3.3.18a) into modified ¢, $ solutions 
defined by 
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c(x,X)} I Xo) (1) 
s(x, e AP (S(x, xo) 
whence 
Lae + 10) sce) =O o 
where 
E Ta E (2a) 


Kx) x) p(x) dx? 
For convenience, one chooses as initial conditions: 
ĉ(Xo Xo) = I, $(Xo, Xo) = 9, (2b) 
ĉ' (Xo, Xo) = 0, S'(Xo, Xo) az l, 

whence the functions c and s derived therefrom differ in general from those 
defined by Eqs. (3.3.18). When applied to propagation in an inhomogeneous 
medium, as in Eqs. (3.2.98) and (3.2.99), one has p(x) = 1/u(x) for H modes 
along x (i.e., fields with E, = 0), and p(x) = 1/e(x) for E modes along x.t If 
the medium is a variable dielectric €(x) with constant permeability x, the H- 
mode functions c, s are identical with ¢ and $ ; similarly, Eq. (3.3.18) reduces 
to the standard form for E modes in a medium with constant €. Moreover, for 
the planar stratification considered in these examples, w = p, so the form of 
the functions c and s for arbitrary À can be inferred from that for 4 = 0 upon 
replacing y(x)|,29 by (y + A). Since é and § are linearly independent solutions 
of Eq. (2), as verified from the non-vanishing of the Wronskian ¢§’ — §¢’ in 
Eq. (2b), a linear superposition of ¢ and § may be employed to satisfy initial 
conditions of a type more general than those in Eq. (2b). 

In the first approximation method to be described, Eq. (2) is rephrased as 
a Fredholm integral equation, with the kernel chosen to be as “small” as pos- 
sible in order to yield a rapidly convergent iterative solution. 


3.5a Integral Equation Formulation 


l Suppose that for given y(x), Eq. (2) has no known solution but that a solu- 
tion is known for some other function {(x) which is chosen so that it resembles 
y(x) over the interval x, < x < x, [see Sec. 3.5b for a method of choosing 


tin an inhomogeneous dielectric where € = €(x) and y = constant, 4/ (x) = Waf elx) 

represents the actual wavenumber descriptive of an H-mode field. For an E mode, 
= or S d? 1 4A 

A y(x G Helx) V® a Tay] represents an effective wavenumber [see also 


Eq. (2.3.45)]. Substantial differences in the propagation characteristics of the two wave 
types may arise when «(x) varies rapidly or vanishes at some point in the interval, Dual 
considerations apply when yu = “(x) and e€ is constant. 
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¢(x)]. We construct the Green’s function G(x, x’) that satisfies the differential 
equation 
2 
[B twaa aah n<@X<m 0) 
with as yet unspecified boundary conditions. Then from the one-dimensional 
form of Green’s theorem of the second kind,f applied to the functions G(x, x’) 
and u(x) = ĉ or $, one derives the integral equation 


autre F 


= x4 


u(x) = CE x) u(x’) G(x’, »| 


+Í : [y(x — ENG, x)u(x') dx". (4) 


If y(x) = ¢(x) over the interval in question, the integral on the right-hand side 
of Eq. (4) is expected to be small and can be regarded as a correction to the 
unperturbed contribution in the first term. This highlights the importance of a 
proper choice of {(x), to be described in Sec. 3.5b. If y = over one or more 
subintervals x; < x < x4, where x, > x, and x, < X, then these ranges are 
excluded from the integration in the correction integral. 

Initial conditions on u are specified at some point x, The perturbation 
method of solution will be simplified if the Green’s function satisfies the bound- 
ary condition 


4 ra d f cms ! 
whence Eq. (4) reduces to 


u(x) = {u(x,) te G(x, x) — G(x, x) AER 


+ FE PE) — 6001 Gtx, su a! 6) 


a Fredholm integral equation of the second kind, with a variable upper limit 
(Volterra integral equation). If g(x) and g(x) denote any two linearly inde- 
pendent solutions of the homogeneous equation (3), 


[Fa + 6) | ga = 0, (7) 


then it is verified thatt 


uli [u hry G(x’, x) - G(x’, x) nn m x") dx’ 
= [ ur’ om G(x’, x) — G(x’, x) i u(x’) | 


— 

tSec Eq. (3.3.14a), from which one subtracts the homogeneous solution vix Vx’) 
(— pW) in order to satisfy the boundary condition (5). We have here utilized the fact that 
two Green's functions satisfying the same differential equation, but different boundary 
conditions, differ only by a solution of the homogeneous equation. 
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[glx g(x) — g(x’) Ax) Xs x SX: 
G(x',x) = Whg 82) aa 
lo, Sx: (8) 


W(g1, 82) represents the Wronskian (g,g2 — g281), where the prime On g,, 
denotes the derivative with respect to the argument. Thus, one finds for ¢(x, x,) 


E(x, x) = FE Gln x) + f° DO) — CONG x, 1) dx’, (9a) 
while 
$x, x) = — G(x, x) + Í i [y(x') — C(x')]G(x', x)s(x', x,) ax’. (9b) 


For suitable kernels, these integral equations can be solved by the method 
of successive approximations. Let u(x) denote the expression inside the braces 
on the right-hand side of Eq. (6) ; it constitutes the zeroth-order approxima- 
tion to u(x), Substitution of u(x’) for u(x’) in the integral yields the first ap- 
proximation u,(x); substitution of u,(x’) for u(x’) yields the second approxi- 
mation u(x); etc. Thus, the solution for u(x) can be expressed in the form of 
a series, 


u(x) = È u(x), (10a) 
a(x) = | DPE — GENG’, xe dx’, n>. (10b) 


If y, ¢, and G are (real) continuous functions of x in the interval x < x< x, 
[if y and ¢ are piecewise continuous, the determination of u(x) above is carried 
out separately in each interval segment wherein y and ¢ are continuous], then 
u(x) is a real continuous function in the interval. Let the absolute value of u(x) 
in the interval be smaller than some positive number N, and assume also that 
l(y — ¢)G| < M in the interval, where M is a positive number. Then, if K(x’, x) 
denotes the kernel (y — ¢)G, 


ju (x)| = | Í av K(x! x) È dx’, K(x, x') f i Ax, i dxs K(Xg, XU Xp) |» 
(11) 


where & = n — 2, x = x', x_, =x. In view of the above-mentioned inequal- 
ities, the absolute value of the last integral is bounded by NM(x’, — x,), that 
of the last two integrals by paler’ — x,)’, and, finally, 


\u(x)I rae —— M" x — x)" (12) 


for all x in the interval x, < x < xz. Hence, if |K| is bounded in the interval, 
the series (10a) converges uniformly. The rapidity of convergence depends on 
the smallness of M (i.e., on |y — ¢]). If the function y(x) in Eq. (2) is well ap- 
proximated by ¢(x) in Eq. (3), the first correction u,(x) may be sufficiently ac- 
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curate in furnishing an acceptable solution for u(x). The inequality E Zo |u,| 
< Nexp [M(x — x,)] derived from (12) illustrates that convergence of the 
method depends not only on M but also on the boundedness of the interval 
xX — X;. 

In many scattering problems, especially those involving unbounded geome- 
trical cross sections, the inhomogeneity is confined to a finite region in space; 
in the exterior, the medium is homogeneous. Under these circumstances, the 
perturbed and unperturbed wave functions should be chosen to satisfy iden- 
tical boundary conditions at the endpoints of the region, and it is convenient 
to employ an alternative formulation. Suppose that we wish to determine the 
Green’s function (x, x’) associated with Eq. (2), 


gat o) B(x, x!) = —d(x — x, (13) 


subject to the boundary conditions 
a +@.8=0 atx, (13a) 


where @, . are constants that may be complex [thereby admitting a radiation 
condition if x, = — œ and (or) x, —» œ]. Upon writing Eq. (13) as 


[Sa + ta x) = [i — 109] 8, x) — = x), (14) 


and treating the right-hand side of (14) as a “known” inhomogeneous term 
Q(x, x’), one may construct the solution for 2 in terms of the unperturbed 
Green’s function G by multiplying Eq. (3) by — Q(x’, x”) and integrating over 
x!: 


a(x, x") = G(x, x") — r f(x") — WNG, xE’, x") dx’. (15) 


The absence of endpoint contributions in this (Fredholm) integral equation of 
the second kind for ê implies that G must satisfy the boundary condition (13a). 
The solution of the integral equation can again be found by an iteration pro- 
cedure. However, since the integration limits are fixed, the resulting series con- 
verges under more restrictive conditions, A convergent series for any continuous 
(and therefore bounded) K can be obtained by the more general, but more 
cumbersome, method of Fredholm determinants, '? 

The Green’s function G in the present case differs from that in Eq. (8) and 
is given via Eq. (3.3.14) by 


G(x, x!) = ECM) W = gigh — gagi (16) 
where g, and g, now denote solutions of the homogeneous equation (7) that 


satisfy the boundary conditions (13a) at x, and x,, respectively. g can similarly 
be written as 
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G(x, x’) = AMSEC) W = 8.8, — 28%, (17) 


where g, and 8, are solutions of the homogeneous equation (!3) [or of Eq. (2)] 
and satisfy the boundary conditions (13a) at x, and x,, respectively. Upon 
substituting these expressions into Eq. (15), one obtains, for x < x”, 


Bt, x") = SDI) — DBE f iw) — pagala 08) dx 
— EOR) F Ela) — MAJEE) dx! 


= 8i(x) 8, (x) i W ? t ? / 
ww fe (C(x) — x'g ex) dx’, 
(18a) 
while, for x” < x, 


g(x, x") = BB") _ nee) i" P EEE eee 
g(x) (x") a A / i / 1 
7 WW f. [C(x ) — v(x’) 91%’) 82(x") dx 


— Silx) E(x") =: 1) _. ! 1 1 ! 
EE STRE) — Wa Nal B(x!) dx. 


(18b) 
Suppose now that x” = x,. Then Eqs. (17) and (18b) yield 


B(x) = Geal) + EO f" K — pegas + EO fE — pegidx', (19) 


where the constant C, is given by 


C, = g(x.) Wo _ 88/2: — &) _ alx) + B(x) (19a) 
W B(x.) 8281/83 — Bale 1 B2(%1) + £2(X;1) 

The last expression in Eq. (19a) results upon imposition of the boundary con- 
dition g\(x,) + &,g,(x,) = 0, and similarly for £,. Equation (19) represents an 
integral equation for the wave function £, that satisfies the homogeneous equa- 
tion (13) and the required boundary conditions at x, Since we are interested 
only in the functional form of §,, and the integral equation is linear, we may 
put G = 1. If = y for x, < x < x; < X, the contribution from the first 
integral is negligible in this range and one finds that 


(x) = g(x) + £0) Í K — Yg dx’, xı Sx <x, (20) 


This formulation is useful for scattering problems (with x, — — 00, x, — 00) 
wherein one seeks to assess the influence on the scattered field of a deviation 
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of the medium parameter y(x) from its unperturbed value {(x) for which the 
solution g, is known. To a first approximation, one finds, from Eq. (20), 


Bal) = 2x6) + 8:0) hp Fe) — vee) ax'} en 


for observation points x < x;. Similarly, if ¢ œ y for x, < x < x, one has, 
from Eq. (19), 


(x) = g(x) fi T n j Ee) — yel Ng) axl, X, < x. 
(22) 
To a first approximation, £,(x’) in the integral is replaced by g,(x’). 

Equation (2!) yields the correction to the wave reflected from the inhomo- 
geneity described by € — y, while Eq. (22) shows the perturbation of the trans- 
mitted wave. As an illustration, let us consider an infinite medium (x, —> — oo, 
x, — 00) with a variable permittivity €(x) that approaches the constant value 
€, as x — +00, or in terms of (13), a medium for which 

(x)= ki, x7 +0, (23a) 
where k, is the propagation constant corresponding to €,. We choose as the 
unperturbed problem 

C(x) = ki, —oo < x < op, (23b) 


The unperturbed solution g(x) which satisfies the radiation condition at x, = 
oo is given byt 


g(x) = e** — (e7! dependence), (24a) 
while the corresponding solution for x, = — oœ is 
g(x) Se", (24b) 


Thus, W = 2iko, and from Eqs. (20) and (22),? 
— gtkex [o -ikox p Il 2 W\otkox’ ’ ’ 
B(x) = et + Fete, Pace | (ke — rele gax’) dx’ 


x= —co (25a) 


? 


B) = Ter, Tait si [ka p(x le gax’) de 
2ik, J -> 
x -» +00. (25b) 
Į in Eq. (25a) represents the plane-wave reflection coefficient of the inhomo- 
geneous medium, while T in Eq. (25b) is the transmission coefficient, To a first 


approximation, the Born approximation," one has for a slightly inhomogeneous 
medium, 


+ In applications to wave propagation throughout this section, the time dependence is 
exp (—iwt). 

t To avoid confusion with the gamma function r(x), the reflection coefficient in this 
section is denoted by T. 
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P m J i 2kox’ 
Poa T [k2 — y(x)]e?* dx’, (26a) 


os he, coeds 
T=l+yg]_. y(x’)] dx’, (26b) 


where it is implied that (kå — y) is integrable over the infinite interval. 

Since £.(x) plays the role of a voltage V (or current J) on a non-uniform 
transmission line (see Figs, 3.3.1 and 3.3.2), the constancy of real power flow 
on a non-dissipative line (k,, y real) implies that 
rca ea 
ik} (x)Z*(x) 
where k, and Z are the propagation constant and characteristic impedance, 
respectively [see Eqs. (3.3.2)]. Application of Eq. (26c) to Eqs. (25) yields the 
conservation condition 


Re (VI*) = Re| V(x) HE) ad = constant, (26c) 


1 — [FP = (TH, (26d) 


satisfied by the magnitudes of the reflection and transmission coefficients. Be- 
cause k, and y are real, T in Eq. (26b) has a magnitude greater than unity, 
so that this approximation does not satisfy the conservation-of-energy require- 
ment. This is not surprising since, to a first order of approximation, | + ia = 
(1 — ix)~', where & is a small quantity, and the two results are equivalent to 
O(a). If one writes T = (1 — ia)', where ia represents the second term on 
the right-hand side of Eq. (26b), the resulting expression satisfies |T| < 1. These 
considerations highlight the fact that approximate results obtained by a per- 
turbation method do not necessarily Obey all the conditions satisfied by the 
exact solution. m 

For an alternative derivation of T and I, consider Eq. (4) with the Green's 
function G(x’, x) now chosen so that Eq. (5) is satisfied when x > x’. One ob- 
tains instead of Eq. (6), 


u(x) = (an x) ae — 


— W(x) Fe Ga x} + J Ty — SIG, xul’) de 


(27a) 


with G(x’, x) given by the negative of the first expression in Eq. (8). If x. > 
co and we choose for u(x,) the solution that behaves like T exp (ik x2), where 
T is a constant, then via Eqs. (23), (24), and (27a), 


= kox Sern ay ee = thon’ sf of ee ea ? Iy _ TY pik ex's af y! t 
u(x) = Tet 4 ik: |, (y — Deut") dx’ — g i. (y — Qe** u(x’) dx’, 
(27b) 

whence, for the first-order approximation as x — — oo, 
x gto | (* wood J — g-'kox EE "Cy — Oer | 
MOSE [i + a) 7 ae Pane aK J? alee 
(28) 
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For a unit amplitude incident wave, the coefficient of exp (ik,x) is set equal to 
unity and the resulting expression for T, with ¢ = k, is equal to the complex 
conjugate of the reciprocal of Eq. (26b); as observed above, they agree to first 
order. The coefficient of the exp (—ik x) term is equal to the reflection coef- 
ficient I and agrees to first order with that in Eq. (26a). 


3.55 The Comparison Equation 


The success of the method described in the preceding section rests upon 
the ability to choose a comparison function ¢(x) so that the difference function 
[y(x) — {(x)] is small. The idea of “smallness” is to be defined more precisely 
in this section, and it will be convenient to exhibit explicitly a large positive 
parameter Q with respect to which an asymptotic solution of Eq. (2) may be 
found. For example, if Q is the free-space wavenumber ko, the largeness of Q 
describes short wavelength propagation phenomena for which the medium pa- 
rameters appear to be slowly varying. Thus, we assume that 


y(x) = Q(x) + alx, Q)) = Vax, Q), 
C(x) = Q7 B(x) + B(x, 2)] = X8x, Q), (29) 
where @,(x, Q) and £,(x, Q) are functions of x and Q that tend to zero as Q 


—> 0O, 

To facilitate the determination of ¢ or f, it is convenient to transform the 
differential equation (7) so that the resulting ¢(x) involves an arbitrary trans- 
formation function g(x) chosen so as to make ¢(x) a good comparison func- 
tion.'*"” To this purpose, assume that 


d’? 5 z 
| Sex + ABE, 2)] B02) = 0 (30) 
defines known solutions 2(€) and introduce a variable x via 
& = g(x), i.e., d = g'(x) ax, (31) 
where the prime denotes differentiation with respect to x. With 
EE) = JQ’ g(x), (32) 
substitution of Eqs. (31) and (32) into Eq. (30) yields 
2 
[E + B(x, 2)] a(x) = 0, (33) 
where 
— Rf ' } 
B(x, Q) n= Bg, Q)y : T 2Q2 lo. x| ’ (33a) 


{y, x} being the Schwarzian derivative of g such that 


PF" 3 (GN _ ag tI 33b 
{ex} = + (5) = 2 P ax g ( ) 
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Since the solutions of Eq. (30) are assumed to be known, the solutions of Eq. 
(33) are likewise known for any function g(x) that is thrice differentiable and 
has 9’ + 0 in the interval x, — x,. 

It is now recognized that for large Q, Eq. (33) resembles the desired equa- 


tion 
E 3 + a(x, 9)| &(x) = 0, (34) 
if g(x) is chosen so that 
pp) = ax), ies f Via = f vatsaz, (35) 


where a(g) = lim a-w Blo, Q). This choice assures that the dominant terms in 
Eqs. (33) and (34) are identical and that the difference function ¢ — y is small 
compared to y [i.e., (¢ — y)/y —> 0 as Q — oo]. Thus, an approximate solution 
for £ is given by 


es _ _ B9(x)] 
B(x) ~= g(x) = Jdol /dx (36) 
where 
(x) = | a/e dn. (36a) 
eee), Vey l) ° 


Since g'(x) and 1/g'(x) are to remain bounded in the interval, the comparison 
function £,{(x)] must be chosen so that its zeros and poles occur at the same 
locations as those of the given function a,(x).f Whether g(x) in Eq. (36) is, in 
fact, a good approximation to (x) can be assessed by examining the order of 
magnitude of the correction terms via the integral equation procedure in Sec. 
3.4a. Although it is difficult to make a general statement,'* one observes that 
fọ, x} in Eq. (33b) is small when g'(x) is a slowly varying function over the x 
interval under consideration; Eq. (36) may then be expected to apply. The 
previously mentioned matching of the singularities and zeros of a(x, Q) plays 
an important role in this connection. 


3.5c Various Comparison Functions 


X(x) has no zeros or poles (WKB solution) 


As an illustration, let us suppose that a(x, Q) = (x) has no zeros and is 
analytic in the interval under consideration (see Fig. 3.5.1). & may then be 
chosen as a constant,t f = 1, whence 9(¢) = exp (+iN£). Equation (36) yields 


t Analogous considerations enter into the asymptotic evaluation of integrals where a 
given unknown integral is compared to a known and simpler one having a similar inte- 
grand in the vicinity of the stationary points (Sec, 4.1). 

t A better approximation may be obtained by choosing a comparison function which 
Provides a “better fit” than £ = constant (e.g, a piecewise lincar or a parabolic profile ; 
see also Sec 3.6b). 
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gix) Gy (x) 


(a) ay(x) > O (b) ag(x) < 0 


FIG. 3.5.1 Profiles without zeros or singularities. 


exp| +f ~ aoln) dn 

i 
V a(x) 

where x, Is arbitrary. We choose arg &(x) = 0 if (x) > 0, arg a(x) = 2 if 

&(x) < 0, and take the principal value of all roots. This form of (x) represents 


the WKB approximation, and satisfies exactly the differential equation (33), 
with f = 1, g! = ./a,; moreover, 


&(x) = g(x) = Q — œ, (37) 


W(x) — Ux) = — zp [P x). (38) 
The Green’s function G(x’, x) of Eq. (8) becomes 
sin | Vy d 
G(x’, x af = mn) an y = Qao. (39a) 


) = TOA 


The Green’s function in Eq. (16) can be constructed in a similar manner. For 
an unbounded region, œŒ, is positive, and for a time dependence exp (—i@f), 
the positive and negative signs in Eq. (37) distinguish outgoing wave solutions 
at x = +œ and x = — o, respectively (Q represents the wavenumber ko). 
Thus, from Eq. (16), 


exp Ee [e aoln) dn 
Gx) = N 


On the other hand, if the region is bounded at x = d, and if g = 0 at x =d, 
the solution g, (which satisfies the boundary condition at x = d) is of the form 


(39b) 


sin E f a/ a(n) an | 
g(x) = = eee (39c) 
while g, remains as in Eq. (37) (with x, = d, for convenience). Thus, 
a|? vam d Qol + Elama 
ste x) Pfa] ajia + fi aa] a 


2R eN A — —FiQla(x)a (xy) 4 ’ 
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which formulation exhibits directly the breakup into incident and reflected 
waves; the factor (— 1) multiplying the second term represents the reflection 
coefficient at the boundary. If a,(x,) = 0 and &,(x) = 0 when x 2 Xo the 
solution g, that remains bounded for x < xa is given below in Eq. (47a); it has 
the same form as in Eq. (39c) except that d = x, and a phase shift of 7/4 is 
added to the sine argument. Thus, for x, x’ > Xo 
PE EE f L aoln) dn | —in/2 SRE Q il x3 + j ‘| 01) an| 
Gx) = m 6 oS R N 
(39e) 
In this instance, the effective refiection coefficient at the turning pointt x, is 
—j. The formulas in Eqs. (37)-(39) evidently fail when &, has a zero in the 
interval, The continuation of a given form of the solution in Eq. (37) from 
positive to negative values of a(x) requires the knowledge of appropriate con- 
nection formulas, which are also discussed below [see Eqs. (47)]. 


Oo(x) has a simple zero 


If a(x, Q) = &@,(x) is analytic in the interval and has a simple zero, con- 
veniently chosen at x = 0 (see Fig. 3.5.2), the simplest comparison function is 


BE, Q) = BE) = E = g(x), with g(0) = 0. From Eq. (35), 


Oy (x) 


FIG, 3.5.2 Profile with simple zero. 


2 d 


a’? = g'g? == TR? (40) 
So 
3 x 12;3 
wx) = |> f° vataan| (41) 


where the condition g(0) = 0 has been utilized in determining the lower in- 
tegration limit. To resolve the ambiguity introduced by ~/a,(x) we draw a 
branch cut from zero to — oo along the negative real axis in the complex x 
Plane and define arg a(x) = O when x is positive real. When arg x increases 
by x, x is located on the upper shore of the cut and 


TIf a(x) has a zero at xo, this point is called a “turning point” of the differential equa- 
tion (34), 
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fo ais dn = of” alte at = em | aged. x< 0, 


(42a) 
SO 
g(x) Z0 when x = 0. (42b) 
The solution of the differential equation 
d’ = 
(Ja + 2) ©) =0 (43) 
is given by 
a) = Ag), (44) 


where Ai(g) and Bi(g) are the Airy functions, whose properties are discussed 
in detail in Secs. 4.2e and 6.A5. Thus, from Eq. (36), 


g(x) = atx) = [4 f" eta an) fats {— [50° vaca an], 


(45) 


with the principal value taken in all roots. Since Ai(o) and Bi(a) are single- 
valued functions of g, arg o may be taken as +2 when g < 0. 

Since @,(x) ~ x near x = 0, it follows that g(x) ~ x near x = 0 so that 
the expression for (0) exists. For |x| sufficiently large so that Q?|g| >> 1, one 
may employ the asymptotic formulas (see Sec. 4.2e), 


reanin (Fone), ete 
Ai(—g) ~ om 
l eD- n? —O— +00 
2 f n (—0)" ? 
l 2 1 
Fagin os (5 0" + F) on: 
Bi(—a) ~ (103) 
i (2/3-a)3/2 -—o- 
= = ayia e ; 0 + oo, 


to reduce the Ai part of the expression for (x) in Eq. (45) for x > 0 to 


2) = prain of Vadaidn + Z|, gal an 


and similarly for the Bi part. Thus, if the right-hand side of Eq. (45) is multi- 
plied by Q5, the resulting expression can be made to go smoothly from x = 0 
to |x] large, coinciding in the latter range with the WKB formula in Eq. (37). 
We then obtain the previously mentioned connection relations for the WKB 
formulas when the differentia! equation has a simple turning point. Application 
of Eqs. (46) to the general solution £(x) in Eq. (45) comprising both the Ai 
and Bi functions in the combination (C, Ai + C, Bi] yields, to within irrelevant 
constants, 
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warn [G sin (Qy(x) + Z] + Cros (Quix) + ZI}, ale) >0, 


KERE =e ) 
B(x) = I aor {$e -Alel 4. C. peren, s (x) 0 
KALA ES] l | 
(47a) 
where 
w(x) = | adn) dn, a) 


and C,, are arbitrary constants that are determined from the boundary condi- 
tions. For example, if the region extends to + 00, the requirement of a bounded 
solution leads to C, = 0; the corresponding physical phenomenon involves 
propagating waves in the region x > 0 which are totally reflected in the vicinity 
of x = 0. Since the argument of the Airy functions in Eq. (45) is positive when 
x < 0, Ai yields an exponentially decaying, and Bi an exponentially increasing, 
solution for x < 0. Upon multiplication by Q6, these results can be made to 
coincide with the corresponding WKB solutions in Eq. (37). 

To construct the Green’s function in Eq. (16) we select solutions g,(x) and 
g(x) that satisfy boundary conditions at the endpoints x = x, and x = x, > 
x,, respectively. Let us suppose that the region is infinitely extended (i.e., x, = 
—oo and x, = + co) and that a(x) approaches the value of unity as x — + œ. 
Since a source placed at the point x’ radiates fields which are bounded at x — 
+ oo, the Ai function must be chosen for g,(x). To satisfy a radiation condition 
at x = +00, the wave function g,(x) must vary like exp (+/Qx) and therefore 
involves via Eqs. (46) both the Ai and Bi functions. Thus, 


£2) = egy YOA), Y =>) Vata dn, (48a) 
x l Wie | 2/3) _ 7 Rit. 2/3 
8(x) = [ao(x))™ Y'’{Ail—(QY)?] — i Bil- (QY }°)]}, (48b) 


where the values of Y(x) and [@(x)]"+ for x = 0 have been defined in Eqs. 
(42). From the asymptotic form of Ai(z) and Bi(z) in Eqs. (46) as z — œo, one 
finds for the Wronskian 


e a e Ld d . E ] 
Ai(z) T Bi(z) — Bi(z) 7; Ai(z) = =a (49) 
whence for the functions in Egs. (48), 


Wiene) =2(5) - (50) 


Q(x) has two neighboring simple zeros 


If a(x, Q) = a(x) has isolated simple zeros (see Fig. 3.5.3), the asymptotic 
approximation of g(x) as Q — oo can be constructed by a combination of the 
WKB- and Airy-function formulations. The WKB approximation is valid in 
those regions where (x) Æ 0, and the Airy-function approximation is used 
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Og (x) 


FIG. 3.5.3 Profile with two simple zeros. 


to match smoothly through each turning point region a,(x) ~ 0. However, if 
two simple zeros of a(x) located at x = 0 and x = X., respectively, tend to 
coalesce, the expression in Eq. (45) loses its validity and diverges as x, — 0. 
The simplest comparison function when a(x) has two adjacent zeros is 


B(E, 2) = BE) = (a? — ©), (51) 
with no loss in generality incurred by the symmetrical location of the zeros at 
č = +a. To ensure that these zeros in the € plane correspond to those at 
x = 0, x, in the x plane, we return to Eq. (35): 

[i ax) dx = f Bo) de =} fev ar = GF + atsin 2 + SA} 
(52a) 


The choice of the lower integration limits implies the correspondence of ¢ = 
—a and x = 0. To enforce that g = a when x = x,, set 


f Vals) dx = [ VB) de = 3, (52b) 


which equation serves to determine the value of a.'%:° 
The solution of the differential equation 


[ga + Oe = &)] a = 0 (53) 
is given by Weber’s parabolic cylinder functions 
ÈC) = D(+V2Q 6), v = (Q — 1). (54) 


When ¢ % +a, these functions have the asymptotic approximation 


e` Na'r + 1/4) 


1 
DAIR) “TX 2 a?)}'* PIIN Pn |: za ofaa) 
arg (vD (558) 


ar aa [VFI de NETE O nfe (Y i), 


(55b) 
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where the latter expression constitutes the analytic continuation of the right- 
hand side of Eq. (52a) to the range (č = ¢) > a. This result is nothing but 
the WKB approximation in Eq. (37), normalized so that the function D,(z) 
reduces to the large argument form z’ exp (—z?/4) as |z/v| > co,”" Alterna- 
tively, when 2/2 < arg (EQ) < n, one may utilize the large z behavior 


D,(2) ~ etnai i o(+)| 5 5 evn ae fı 4. o(+)], (56) 


to select the proper WKB approximation in this range. In the vicinity of the 
turning points € = a or ¢ = —a, one may employ the Airy-function approxi- 
mation in the preceding section, and only when a — 0 is it necessary to retain 
the parabolic cylinder function intact. The various asymptotic representations 
for D,(z) for large (and possibly complex) values of v and z have been discussed 
in detail by Olver.?? 


p(x) Aas a simple pole 
If a(x, Q) = a(x) has a simple pole at x = O (see Fig. 3.5.4), the simplest 
comparison function ist 


QA (x) 


k 
S 


FIG. 3.5.4 Profile with simple pole. 


BE, Q) = 2 (57) 
which yields the following solutions of Eq. (30): 
BE) = SE HO 20/7 È). (58) 


Despite the singularity of J, the solution g(€) is bounded at č = 0. Since 
Bp) = 1/9, one obtains, from Eq. (35), 


He = igs} (59 
or, upon integration, 


tA related comparison function is A£, Q) = (! /t) — ((t — v*)/4t22], which leads to 
the solutions g(f) = V Ff HUN2AV F). This comparison function has a double pole at 
£ = 0 and a simple zero at (1 — v2)/4N?, 
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o(x) = 41 fi Saat) da) (60) 
Thus, from Eq. (36), 


For x Æ 0, one may employ the asymptotic formula for the Hankel function, 
HH Xz) ~ 5 erien z| ®© 1, —a<agz<nī. (6la) 


If Eq. (61) is multiplied by 92'”, the resulting expression transforms smoothly 
into the WKB approximation (37), apart from x and Q independent factors. 

To determine the appropriate continuation of € = g(x) around the singularity 
at ë = 0, the permissible range of arg č must be specified. If B(E, Q) represents 
the dielectric constant in the medium and slight loss is assumed, then Im BCE, Q) 
> 0 [for a time dependence exp(—iwt)]. The function # = 1/ë may be 
replaced by f = 1/(& — id), where ô is a small positive constant, so that the 
singularity is located above the real € axis. As ô — 0, the path along which č 
varies must be indented below the pole, whence arg € changes from zero to 
—n as č passes through zero. Thus, 0 > arg «/ € > —n/2; hence arg SE = 
—n/2when € < 0. To obtain a solution that decays when € < 0, it is necessary 
[see Eq. (61a)] to select the H® function in Eq. (61). Since arg./& =0 
when € > 0, this function represents a wave traveling in the —€ direction [for 
the assumed exp (—iwt) dependence], i.e., a wave incident from ¢ = + œ. 
The absence of an H‘? contribution implies that there is no reflected wave, 
and the incident wave is “completely absorbed” by the singularity, although 
the medium itself is assumed to be lossless. For a possible physical realization 
of this result, see Reference 23. 


Q(x) Aas neighboring simple pole and simple zero 


The confluent hypergeometric function of Whittaker, W, „(z), which satis- 
fies the differential equation 
2 z2_ 1l 
may serve as the prototype for a general class of comparison functions. For 
example, the previously mentioned parabolic cylinder function D(z) may be 
derived from W,,,,(z) via the relation 


D,(z) 2 gaanz iaw aZ), i= 2y + l m= -4 (63) 


Of particular interest is the case m = +4, in which instance the coefficient 
[(/z) — }] has a simple pole at z = 0 and a simple zero at z = 4i. In the 
notation of the present chapter, the following comparison function is appropriate 
when &(x, Q) = a,(x) has a simple pole and an adjacent simple zero: 
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Ee + (1 + +) |e@ = 0, (64) 
EČ) = W rosrsr,1/2(4 2224). (64a) 


The resulting profile is similar to that shown in Fig. 3.5.4, except that the 
branches are asymptotic to the line a(x) = 1 at |x] — oo; the left branch 
crosses the x axis at x = —a. For a wave incident from the right, the singu- 
larity shields the turning point while the converse is true when the wave 
impinges from the left. The solution W_,,,(—z) is linearly independent of 
W,,»(Z), and for large z, W,,,,(z) has the asymptotic approximation 


W, AZ) ~ ezi + o(+)|. larg z| < x. (65) 


Detailed asymptotic formulas for various ranges of /, m, and z may be found 
in References 24 and 25. 

An effective permittivity æ(x) of the type described here arises in a plasma 
medium with linearly varying electron density, (@,/@)*? = | + 6€, when an 
infinite static magnetic field is impressed along ¢ [see Eq. (7.3.1) with € = 1 — 
(@?,/w*)). E modes in such a medium propagate according to Eqs. (7.2.7), 
which may be written in the form of Eq. (64), with g representing the current.** 


3.5d Error Bounds on the Approximate Solutions 


It can be shown that the expressions in Eqs. (37), (45), (54), and (61) 
represent the asymptotic approximations of the corresponding functions §(x) 
as 12 — 00, ie.,f 


ax) ~ aot + ea), 8 ~ Bir + aay, (66) 
where € and € approach zero as Q — oo. While asymptotic estimates are very 
useful and usually sufficiently accurate to infer the basic physical behavior of 
the wave solution as Q — oo, it is desirable to have exact error bounds when 
detailed numerical calculations are involved. Estimates for various approximat- 
ing functions have been supplied by Olver,? whose results for the WKB ap- 
proximation are given below. 

Let a(x, Q) be negative real, let d?a/dx* be a continuous function of x in 
the interval a < x < b (which may be infinite), and let Q be a positive para- 
meter; then the differential equation (34) has solutions f, , such that 


8,2(x) = gi2(x)[1 + A, 2), (67a) 
81x(x) = Tay [tQ f _M laln, | dn), (67b) 


tThe derivation of formal asymptotic series involving higher-order terms in the WKB 
approximation is illustrated in Sec. 3.5e. 
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L 8, (x) = 
4 z dajdx 
EOY D exp | +9 f” viam Oi an|| 1 + 2x. E iapa + Aad, 
(68) 
where the magnitudes of A, z and X, are bounded by the numbers 
|A, 2] or |X| < exp lao F, (x, 9)| =e (69a) 
with 
j -1⁄4| d? -1/4 
F(x, 2) = f” fec, D E, fec, Q=] an. (69b) 


F, is given by the same integral except that the mterval of integration runs 
from x to b. —a and (or) b may be infinite provided that the integrals F,, 
converge. A somewhat weaker but more easily applied bound replaces Eq. 
(69a) by 


lA, or |Xa.zl < pre) Li a A QY 


(69c) 


provided that 4Q > F,,. This formulation makes evident the validity of Eq. 


(66). 
If a(x, Q) is positive real, one has instead of the above, 
a(x) = g(x) + A2), (70a) 
| at? 
£10) = r? [+S vam a], (70b) 
£ Ax) = 


+i1Q 4/a(x, Q) exp EJ valn, Q) an|]! + Xi2 alec + Aid) |, 
(71) 
where A, = Až, X, = xf, and 
! _ F(x, Q) 
{A, 2] or 1X12] < exp E F(x, 9] I< O 5 FO, 2) (72a) 


F(x, Q) = | f” tec, OM (an, Q= an]. (726) 


c is an arbitrary point such that a < c <b. The interval (a, b) and the value 
of c may be infinite provided that the integral F converges. The second in- 
equality in Eq. (72a) represents the weaker bound as in Eq. (69c). Uniform 
bounds valid in the entire interval a < x < b are obtained upon replacing the 
lower and upper limits of integration in (69b) and (72b) by a and b, respec- 
tively. From Eqs. (69), A, = 0 when x = a, so the function 8,(x) in Eq. (67a) 
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satisfies the boundary condition £,(a) = g,(a). The boundary conditions on the 
other functions or their derivatives are ascertained in a similar manner. 


3.5e Corrections to the WKB Approximation 


In Sec. 3.5c, appropriate comparison functions g(x) are selected as a first 
asymptotic approximation to the desired function (x) in Eq. (34). Corrections 
to the first approximation can then be obtained via the iteration procedure in 
Eq. (10a) based on the integral equations (9). Corrections can alternatively be 
derived directly from the differential equation. The latter procedure is illus- 
trated here for the WKB approximation when a(x, Q) = a(x) is positive (i.e., 
it has no zeros in the interval under consideration).?® It is convenient to start 
from the first-order, source-free transmission line equations (3.3.2) for H modes 
[for an exp (—iwt) dependence; i.e., j — —i]: 


dV(x) _. di(x) _. p 
ae iwpl(x), ee iwe(x)V (x), (73) 
with constant permeability 4 and x-dependent permittivity €. Evidently, 


E ot a(x) |P(x) = 0, Œ = k? = wpe, a(x) = E, (74) 


so the voltage function (x) can be identified with the wave function £, while 
ko and €(x)/€, correspond to Q and @, respectively (€, = constant). 

The first approximation to P(x) = §(x) is given in Eq. (37). To derive cor- 
rections, assume that P(x) is represented by 


F(x) = [A(x)e™) — B(x)e~ Ov] (75) 


1 
Valxy 


where w(x) is the phase integral 
v(x) = | vE dn. (75a) 


A(x) and B(x) are slowly varying amplitude functions which are to be deter- 
mined; if they are constant, Eq. (75) reduces to the WKB approximation. 
Similarly, let 


f(x) = a AEX) [A(x 4- B(x)e- t], (76) 


Note that the expression for /(x) in Eq. (76) is the first-order asymptotic ap- 
proximation to (1/iwy)dV /dx as Q — co, with V taken from Fq. (75). Fora 
self-consistent determination of A(x) and B(x), substitute Eqs. (75) and (76) 
into Eqs. (73) to obtain 


Ae — Bear = 4 È [A'e — Bream), (77a) 


defer 4 Berton = —4 77 [Aee + Bre-'oe), (77b) 
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where a prime denotes the x derivative. Addition of these equations yields 
B(x) = 20) earo 4(x) (78a) 
4a(x) 
while subtraction of the second from the first leads to 
yy — © (%) -naya 
A'(x) = E B(x). (78b) 


Since y(x) increases with x, the first term in Eq. (75) represents a wave travel- 
ing in the +x direction while the second represents a wave traveling in the 
— x direction. A(x) and B(x) are the corresponding wave amplitudes, and Egs. 
(78) show that the variability of the medium parameter a(x) produces coupling 
between these two wave types. When a@’/a is very small, the right-hand sides 
of Eqs. (78) can be set equal to zero and the resulting A, B = constant yields 
the lowest-order approximation to V(x) and f(x) =( | /iwp)aV /dx; in this 
approximation, the waves traveling in the + x and — x directions are uncoupled. 
Equations (78) can be solved by the method of successive approximations. 
They are first converted to coupled integral equations by integrating over x: 


B(x) = By + | S(x)Ax)dx, Ax) = Ag + | ADBA) dx, (9) 
with 
æ Fna 
ô, a(x) = "aac (79a) 


and B(x.) = Ba A(x;) = Ay. Bo, Ag are arbitrary but specified, and x,, are 
arbitrary points in the interval. Iteration of the two integrals then leads to the 
series 


A(x) = D A(x), B) = È Bl), (80) 
where A(x) = A» B(x) = B, and, for n > 1, 
A(x) = S 5(OB (Ode, BA = | EDADE BN) 


For conditions analogous to those discussed in connection with Eq. (10), these 
series are convergent. 

Equations (81) have an important physical interpretation: they show that 
a zeroth-order wave traveling in the +x direction gives rise to a first-order 
wave traveling in the — x direction, which in turn generates a second-order 
wave in the +x direction, etc. Thus, each term in the series (80) can be viewed 
as arising from continuous internal reflections caused by those portions in the 
inhomogeneous medium which lie between the observation point x and the 
points x, and x, where the amplitudes of the waves traveling in the positive 
and negative x directions, respectively, are assumed to be specified. This process 
is schematized in Fig. 3.5.5. 
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x 


(a) Incident wave in +x direction (b) Incident wave in —x direction 


FIG. 3.5.5 Wave coupling by continuous reflection. 


The lowest-order (WKB) approximation is adequate if |4,| < B. or |B,| << 
A» From Eq. (81), 


Bf ER Aa e- Pavno që = |B i; a no [enor] dé, (82) 


where it has been assumed that y’(x) = vy a(x) [see Eq. (75a)] does not vanish 
in the interval. Integration by parts yields 
t x 

lAl = Pe ra Sa A T of) (83) 
with the validity of the order estimate verified upon repeated integration by 
parts. Thus, A, is O(1/Q) as Q— oo, thereby confirming the asymptotic validity 
of the WKB approximation (see Sec. 4.2b for a discussion of asymptotic ex- 
pansions). That the maximum value of the first term in Eq. (83) provides a 
suitable bound for |A,} when Q is large can be observed from the fact that the 
exponential in Eq. (82) is a very rapidly oscillating function while the remain- 
ing terms are slowly varying over a period of this oscillation; hence, if a(€) 
varies monotonically, the integral between the limits x, and x can be bounded 
by an integral over a half period, with the function (a’/ay’),,,, removed from 
within the integration sign. The resulting estimate 


<l (84) 


max 


4l = 


a'(x) 
cena 
can thus be taken as a criterion for the validity of the WKB approximation 
A(x) = Ay or B(x) = B, in a medium with monotonically varying properties. 
The above formulation allows the voltage reflection coefficient I to be ex- 
pressed as follows: 
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P _ BX) -nasm — — Bir) + B(x) + B(x) + -° -nny 

Sage AAA e e 
where it has been assumed that the incident wave travels along the + x direc- 
tion so that B, = 0. From this condition it follows that A(x) contains only 
even-order terms while B(x) contains only odd-order terms. For large Q, the 
reflection coefficient magnitude arising from internal reflections is given to a 
lowest order by |8,(x)/A,|, which in turn behaves like ja’ /Qa??]. 


3.6 APPLICATION TO VARIOUS INHOMOGENEITY PROFILES 


3.6a Reflection from a Continuous Transition 


For illustration of the results in Sec. 3.5e, consider the profile in Fig. 3.6.1, 
where a(x) = &, when x < Xa a(x) = @, when x > x,, and @, and @, are 
positive constants. (x) is assumed to be analytic and monotonic in the region 


a(x) 


FIG. 3.6.1 Smooth transition. 


Xa L X <x, When a wave is incident from the left, the reflection coefficient 


I observed in the region x < x, is given in the first approximation by [see 
Eqs. (3.5.85) and (3.5.81)] 


ery _ Bix) _ 5 za A'(Č) nayi) | -12Nw(x) 

P(x) = hae 4) He? wie) dé le , (1) 
with the upper limit replaced by x, since &’ = 0 when x < x,. If the phase 
reference is chosen so that w(x,) = 0, then 


T _ 1 stead) Ray 
I(x) = al, a(é) (4 9 dé. (2) 


The choice of the lower limit results from the requirement B, = 0 at x = x; 
in Eq. (3.5.81), whence the reference point x, is located in the region where 
the internal reflections tend to zero (i.e., x, > x,); since a’ = 0 when x > Xz, 
the lower limit may be replaced by x,. Physically, Eq. (2) implies that the 
first-order internal reflections are taken into account from the entire region of 
inhomogeneity lying to the right of the observation point. 


Sec. 3.6 Application to Special Inhomogeneity Profiles 351 


The order of magnitude of the reflection coefficient depends on the smooth- 
ness of the junction of the inhomogeneous and homogeneous regions at x = 
Xam aS can be verified by repeated integration by parts as in Eq. (3.5. 82), I If 
a(x) is continuous at x, but @’(x) is not, then I’ is O(1 /Q); if a(x) and g'(x) 
are continuous at xX, but @’’(x) is not, then is O(1/9"). In general, continuity 
of a(x) and its first N derivatives at x, , implies that I is O(1/Q%*"). If alx) 
is constant for x < x, Or x > Xz (ì.e., all its derivatives vanish identically in 
these regions), it is non-analytic when regarded in the entire interval — œ < 
x < oo, and thus the reflection coefficient is proportional to some finite inverse 
power of Q determined by the order of the first discontinuous derivative. If 
a(x) is analytic in the entire interval (this requires that x, — — oo, x, — oo), 
the reflection coefficient vanishes faster than any finite inverse power of Q, us 
Q — oo, and is, in fact, exponentially small, 

As an example of a smooth transition characterized by an analytic function 
of x, consider?’ 

a(x) = æ — a tanh +, (3) 
where @,, a, and b are positive numbers, with a <a. Since {tanh x! < 1 in 
the interval —oco < x < oo, we have, to m 


Z ~ e sech? X 
= fa sech F (4b) 
Thus, from Eq. (1), with x, and x, replaced by +œ and x, respectively, 
= == x é = 
(x)= oa sech? £ exp [720 f a/an) an dé, (5) 


which expression is to be evaluated for x — — co. With Eq. (4a), the integral 
over 4 is elementary and yields 


ae ab Š x 
zzl. a/a(n)dn = (Ë — x) — Fat, (in cosh — — İn cosh ¥ |. (6) 
Since |x| is very large, we may approximate cosh (x/b) by + exp (|x|/b), whence 
In cosh (x/b) = |x|/b — In 2. Upon imposing the restriction 
Qab <1}, (7) 
and recognizing that the major contribution to the integral in Eq. (5) arises 
from the vicinity of ë = 0, one may write 


P(x) = exp | —128(1 + sa) x| 2 as x — — oo, (8a) 
0 


where 


pa S sech? -$ eñe dé, Q = Qva. (8b) 
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To evaluate Z, introduce the change of variable 
t = g% (9) 
to transform Eq. (8b) into 


_ oo pha op FL + QW — ib) 
I= 26 grypt = 2b a. (10) 


The expression in terms of the gamma functions results from the formula” 


f tdt è _YT(i + z)(w — z) 
(layer w+) 


Since (2) = 1, r(z2)r(1 — z) = z/sin zz, and F(z + 1) = zI(z), one obtains 


ra + ir — i a o TUH) nb 
(+ EI — 00) = a) TG) sinha Ma 


and the reflection coefficient is given by 


= nb pa~ a 
Tix v= RT aa | 72821 + as], x — — oo, (13) 
This result, valid under the restriction in Eq. (7), demonstrates the previous 
assertion that the reflection coefficient vanishes exponentially when «(x) is 
analytic and Q is large. 

The x dependence of the reflection coefficient is the same as for a medium 
with constant a(x) = [a + (a/2/e,)]* = (€a + a) for a< a. To within 
the approximations made,t this is the expected phase dependence since a(— oo) 
=a, + a. If b is very small, the transition region, wherein a(x) changes from 
(a) + a) to (æ, — a), is localized near x = 0, and the limiting case b = 0 cor- 
responds to an abrupt transition. In this case, Eq. (13) yields 


Rew > Rez > —1l. (11) 


EOS se b = 0, (14) 


which, upon evaluating to O(a) the rigorous expression [./a(— 0s) — /a(00)] 
X [./a(— 00) + »/a(co)]', is easily seen to be the correct result. 

The exact value of |I| for arbitrary a and b is given by the formula [see 
Eq. (33), with v = 2a, t = 2/b,a, = 1 + a] 


— sinh [zAV] + @ — v1 = å)/2] =, HR=QVe, (15 
sinh [nhQ(/T + @ + vI — 4)/2) SG” Ai 


which reduces to Eq. (13) when d & 1, Qab & 1. 

If the transition between two media with slightly different, constant values 
of « is confined to a small region wherein the phase factor in Eq. (2) is essen- 
tially constant, then 


PE] |g eevee f [zro] = in Sa = zs [aa (16) 


+The phase dependence is given more correctly by ¢7/20V «stax, 
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where |”, — @,| << @,. When applied to the special case in Eq. (3), one obtains 
the limiting value in Eq. (14). 


3.6b The Epstein Solution for a Continuous Transition 


For the specific a(x) in Eq. (3), V(x) in Eq. (3.5.74) can be expressed in 
closed form in terms of hypergeometric functions, This solution, given below, 
can also be employed as a comparison function in the determination of the 
scattering properties of other smooth transition profiles. It can be shown that 
Eg. (3.5.74), with 


— €(x) _ — Z REAA = = 2 
a(x) = A = (l + a) — a tanh 5 I+ rape v=2a, Tt 5 
(17) 


where v and t are constant parameters, can be solved by*!.?*t 
V(x) = KOA — Cyereirau(a, Bey; 0), E= —e™ (18) 


While v and t may in general be complex, they will be assumed positive real 
in this section. The functions u, are solutions of the hypergeometric equation: 


ka-0 + fy —(@ + B+ IIS — Bh ule, B70 = 0, (19) 
and 
ee: _14;2 
a=i+i2(VTFy—, Balti 2 irFyt 0, 


pat TEs. (20) 


From these definitions, 
a+1—p=1—iX, at l—yat—i|viFot i, 
r- B= "| VTFv—1], oa) 


The differential equation (19) has singular points at = 0, 1, co, near each 
of which its two independent solutions can be expressed in terms of convergent 
hypergeometric series. Near ¢ = 0, the appropriate solutions are 


u, = F(a, P; 7; $), (21a) 
u, = Ç' F(a — y+ i, — y+ 12-479), (21b) 
where the hypergeometric series 
T Br al + WPB+ Vn... 
F(a, B39; 0) = 14+ lip? + ap ES + (21c) 


{The notation is the same as in H. Bateman etal., Higher Transcendental Functions, 
Vol. 1, McGraw-Hill Book Company, 1953. Note that the index a in u; etc., should not be 
confused with a(x)=e(x)/€o. 
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converges inside the circle |] < 1. Near ¢ = 1, the pertinent functions are 


u, = F(a, pia + B--y+t;1—Q%), (22a) 
u, = (1 — Cyt 4 Fly — a, y — Bey —@ —B4+1;1-—%), (22b) 
and, near ¢ = co, 
l i ail a in 
OE SF (ae —y+ ka-pti g) —¢ = Çe", (23a) 
B — sect 
“= Hp F (P, B — y+1;£ a+ 1:7). (23b) 


While the various hypergeometric series converge only in the ranges {{| < 1, 
jl — {| < 1, and |¢) > 1, respectively, the corresponding hypergeometric func- 
tions denoted by the same symbols can be continued analytically beyond the 
ranges of convergence of the series representations. Since the resulting two 
solutions in each set are linearly independent, they can be superposed (with 
appropriate constants) to represent any of the remaining functions. The ensuing 
formulas are called the “connection” or ‘‘circuit’’ relations for these functions, 
and the ones pertinent for the discussion herein are as follows: 


CONE — a), q TO — 
“= Ty Hane” trO Bre)" ic 
sTo hh — ae, 4 TE The D a (aay) 


= -areg+i-y”* Tr presi—y 


ro — ye + 1 — A — Tyra = yI (a +1 — B) eft Daye 
-Aati “Tayo — Aa) 


ty = 


(25a) 
-POl EA E + = A) pwn, 
“AS aAA y TO ay — a) 7 
(25b) 
The asymptotic behavior of the solutions u,, at x = œ (i.e., ¢ = — e" = 
—«) is obtained directly from Eqs. (23) and the hypergeometric-series re- 
presentation in Eq. (21c): 


uy~(—-C)*, uw ~(—C) 4%, x7 o, (26a) 

whence, from Eqs. (18) and (20), 
I(x) m gin N era(f—a) 2 gny- gifts x —> oo, (26b) 
f(x) mw git era- — pinky) 2g iax, x — co, (26c) 


Thus, 7, and J’, represent, respectively, outgoing and incoming waves as x 
— œ, At x — —oa, the behavior of u, , follows from Eqs. (21) as 


u,— l, us — C177, x7 — %0, (27a) 


SO 
(x) ao ei D2 (gtxyy- 12 = Err VeV va x> —o, (27b) 
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F (x) ~ ere D2 9-1OVisr x x — —00, (27c) 


At x = — o, I", and Ñ, represent incoming and outgoing waves, respectively. 
It is noted from the above that the asymptotic wave character of the ?’, is 
contained entirely in the simple factors multiplying the hypergeometric func- 
tions, whence the latter serve as correction terms accounting for the medium 
inhomogeneity in the range of finite x. One observes also that the wave func- 
tions at x = + œ are those for a medium with €(x)/é, = 1, while those at x 
= —oo are appropriate to a medium with €(x)/é, = 1 + v, in accord with 


expectations from Eq. (17). 
Let us suppose that a plane wave of unit amplitude is incident from x = 


—oo in the medium of Eq. (17), and that we seek the amplitude and phase of 
the reflected and transmitted waves. Since the transmitted wave must be out- 
going at x = + œo, it Is necessary to choose the solution À (x) whose properties 
as x — oo [see Eq. (26b)] can be calculated directly from its hypergeometric- 
series representation. This hypergeometric series cannot be employed, how- 
ever, to calculate the behavior of I’,(x) at x = —oo, and it is necessary to 
utilize the connection relation (25a) expressing x, in terms of wv, and x, which 
latter functions can be evaluted near x = —oo from Eqs. (21). 1f F° ,(x) in Eq. 
(27b) is to represent an incident wave of unit amplitude, the expression in Eq. 
(18) must be multiplied by the factor exp [in(1 — y)/2}. Let 


V(x) = Poetr’, (28) 
then, from Eq. (25a), 
zin CUA — Ale + 1 — y) 
WO pre tT B) 
as V (x) -_ V(x) rri — pY (æ + 1 — pgp ern D (29) 


T2- io- Aie 


The right-hand side of this equation can be used to evaluate the wave function 
near x = —oo, while the left-hand side is appropriate for x = +00. Since 
V (—00) ~ exp [IQTI + vx], the second term on the right-hand side rep- 
resents directly the reflected-wave contribution. 1f we write 
V(—00) = eav 4. P(— cole OnT x, (30a) 
then the voltage reflection coefficient F (— co) is given by 
T(—.0) 
[ra — Arla + 1—y) ro- rd — Ari +1— 
= 30b 
T- G -Ae “Ny TO are ii 
a o| e| -ETF D] rhi 2 TF + J 


[ERr] Ewro] Ewro] 
(30c) 
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Similarly, if 
V(co) = T(oo)e™, (31a) 
then the transmission coefficient T is obtained from the left-hand side of Eq. 
(29) as 
ra — Ara + !— y) 
T = 
(= Tre +1—B) 
r| -FWT Dri i 2 wrest D] 
7 i2Q 20 . 


The magnitude of the reflection coefficient can be expressed in a simple 
manner. Since I (z) is real for real z, it follows from the Schwarz reflection 
principle? that I'(z*) = I*(z). Thus, the ratio of the first two gamma func- 
tions in Eq. (30c) has unit magnitude since Q, v, and 7 are real. Also, from 


(31b) 


Tira — 2 = y (32a) 


it follows that for imaginary z = ih, h real, 
GAT + ih) = EGA — iA)! = aah aA (32b) 
Thus, from Eq. (30c), the reflection coefficient is 


: Q 
7 h |xz— (./] =) 
iF(—oo)} = sinh [nF TF- D) (33) 


sinh [x (VTF +D] 


The limiting cases of an abrupt transition (t = oo) and of a very gradual 
transition (t small) have been discussed in the preceding section. 

The preceding considerations are appropriate for a plane wave propagating 
along the x direction, with no variation along y or z, and must be modi- 
fied for oblique incidence. The simplest case arises when the wave in question 
is an H mode (i.e., £, = 0), in which case p(x) in Eq. (3.5.2a) is equal to the 
(constant) permeability. For a plane-stratified medium, w = p, and the obli- 
quity manifests itself through the appearance of the constant parameter A in 
Eq. (3.5.2a). If Eq. (3.5.2) is written as 


d? 2 €(x) 2] 7 = 
ga + PLO —&] Pax) = 0 ji 
with &2 = = A, then, from Eq. (17), 
2E(x) 2— 2 2 vQ?/(Q? — $?) 
wE — @— @— aj + SES (35) 


This equation is equivalent to Eq. (3.5.74), with Eq. (17), provided that one 
makes the following replacements: 
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Q? 
Q VEE, V> E (36) 


from which the solutions V(x) for € # 0 are obtainable at once from those 
for V(x) above. In particular, the parameters &, J, and y in Eqs. (20) are, for 
¢+#0, 


a=1++ [JRF E — VOR, (37a) 
fe ler + [MQ +) E + S/O? — 2h, (37b) 
pT 2i MÈ + v) — GF. (37c) 


To satisfy the radiation condition, all square roots are defined to have positive 
imaginary parts [see Eqs. (26) and (27)], and reduce to positive numbers when 
¢ = 0. These results, valid for arbitrary €, are required for the representation 
of the fleld of a concentrated source in Sec. 5.9d. For a plane wave whose pro- 
pagation vector makes an angle @ with the positive x axis at x — oo, € = 
Qsin 8 and —2z/2 < b < 2/2. 

The reflection coefficient magnitude in Eq. (33) is given for real € < Q 
by 


sinh [z [VQ F v) — @ NEL ey 
sinh FVT FW — + VRE 


For a plane wave incident at an angle g at x = — oo, one has € = 2/1 + v 
x sing, and Eq. (38) becomes 


sinh ivi + ycosg — syi — (14 v) sin? g]| 


[P(—e0)| = (38) 


[F(—00){ = (39) 


sinh ivi + ycosg + /1 — (1 + vy sint] 


with the angle restricted so that g < p., where g, is the critical angle p. = 
sin“! ((1 + y)~'"], The reflection coefficient magnitude increases from its 
minimum value at p = 0 to unity at @ = ¢,. Since the angle of refraction 8 
at x = co is related to the angle of incidence at x = — œœ via 


€=Q2,/7F vsing = Qsinð, ie,sind=./T+ ysing, (40) 
one has 0 = 7/2 when g = g.. When 9 > ¢,, the wave is totally reflected and 
It is to be expected that |[['(—oo)| = I. This can be verified from Eq. (30c) 
when modified in accord with Eq. (35) since for (7/2) > g > @,, the gamma 


functions in the numerator are the complex conjugates of those in the denomi- 
nator. 


If the wave is incident from x = +00, it has to be outgoing at x = — o, 
and one must choose the solution V, [see Eq. (27c)] which is continued to x = 
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+ oo via the connection relation in Eq. (24b). The incident wave is of unit 
amplitude if V, is the corresponding wave function; the resulting reflection and 
tranSmission Coefficients are then given by 


F a — BT (@ + 1 — y8 — a) 
Meo) = Ka E+ 1 = a = BY 
o) E — Aa + 1 — y) 
To) = Ta We BY” e 
with @, P, and y taken from Eqs. (37). In this case, with € = Q sin 0, —2/2 
<P< 2/2, 


sinh e AAE teas J 
sinh g [vco + v + cosel) 


The function a(x) = €(x)/é€, in Eq. (17) may be used as a comparison 
function for some other smooth transition profile for which no known solution 
of the differential equation (3.5.34) exists. If the problem of determining the 
unknown wave function is phrased as in Eq. (3.5.15), it is necessary to evaluate 
the Green’s function in Eq. (3.5.16). To satisfy the boundary conditions (radia- 
tion condition) at x = + œœ, we choose g(x) = V (x) and g(x) = V(x). The 
Wronskian of these two solutions is a constant independent of x and can be 
evaluated at any convenient point, for example at x = — o0. Ñ ;(— 0°) is given 
in Eq. (27c). To calculate F ,(— 9), it is necessary the employ the continuation 
formula (25a), which yields 


V (— co) = emr- DRL Aex — Be Avis x}, (43) 


where A and B denote the gamma-function factors multiplying u, and 
—u; exp [in(y — 1], respectively, in Eq. (25a). Thus, 


p dbs pọ d, —— T — y Ta + 1 — B) 
(44) 


which expression has been derived for € = O but is easily transformed to apply 
as well when ¢ + 0 [see Eqs. (35) and (36)]. 

Hypergeometric functions can also be employed to solve the more general 
profile associated with an asymmetrical layer wherein &æ(x) in Fig. 3.6.1 has a 
minimum at x, and approaches the value «, = @(0o) > a(x,),0, = a. The 
symmetrical layer or duct is included herein as the special case «, = @,. 


[P(0o)| = (42) 


3.6c Dielectric Constant Profile with Simple Zero 


To illustrate the use of the WKB and Airy function formulations for a profile 
having a simple zero, consider the example 
| 


a(x, Q2) = IAE, (45) 
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where y is a constant but may be complex.t If Q denotes the wavenumber 
k, = w/c in vacuum and 4? is positive and greater than }, the function a(x, £2) 
is of the form [1 — (w?2/w*)}, which represents the permittivity of an ionized 
plasma model having an electron density distribution M(x) œ w7(x)[see Eq. 
(1.5.20) with œw, = 0). In most of the subsequent considerations, x will be 
assumed positive and large enough so that wx? — } = yw’. The simple zero of 
a(x) then occurs at x = 4/Q; the singularity at x = 0 is of no interest for 
the present discussion and x is restricted to a range of positive values sufficiently 
far from the origin. Eq. (3.5.34), with Eq. (47), is solved exactly by the functions 


&(x) = Vx C (Qx), (46) 
where C, is any linear combination of solutions of the Bessel equation. 

If u is small and Q is very large, one may put a(x, Q) = 1, so the resulting 
asymptotic approximation in Eq. (3.5.37) yields g(x) ~ exp(+/Qx), If u is 
large, this result still applies to observation points for which Qx > u. A more 
accurate description is obtained, however, upon retaining the complete expres- 
sion in Eq. (45). By an elementary integration, 

f? vam dn = [` cos $7) dy = x| cos(x) + (gx) — Z) sin gw), 
(47) 
where the approximation arises from ¿4? — } = y’, and 
sin g(x) = fo A= w< Ox. (47a) 
Similarly, 

i Iam dn = ie sinh (4) dy = x{¢(x) cosh $(x) — sinh d(x)]. (48) 

with 

cosh d(x) = Eo $lx) = 0, 4 > Qx, (48a) 
Equation (48) can be obtained from Eq. (47) by analytic continuation of (x) 
to a range of complex values ¢{x) = 2/2 — io(x), d(x) > 0. 

To identify the expression for g(x) in Eq. (3.5.37) with any one of the 
solutions of the Bessel equation, appropriate normalization factors must be 
included. For example, if the solution is known for Rx — co, the required 


Constants can be deduced from this limiting result. Since for Qx >> y, the 
Hankel functions may be approximated as [see Eq. (5.3.13)] 


VAHU (Qx) an Ab r%ierox AS?) = “f= eur, den D (49) 


one finds from Egs. (3.5.37) and (47), 


tHere z is not to be confused with the same symbol used elsewhere for permeability. 
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Ax H2(Qx) ~ ee erins CXP {tiQx[cos ġ + ($ — (7/2)) sin $ 
n Cos 
u < Ox, (50a) 
The constants in the range # > Qx are now chosen in accord with Eq. (3.5.47a) 
and yield 


Axl(F cosh g -sinh g) 


es mnt) ~ iy TE 


For the Bessel function, application of the formula 2J,(y) = [H*(y) -+ HEX y)] 


u> Qx. (50b) 


yields 


STE JA) ~ g age fax |cos$ + (6 — Z) sing] — 41, 
u< Ox, (5la) 
while, from Eq. (3.5.47b), 
-OAx([¢ cosh ğ-sinħ $1 
J Ax J (Ax) ~ ee e #>QîQx. (51b) 


Alternatively, the normalization factors could have been deduced from the 
known behavior of the functions when # ` Qx. In this instance, 


MOD ~ (F) ra TD Jma a) Cm 


where we have employed the asymptotic formula [see Eq. (3.4.66c)], 


Tat i) = aw) ~ v2 (2) wD. (52b) 
Since for uw >> Qx, 
A oes sinh a E <b Since 
ota cosh ġ ~ sinh ġ À Q in gy (53) 
one has 
ae cosh g -sinh d) Qx 
f 54 
sinh } ~ (2 (ae a (4) 


Upon comparing Eqs. (54) and (52a), one finds that the decaying exponential 
must be chosen and that a factor (2z)"'” must be included, whence the proper 
representation for the Bessel function is the one given in Eq. (Sib). The ap- 
propriate form for the range 4 < Qx is then obtained via Eq. (3.5.47a) and 
leads to Eq. (51a) 

In the transit... region w= Qx, it is necessary to employ the more 
elaborate formula (3.5.45). From a comparison of Eqs. (3.5.45), (3.5.47), and 
(51), one finds that the proper representation for the Bessel function near the 
turning point is 
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J IO) ~ af Z Ail (G xQ), (55) 
where 
P=cosġ, Q=cspt (—F)sing, w<Mx, (55a) 


P = isinhġ, Q = €™?iġ cosh ġ — sinh $}, g> Qx. (55b) 
Expressions for the Hankel functions are deduced in a similar manner. The 
results obtained agree with those derived in Sec. 4.5a [see Eq. (4.5.33)] from 
the Sommerfeld integral representation of the cylinder function (see also Sec. 
6.A). 

A criterion delimiting the range of validity of the WKB approximation has 
been given in Eq. (3.5.84). For the present problem, with ø< Qx, a = cos’ ¢, 
and 


: ~ 2e PAN 
a'(x) = Spa = = sin? g, (56) 


whence the required restriction in Eq. (3.5.84) is 
Fav $<, (57) 


Since # is assumed to be large, the condition is satisfied except when ¢ — 7/2. 
Upon noting that 


2 ’ 
and omitting irrelevant factors, one may rewrite the inequality as 
(Qx — 4) > (Qx)™, (59) 
which agrees with the condition Q?°g >> 1 in Eq. (3.5.47). For u > Qx, the 
left-hand side of the inequality is replaced by its absolute value. Thus, Eqs. 


(50) and (51) are valid in this range but must be replaced by Eq. (55) or its 
equivalent when |Qx — u| = O[(Qx)"]. 


Mee Qx, tang = secó = y qe as ġ —» Z (58) 


PROBLEMS 


1. Use the free-space spectral representation in Eq. (3.2.40), 


ô(p — p’) = cag | fevers ante dč dn, (1) 


where —oo < (x, x’, y, y’) < œ, to construct via the image principle E- and 
H-mode spectral representations for the half-space region 0 < (x, x’) < ©9, 
—0oo < (y, y’) < œ [see Eqs. (3.2.38) and (3.2.39) and Fig. 3.2.4]. Repeat for 
the quarter-space region 0 < (x, x’, y, y’) < 00 [see Eqs. (3.2.32) and (3.2.33) 
and Fig. 3.2.3). 
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2. Utilizing the traveling wave formulation in Eqs. (3.3.28) and (3.3.29), show that 
the modal Green’s function Y(x, x’) may be represented as [note that Y(x, x’) 
is the current in the network of Fig. 3.3.2; see also Eqs. (3.3.3)-(3.3.7)]: 


Hoe, x) I(x», x) ) (2) 


N gy. N E) 
E O EES 


E E AEA 


Tx, x) = ra +7 Fe) 
I(x, x) = = I ma F we a) 2. 


x, and x, are two conveniently chosen points in the x interval which, for example, 

coincide with the left and right termini of the region, respectively. Show that 

the formula reduces to Eq. (2.4.29c), with x —> z, when x, = x: = x, and when 

the transmission line is uniform [i.e., J* = exp (= jKx)). Show that an analogous 
+ 4 

formula for Z(x, x’) is dual to the above with Ts y, etc. 

3. By examining the input admittance in Eq. (3.3.21b) seen to the left from a finite 
point P in a region extending to the origin p = 0 in a cylindrical coordinate 
system, show that the boundary condition for the differential equation (3.2.46b) 
at p = 0 is of the limit point type; i.e., the boundary condition is independent 
of the termination at p = 0. 


4. Calculate by the classical procedure the orthonormal H-mode eigenfunctions 
a(x), Pma(X)s ĝ = 1,2, for the slab-loaded waveguide defined in Eqs. (3.4.13) 
and (3.4.14). Start from the general relation in Eq. (3.2.4) satisfied by any two 
eigenfunctions f,,(x) and f,(x) with eigenvalues Àm and A,, 


an — Ae) [wht tnd = [p(n E — 2 Le) |™ 3) 


When a + mm, vanishing of the right-hand side in Eq. (3) via the boundary con- 
dition p df,/dx + @2f; = 0 at x = x2, with i = n, m, implies the orthogonality 
of the mode set. To find the normalization constant when n = mm, retain fm as 
an eigenfunction with eigenvalue Àn but treat A, as a variable parameter that 
approaches Àm (since f, still satisfies the differential equation (3.2.1), though not 
the boundary conditions, Eq. (3) remains valid). Evaluate the integral in Eq. (3) 
when A, = A,, by applying L'H6pital’s rule to the resulting indeterminate form 
[see Eqs. (3.2.55)]. 


5. To achieve a @ transmission formulation of a scattering problem in a spherical 
coordinate system (r, 9, $), the contour Co in Eq. (3.3.43b) is deformed about 
the singularities of g,(r,r’; A») in the complex A» plane. This specifies the A, 
in terms of the radia! eigenvalues, with Ag subsequently replaced by À, [for the 
radial domain 0 < r < œ, one has À, = v,(v, + 1), V = —+4 + iv, v real; see 
Eq. ye ae The contour C; is then deformed about the singularities of 

go(9, 8; 24; À.) in the complex A4-plane. For the corresponding eigenvalue in 
the @ domain: A, replaced by re plays the role of the eigenvalue, with 4, remain- 


Ch. 3 Problems 363 


ing a fixed parameter. These eigenfunctions may therefore be determined from 
a characteristic Green’s function 


(3 sin 0 É + vv, + 1)sin 8 — A) 2d8, 6’;4;4,) = -5(6-— 6), (4) 
0 d9 sin 6 

wherein v, is assumed to be specified and A is the characteristic parameter. 

(a) Show that if A, is negative real (v, = —4 + iv, v; real), then the eigenvalues 


= A, are negative real. Assume this condition in the following. 
(b) Show tbat the mode spectrum for the domain 0 < 6 < 77 is continuous and 
gives rise to the completeness relation 


sin 0’'6(9 — 6’) = 
| pe P7 ”(cos 8)P5“(—cos 6) 
2i { LTO, — u + yT, + w+ DJ] sing, — yz 


(c) Show that the mode spectrum for the domain 0< 9, <0 <8, <7 is discrete 
and gives rise to the completeness relation 


7 ae CO yt (d/dO,)P* (cos 92) A(v,, 239, ODAV., Us , 91) 
sin 0°90 — 0") = Yi (d/a, PA (cos 8,) (0/8 IIDA, H 8, OD” 
(6a) 
where 4 is imaginary and is determined from a solution of the equation 


CLAY. CA H: 0, @;) = 0, with 


du. (5) 


ACV, 239, Y) = P“(cos 9) i P>+(cos y) — P>#(cos 9) 5 P”(cos y). (6b) 


These eigenfunctions bave vanishing derivatives at 6 = 0, 2. 
(d) Repeat for eigenfunctions which vanish at 0, 2. 


6. A half-space is bounded by an infinite perfectly conducting plane. In a coordi- 
nate system (I) whose z axis is perpendicular to the plane, the equation of the 
boundary may be described by 6 = 7/2, whereas in a coordinate system (IT) 
whose z-axis lies in the plane, the description is $ = 0, 7. 

(a) Show that the normalized scalar mode functions in System I are: 


Q0, $) = pP (cos 9) ee a (n + m) odd, (7a) 
yi(8, $) = gP? (cos 8) m "A X (n + m) even, (7b) 


where 0 < 0 < n/2, 0 < ¢ < 27, nand m are positive integers (or zero), and 
2n 1 (n+ mm)! 


2 — 22 S—— 
Ni = an Gn F i) (a — m)" (70) 
with Em = l, m = 0, and En = 2, with m > 1. 
(b) Show that the normalized scalar mode functions in System II are: 
D0, p) = 77 Pm(cos O) sin mp, 05 0=n,0<$<2, (Ba) 
t 


w0, $) = A P™(cos 9) cos mo. (8b) 
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7. (a) Use Eqs. (3.5.45) and the formula D,(—z) ~ (—z)’ exp (—2?/4) as z => œ 
to derive the following uniform asymptotic representation for the parabotic 
cylinder function D,(—/2Q x), 2v = (Qa? — 1), valid for large Q, and for all 
x in the interval ~œ < x <a: 


D(—/22 x) ~ ~ nr 5 G ee Ai [~[} Qy), (9) 


where y(x) = [Za Væ- r dy and a(x) = a? — x?, Verify that this formula re- 
duces to Eq. (3.5.55a) when x & —a. 
(b) Use Eq. (9) with a —> œ to derive an asymptotic representation valid for 
large v. By letting Q take on complex vatues, show that the resulting formula 
may be written as 
D2) ~ — (= vo |< n, lvl (10 
~ = | — -32y ~v —o —>p co, 
„(z Tr e »  lare(—v) » |v ) 
8. A uniform plane wave with electric vector parallel to y is incident on an in- 
bomogeneous slab with refractive index n(x). The electric field satisfies the wave 
equation [see Eq. (1.7.41)]: 
(V? + kim)E, = 0. (11) 
(a) If the profile is smooth and the inhomogeneity is confined to the interval 
0< x, <x < X show that the first-order reflection coefficient I(x) is given by 


[see Eq. (3.6.2)]: 
P(o) = aie: (exp [i2ko f Vam — sia? an|) dx, 2) 


where @ is the angle of incidence with respect to the x axis (0/dy = 0). 
(b) If n = | + A in the interval, where A is very small, show that IT (0) is given 
approximately by: 


KORN ~ sone). ge ete cos ® dx. (i 3) 


State the conditions for the validity of Eq. (13). 


9. If the wave in Problem 8 is incident on an inhomogeneous dielectric slab bounded 
by plane interfaces at x = 0 and x = d, and if the field solutions inside the slab 
are assumed to have the form E, = exp {(ikosin @)y} f.(x), where f +(x) are two 
linearly independent solutions of the x-dependent part of the wave equation, 
derive exact expressions for the reflection coefficient I and transmission coeffici- 
ent 7. 


10. Let V(x) satisfy the non-uniform wave equation, 


E te a(x) |P P(x) = 0, (14) 


where {2 is a large positive parameter. 
(a) Assume that 

V(x) = eao, (15) 
and derive the differential equation satisfied by . Solve this equation by the 
method of successive approximations to derive an asymptotic expansion for V(x) 
in inverse powers of Q. 
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ii. 


12, 


(b) By an alternative procedure, assume that 
V(x) = 2 ae @ffy(x) (16) 


where A, and y are Q-independent. Determine y and A, and compare witb the 
procedure in (a) [see also Eq. (1.7.16) and Problem 27 of Chapter t}. Which 
procedure is more convenient for determining the asymptotic expansion of 
V(x)? 


The discussion of linear differential equations of higher order is systematized 
by expressing such equations as a system of first-order differential equations 
wherein the desired function and its derivatives appear as dependent variables. 
For example, show that the second-order differential equation (3.5.74) can be 
written equivalently as in Eq. (3.5.73) (see also Sec, 1.1d), 


(x) = dP), (17) 

where the wave vector ¥ and the matrix. have the following representation, 
V(x) 0 u(x) 

a (ite) naked a o] Bá 


For generality, assume both 4 and € to be x-dependent. The solution of Eq. 
(17) is to be effected subject to the initial condition 


Wx) = Vo at x = Xp, (19) 


with the assumption that the N x N elements of the square matrix u(x) are 
real, single-valued, bounded, and integrable in an interval surrounding xo. 

Show that if a matrix propagator (Green's function) G(x, xo) satisfies the 
equations 


E Gle, x0) = a(x, x0) for x2 xy Goxo) = 1, (20) 
where t is the unit matrix, then the solution for ‘P(x) is given by 
P(x) = G(x, x0) Po, Po = Y(xo). (21) 


Show tbat Eq. (20) is solved by the ordered exponential having the series ex- 
pansion 


Gx) =A f EOE |" Of Ed (22) 


Construct the solution for W(x), and discuss the rate of convergence of the 
solution for various ranges of a parameter œ which may be contained in «£ 


(see Eq. (18)}. 


To construct an alternative solution to the problem posed in Egs. (17) and (19),T 
introduce via 


tSee H. B. Keller and J. B. Keller, “Exponential-Like Solutions of Systems of Linear 
Ordinary Differential Equations,” J. Soc. Indust. Appl. Math., 10 (1962), p. 246-259. Also 
I, Kay, “Some Remarks Concerning the Bremmer Series," J, Marh. Anal. Appl., 3 (1961), 
p. 40. 
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V(x) = P(x)W(x) (23) 
a non-singular transformation matrix A(x) chosen so that 
L = PAP (24) 


is a diagonal matrix. 
(a) If a prime denotes the derivative with respect to x, show that 
W =(f -P PW. (25) 

Show atso that if a certain Z = Y, diagonalizes.e¢7 as in Eq. (24), then so 
does the matrix 7,:Y, where 2 is a non-singular diagonal matrix. (@ may 
therefore be chosen to “normalize” the matrix F,, and 2 may be written in 
the form P = AQ.) If is to be chosen so that P-'P’ in Eq. (25) bas no 
diagonal terms, sbow that 


B(x) =Boexp -f diag. P7 (EPE) ač), (26) 


where Zo is a constant diagonal matrix and diag. J (x) denotes the diagonal 
part of J (x). 
(b) If (x) is slowly varying with x, show that W is given approximately by the 
traveling wave (exponential) solution 
elz, Late ee 0 
W(x) = n W(xo); (27) 
0 P a de, 
where L,(¢) are the elements of the matrix Z (č). 
(c) Returning again to the general case, introduce into Eq. (25) the “traveling 
wave” transformation 
W(x) = efki f 48 2x), (28) 
and sbow that the wave vector Z(x) is then given by the convergent series (see 
Fq. (22)] 
Z(x) = G(x, 20W) = [1+ | Eads + ---]WOd, a 


where 
ME) = —e- s etii de P-E P'E efo a (29a) 


is small when the medium is slowly varying. Show that the resulting solution 
for Y(x) is 


P(x) = A(x)el ral) de G ag(x, x) P- Xo) Yo, (30) 


where it is recalled that 2 has been chosen so that diag. 2 -! P’ = 0. Compare 
this solution with the one in Eq. (23) and discuss its utility. 


13. Apply the analysis in Problem !2 to the matrix ee in Eq. (18). 
(a) Show that the eigenvalues of the matrix «g are +ik, k = @v HE; that a set 


of eigenvectors is Gay , Ç = /p/€; and that a matrix P, which diagonalizes 
uw is given by 
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3. 


ae ey seas | (31) 

Show also that to within a constant diagonal matrix, one has 2 (x) = 1C-' 2, and 
iC 1/2 ae i 1/2 

P(x) = p (-12 ) (32) 


Then show that the solution for ¥(x) obtained by setting .#7(€) œ 0 in Eq. (30) 
is given by: 


i iCt.2 — 4012 ef ayktete 0 —if-12 a f 
aS 2 p Ç- }( 0 Pe | i-2 g2 i ` 


(33) 
Compare this result with the WKB solution in Eqs. (3.5.75) and (3.5.76) (with 
A, B = constant). : 
(b) Consider the “matched” initial condition, Vo = Cíxo)Î, and sbow that this 
implies V(x) = ((x)i(x) to a lowest order of approximation (WKB). By retain- 
ing the second term in the series representation of G x(x, xo) in Eq. (30), derive 
a correction to the WKB result and show that it agrees with that obtained from 
Eq. (3.5.80). 
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A. Asymptotic Evaluation of Integrals 


4.1 GENERAL CONSIDERATIONS 


4.1a Transformation to a Canonical Form 


Infinite integrals 


Radiation and diffraction fields in open regions (with infinite cross section) 
are usually expressed by integral representations that cannot be evaluated in 
closed form. In many applications, however, the integrands contain a large 
parameter, Q, in terms of which the integrals may be approximated. While 
such an evaluatton can be treated for rather general functtonal dependences of 
the integrand on Q, it will suffice within the present context to consider inte- 
grals of the following type: 


HQ) = | fede” dz, (1) 


where f and g are analytic functions of the complex variable z along a path of 
integration P with endpoints at infinity, and where the large parameter 22 is 
assumed to be positive.T 

Suppose that at the point z, on P, Re g(z) has a maximum value so that 
Re g(z) < Re g(z,) on the remainder of the path. Since Q is very large, it fol- 
lows that A = |exp [Qgq(z)]| likewise has a maximum at z, and decreases very 
rapidly away from z,. It is then suggestive to approximate (Q) only by the 
path contribution from the vicinity of z,, since the contribution from the re- 
mainder of the path will be exponentially small in comparison. If f(z) is regular 
and slowly varying in the vicinity of z,, it may be approximated there by /(z,) 


HEQ = |Q| exp (i arg Q) is complex, the phase term is included in the definition of 
g(z). Aliernatively, it may be more convenient to obtain an asymptotic evaluation of /(2) 
for real values of N and then continue Q analytically into a range of permitted complex 
values. 
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and taken outside the integrand in Eq. (1), thereby leaving in the integrand 
only the exponential. Approximate integration of the latter can be effected by 
expanding g(z) in a power series about z, and retaining only the first few terms; 
in a more accurate procedure described below, the integral is compared with 
a “canonical” one having stmilar properties and a simpler structure. This, tn 
rough outline, constitutes the basis for an asymptotic approximation of J(Q) for 
large values of Q. In general, A will not have the above-described behavior 
along the given contour P, but along some other path P,. One then attempts 
to deform P into P,, proper account being taken of any interfering singularities 
of f(z) (such as poles or branch points) in the complex z plane. 

It is shown in Sec. 4.1b that the point(s) z,, where there occur maximum 
contributions to the integral, are “saddle” or “stationary points” of the function 
q(z), defined by the vanishing of one or more of the derivatives of g(z). The 
desired path P, is one on which Im g(z) remains constant. Since only the vicinity 
of the various saddle points traversed by the path P, is relevant, it is unnecessary 
to deal completely with the generally complicated function g(z); instead, as 
mentioned above, a finite number of terms in the power-series expansion of g(z) 
about z, characterizes the asymptotic evaluation for large Q. This feature may 
be exploited in a rigorous manner by transforming the given integral into a 
“canonical” form, wherein the function g(z) is replaced by another function, a 
polynomial that describes in the simplest fashion the relevant saddle-point ar- 
rangement at z,. The transformation will be phrased in terms of a new variable 
s and the polynomial 1(s): 


t(s) = q(z), (2) 


the point z, in the complex z plane being chosen to correspond to s = 0 in the 
complex s plane. Thus, Eq. (1) leads to the transformed integral 


HQ) = {Gide ds (3) 
where 
G(s) = f(z) a and a = oh (3a) 


with the prime denoting the derivative with respect to the argument. P’ repre- 
sents the mapping onto the s plane of the path P in the z plane. 

By considerations analogous to those mentioned above, J(Q) in the s plane 
is approximated most simply on a contour P, which passes in the vicinity of the 
origin and along which the magnitude of exp [Qr(s)] decreases rapidly away 
from s = 0. The desired contour P in the s plane, along which Im t(s) = con- 
stant and Re t(s) < Re1(0) away from a region about s = 0, constitutes a 
mapping into the s plane of the path P, in the z plane. Generally, P’ will not 
be identical with P, and in any ensuing deformation of P’ into P, the presence 
of singularities of the integrand in Eq. (3) may have to be taken into account. 
A typical case is shown in Fig. 4.1.1, where the desired path P and the given 
path P are deformable one into the other at |s] = œo. In view of the pole 
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s plane 


FIG. 4.1.1 Deformation of P’ into P in the s plane. 


singularity at s, and the branch-point singularity at s,, the integrals over the 
contours P’ and P are related by Cauchy’s theorem as follows: 


iad Pas aa @ 


with P, and P, denoting contours surrounding the pole and branch-cut singu- 
larities, respectively. 

Assume now that the integral in Eq. (3) is to be evaluated over the desired 
contour P and that G(s) is regular and slowly varying in the vicinity of s = 0. 
For large values of Q the dominant contribution to the integral in Eq. (3) arises 
from the vicinity of the origin since the exponential term decreases rapidly away 
from the region s ~ 0. One may therefore writet 


KQ) = f „Ge ds ~ GCO) f eds, Q> o, (5) 


where the symbol ~ means “asymptotically represented by” and G(0) is the 
value of the regular function G(s) at s = 0. The last integral in Eq. (5) repre- 
sents a “canonical” integral that provides a first-order approximation to the 
unknown integral (Q) of Eq. (1). Asymptotic approximations are discussed 
further in Sec. 4.2b. 

The above remarks serve to highlight the motivation for a proper choice of 
the transformation (2). First, Re t(s) along P should decrease most rapidly away 
from s = Oso that the major contribution to the integral arises from the vicinity 
of the origin in the s plane, and Re 1(0) should be as smal! as possible; the latter 
condition facilitates the asymptotic evaluation. As shown in Sec. 4.1b, these 
requirements imply that the stationary or saddle points of t(s) [the zeros of 
t'(s)] are situated near s = 0.t Viewed in the z plane, the path P, (correspond- 
ing to P in the s plane) passes near one or more of the pertinent saddle points 
z, of q(z) [zeros of g’(z)], and Re q(z) decreases along P, away from the neigh- 
borhood of z,. Thus, the transformation (2) should be chosen so that the 


This simple asymptotic formula is valid provided that Q is the only relevant parameter. 
If KN) depends on other parameters, uniform asymptotic approximations with respect to 
these are generally somewhat more involved (see Secs. 4.4-4.6). 

tlf ¢’(s) has an Mth-order zero al s,, t(s) is said to have a saddle point of order M at 


Sj 
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neighborhood of the pertinent saddle points z, in the z plane ts: mapped into 
the neighborhood of s = 0 in the s plane. Second, the mapping derivative 
dz/ds in Eq. (3a) must be finite near s = O in order to assure the assumed regu- 
larity of G(s) near s = 0. Therefore, t(s) must be selected so that at the points 
s, the derivative t'(s) possesses zeros of the same order as those of q‘(z) at z, 
where the points s, in the s plane correspond to z, in the z plane. The simplest 
z(s) meeting these requirements will yield the simplest comparison integral on 
the right-hand side of Eq. (5). If f(z) has singularities near z,, G(s) has singu- 
larities near s = 0; these must be isolated in their simplest form and require 
consideration of a new class of comparison integrals. A number of important 
canonical (comparison) integrals constructed in this manner may be expressed 
in terms of known functions. Included among these, and employed in subse- 
quent discussion, are the gamma function, the error function or Fresnel integral, 
the Airy function, and the parabolic cylinder function. 

We shall investigate, in detail, infinite integrals with the following configura- 
tions of saddle points and singularities: 

1. q'(z) has a simple (or multiple) zero at z, and no other zero near z,; f(z) 
is regular near z, (ordinary saddle-point procedure) (Secs. 4.2 and 4.3). 

2. q'(z) has simple zeros at z, = z, and z, where z, lies arbitrarily near z,; 
f(z) is regular near z, and z, (double-saddle-point procedure) (Sec. 4.5a). 

3. q'(z) has equally spaced, collinear simple zeros at z, = Z, 22,23 (ie., 
Zi — 2, = 2, — 23) which may be arbitrarily near one another; f(z) is regular 
near Z,,3 (triple-saddie-point procedure) (Sec. 4.5b). 

4, q'(z) has a simple zero at z, and no other zero near z,; f(z) has a simple 
(or multiple) pole near z, (saddle-point integration in the vicinity of a pole) 
(Secs, 4.4a and 4.4b). 

5. q'(z) has a simple zero at z, and no other zeros near z,; f(z) has an al- 
gebraic branch-point singularity at or near z, (saddle-point integration in the 
vicinity of a branch point) (Sec. 4.4c). 

6. q’(z) has a simple (or multiple) zero at z, and no other zeros near z,; f(z) 
has an algebraic branch-point singularity at z,. [By following the procedure in 
Sec. 4,3, this problem is reduced to the evaluation of integrals as in Eq. (4.3.5), 
except that n is not an integer. The asymptotic result therefore involves the 
gamma function and will not be discussed in detail.] 

Emphasis is placed on uniform representations that reduce correctly to sim- 
pler ones under appropriate limiting conditions. For example, when z, Æ Z, 
case 2 must reduce to the simple case J; similarly, cases 4, 5, and 6 must reduce 
to case | when the singularity moves away from the saddle point. Correspond- 
ing integrals with finite endpoints are discussed separately below. 

To illustrate the choice of the transformation in Eq. (2), and the principles 
set out above, we consider further the various cases. 

Case 1. When q’(z) has an Mth-order zero at z, and no other zeros nearby, 
one may select the polynomial t(s) as 


q(z) = t(s) = g(z,) — s™*', (6) 
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whence s = 0 corresponds to z = z, and dz/ds = t'(s)/q'(z) is finite at s = 0. 
The corresponding integral in Eq. (5) is expressible in terms of the gamma 
function (details are given in Sec. 4.2). The desired path P is one along which 
s“*1 > 0, or less stringently, Re s**! > 0. 

Case 2. when g'(z) has two simple neighboring zeros z,., one may select 


gz) = 7) = a, bos = =, (7) 
where a, and o are constants. Since t’(s) has two simple zeros at s,, = Ev O, 
we let s = Vo correspond to z, and s, = —./a correspond to z, to assure 
the regularity of dz/ds at s,,. From the ensuing relations 

glz) = (vV a) = a + 30, (7a) 
q(z2) =U—V 0 ) = a — $0", (7b) 

one obtains the following expressions for a, and ø in terms of g(z, 2): 
aa = (0) = + [9(21) + g(22)), (8a) 
$ 0% = 4 [g(2) — 9(z2)). (8b) 


The integral in Eq. (5) with t(s) given in Eq. (7) is expressible in terms of the 
Airy function (details are given in Sec. 4.5a). It should be emphasized that the 
case of two neighboring simple zeros of g'(z) must be treated separately from 
case | only when these zeros are arbitrarily close (i.e, when ø — 0). If o 
remains finite, the forma] asymptotic evaluation of the integral in Eq. (1) as 
Q — œ can be carried out in terms of the separate contributions from each 
relevant zero treated in isolation. Most of the problems encountered in practice 
belong to this class and can be treated by the techniques in category 1. Just 
how close the zeros of t’(s) can approach each other before they must be con- 
sidered jointly will be illustrated in the detailed discussion carried out in Sec. 
4.5a. Analogous remarks apply to the remaining cases wherein saddle points 
are not isolated. 

Case 3. It suffices in the case of three collinear, equally spaced zeros to 
select 


q(z) = t(s) = a — (a + 8°)’, (9) 


since t’(s) then has zeros at s = 0, tia which correspond to z, and to Z,» 
respectively, Evidently, 

as = 9(2;) = 9(z3), = a” = gz.) — 922); (9a) 
and the integral resulting upon substitution of Eq. (9) into Eq. (5) may be ex- 
pressed in terms of the parabolic cylinder function. Details of this evaluation 
are given in Sec. 4.5b. 

Case 4. If f(z) in Eq. (1) has a pole singularity near a simple zero z, of q’(z) 
[i.e., G(s) in Eq. (3) has a pole near s = 0], procedure I can no longer be ap- 
plied directly, since G(s) is now rapidly varying near s = 0. A modified ap- 
proach is sketched here for the case where G(s) has a simple pole at s = b, 
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with b — 0. Suppose that G(s)(s — b) + a as s — b, where a is a constant. 
Then one represents G(s) as 


= a 
G(s) = —; + TO), (10) 
so T(s) is regular at both s = b and s = 0, and is slowly varying near s = 0. 
The asymptotic approximation of /(Q) in Eq. (3) as Q — oo is now given by 
[see Eq. (5)] 


etre) 


g 45, (11) 


with t(s) given in Eq. (6) with M = 1. The first integral in Eq. (!1) is identical 
with that encountered in case 1; the second integra! containing the effect of the 
pole singularity can be evaluated in terms of the error function or Fresnel inte- 
gral (see Sec. 4.4). 

Case 5. If f(z) has a first-order branch-point singularity near a first-order 
saddle point z, the resulting canonical integral [see Eq. (4.4.28)] may be trans- 
formed into an integral as for case 3, so the parabolic cylinder function describes 
this case as well. 

In the preceding discussion we have been concerned only with the first-order 
asymptotic evaluation [see Eq. (5)] for the integral 7(Q) in Eq. (1) as Q — o. 
It is possible, however, to obtain complete asymptotic expansions for /(Q) in- 
volving successively decreasing terms as $2 — oo so that higher-order approxi- 
mations can also be calculated. Complete expansions are presented for several 
of the cases described above (for a general treatment, see Reference !). 


KQ) ~ T0) f, eos) ds + af < — 


Integrals with finite endpoints 


If the interval of integration in Eq. (1) ranges between the finite limits z, 
and Z,, the asymptotic evaluation of the integral can be carried out analogously 
to that over the infinite path ŽP. The given finite path P,, with endpoints at z, 
and z, can be deformed to pass in the vicinity of one (or more) pertinent saddle 
point(s) z, of g(z). If Reg(z) < Re g(z,) along the portions of the path away 
from the saddle point(s), the dominant contribution to the integral as Q — oo 
again arises from the vicinity of the point(s) z,, and its asymptotic evaluation 
is identical with that for the infinite integral. 

The finite integral 


I, (Q) = f P f(z)e™” dz (12) 
transforms into the s plane via Eq. (2) as 
= (7) = 2 
D= f, Oeds f =f”. (13) 


where s, and s, correspond to z, and z,, respectively. The integral in Eq. (13) 
can be written as a sum of the following three integrals: 


376 Asymptotic Evaluation of Integrals Ch. 4 


I= (f +f - f.) G(s)e™ ds = Q) + 1,(Q) + I, (14) 


where the paths P, P,, and P, are those shown in Fig. 4.1.2. P is the previously 
encountered infinite path along which t(s) decreases most rapidly away from 
the vicinity of the pertinent saddle point(s) near the origin, and P, and P, are 
paths connecting the endpoints of P at +00 with the given endpoints s, and 


s plane 


FIG. 4.1.2 Coniours for evaluation of a finite integral. 


Sg, respectively. It is assumed herein that Re t(s) < Re z(0) along all path seg- 
ments leading away from the origin s = 0, and that Re t(s) < Re t(s, ,) along 
the contours P, », respectively. It should also be emphasized that the presence 
of any singularities of G(s) near s = 0, such as poles or branch points, must be 
taken into account in the deformation of P,, into the three paths in Eq. (14) 
[see Eq. (4) and Fig. 4.1.1]. 

The asymptotic evaluation of the integral /(Q) in Eq. (14) along the infinite 
path P proceeds as before. To estimate the contribution from the remaining 
integrals as Q — oo, we make use of the fact that 1’(s) = 0 on P, and P, (ie., 
there are no saddle points on the contours P, and P,). By an integration by 
parts one obtains 

1) = |, Gis) ds = qy : eae ds, (15) 
1 G(s.) o ji d {G(s)) ass 
=-a ey nl aeo” 


(16) 


where it has been recognized that the exponential term vanishes at infinity. The 
same procedure can be repeated for the integral in Eq. (16). In fact, the inte- 
gration-by-parts technique is frequently an effective means for asymptotic 
evaluation of integrals whose integrands do not contain a saddle point on or 
near the contour of integration. One notes from Eq. (16) that the magnitude 
of 7,(Q) as Q — œ is determined by the factor (1/Qe%'«’. Similarly, the 
magnitude of the integral J,({Q) over the path P, is determined by the factor 
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(1/Q)e%", On the other hand, the contribution to /(Q) over the path P 
traversing a saddle point has an exponential dependence e®" [see Eqs. (5), (6), 
and (7)]. If Ret(s..,) < Re7(0), one notes that |Z, a|/M| is proportional to 
e@Felr(s,,9)- 1 (i.e, the ratio is exponentially small as Q — oo). Thus, just as 
for the infinite integral, the predominant contribution to the finite integral in 
Eq. (13) arises from the neighborhood of the saddle point(s) of t(s), and we 
may write 

7, (82) ~ K9) as Q — oo, (17) 


If the exponential term in the integrand of Eq. (13) has the same magnitude 
at the endpoint s, as at the saddle point s = 0 [i.e., Re t(s,) = Re 7(0)], the 
endpoint contribution in Eq. (14) can still be estimated as in Eq. (16) and its 
magnitude is proportional to (1/N)e%** , In this instance one requires for the 
above comparison a better estimate of the asymptotic behavior of F(Q). It is 
shown in Eq. (4.3.7) that for an Mth-order saddle point of q(z) at z = z, [see 
Eq. (6)], KQ) behaves like (2-1/"+Ne9% Thus, the major contribution to 
I, (8%) as Q — 00 still arises from the vicinity of the saddle point(s), although 
the endpoint contribution is now smaller in magnitude only by an algebraic 
factor of the form 2°”, where y is a positive number less than | whose exact 
value depends on the particular form of t(s). 

The applicability of the integration-by-parts technique fails when the end- 
point approaches the saddle point, since z/(s,) — 0 in Eq. (16). Under these 
circumstances, the saddle-point and endpoint contributions can no longer be 
treated separately and the asymptotic evaluation involves new canonical inte- 
grals, Two specific cases are considered: a single first-order saddle point (Sec. 
4.6a), and two adjacent first-order saddle points (Sec. 4.6b) near an endpoint 
of the integration interval. The former leads to a canonical integral 


[7 eanas, 
which is expressible in terms of the Fresnel integral, whereas the latter requires 
knowledge of the “incomplete” Airy function 


Í iS et! r dg 
3 


4.1b Saddle Points and Paths of Constant Level and Constant Phase*‘ 
Saddle points 


The various classes of integrals of the type shown in Eq, (1) can be distin- 
guished by the form of the argument function g(z). A pictorial characterization 
is effected by a “level map” of the behavior of g(z) over the complex z plane. 
The resulting picture of the g(z) terrain with its mountains, valleys, and inter- 
connecting passes provides an appropriate physical basis for distinguishing and 
selecting the integration paths P of Sec. 4.1a. Since the stationary points z, of 
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q(z) distinguish the passes, it is appropriate to investigate first the behavior of 
the analytic function g(z) in the neighborhood of such a Stationary point. Let 
us write 


g(z) = u(x, y) + iv(x, y) zH=xt+iy, (18) 
where u, v, x, and y are real. A stationary point z, of g(z) is determined by 
dq _ sees 
ee at z = Z; (19) 


in view of the analytic behavior of g about z,, it is thereby implied that the 
functions u and v are also stationary at (x,, y,), 
ðu u ðv _ av —_ = _ 
dx dy ox dy atx=x, y=y,. (20) 
Although Eqs. (20) are satisfied, the surfaces u(x, y) = constant and a(x, y) = 
constant do not have absolute maximum or minimum values at (x,, y,). This 
is seen readily from the Cauchy-Riemann equations, satisfied by u and v, 
Qu _ dv ðu _ v (21) 
dx dy dy ax’ 
from which it follows that for a first-order saddle point (a*q/dz? = 0), 
ui Ou fy dy (22) 
ae oF oe ae 
Thus, if at (x,, y,) the curvature of the surface u(x, y) = constant, or a(x, y) = 
constant, is positive along the x direction, it is negative along the (perpendicu- 
lar) y direction. The stationary points z, are therefore “‘saddle points,” as noted 
in Fig. 4.1.3, and locate pass regions in the q(z) terrain. Depending on the 
choice of path through z,, the magnitude of u(x, y) and therefore of exp |Qgq(z)! 
may increase, decrease, or remain constant along the path. 


= 
a 
> 


Saddle point (x,, ¥;) 


Valley 


FIG. 4.1.3 Relief map of the functions u or v in the vicinity of a 
first-order saddle point. 
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Paths of constant level and constant phase 


We now seek a Criterion that determines the selection of the “steepest 
paths” through a saddle point (i.e., those paths along which the magnitude of 
exp [Qg(z)] changes most rapidly). In view of Eq. (18) these will be the paths 
along which u(x, y) changes most rapidly. If, as shown in Fig. 4.1.4, ds denotes 


FIG. 4.1.4 Steepest-descent path in the z plane. 


an element of length along a path of integration P, through the saddle point 
z,, the rate of change of u along P, is given by 

du _ Oudx , Oudy _ Qu Qu .. 

Gor ode a ra (23) 
where « is the angle between the element ds and the x axis. The values of « 
for which du/ds is a maximum are defined by 


Oru Qu du 

ao YIS ee ap (24a) 
whence via the Cauchy-Riemann equations (21), 

_ Qvdy dudx _ adv 

Thus, v = constant along the path on which u changes most rapidly, so the 
steepest path is a constant-phase path. Similarly, one can show from an exami- 
nation of the maximum values of dv/ds that the magnitude of the exponential 
(i.e., the “level”) is constant along the paths of most rapid phase variation. 
Although the path in Fig. 4.1.4 is shown passing through a saddle point, the 
above conclusions apply as well to constant-level and constant-phase paths 
through any given point z. 
l To examine the disposition of the constant-phase and constant-level paths 
in the neighborhood of a saddle point z,, we expand g(z) in a power series about 
the point z,: 


gz) = gz) + TE (2 — 2, 4+, (25) 


where the double prime denotes the second derivative with respect to the argu- 
ment. Then, for the case of a first-order saddle point, 
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Eas) a eNd pDA UNT- (26a) 
or 
Eds) a gals.) gl (1/2093 —2)) l(cosdy +sInd2y) (26b) 
where 
y = arg (z — z,) + 4 arg q”'(z,). (26c) 


Since arg g''(z,) is constant, y changes only with arg (z — z,). One notes the 
following behavior of exp [Qq(z)] along the various paths y = constant origi- 
nating at z,: 

y = +7/4, +3n/4 (paths of constant level): Phase of e°% varies most 
rapidly, {e°*")| = constant. 

y = 0, x (paths of steepest ascent): \e®"| increases most rapidly, phase of 
e2 — constant. 

y = +n/2 (paths of steepest descent): |e decreases most rapidly, phase 
of e°% — constant. 

The above relations are illustrated in Fig. 4.1.5(a); the regions wherein the 
magnitude of exp [Qg(z)] increases or decreases characterize the mountain and 
valley regions, respectively. 

\ 


> 


35 region >7 
paths of steepest 


— e— paths of stcepest 


45° 45° descent 
Z; (y= 0) ———-— paths of constan! 
f level 
ae SN Mountain region 
er ara NA 
(a) Saddle point of order | 
Valley region 
30° 
e y=0 


/ 
(b) Saddle point of order 2 


FIG. 4.1.5 Behavior in the vicinity of a saddle point. 
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For a second-order saddle point, both g’(z,) = 0 and g”(z,) = 0. In this 
jnstance the expansion of g(z) near the saddle point has the form 


gz) = qe) + FI — zy t (27) 


eas a eds) exp ar g?(z,\(z — z.) (cos 3y + isin 3y)|, (27a) 


where 
y = arg (z — z,) + 4 arg g®X(z,). (27b) 


There exist now three mountain regions and three valley regions in the vicinity 
of the saddle point, as shown in Fig. 4.1.5(b). The angle between any two ad- 
jacent lines at the saddle point is 30°. A contour plot in the vicinity of an mth- 
order saddle point is constructed analogously and exhibits (m + 1) mountain 
and valley regions. 

If the given path of integration can be deformed into paths of steepest 
descent through one or more saddle points, then since the magnitude of the 
exponential term decreases most rapidly away from the saddle points, an ap- 
proximate evaluation of the integral in Eq. (1) for large values of Q can be 
phrased in terms of contributions only from the vicinity of the saddle points. On 
the other hand, if a constant-level path is chosen, an approximate evaluation for 
large Q can also be carried out in terms of contributions only from the vicinity 
of the saddle points since the phase is stationary there and the exponential term 
oscillates so rapidly over the remainder of the path that the corresponding inte- 
gral contributes negligibly to the overall result (‘“‘stationary-phase” procedure; 
see Sec. 4.2c). Since different paths of integration are involved in the two pro- 
cedures, the asymptotic evaluation of the integral in Eq. (1) along a steepest- 
descent path need not yield the same result as that along a path of constant 
level. The two results will be identical only if the constant-level path can be 
continuously deformed into the steepest-descent path; this is possible if the 
two paths have the same termination (for example, at “infinity”) and if f(z) 
has no singularities in the region between the paths. 

For rather genera! forms of the function q(z), the determination of the com- 
plete steepest-descent paths [i.e., those paths along which Im g(z) = constant] 
may be quite complicated. In this instance, one may proceed less stringently 
by utilizing steepest-descent paths only in the immediate vicinity of the saddle 
points, where their progress is easily ascertained (see Fig. 4.1.5). The requirement 
on the remaining path segments L is merely that they proceed along a level 
lower than that at the saddle points. If a pertinent saddle point is at the level 
q(z,) and if Re g(z) < Reg(z,) along L, where Re q(z,) < Re q(z,), then the 
relative error incurred in the asymptotic approximation by neglecting the con- 
tribution from L is Of{exp (Qq(z,) — Qg(z,)]} (see Sec. 4.1a).t The difference 


{The notation g(Q) = O[h(M)] as Q — oo implies that [g(Q)/A(Q)] remains bounded as 
Q —> co. The notation g(Q) = o[A{Q)] as R — oo implies that [g(Q)/A(Q)} — 0 as N > oo. 
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between the asymptotic evaluation of the integral in the present case and the 
result obtained with the complete steepest-descent path SDP lies in the expo- 
nential error estimate, based here on the level at z,, whereas for the complete 
SDP it involves the distance to the nearest singularity (see Sec. 4.2b). The re- 
sults are therefore asymptotically equivalent if exponentially small terms are 
neglected. It must be emphasized that the retention of exponentially small con- 
tributions (e.g., from another saddle point, or from a singularity, situated at a 
lower level than the dominant saddle point) may be justified only if its magni- 
tude exceeds that of the error inherent in the SDP approximation. 

The simplified procedure described above has been employed in various 
problems discussed in this volume (see Figs. 7.5.9 and 8.3.4). 


4.2 ISOLATED FIRST-ORDER SADDLE POINTS 
4.2a First-order Approximation 
If in the integrand of 
KQ) = f f(z)e™ dz, (1) 
SDP 


the function f(z) has no singularities near an isolated first-order saddle point z, 
of q(z), where g'(z,) = 0, q'"(z,) + 0, the asymptotic approximation of 1(92) is 
given by [see Eq. (17) below for a complete asymptotic expansion] 


KO) ~ y apg Menem, Q= o. (la) 


One must choose arg (v  ) = p = arg (dz),, with dz denoting an element at 
z, along the steepest-descent path SDP [see Fig. 4.2.1 and Eq. (4.1.26)]. When 


SDP 
$ SDP (q” > 0) 


SDP (ġ” < 0) 


FIG. 4.2.1 Integration paths in the z plane. 


q(z) = ig(z), with g denoting a real function of z, and z, is real, Eq. (la) may 
be written as [see Eq. (20a) below] 


5 2n r S à , a 
I — Ag(s) ee, n OCigls,) in's ni => 
(92) f fe dz ge E y ’ q (z,) <= 0, 
(1b) 
provided that Re (dz) increases along the SDP near z, (see Fig. 4.2.1). 
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Analytical details 


Since the isolated saddle point at z, is of the first order, the pertinent change 
of variable from z to s is that given in Eq. (4.1.6), with M = I: 


q(z) = t(s) = q(z,) — $. (2) 
The steepest-descent path P in the s plane, along which Im t(s) = constant, is 
clearly the real s axis. Thus, the integral in Eq. (4.1.5) becomes 


KQ) = et | ~ G(s)e-" ds, (3) 
with G(s) given via Eq. (4.1.3a) as 
E dz dz _ —2s 
G(s) = Kz) ds’ As = Fey (3a) 
Since G(s) is assumed regular near s = 0, it can be expanded into a power series 
G(s) = GO) + COs + GO) Ft + GPO He, A 


which converges uniformly inside a circle with finite radius r centered at s = 0, 
r being the distance to the nearest singularity of G(s). Upon applying L’H6pital’s 
rule to the indeterminate form for dz/ds in Eq. (3a) when s = 0 (i.e., z = z,), 
one evaluates the first coefficient of the expansion as 


where q’’(z,) Æ 0 at the first-order saddle point. Since ds is positive along the 
path of integration and, in particular, at s = 0, arg (dz/ds) at s = 0 must be 
Chosen equal to arg (dz) at z, along the steepest descent path (see Fig. 4.2.1). 
This requirement specifies the square root function in Eq. (5). If G(s) is ap- 
proximated by G(0) only (see Sec. 4.2b for a discussion of implications thereof), 
one obtains as the first-order asymptotic approximation for [(92) in Eq. (3): 


KO) ~ Goer f eeds (6) 
or, by Eq. (5), noting that the integral in Eq. (6) equals /7/Q: 
HO) ~ gp fle de, Q oo, (7 


These results continue to be applicable to integrals with finite endpoints if 
the conditions noted in Sec. 4.1a are satisfied. 


. Examples. To illustrate the use of Eq. (7), we treat two simple examples. 
First, consider the gamma function P(Q + 1) defined by the integral 


IKO + 1) = ene dx = Qa! ee dz = oon fi Cer az, 
(8) 
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whence f(z) = 1, ¢(z) = Inz — z, z, = 1, q’"(z,) = —1, and Re q(z) < —1 for 
z Æ |. Since the steepest-descent path in the z plane extends along the real z 
axis and the element of integration dz is positive along the path, one notes that 
(dz/ds),.. is likewise positive. Thus, from Eq. (7), 


T(Q + 1) ~ Qa yen, NERA (9) 


Since (0) < q(z,), the endpoint contribution is negligible (see Sec. 4.1a). 
Next, consider the modified Hankel function defined by the integral 


K,(Q) = if e% dz =O > 0. (10) 


Here, f(z) = 1, ¢(z) = —cosh z, z, = 0, q'(z,) = — 1. Again, Eq. (7) can be 
used directly except that we must include a factor 4 since the stationary point 
is located at the endpoint z = 0 and hence the integral in Eq. (3) now runs 
only over a semiinfinite interval. Thus, 


KAY) ~ feo, Q> oo. (11) 


4.2b Complete Asymptotic Expansion 


A complete asymptotic expansiont for (Q) in Eq. (3) is obtained upon sub- 
stituting for G(s) the power-series expansion in Eq. (4) and integrating term by 
term: 


K) ~ eo È eo) I). (12) 


The integral J,(Q) is evaluated in terms of the gamma function T(z), defined 
in Eq. (8), as 


IO) = fi_sreratds = UCT) neven, (13a) 


0, n odd, (13b) 


where Eq. (13b) is a consequence of the symmetrical integration interval and 
the fact that the integrand is an odd function of s. The values of I'(n + 4), 
n=0Q,1,2,--- are readily inferred from the recursion formula 


Iz + 1)= F2, Th=vn2. (14) 
Alternatively, one may express [,(92) as 
+A function KO) is said to have an asymptotic expansion 
KA) ~È anfa) as Q — o 
if, for any N and for arg in a given interval, 


KO) — 1n(Q) _, Bad 
N(í2) oe 


where Z(M) = Sg aaSa(Q) lie., fn+1(Q)/fn 2) — 0 as R — 00},7°5 
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D = (1? 5, af eds (15a) 
= Ew n even. (15b) 


From Eqs. (15b) and (13a), one infers the recursion relation between I, and 
| Are’ 


1,.(Q) = (-+] 1(Q), n= 0,2,4,.... (16) 
Thus, the complete asymptotic expansion for [(Q2) as {2 — oo is given by 
es Te OTa + 4) 


or, alternatively, 
: G0) NA 27 JZ 
m~ e) = 
NQ) ~ e% X ni T (18a) 
Equation (18a) can be written in a convenient Operator notation as 


KQ) ~ eG, (y -£ y z: (18b) 


where the even function G,(x) is expressed in terms of a power series about 
x = 0 as follows: 


(29/0) 
Cx) = $y SY aoe (18c) 
That Eqs. (17) or (18a) indeed constitute the asymptotic expansion of J(Q) as 
NQ — co follows from the recognition that the ratio between successive terms 
of the series [i.e., between the (N + 1)th and Mth terms], approaches zero as 
Q — oo, for any N (see footnote on p. 384)]. 

The term-by-term integration in Eq. (12) is not rigorously justifiable since 
the radius of convergence r of the power-series expansion is generally finite, so 
the series representation for G(s) cannot be employed over the infinite range in 
s. The error incurred by this procedure may be estimated on dividing the in- 
tegration interval into three parts. In the first, with |s| = ry < r, Eq. (4) is 
applicable while in the other two, with —oo < $s < —r, and ry < s < 00, the 
function G(s) is retained intact. The saddle-point contribution from the first 
interval is given by Eq. (12) or (17); the endpoint contribution is Ofexp (—2r3)] 
{see Eq. (4.1.16)]. The remaining integrals from |s] = r, to oo are of the same 
exponential order of magnitude since the integrand decays along the entire path 
[G(s) in Eq. (3) is dominated by exp (—Qs?)]. This exponentially small error, 
less significant than any of the algebraically small terms in the expansion of 
Eq. (17), assures the “asymptotic” validity of Eqs. (12) or (17) as Q —> oœ, 
provided that r, is finite [i.e., the saddle point is separated from singularities 
of G(s)]. 
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One notes that the lowest-order approximation to (Q), which arises from 
the n == 0 term in Eqs. (17) or (18a), has been given in Eq. (7). For the evalua- 
tion of the higher-order terms, one requires a knowledge of the higher-order 
derivatives of G(s) = f(z)dz/ds evaluated at s = 0, Formally, the derivatives 
d"z/ds* can be obtained by successive differentiation of Eq. (3a) and evaluation 
of the resulting indeterminate forms at s = 0. An alternative procedure is to 
expand q(z) in Eq. (2) in a power series about z = z, and thereby find s as a 
function of z — z,. To obtain the required behavior of z — z, as a function of 
s, this power series must be inverted. One of the several possible techniques 
for the inversion of power series is presented in Appendix A. An explicit ex- 
pression for G?(0) is given in Eq. (A6). 

An important consideration in the use of asymptotic series is the error made 
on stopping the series after N terms. It may be shown’ that if g(C) is analytic 
on the real axis and, nearest the origin, possesses a singularity at ¢, = r exp (ia), 
a + 0, where r is the modulus of ¢, and « its phase, then the integral 


f = | e-tu) ak (19a) 
has the exact representation 
Ro! MOT (n + | 


where the u, result from termwise integration of the power-series expansion (to 
N terms) of ø(¢). The remainder Ry may be shown to be given approximately 
by u,(1 — e7'*)"', so the best approximation to f is obtained by stopping the 
series at the smallest term. The integrals considered in Eq. (3), or in Eq. (4.3.5a) 
for the more general case of a saddle point of order M, are readily transformed 
into Å in Eq. (19a). In addition, there exist exponentially small error terms, as 
noted above. 

Although it has been assumed throughout that Q is real, it ts evident that 
T,(82) in Eq. (13a) can be continued analytically into the range larg Q| < 2/2 
since the integral converges in the extended range of Q for which Re (92s?) > 0. 
If Q is complex, this process of analytic continuation is frequently more con- 
venient than the inclusion of the factor exp (i arg £) in g(z). Thus, in the range 
larg Q| < 2/2, the asymptotic expansions in Eqs. (17) or (18a) are also valid 
for complex Q, uniformly in arg Q. 


4.2c First-order, ‘‘Stationary-Phase’’ Evaluation of Finite Integrals 


It was pointed out in Sec. 4.la that the first-order asymptotic formula in 
Eq. (7), as well as the complete asymptotic expansion in Eq. (17), is valid for 
finite integrals, provided that Re g(z) < Re q(z,) on the portions of the path 
away from the saddle point z, and that the integrand has no singularities near 
z,. If the endpoint of a finite integral coincides with a saddle point z,, then in 
the s plane one obtains integrals as in Eq. (13a) except that one of the limits of 
integration in zero. Thus, the contribution from such a saddle point is one half 
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that given in Eq. (17). If Re q(z) = Re q(z,) along the contour, we are deal- 
ing with a constant-level path along which the phase of the exponential term 
exp [{2q(z)] varies most rapidly. As mentioned in Sec. 4.1b, a first-order asymp- 
totic evaluation can then be carried out by a stationary-phase argument and 
yields the same result as the first-order steepest-descent evaluation, provided 
that f(z) has no relevant singularities. 

To highlight these remarks, let us introduce into the integral in Eq. (13a) 
(with n = 0) the change of variable 5 = s exp (—inx/4). The resulting contour 
of integration in the 5 plane proceeds along a —45° line which can be deformed 
into the real § axis. Thus, one obtains an integral as in Eq. (13a) except that 
Q is replaced by i$2 so that the real axis in the 5 plane is a constant-level path. 
The desired result follows from Eq. (7) upon continuing the real variable Q to 
imaginary values. In particular, if q(x) is a real function of the real variable x, 
one obtains the “stationary-phase” formula [omitting the caret used in Eq. (1b)] 


HQ) = |" fle de ~ LUE, — xA — x.) 

+ LQ) + Olan): Os, (20) 

where Q > 0, and U(a) = 1 or 0 for œ > 0 and œ < 0, respectively. 7, is the 
lowest-order contribution from the stationary-phase point, namely, 


| 2n Mg(x,)+in/4 n" > 
IQ) Eg axe : 9 q (x,) <— 0, (20a) 
and /,(Q) is the lowest-order contribution from the endpoints [see Eq. (4.1.16)], 


== l f(x) i Xp S(%s te 
MY = 4 [A enw = Le g'ad ji (20b) 
The stationary point x, [at which g’(x,) = 0] is assumed to lie on the interval 
Xa < X, < x,; if the interval contains several stationary points, 7,(Q) is a sum 
comprising terms representative of each x,. When the saddle point coincides 
with either of the endpoints x, or x» the corresponding endpoint contribution 
in Eq. (20b) is omitted and one takes 4 times the stationary-point contribution 
in Eq. (20a). When the interval x, < x < x, does not contain a stationary point, 
the Heaviside function vanishes and the integral /(Q) is approximated by /,(S2) 
only. When an endpoint moves to infinity, the corresponding contribution is 
Omitted. Equation (20) fails when the saddle point x, approaches one of the 
endpoints; for example, when x, moves continuously toward and across x,, the 
I,(Q) term is discontinuous since the saddle point disappears from the integra- 
tion interval, and the /,(Q) term diverges, since g'(x,) — 0 as x, — x,. In this 
instance, one requires a more careful asymptotic evaluation that involves the 
error function or the Fresnel integral (see Sec. 4.6a). 


Example 


Use of Eq. (20) is illustrated by the asymptotic evaluation of the following 
integral representation for the Bessel function J,(Q): 
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J(Q) = —~ f ee cos nx dx, n= 0,1, 2.40%, (21) 


In this case, x) = cos nx, q(x) = cos x, x, = mn, m = 0, +1, +2, --». The 
interval of integration contains the two saddle points at x, = 0, x, = z, with 
q” (x) = —1, q(x) = 1. Since the saddle points are situated at the endpoints 
of the interval of integration, a factor 4 must be included in Eq. (20). Thus, 
as Q — oœ, 


JQ) ~ a 4 AE [e'i elt e- H+ iniaj, (22a) 
which simplifies to 
KA ~ 1/2008 fo ~n A 3c. (22b) 


4.2d Steepest-Descent Evaluation of a Typical Diffraction Integral 


Consider the integral 
ea cas (s-a) 


= uA 
1,(Q, æ, P) =| Sp A Oo<a< 4, (23) 
taken over the path P shown in Fig. 4.2.2. This integral arises in several of the 
diffraction problems to be studied in the following chapters. Since 
Im cos (z — &) = —sin (x — æ) sinh y, (24) 


and Q is assumed positive, the exponential term decays in the regions y > 0, 
—™%<x—a<0, and y< 0,0 < x —a& <2, shown shaded in Fig. 4.2.2. 
The integrand contains a simple pole at z = 8, where f is arbitrary. Upon 
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FIG. 4.2.2 Contours of integration in the z plane (z = x + iy). 
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comparison with Eg. (4.1.1) one notes that 


(2) =icos(z—a), = +p (25) 
The pertinent saddle point z, in the z plane is located at 
£ g(z) = —isin(z— 4#) =0 oratz, =a. (26a) 
The steepest-descent path P, through the saddle point is defined by 
Im q(z) = Im @(z,) = i. (26b) 
The change of variable to the s plane is then effected via Eg. (2) by 
icos(z —a@)=i—s*, (27a) 
or 
s = Ev Tel sin? — ed (27b) 


Although we could proceed immediately to the s plane via the transformation 
in Eq. (27b), we study first the nature of the steepest-descent path P, in the z 
plane. Along P,,s is real, and the slope of P, at z = z, = & is inferred from 


Eq. (5) or Eq. (27b) to be 


a E = +44 2 e704, (28) 
Thus, P, makes an angle of (—45°) with the x axis at z = œ. The direction of 
integration along P in Fig. 4.2.2 suggests a choice of the indicated direction 
along P., so that arg (z — z,) = —2/4 along P, near z = z,, and the positive 
sign is chosen in Eqs. (28) and (27b). The complete steepest-descent path can be 
plotted readily from Eq. (26b) and requires that Im [i cos (z — %)] = i along 
P,» OF 


x — & = cos”! (sech y) along P.,. (29) 


Equation (29) yields the x coordinate of any point on P, for an assumed value 
of y. The resulting path is shown in Fig. 4.2.2 and is asymptotic to the lines 
x = Q + n/2. 

The transformation of the path P from the z plane to the s plane is accom- 
plished via Eq. (27b), where it is recalled that the positive sign is chosen. The 
resulting contour P’ is shown in Fig, 4.2.3 and has as its asymptotes in the lower 
half of the s plane the lines args = —&/2 and args = 2 + 0/2. Correspond- 
ing regions in the z and s planes where the exponential term decays in magni- 
tude are shown shaded with slanted lines. Since ds/dz = 0 at z —a@ = +2, 
the transformation in Eq. (27b) gives rise to first-order branch-point singularities 
ats = +s, = ++/2 exp (in/4) in the s plane. These branch points and the 
associated choice of branch cuts are shown in Fig. 4.2.3. The steepest-descent 
path P in the s plane, corresponding to the path P, in the z plane, extends along 
the real s axis. 
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FIG. 4.2.3 Contours of integration in the s plane. 


Since all paths considered begin and terminate in a shaded region of the z 
or s plane, it is evident that the contours P and P' can be deformed at infinity 
into the contours P, and P, respectively. For deformation of the paths in the 
remainder of the z or s planes, attention must be given to the location of the pole 
singularity at z = f in Eq. (23). If z = f [or s = s, = v 2e** sin (4f — 40) 
is situated in any of the vertically shaded regions A, B, C in Fig. 4.2.2 (or Fig, 
4.2.3), the residue at the pole must be taken into account in the contour defor- 
mation. Thus, 


1,(Q, æ, B) = 2nie® = -oel h) + e! ‘fe G(s)e~*" ds, (30) 


where 
+1, if f (or s,) lies in regions B or C, 
e(B) = l, if J (or s,) lies in region 4, (30a) 
0, if B (or s,) lies outside regions A, B, C. 
In view of the change of variable in Eqs. (27), G(s) is given by 
1 dz dz — 2S —2is 
Gs) = —Fds ds ne- JT oar 8 
The simple form of dz/ds permits a direct determination of the complete series 
expansion by the binomial theorem. One has 


dz _ => ea _ is? ees 
aoe 4 


EEE = setae i$ _ 3 a +] 30 

VIe (1p HS 4 ...), (30c) 
which converges in the interior of a circle of radius |s| = ~/ 2 passing through 
the branch-point singularities. Thus, the range of convergence of the power- 
series expansion for G(s) is s| < «/ 2 if |s| > “2 and is |s| < {sq{ if [Sa] < 
a/ 2 (i.e., within a circle of finite radius provided |s,| > 0). The first two terms 
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in the asymptotic expansion of 7,(Q, œ, 8) in Eq. (23) as Q — oo are therefore 
given via Eqs. (30), (17), and (A2) by 


1,(92, æ, f) ~ 2zie® =- €(B) 
ea- [Tn if 4 l pS 
EGE -alipe ac 
(31) 


Concerning the residue contribution from the first term in Eq. (31), one notes 
that the magnitude of the exponential term behaves like 


exp [—Q |sin ($, — æ) sinh £|), 


where f, and f, are the real and imaginary parts of f, respectively. If f, = 0 
and f, ~ a, the pole contribution is exponentially small and can be neglected 
in comparison with the remaining terms. On the other hand, if $, —> 0 or if 
f, — a, the residue contribution may be the dominant one since its magnitude 
then remains constant as {12 — co, Care should be exercised in the explicit re- 
tention of an exponentially small residue contribution when f is complex, since 
the asymptotic expansion in Eq. (31) has itself an exponentially small error (see 
p. 385). If this error term decays more slowly than exp [iQ cos (f — «@)], the 
residue term iS not significant. 

Although the asymptotic representation in Eq. (31) remains valid as Q — oo 
for any f + &, the proximity of the pole and the saddle point is seen to influence 
the accuracy of the approximation for large fixed values of 22. If the pole ap- 
proaches the saddle point [(a — $) — 0], the radius of convergence of the series 
representation for G(s) shrinks to zero. The representation in Eq. (31) then 
becomes inapplicable since examination of the second term in the expansion 
indicates that the error incurred by use of even the first term becomes large 
[see Eq. (19b)]. One notes in this connection that the quantity V 2 fa — fl 
plays a special role in assessing whether the pole is near enough to the saddle 
point to invalidate Eq. (31). If for Q ` 1, one also has V Q |a — f| > |, the 
pole can be considered to be far from the saddle point and Eq. (31) applies; on 
the other hand, if v Q jæ — fj < 1, with Q>> 1, the terms in the asymptotic 
series are no longer small and the validity of the expansion is in question. The 
dependence of the asymptotic expansion of /,(Q, æ, 8) on the magnitude of 
/ Qa — f| is studied in detail in Sec, 4.4a, where we explore the evaluation 
of integrals whose integrands contain a pole near a saddle point. 


4.2e Integrands with Two Relevant Isolated Saddle Points: Asymptotic 
Expansion of the Airy Integral 


Consider the Airy function Ai(ø) defined by the integral 
sna l I og 
Ai(a) = = f cos (7z + az) dz, (32) 


which can also be written as 
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: z5 l (33/3408) 
Ai(¢) = a [ e dz, (32a) 
or, upon transforming z into —iz, as 
° ot l f ar— 1/3 
Ai(o) = Tri) yn dz. (32b) 


The contour of integration in Eq. (32b) can be deformed away from the im- 
aginary axis upon recognizing that the behavior of the integrand as {z| — 00 is 
determined by exp (—z’/3). Re (z°) > 0 in the following sectors of the complex 
z plane: (1) larg z| < 2/6; (2) n/2 < argz < 5n/6; (3) —n/2 >argz> 
—5x/6. Thus, by Cauchy’s theorem, the integral in Eq. (32b) can be evaluated 
over any contour L;, in the complex z plane which, as shown in Fig. 4.2.4, 


J 
PPA z plane (z =x + iy) 
Z 


YY 


SE 
oY 


FIG. 4.2.4 Airy integral paths (Re 2> > 0 in shaded regions), 


begins at |z| — oo in sector 3 and ends at |z| — oo in sector 2. From Eq. (32b) 
one notes that Ai(¢) satisfies the differential equation 
d i ae S oe al - 4) = 
(4 )Ai@o) salam oe d\az — -3 ) =0, (33) 


where it has been recognized that the integrand is a perfect differential and 
vanishes at the endpoints of the path L». 
A second independent solution of the differential equation (33) is defined as 


Bi) = FN ca e°- dz (34) 


where the paths L, and L, are shown in Fig. 4.2.4. 
The exponent in Eq. (32b) or (34) possesses stationary points of order 1 at 


o — z = 0, i.e., zZ, = vV Ø. (35) 


If o is large, the saddle points are widely separated and as g —> oo, one may 
obtain an asymptotic expansion of Ai(o) and Bi(o) by treating separately the 
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contribution from each relevant saddle point.* To transform the exponent into 
the form Qq(z), with ¢(z) independent of Q, we introduce the parameter 


Q = o”? (36) 
and change the variable in Eqs. (32b) and (34) from z to Z = Q-"z to obtain 
(assuming Q and ø positive for the present) 


Ailo) = 22 ate" dz (37a) 
2zi Liat , 
: = QQ Nis- 5*/3) 
Bi(o) = = f nen? dz. (37b) 


In Eqs. (37), the notation z instead of Z has been retained for convenience. The 
saddle points of the exponent in the integrands are now located at 


Zz = +l. (38) 


The steepest-descent and steepest-ascent paths through the saddle points are 
determined by the constant-phase requirement: Im q(z) = Im q(z,). Since q(z) 
= z — z’/3, where z = x + iy, one obtains for the equation of the steepest 
paths, 

yy? — 3x? + 3) = 0. (39) 


Thus, the steepest paths extend along the real z axis and along the hyperbola 
3x? — y* = 3. The steepest-descent paths through the saddle points at z, = +1 
are shown in Fig. 4.2.5. It is evident from examination of q(z,) that the saddle 
point at z, = + 1 lies ona higher level than that at z, = — l. Since the hyper- 
bola in Fig. 4.2.5 is asymptotic to the lines y = +/3 x [ie., arg z = 22/3], 
one verifies from a comparison with Fig. 4.2.4 that the steepest-descent paths 
end in the shaded regions. Therefore, any of the contours in Fig. 4.2.4 can be 
deformed into appropriate steepest-descent paths through a saddle point. 


(a)z,=-1 (b)z =+] 


FIG. 4.2.5 Steepest-descent paths through saddle points z, = + I. 


The formal asymptotic expansion of the integrals in Eqs. (37) can now be 
written down directly from Eq. (17). For Ai(o), the pertinent saddle point is 
located at z, = — 1 and the steepest-descent paths are shown in Fig. 4.2.5(a). 
The transformation to the complex s plane is accomplished via 
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= eee eee 
d=- 5-2-2, (40) 


where s is real and increases from — oo to + co along the steepest-descent path. 
Thus, 


ds 1—2* (41a) 
and, from Eq. (5), 

dz EE 

a +i. (41b) 
If it is assumed that s = —oo and s = +o correspond, respectively, to the 
lower and upper endpoints of the path L, in Fig. 4.2.4, then from the direction 
of integration along the path, one notes that arg (dz/ds) = +2/2atz, = —l, 


so the plus sign is chosen in Eq. (41b). Thus, from Egs. (18b), (36), and (37a), 
one obtains the formal asymptotic expansion 


woa 252" TaS ANE] om 


whose first term is given in view of Eq. (41b) by 


Ai(o) oe WEE eT (2/3) (42a) 


It is relatively simple in the present case to obtain the complete expansion of 
G(s) = dz/ds as a function of s and therefore the value of the general term 
G™(0). The complete asymptotic expansion of Ai(o) as in Eq. (42) is then 
found to be given explicitly by*-° 


NO ~ sree Ream O 


Although it has been assumed above that g, and therefore Q, are positive real, 
the results apply as well for complex Q in the range |arg Q| < 2/2, as pointed 
out in Sec. 4.2b. In view of Eq. (36), the validity of Eqs. (42) and (43) can 
therefore be extended to complex values of ø lying in the sector [arg g] < 2/3 
[i.e., the expansion in Eq. (43) holds uniformly for argo in this range as 
lo] — oo]. 

For the asymptotic evaluation of Bi(o), defined in Eq. (37b), one deforms 
the contours L, and L, in Fig. 4.2.4 into the appropriate steepest paths through 
the saddle point at z, = +1 in Fig. 4.2.5(b). For L,,, the path consists of the 
segment of the real z axis indicated in Fig. 4.2.5(b) and the upper branch of the 
hyperbola; for L;,, one employs the lower branch of the hyperbola in conjunc- 
tion with the segment along the real axis. The transformation to the s plane 
for both L, and Ly, is now 


FC ene ee ee er —co <S < 0, (44) 
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from which dz/ds is still given by Eg. (41a). However, from Eq. (5), dz/ds = 
+1 at s = 0; from the direction of integration along L,, and L, one notes 
that the positive sign must be chosen. Thus, as g — co, one obtains, to a first 
order, 


. l if 
Bi(a) #9 me. A (45) 


or, as in Eq. (43), the complete asymptotic expansion‘. 


ae l emaa wF (3n +4) 1 E 
Bi(a) xo" €e 2, Jn (an)! T g - (45a) 


As for Ai(ø), Eqs. (45) apply uniformly in arg ø for complex values of ø lying 
in the sector larg o| < 7/3. 

To obtain the asymptotic behavior of Ai(c) and Bi(ø) for large negative real 
values of a, it is convenient to consider the functions Ai(—@) and Bi(—@), where 
o > 0. These functions are defined by Eq. (32b) (with L, as the contour of 
integration) and Eq. (34), and can be expressed analogously to Eqs. (37) as 


Ai(—o) = z e7 Ar 37/3) dz Q=-a>od (46a) 
2ni Las 
1/3 
Bi(—0) = f 7 e-+» dz, (46b) 


The saddle points are now located at z, = +i, so |exp Qg(z,)| = 1 at both 
saddle points, which thus have the same level. The steepest paths through the 
saddle points satisfy the equations Im ¢(z) = Im q(z,) = +2/3, or 

y? — 3x*y — 3y = +2. (47) 
For large values of x and y, the cubic curves defined by Eq. (47) are asymptotic 
to the lines y = 0 and y = +~ 3 x. Since the steepest-descent contours must 
end in the shaded regions in Fig. 4.2.4, one selects as the steepest-descent paths 
the curves shown in Fig. 4.2.6. Upon comparing Figs. 4.2.4 and 4.2.6, one notes 
that contours L,, and L, can be deformed directly into the steepest-descent 
paths P,, and P;,, respectively, while the contour L;, must be deformed first 
along P,, and then along P}, so that it traverses both saddle points. 

The transformation from the z to the s plane is given by 


3 
g) = -2-4 = Fti-s, —oo < S$ < o, (48) 
where the upper and lower signs apply for z, = +i. Thus, 


dz 2s 
ds TF a) 


and, from Eq. (5), 


dz 
ds 


s=0 


(49b) 


e7 isis on Py; 
ens on P,- 
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FIG. 4.2.6 Steepest-descent paths through the saddle points 
Ze +. 


The asymptotic evaluation of the integrals in Eqs. (46) as Q — oo can now be 
carried out directly from Eq. (17). To a first order one obtains 


I, = eon dz ~ e7"Ua-Ins |x. (50a) 
i= Í e-20+) dz m Udarna | P, (50b) 
Pu Q 


Accordingly, the integral in Eq. (46a) is equal to Z, — h, while that in Eq. 
(46b) is equal to Jı + ďa; the positive sense on P,, and Py, in Fig. 4.2.6 is to 
be noted. Thus, one obtains the following first-order asymptotic representations 
as g — oo [see Eq. (36)}: 

1 


Ai(—#) ~ 5; sin (4-0 + F) (51a) 
2 


TE eee, 3/2 4) 
Bi( a) Vio (5 g + 4 A 
The complete asymptotic expansion of Ai(—g) and Bi(—g) as o — co can be 
shown to be as follows*’: 


Ai(—¢) = soon fro) sin ($ g’? 4- 4) — Q(a) cos (+ oF? + Z), 


(51b) 


(52a) 
Bi{—g) = mi (PO) cos (5 g”? + +) + O(a) sin (3 g’? + Z) | , 
(52b) 
where 
= ión + 4) (— I)" (52c) 


I 
PON TrA, (4n)! (90 
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1 &T(6n —~1 

o) ~ FE nF TH OO ee 
As previously, Eqs. (51) and (52) also apply if |a| — 00 in the sector |arg ø| < 
n/3. 

f When the argument of the Airy function is not negative real, the trigono- 
metric functions may be approximated by the dominant exponential. It is then 
found that for 2/3 < argo < 2, the dominant exponential in Fq. (5la) yields 
the same formula for Ai(ø) as Fq. (42a). Thus, it is suggestive to employ Eq. 
(42a) over the entire range 0 < argo < z and then switch to Eq. (5la) when 
argo >. x. The validity of this argument may be established by a consideration 
of the Stokes phenomenon, a detailed discussion of which is contained in ref- 
erences 7 and 8. It may then be inferred that Eq. (42a) remains valid when 
—2n/3 < arga < 2n/3, whereas Eq. (51a) is employed when 27/3 < argo 
< ån/3. The matching up of the two formulas has been performed at arg o 
= 27/3, where the dominant exponential has its maximum value. 


4.3 ISOLATED SADDLE POINTS OF HIGHER ORDER 


If in the integrand of 
KQ) = f 7 Size dz, (1) 


the function f(z) has no singularities near the isolated Mth-order saddle point 
Z, of g(z), with ¢@(z,) =O0,n=1--- M,q™t'(z,) = 0, the asymptotic ap- 
proximation of (Q) is given by 


—(M + ADSI iy yener TEAM + 1) — 00 
tO) ~ [Faria | REDE ET A, O 


where the (M + 1)th root in the first factor is chosen so that arg {[ ]”““+"} = 
Ọ = arg (dz),,. dz denotes an element along the steepest-descent path, SDP, 
which begins at z, and ends in an appropriate valley at “oo” (not necessarily 
along the real z axis) (Fig. 4.3.1). Since M + 1 valleys are accessible from an 


FIG. 4.3.1 Integration path in the z plane. 


Mth-order saddle point, it is possible (for M > 1) to have non-collinear 
segments of the SDP leading to and from the saddle point, respectively. For 
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this reason, each segment is treated separately and provides a contribution as 
in Eq. (1). 


Analytical details 


If (z) in Eq. (1) has one pertinent Mth-order saddle point at z, [i.e., g(z,) 
=O,n=1,...,M,q'%*"(z,) Æ 0], the appropriate transformation to the s 
plane is given by [see Eq. (4.1.6)] 


q(z) = us) = a(z.) — sM*. (3) 


The requirement Im 9(z) = constant (i.e., s“*' positive along the steepest- 
descent paths) leads to the following possible contours in the s plane: 

arg s = 2un/(M + 1), u= 0,1,2,..., M. (4) 
Thus, the M + l steepest-descent paths originating at the saddle point z, in the 
z plane [see Fig 4.1.5(b) for M = 2) map in the s plane into the M + | straight 
lines defined in Eq. (4). The latter originate at s = 0 and extend to |s| = oo, 
Since s”*! is positive along any of the paths defined in Eq. (4) we may consider 
without loss of generality the case u = 0, wherein the steepest-descent path 
maps into the positive real s axis, Then the integrals J,(Q) in Eq. (4.2.13) are 
given in view of Eq. (3) by 


1(Q) = [veo ds (Sa) 


l n\ QCM» 

= (x + i) M+” 

where the integral in Eq. (5a) has been evaluated in terms of the gamma function 

defined in Eq. (4.2.8). The asymptotic nature of the resulting expansion in Eq. 

(4.2.17) as Q — co follows by the same considerations as those mentioned in 

Sec. 4.2b. 

Upon expanding ¢(z) in Eq. (3) in a power series about the point z,, one 

obtains directly 


(Sb) 


dz _ —(M + ao — gftxuKM +1) 
ds ate rr, c| q+ z) ? ¢ = g » (6) 


where ¢ is the appropriate (M + 1)th root of unity. The choice of root is 
determined by the given steepest-descent path [see Eq. (4)], and the principal 
value of the (M + 1!)th root is taken in the remaining term. From Eqs. (4.2.12) 
and (5), one obtains the following first-order approximation to the integral 
1(Q) (for u = 0): 
J = Oris) AJ —(M + nT g(r.) TUAM + 1)| 
KQ) = f, G(s)e ds | Sami f(z,)e (M + DA 
(7) 
where it is recalled that G(s) = f(z)(dz/ds). When M = 1, one recovers from 


Eq. (7) the previously derived result in Eq. (4.2.7), save for a factor of 2 which 
arises since the interval of integration in Eq. (4.2.6) extends from s = — co to 
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s = oo. If G(s) has a branch-point singularity at s = 0, the integrand in Eq. 
(5a) involves instead of s* the factor s***, where B > — 1 is non-integral. The 
resulting formula for /,(Q) is still given in terms of the gamma function. 


4.4 FIRST-ORDER SADDLE POINT AND NEARBY SINGULARITIES 


4.4a Simple Pole Singularity 


If in the integrand of 
KQ) = f fizver dz, (1) 
SDP 


the function f(z) has a simple pole singularity at z = z, near the isolated first- 
order saddle point z, of 9(z) [i.e., g'(z,) = 0, 9’(z,) = 0), the asymptotic 
approximation of 1(92), valid uniformly as zọ — z,, is given by’ [for a complete 
asymptotic expansion, see Eq. (16)] 


KQ) ~ ena, (tiav Te O Fib) + Vero, 
Imb20, Q= œ, (2) 


where 
a = lim [(z — zA), b = valz) — 4o), (2a) 
_ @ pa 2 
T(0) = fle) ha (2b) 
Q) = f ede, ODHA), (2c) 


The square root in Eq. (2b) is defined so that arg h = g = (arg dz),,, where dz 
is an element along the steepest-descent path SDP, while arg b is defined so that 
b — (zo — 2,)/has z > z,. When g(z) = iĝ(z), with ĝ denoting a real function 
of z, and z, is real, argh = +2/4 when ĝ”(z,) = 0, provided that Re (dz) 
increases along the SDP near z, (see Fig. 4.2.1). The discontinuity in J(Q) as 
Im b changes from positive to negative values is exactly equal to the residue of 
the integrand at the pole z = z, (see Fig. 4.4.1). In view of the last relation in 
Eq. (2c), the expression in Eq. (2) can be written either in terms of Q(—ibVQ ) 
or O(-+ib/Q). 
When Im b = 0, Eq. (2) is replaced by 


KQ) ~ ema {i2a/ 7 e~ 9 O(—ib/Q ) — niae?” + Je T(o)}. (3) 


In this instance, the pole z, lies on the SDP since in order to render b real, 
Im 9¢(z)) = Im q(z,), Re q(z.) < Re 9(z,). Equation 3 represents an asymptotic 
approximation of the principal value of the integral /(Q) in Eq. (1). When the 
pole and the saddle point coincide, b = 0 and Q(0) = 4 vV 2,50 


400 Asymptotic Evaluation of Integrals Ch. 4 


Imb>0 


(a) Iim b œ 0 (b) Im 5=0 
FIG, 4.4.1 Integration paths and pole locations in the z plane. 
KQ) ~ eee Ve T(0), w= Z, (4a) 
where 7(0) remains bounded as z, — z, and is, in fact, given by 


T ah 
TO = Ma) + a FOE eee a EY 


z mr aC _ 

= Al a(z,) a T ak], 2 = 2; (4b) 
with g(z) = Az) — a(z — z,)"". 
Analytical details 


If f(z) in the integrand of Eq. (1) has a simple pole singularity at z = z, 
near a first-order saddle point z,, G(s) in Eq. (4.1.3) will possess correspond- 
ingly a simple pole singularity at s = b in the vicinity of s = 0. Suppose that 
G(s)(s — 6) > a as s—+b; then G(s) can be represented in the vicinity of 
s = 0 by 


G(s) =- = 5 + Ts). (5) 


It will be convenient to employ the identity 


b 
ee a 


and to expand 
2 
T(s) = T(0) + T(O)s + T0) 5r +e, (5b) 


which is regular at s = b and has a radius of convergence uninfluenced by the 
presence of the pole. 

Since the saddle point is of order 1, the transformation in Eq. (4.2.2) still 
applies and the integral in Eq. (1) can be written as (note that s = [9¢(z,) — q(z)}'", 
h = (dz/ds),-o, and a = lim [(z — zo)f(z)] = lim [(s — 5}G(s)]) 


IQ, b) = enof _G(s)e“™" ds, (6) 
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whence the formal result in Eq. (4.2.18b) yields directly 


KQ, b) ~ eG, (W =) Ge (7) 


with G, obtained from Eas. (5) as 


G.(—45) = azare + TW -ia (8) 


The operation on »/z/Q implied by the last term in Eq. (8) is the same as in 
Eq. (4.2.18b) and leads to a formal asymptotic expansion as in Eq. (4.2.17). 

It is to be noted that the integral /(Q, b) in Eq. (6), with G(s) given in Eq. 
(5), is defined only for Im b 0 and does not exist when b is real or zero. 
Viewed as a function of b, a study of the analytic properties of F(Q, b) as 
Im b — O reveals that the integral is discontinuous across the real b axis. 
Suppose that b approaches the real b axis from above [i.e., b — b, + id, with 
b,, 5 real and 6 > 0]. Then the path of integration is indented at s = b, + iĝ 
as shown in Fig. 4.4.2(a). Similarly, when b — b, —id, the appropriate path is 


s plane s plane 
b, 
è e 
b, 
(a) Im b = 0+ (b) Im b = 0- 


FIG. 4.4.2 Contours of integration. 


that in Fig. 4.4.2(b). To exhibit the discontinuity in X(Q, b) across the real b 
axis, one constructs the difference (Q, b, + iô) — 1(Q, b, — id) and notes that 
the contributions to the integrals from the straight portions of the paths in Fig. 
4.4.2 cancel; there then remains only a small circular contour enclosing the pole 
at s = b, in the positive sense. Since T(s) in Eq. (5) is regular inside this circle, 
its contribution vanishes and one obtains from the residue at s = b,t 


KQ, b, + i) — KQ, b, — id) = 2riae-% e9% = § 50, (9) 
The operation 


—ab 
AOD) = aJ FEN ae 


implied by the first term in Eq. (8) can be interpreted in terms of the ordinary 
first-order differential equation 


TTo obtain Eq. (9), one also may use the generalized function[see Eq. (1.2.6c)] 
re 

é-05—5h Tid s—5 

where 6(x) is the delta function and P denotes the principal value, 


+ nld(s — b), 
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(4 4 H) A(Q, b) = —abs/ Z. (10a) 


To find a particular integral of Eq. (10), substitute 


A(Q, b) = e°” BQ, b) (11) 
into Eq.(10a), whence 
a = -abe Z (12) 
Upon integrating Eq. (12) over Q between the limits Q and oo, one obtains 
BG, b) = ab T |` eQ dQ, (13) 


where it has been assumed for the moment that b < 0,t so in view of Eq. (11) 
and for A(co, b) finite, B(oo, b) = 0.} A change of variable in Eq. (13) from Q 
to —x?/b?, or x = FibVQ, yields 


BQ, b) = 2a 7 p OL Fib], (14) 
where Q(y) is the “error-function complement” 
Ay) = f e~*'dx. (14a) 


The ambiguity in sign introduced into Eq. (14) by the change of variable ts 
resolved by the previously imposed requirement B(co, b) = O for b? < 0. Since 
the error-function integral in Eq. (14a) will vanish if the lower limit approaches 
infinity along the positive real axis, we require for b? < 0 a choice of sign such 
that 


Fib>0 (14b) 


(i.e., the minus sign when b = i|b| and the plus sign when b = — (OJ). 

The validity of Eq. (14) can be extended by analytic continuation to values 
other than b < 0, By direct substitution of Eqs. (5) into the integral in Eq. (6) 
and comparison with Eqs. (8), (10), and (11), one notes that B(Q, b) is also 
given in terms of the definite integral’? 


oo e7a” 


B(Q, b) = abe™ |" ql pe ds =ae™ f Fads. (15) 


One verifies readily that B(Q, b) as defined in Eq. (15) satisfies the differential 
equation (12). Since the expressions for B in Eqs. (14) and (15) represent 


tMore generally Re 5? < 0. 
{By an alternative procedure, if & < 0, 
i = o e-Q is?- *) _ oo n -etat bt) = f d eth! f e-t: d; 
A: BADE f” a Y ds = fas [re dg i 3 oe 
on eld 


= Va fE 
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identical functions of b when & < 0, and since Eq. (15) clearly remains valid 
for all except positive and zero values of 5’, it follows that the expression in 
Eq. (14) can likewise be continued analytically for all values of b? except b > 0. 
The analytic continuation from pure imaginary values of b (b? < 0) to complex 
values must be consistent with condition (14b). In view of the analytic 
properties of the error-function complement, this implies that the sign in Eq. 
(14) must be chosen according to the more general condition Re (Fib) > 0 
(i.e., the minus sign applies when Im b > 0 and the plus sign when Im b < 0). 
From Eqs. (7), (10), and (14), we can now write down the asymptotic 
expansion of the integral in Eq. (6) for Q œ I and for arbitrary values of b: 


KQ, b) ~ eono | iav ne O(FibVQ) + T.( = AWZ. 
Im b 2 0, (16) 
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[for large č: F~ ie +0 (z) |. 

the lowest-order term of which [T, — 7(0)] furnishes the result in Eq. (2). Thus, 
the asymptotic expansion of an integral whose integrand contains a simple pole 
near a saddle point has the same form as that for an integrand without a pole 
except for an additional term involving the error function Q. The function 
e~®'9(+ib/Q.) is tabulated for real and complex values of b/Q (see Fig. 
4.4,3) 

It is of interest to verify from Eq. (16) the previously noted expression for 
the discontinuity in the value of 1(Q, b)[Eq. (9)] when Im b changes from 
positive to negative values. As before, we define 


b =b, +i, b,,dreal, ô— +0. (17) 

Since T(V —d/d82)-/7/Q is continuous for all b, the jump [X(Q, b,) — 1(Q, b:)} 
in the value of X(Q, b) is given by 

KO, b)| 07 = Rias T e ™Q(— ib, JQ) + Qib, Vye. (18) 


beby 


404 
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To treat the sum [Q(ia) + Q(—ia)], we choose a path of integration for O(+/@) 
in Eq. (14a) from +ia@ to 0 and then from 0 to oo along the real axis. Thus, 
0 oo 
Qlia) + Q(—ia) = fo ede + [ede + 2[ etdx= Vm, (18a) 
since the first two terms in the first equality of Eq. (18a) cancel. Thus, Eq. (18) 
reduces to the previous result in Eq. (9). 
It may be noted that the function 


B(Q, b) = iav n QO(—ibV/Q) (19a) 


represents the integral in Eq. (15) for all complex values of b provided that the 
integral is taken as the definition of an analytic function B of b. This assertion 
may be verified by assuming initially that Im b > 0, for which case the 
equivalence of Eqs. (15) and (19a) has been demonstrated. To extend the range 
of validity, we first deform the integration path in Eq. (15) into the lower half 
of the complex s plane. This deformation does not alter the value of the function 
Ê, since no singularities are located between the two paths [it is convenient for 
the present argument to replace ab/(s? — b?) in the integrand by a/(s — b)). 
The form of the function 8 defined along the new path remains unchanged even 
when the pole at s = b moves across the real s axis as long as it does not 
intercept the deformed integration contour (evidently, the contour may be 
distorted sufficiently to accommodate in this manner an arbitrarily situated 
pole). Thus, the integral is represented by the error-function complement in 
Eq. (19a) for arbitrary b provided that the integration contour always passes 
beneath the pole. To obtain a representation involving an integration path along 
the real axis, one performs the path deformation in reverse and must now 
exhibit the residue from the pole at s = b. Thus, for Im b < 0, 


oo g-er 


B(Q, b) = aN T Qib T) = dna + af E 


= ina — i2a/ n Qlib T), (19b) 


the last relation following from Eq. (14). Since Q(x) + Q(— x) = / 2 [see Eq. 
(18a)], the two alternative forms in Eq. (19b) are equivalent and each may be 
used to represent the analytic function A(Q, b) for arbitrary values of b. These 
considerations may be utilized to simplify the formulas for the asymptotic 
representation of analytic functions defined by integrals containing pole singu- 
larities in the integrand [for example, Eq. (34) may be written ina simpler form]. 

When b is large enough so that b\/Q is likewise large, one may employ 
an asymptotic expansion for Q(--ibVQ ) in Eq. (16). This expansion is obtained 
directly from the representation in Eq. (13) by repeated integrations by parts 
or by expansion of (s? — 5*)~' in Eq. (15) in powers of s?: 


ds 


B(Q, b) = 4+:2ia/ n O(FIb/Q) ~ — few E fı + TO + o(p] 
(20) 
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The first-order asymptotic representation for I(Q, b) in Eq. (16) is then given 
by 


NQ, b) ~ ee JE GO) bV >> 1, (21) 
where 
G(0) = — $ +. T(0). (21a) 


In this instance, the pole is situated “far” from the origin in the s plane and the 

expression in Eq. (21) is identical with that obtained in Eq. (4.2.7). Just how 

large |b|/Q has to be, before Eq. (20) can be employed to retain a given 

accuracy, can be assessed by comparing Eq. (20) with the exact expression (14) 

whose values for a given b are found from numerical tables. A detailed 

comparison is made in Eqs. (38) et seq. for the special case arg (+b) = 2/4. 
When |b| — 0, Q Fib) =>} vn. 


4.4b Multiple Pole Singularity 
If G(s) has a pole of order Nats = b, G(s) is represented by the expression 
[see Eq. (5)] 
— _ 9-Nn O-N+) sob G_; r 
where T(s) is regular at s = b. To infer the asymptotic expansion of ((Q, b) in 
this case, one must investigate integrals of the form 


A. »(Q, B) = J" — ye ds (23) 


For N = | (with a_, = 1), the result bas been obtained in Eq. (14)[with Eq. 
(11)] as 

A_(Q, b) = 4217 n eQ Fib) ImbzZzO0. (24) 
Since one notes from Eq. (23) that 


A_ (82, b) = yoi weit, b), NS? Bosc (25) 


all A_v, N > 2, can be inferred from A_, in Eq. (24) by successive differenti- 
ation with respect to b. The integral in Eq. (23) is uniformly convergent for 
Im b = 0, so the differentiation under the integral sign implied in Eq. (25) is 
permitted. Evaluation of the derivatives of Q is readily accomplished via the 
formula [see Eq. (14a)] 


Feo = e”, (26) 


A_,(Q, b) = —2/ Arn — 2bQA_(Q, b), (27a) 
etc. 
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One notes that as b — 0, the dependence on Q is O(\/Q) for A_, and O(1) 
for A_,. Thus, a higher-order pole in the vicinity of the saddle point yields a 
larger value for the integral than a first-order pole. If b is large enough so that 
\b]/S2 >> 1, one can employ in Eq. (27a) the asymptotic expansion in Eq. (20). 
The result is found to be 


A.(2,B)~ fee VOID 1, (27b) 
which agrees with that obtained from Eq. (23) by a direct asymptotic evaluation. 


4.4c Branch-Point Singularity 


If f(z) in Eq. (1) has an algebraic branch-point singularity z, near a first- 
order saddle point z,, then in the transformed integral of Eq. (4.2.3), G(s) will 
have a corresponding singularity at 5 = b in the complex s plane. It is then 
required to evaluate integrals of the form 


KQ, b) = f s"(s — b)’ e-® ds, (28) 


where n = 0, 1,2... and 0< & < 1. Fora > i, factors of (s — b)", m= 
integer, may be split off to keep & in the range 0 < a < 1; a dependence on 
(s — b)-4, $ > 0, may be accommodated by differentiating J with respect to b. 
By the change of variable 


u = (s — b), (29) 


the integral in Eq. (28) is transformed into 
IQ, b) Sen a fer + b) alee atl’ on? du, (30) 


with the endpoints of the integration path placed appropriately at infinity. 
Saddle points in the complex u plane are now located at u = 0,(—5b)*. If 
& = 1/m,m = 2,3,.., the (m — 1)th-order branch-point singularity in the s 
plane is seen to give rise to a cluster of m saddle points surrounding u = 0. For 
the special case m = 2, KQ, b) is expressible in terms of the parabolic cylinder 
function in Eq. (4.5.36). For a more general discussion, see Reference 1]. 


4.4d Uniform Asymptotic Evaluation of a Typical Diffraction Integral 


We return now to the evaluation of the integral in Eq. (4.2.23) for the case 
when the pole at z = $ is situated near the saddle point z, = a. The repre- 
sentation of 7,\(Q, a, 8) as in Eq. (4.2.30) still applies. However, G(s) in Eq. 
(4.2.30b) should now be represented as in Eq. (5), with the pole contribution ex- 
hibited separately. To determine the behavior of (z — B)"' asa functions of s, 
we 7 expand s in Eq. (4.2.27b) (with the plus sign) in a power series about 
Z = D; 
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= wl (ein B= e) ( Eze) = 
s= JF en (sint + {cos — ~ )(z — P) 


— 4(sinE>*) (2 — pp + |, (31) 


and invert the series (see Appendix A) to obtain 


a TE JS 2 _ tan [(B — «)/2] j 
Z B= nai aya] b) + ar cost (( = a7 — +e’, 
(3 la) 


where 


b= VT eM sin BX (31b) 
Thus, 


1 _ e*“cos[(B — a)/2] i l = 
=f ome (OA) th + (terms finite at s = b) (32) 


and a in Eq. (5) is given by [see also Eq. (2a)] 


with the value of dz/ds at s = b obtained from Eq. (3la). By Eq. (16) the 
asymptotic expansion for the integral in Eqs. (4.2.23) or (4.2.30) as Q — oo can 
be written down directly as 


1,(Q, a, B) ~ 2rie® oa~ eff) 
+ EZY e-™O(Fib i) + r.(4 —A\ él. Im b = 0. 


(34) 
where €(B) is defined in Eq. (4.2.30), b is given in Eq. (31b), and 
| dz l 
= = - 4 
S) z—ßds s—b’ an) 
o (34b) 


l —in/4 
TO = g— Rv 2e “+R sin ((B — «)/2] 


It is of interest to note that Eq. (34) isa continuous function of b, although 
various terms therein are discontinuously represented. This is verified upon in- 
spection of Fig. 4.2.3, Eq. (4.2.30), and Eq. (9). If the pole at s = b crosses the 
real axis in Fig. 4.2.3, the term inside the brackets in Eq. (34) experiences 
a jump as in Eq. (9). However, the first term on the right-hand side of Eq. (34) 
also changes discontinuously under these conditions and compensates exactly 
for the first-mentioned discontinuity. For values of b such that |b| /Q@ > 1, 
Eq. (34) reduces via Eq. (20) to Eq. (4.2.31), For a more compact way of 
writing Eq. (34), see the remarks following Eqs. (19). 
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The special case where f is real is of particular importance in several of the 
diffraction problems to be treated subsequently. In this instance, sin [(8 — «)/2] 
in Eq. (31b) is real and, for |8 — a| < zx, 


Five =(1-K, E= sink, mezo 69 


Moreover, Im b > 0 if B — a >0, and Im b < Oif B — œ < 0. Thus, the 
following term in Eq. (34) can be rewritten for Im b 2 0 as 
2V n e OC FiIb/Q) = 2i x sgn (B — aje o — ik], (36) 
where 
sen(B—a)=+1, B-az0. (36a) 
The function 


e“Ol(l a DE] = g" f 


can be expressed via the change of variable 
x= Za (37b) 


i l -e 
e7* — fn/4 aoe -x 
dx=e 4 A/R | e dx! (37a) 


(1-DE 


in terms of the well-tabulated Fresnel integrals C(x) and S(x) as 


E — JF [HR +9(3E)} om 


where 
C(x) = fF cos (z r) di, S(x) = f sin (4 P\de (37d) 


To provide an estimate of how large ¢ has to be before the asymptotic 
representation for O[(1 — i)€] in Eq. (20) can be employed, we have plotted 
the function‘? 


a _ 
FQ) = ied “al — He], 209. (38) 
For € > 0, F(é) — 1, while for č >> 1 one has, from Eq. (20), 
gis 
FO ~ EJI c>! (38a) 


Upon comparing the plots of Eqs. (38) and (38a) shown in Fig. 4.4.3(a), one 
notes that the lowest-order asymptotic formula in Eq. (38a) holds with very 
good accuracy when & > 3. In terms of this estimate one finds from Eq. (35) 
that the “transition region,” inside which the simple asymptotic representation 
in Eq. (4.2.31) fails, is given approximately by |B — «| < 6/./, An analogous 
estimate can be found for the case of a double pole singularity, in which event 
one requires values for the derivative of F(€)[see Eq. (25)}. The function" 


FE) Hja 2/2 Ee~! (264+ 0/8) gf! eo ie], (39) 
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which occurs in this connection, as well as its asymptotic approximation 
_f 
F(é) = ag? >l, (39a) 


are plotted in Fig. 4.4.3(b). 


4.5 NEARBY FIRST-ORDER SADDLE POINTS 


4.5a Two Saddle Points 


If in the integrand of 
KQ) = f f(ze™ dz, (1) 


the function f(z) is regular near the two adjacent first-order saddle points z, , of 
q(z) [i.e., q'(2;2) = O and q’(z, 2) = 0 unless z, = z}, the asymptotic approxi- 
mation of 1(Q), uniformly valid as z, —> z,, is given by [see Eq. (23) for a 
complete asymptotic expansion]: 


KO ~ 4 fads + Aedh) Er Co”) 


+ sari (z)h — Kzh rami C'(aQ*”), 2 — oc, (2) 


where 
ao = zlg(z) + 9(z.)), o = §3[9(z,) — 9(z2))}, (2a) 


— F2a" — 1-0/3 = dC($) 
h= aey A=f era, O- w 


When g — 0 (i.e., z, — z,), one finds that g”(z, 2) — 0 at the resulting second- 
order saddle point. In this instance, 4,. takes on the Limiting form 


—2 


1/3 
h, = h, = n] $ Zi = 2, = 2,. (2c) 


The multivalued expressions for h, and g'? may be defined by requiring that 
when z, = Z, = z,, arg h, 2 = Q = arg (dz),,, where dz is the integration element 
along the steepest-descent path SDP leading away from the second-order saddle 
point z, (see Fig. 4.5.1), Arg o'? is then chosen to satisfy Eq. (2a) and to make 
the expression in Eq. (2b) compatible with Eq. (2c) when z, — z} Alternatively, 
one may choose arg g"? in a convenient manner and then deduce arg A, by 
referring to the integration path. The integral in Eq. (2b) is identifiable in terms 
of the Airy integrals in Eqs. (4.2.32) and (4.2.34) for any specified allowable 
path P in Fig. 4.2.4 [see Eq. (14)]. When convenient, the integration variable 
t is defined to be real along the SDP leading away from z, in Fig. 4.5.1(b); 
this implies that paths terminating in regions 2 or 3 of Fig. 4.2.4 are rotated 
into the real ¢ axis. 
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(a)z, #2, (b)z, =22 =2, 
FIG. 4.5.1 Integration paths and saddle points. 


When z, = z, (0 = 0), one employs Eq. (2c) and substitutes for C(O) the 
following values into Eq. (2) [see Eq. (4.2.8)]: 
i3-“ST (4), if P = Ly, 
C(O) = seme), P= Ln, (3) 
e'X6 3ST (1), LEP = Ly: 
One verifies, on use of Eq. (3), that the leading term in Eq. (2) for z, = z, 
agrees with the second-order saddle-point result in Eq. (4.3.7) (with M = 2) 
provided that the path P for C(0) is taken from s = 0 to s = oo, In this case, 


the value for C(O) as obtained from Eq. (4.2.8) is 3>?°I(5), The expressions in 
Eq. (3) are given in terms of this result as follows: 


iS e PO ds = f 


Le 


wogttal) 


= {3 — g-t2n/3 aay 
a- i2n/3 i f, ae a f, = i3 T), (4) 


etc. 

When |o? >> 1, one may employ the large-argument asymptotic approxi- 
mation for the Airy-type function C(o£[%?). To be specific, let it be assumed 
that the path SDP in Eq. (2b) is the same as L, in Fig. 4.2.4. Then, from Eq. 
(14) and Eq. (4.2.42), 


CoQ”) = 2ni Ai(oQ?) ~ 2 ae en (2/3) aa? (Sa) 
C(O) ~ isn g QYS e7 (2/39) 07/7 (5b) 
thereby reducing Eq. (2) to 
KD ~ y a Seen, (6) 
2 


the correct formula appropriate to an isolated first-order saddle point at z. 
Similar results are obtained when any of the other integration contours in Fig. 
4.2.4 are involved, 

Since Q — oo, the condition |ø — oo, which defines widely separated 
Saddle points, is satisfied when jo] ~ Q-°)+ where a is positive but may be 
small, Thus, the uniform approximation in Eq. (2) need be employed only when 
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go = O(Q-??); for larger values of g, each of the two saddle points may be 
treated independently of the other. In the range of small ø, the first term in 
Eq. (2) dominates and one may employ the simpler formula resulting from 
direct application of Eq. (4.1.5): 


KQ) ~ fiz, 57, CO”), g small, (7) 


where the subscript / stands for either 1 or 2 since f(z,)A, is slowly varying in 
the vicinity of z, = z}. It must, however, be kept in mind that Eq. (7) is valid 
only when g is small (although oQ? may be large), whereas no such restriction 
is imposed on the more general formula in Eq. (2). The transition from Eq. (7) 
to Eq. (6) follows on use of Eqs. (5a) and (2b), subject to g remaining small. 
Equation (6) may then be used for larger values of ø. Together, Eqs. (7) and 
(6), or some other relevant form for different integration paths, constitute non- 
uniform (though overlapping) approximations of J(Q) with respect to the 
parameter g, in constrast to the more complicated uniform approximation in 
Eq. (2) which applies for arbitrary ø. 

An important special case of Eq. (2) pertains to g(z) = i9(z), where ¢(z) is 
a real function of z with real saddle points z,,. Let us assume that g’"(z,) < O, 
g'(z,) > 0, and that the integration path traverses the saddle point z, as shown 
in Fig. 4.5.2(a). It then follows from Fig, 4,5.2(b) that when z, = z, = Z, 
p = arg (dz),, = 2/6, and, from Eq. (16c), §(z,) > 0. Thus, from Eq. (2c), 


2 1/3 
h=h,= Fae e"s, when z, = Zz, = Z, (8) 


Valley 


SDP 


(a)z, #7z,:9"(z,) <0,9"(z,) >0 (b)2, =Z) =2, 


FIG. 4.5.2 Integration paths when q(z) = i4(2). 


where the positive value of the cube root is taken. From Eq. (16b), arg o’? = 
z/2, whence arg o'/? = (1/6) + (2nx/3), n = 0, 1, 2; comparison with Eqs. 
(2b) and (8) requires the choice n = 1. Taking the integration variable ¢ in the 
integral formula for C(¢) in Eq. (2b) as positive along the path segment leading 
away from z, in Fig. 4.5.2(b), one finds from Eq. (14) that C(¢) = n[Bi(¢) + 
i Ai(¢)], where in view of the definition of argo’, [ = of? = joj”? x 
exp ( —i2/3) = —Jo|Q? exp (+i2n/3). Use of Eq. (B20c) then yields a for- 
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mula wherein the arguments of Ai and Bi are negative real, so Eq. (2) becomes 
KQ) ~ > [z)h + f{zA2] ee [Ai a») + i Bi(—jojQ”)) 


+ [analogous term with C’], (9) 


where q = iĝ is to be employed in the definitions of a, and 9, and it is recalled 
that arg hıı = 2/6. For an extension of these results to the case where the 
saddle points move into the complex plane after coalescing at z, see Eqs. 
(5.8.59){5.8.61). 


Analytical details 


To transform the integral in Eq. (1) into the canonical form in Eq. (4.1.5), 
we use Eq. (4.1.7), as is appropriate when q(z) has two adjacent saddle points 
at Z, and 225 


q(z) = t(s) = @ + Os — s (10) 


and obtain, as in Eq. (4.1.8), 
a = T(0) = + [9(z,) + 4(2:), (11) 
zor? = 4 [¢(z,) — 9(z2)]. (12) 


Special attention must be given to the choice of the proper branch of (0/7)? 
required for the evaluation of o from Eq. (12). Upon substituting Eq. (10) into 
Eq. (4.1.5), one obtains the first-order asymptotic approximation for (Q) in 
Eq. (1) as 22 — œœ, valid for small values of øg: 


NQ) ~ Q-GO”! Cla”), (13) 

with a, and o defined as in Eqs. (11) and (12) and 
Go = [fF] (13a) 
C(O) = f er dt, (13b) 


The integral in Eq. (13b) is readily identified in terms of the Airy integrals in 
Eqs. (4.2.37) for any specified allowable path P in Fig. 4.2.4. Since f -— 


La 


f +Í = 0, one notes that 
Ly Las 


2ni Ail), IP= bi 
CX) = s7[Bi¢) — i AiO], if P= La (14) 
n(Bi(l) + i AQ), if P= Ly. 
Equation (13) is valid for small values of ø (i.e., for z, =~ z,). Since f(z) and 


dz/ds are assumed to be regular and slowly varying functions in the vinicity 
of s = 0, we may then write approximately 
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KX- = Kz) = Kz, (15a) 


(Bo Bac Be 


From Eq. (10) one finds that 


_ [dz —2 _ fdz 3 
h = (=) = 0" |E, h. = (<2) = ot ff 
b AdS) oya eY  \dshie-ve g”(z:) 


(15c) 


where the sign ambiguity introduced by the square roots is resolved on 
determining arg (dz/ds), as mentioned after Eq. (2c). This completes the 
derivation of the result in Eq. (7). 

If the two first-order saddle points z,, coincide, the point z, = z, = z, is a 
second-order saddle point, since both g'(z,) and q''(z,) vanish. The derivative 
(dz/ds),.., must have a unique value, implying that q”(zı) = —q'(z,) for 
Z, = 2, (i.e, 0 = 0); it then follows that g’’(z.) = q’"(z,) = 0 if z, = z} Thus, 
in Eq. (10) for ø = 0, t'(0) = t’’(0) = 0 and hence the origin in the s plane 
is likewise a second-order saddle point. To evaluate the resulting indeterminate 
form for (dz/ds),.o in Eq. (15c), we observe first that, as z, > Z,» 


and 


q? (z) = q® (z) = Q(z,), Zz = aga, (16a) 


where z, is the second-order saddle point for which g(z,) = 0. This is verified 
from a power-series expansion of q’'(z, 2) about z, after recalling that g”(z,) = 
—q''(z,). Also, from Eq. (12), 


57 "3 = g(2,) — (2) = q'(2)(z1 — 22) + KOTA _ 2 


(3) 
+ LD) (2) a A o = gee — 2) (16b) 
where we have utilized Eq. (16a), g’(z,) = 0, and 
q''(z2) = q’'(z,) T q ™(z,X(2z az Z,) +e = —3 q” (z, )(z, _ Z2) ngay 
(l6c) 
Thus, 
a? = 4 [~g (z z — 2) toe, (17) 
and substitution of Eqs. (16c) and (17) into (15c) yields the result in Eq. (2c): 
dz = —2 70 = _ 13 
a aa ees ue 


When oQ? >> 1, one may employ Eq. (5a) to reduce Eq. (13), the 
integration path being taken along L» in Fig. 4.2.4. Subject to Eqs. (15), the 
resulting form is that given in Eq. (6), so the large-argument asymptotic approx- 
imation of Eq. (13) connects onto the isolated saddle-point result. In all the 
considerations based on Eqs. (13) or (7), it has been necessary to keep ø small. 
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For larger ø, descriptive of isolated saddle points, one must dea! not with Eq. 
(13) but with Eq. (6) and its counterpart for the saddle point at z,. Thus, as noted 
earlier, the expression in Eq. (13) is non-uniform in the sense that it cannot 
accommodate all ranges of a. A uniform expression valid for arbitrary values 
of ø is given in Eq. (2) and represents the first terms of a complete asymptotic 
expansion of the integral in Eq. (1). 

To obtain such an expansion, we employ the canonical form in Eq. (4.1.5) 
with t(s) given by Eq. (10). To achieve uniformity with respect to ø, one 
expands G(s) not in a power series about s = 0, as in Eq. (4.2.4), but rather in 
series involving powers of the polynomial € = t'(s) = ø — s* and the coefficients 


34 
brm: 


G(s) = È bno" + È bd (19a) 
This type of expansion permits an asymptotic-series representation for /(Q), 
KD ~ E È bnmlam(Q), (19b) 
that involves the integrals 
Lpa (Q) = EMT, (Q) (19c) 
i.(Q) = f smEreMor-) ds  m=0,1. (19d) 


The lowest-order term (m = n = 0), Jog, is identically the function Q-"C(C), 
with C(¢) defined in Eq. (13b). Upon introducing the change of variable ¢ = 
Q's, one obtains 


Tm ($2) —_ eee! t™(¢ => prera dt, 4 = o’? (20) 
P 
From Eq. (13b) one finds 


C(t) = re =f el dt, (21a) 


and, from Eq. (4.2.33), 
C”) = 6C(€). (21b) 
Expressions for the first few C follow as 
C8=C+EC’; CH= CH2; C = IC + OC; 
Co = (4+ C + &C’; C” = 90'C + (10 + OC’; (21c) 
CM = (280 + CC + 1207’. 
It is not difficult to prove the recursion relations 
pr _ 2n—l; z l3 —2Xn— l)y} 
= eye 


— -o 


I,.0 — Q eer Ini = Q | EN 


Si 2.29 


R = olo a ares re La 2G b Lig = a a 


I 


(21d) 
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Upon expanding the factor (Ų — r*)" in Eq. (20) by the binomial theorem 
and employing Eqs. (21), one finds that 


= l = a 
hoo = gia CK), Io =9, Izo = a c"(¢), 


l (22a) 
Jyo = mi C(%), Iso = 12% g CO = 120 Gib), 
and 
Íà = on c'(¢), his L = y l c0, 
(22b) 


T ees 2¢ a E / 
Ir. =, oA) = on Z CQO), P =: — mC (%), 


where ¢ is defined in Eq. (20). The largest contribution arises from the /,, term, 
which involves the factor Q-', while all other terms contain at least a factor 
Q-?" For any given path P which begins and ends in a shaded region in Fig. 
4.2.4, the integrals C(C) and C’(¢) are readily identified in terms of the Airy 
functions in Eq. (14) and their derivatives, respectively. 

In view of Eqs. (22) and the recursion relations in Eqs. (21), one notes that 
the asymptotic expansion in Eq. (19b) for the integral in Eq. (4.1.5) has the 
form 


KQ) ~ e2 [ae C(t) que gnc’) + CÉ) x | ain T meim] 


+O È [oem + gem) 2> o, a 


where the coefficients c,,d,,e,,and fa are polynomials in g. The asymptotic 
character of the expansion is verified on referring to the comments following 
Eq. (4.2.18c). Since from Eq. (19a), G(s.) = bao + 49,:5,,f = 1,2, one finds 
that bso = 4[G(/ a) + G(—V 0 )) represents the average of the values of 
G(s) at the saddle points s,, = +v Ø , whereas 6, = 12v a)[G(V a) — 
G(—o )}. Since o = O(Q-*) in the range where the double-saddle-point 
procedure must be employed (i.e., where g is very small), bs can be approxi- 
mated by G(0). The first term in the expansion in Eq. (23) thus yields the 
first-order result in Eqs. (7) or (13). By retaining the 5,, and 8, terms, one 
obtains the uniform approximation given in Eq. (2). 


Example: Asymptotic evaluation of Hankel function 
Consider the Hankel function H(Q) defined by the integral 


H'(Q) = = f, e™” dz, (v, Q positive), (24) 


Q(z) = i| cos z+ (z — 3) sin z), sing = T (24a) 


Sec. 4.5 Adjacent First-order Saddle Points 417 


where the path P is the same as in Fig. 4.2.2. The saddle points of 9(z) are 
located at 
q'(z) = —i{sinz — sina] = 0, (25) 
whence the pertinent solutions are 
Z, = @, =i — l. (26) 
We assume that v/Q < 1,s00 < & < 7/2, and seek a first-order asymptotic 


evaluation of the integral in Eq. (24) as Q — oo and æ —> 2/2 (1.e., when the 
order and argument of the Hankel function are both large and almost equal). 


From Egs. (24), 


(212) = +i cos a — (5 — a) sin a. (27) 


Since g(z, 2) is imaginary, g% as defined in Eq. (12) is imaginary and can be 
satisfied by øg < 0. In the following, we choose 

o =e *lo| = e"n, n> 0, (28a) 
and subsequently determine arg hf, in Eq. (2) by referring to the integration 
path. From Eq. (28a), 


S2=tVvo = Fiv], Vn >o. (28b) 
Then, from Eq. (12), 
Zp” = cosa — (4 — a) sina > 0, (29a) 
(0) = 0, (29b) 
while, from Eq. (1 5c), 
dz\ _ {dz _,., a 2o e 
(z) Pa (73) ne as) a 
with the sign ambiguity noted explicitly. Since f(z) = | in Eq. (24) and in 


view of Eq. (29c), Eqs. (15a) and (15b) are satisfied exactly in this case. It is 
implied thereby that the expressions for /(Q) in Eqs. (2) and (7) are equivalent, 
with a consequent removal of the restriction on g in Eq. (7). Near & = 2/2, 
one obtains from Eq. (29a) and the requirement that 7 > 0: 


gra ghz a) ienai- a), a 
whence, from Eq. (29c), 


To determine the contour of integration in the s plane, it suffices to consider 
the transformation in Eq. (10) as ¢ — 0 (i.e., 7 — 0) in order to establish the 
location of the endpoints of the transformed path. Thus, we examine 
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3 
q(z) = i| cos z = (3 = ) | = ae (n = 0), (31) 
which can be written near z = 2/2 as 
r 3 3 
(5-3) ~5. ats 


Upon taking the cube root of Eq. (3la), one obtains 
s> 2-1/3 (4. 2k ae aa n= 0, l, 2: (32) 


where the last factor expresses the three possible values of the cube root of unity. 
The branch to be chosen is that for which ds/dz evaluated at z = 2/2 assumes 
one of the values in Eq. (30b). The proper choice is n = 2, so that 
~ i2-13f, _ E ax 
sai? (z a Z 7 (32a) 
k is thereby implied that selection of the minus sign in Eqs. (30b) and (29c) 
resolves the sign ambiguity. One notes from Eq. (32a) that arg s = 0 when 
z = (x/2) + iz,, z, < 0, and that arg $s = —2/2 when z is real and z < 2/2. 
It then follows from Eq. (31) and a continuity argument that the entire line 
Rez = 2/2, Im z < 0 maps into the positive real s axis, while the remainder 
of the path P terminates in the shaded region in the third quadrant of Fig. 4.2.4. 
Thus, the contour P 1s transformed in the s plane into a path L,,, as shown in 
Fig. 4.2.4. From the direction of integration along P in the neighborhood of 
z = 7/2, one confirms the choice of sign noted above. 
The first-order asymptotic representation as Q — œ for HQ) in Eq. (24) 
can now be written down directly from Eqs. (2) or (7), (14), (27), and (29): 
1/2 1/4 ; j Sey P 
HQ) ~ G2 [Ai — gè”) — i Bif — gè”), (33) 
where & and y are defined in Eqs. (24a) and (29a), respectively. When & = 2/2, 
use of Eqs. (3) and (30b) yields 
are en 2 (= Jem 
1) mw ES. = AR iris ini 
HONG) (5) [Ai(0) — i Bi(0)] (á) P(z)em, (34a) 
When a is sufficiently different from 2/2 to yield 7?” large, we may employ 
the asymptotic expressions for the Airy functions in Eqs. (4.2.51) and obtain 
via Eq. (29a) the Debye formula!’ 


r 2 1/2 f n . oe 
HQ) ~ Gaza exp lin [cosa = (5 == a) sin a in/4} . (34b) 
Since from Eq. (30a), 
cs 2-43 cos?a = 27% fı — () | a he Sen (35a) 
aa ree ber Nee) |e ate 


the condition yQ? >> 1, required for the validity of Eq. (34b), can be phrased 
as 


1/3 3-1/6 


N 
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Q — yp M”, (35b) 
If Q — y = O(Q'*), one must employ Eq. (33). 


4.5b Three Saddle Points 


When q(z) in Eq. (1) has three neighboring collinear, equidistant, saddle 
points 2,23, a suitable comparison function t(s) is given in Eq. (4.1.9). Substi- 
tution into Eq. (4.1.5) and comparison with the integral representation for the 
parabolic cylinder function’? 


D (1) = 2e f pr-ienarmesom dp Re y `> 0 (36) 
-y Ty) 0 > , 


then yields the lowest-order (non-uniform) asymptotic approximation as Q — oo 
(see reference | for a uniform approximation) 


F. 0 -al 
iQ) ~ r e eter Dy a(a/2a), a small, (37) 
where G(0) = /(z,)(dz/ds)|,-, while a and a are obtained from Eq. (4.1.9a). 
This result contains only the contribution from the portion of the integration 
path that begins at s = 0 and ends in a valley region at s = oo wherein the 
integral converges. For an evaluation of the mapping derivative 
dz _ —4s(a+s* n 
ae. SEED a= VETER) — 4(z:), (38a) 
at s = 0, L'’Hôpital’s rule may be applied and furnishes alternative expressions 
that remain valid when z, — z, (i.e.,a —> 0) and verify the slowly varying 
character of dz/ds near s = 0, 
dz —4a _ f 8a | 24 ie 
dS \:-0 gz) q''(z,) l —q"(z:) ver 
the proper definition of the radicals [i.e., arg (dz/ds)] remains to be carried out 
from a study of the transformation of the original integration path. The 
approximate equality of the various formulas in Eq. (38b) follows from the 
series expansions of g(z) and its derivatives in the vicinity of the interior saddle- 
point location z = z,; since the saddle points are assumed to be collinear and 
equidistant, g(z — z,) = q(zı — z) when z = z: 


az) = 922) + g'a ES 4 gin(z, ET" 4... (39a) 
g'e) = g'az — 2) + pen tl +e (39b) 
TORT LOET OO m + «.. (390) 


Using q’(z,) = 0, one finds from Eq. (39b) by letting z = z,, 
q"! (2) = — ao n 2)” (40a) 
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and from this result combined with Eq. (39c), 
q” (z) = § 9 (z2)(z, — z? = —2q" (z). (40b) 


When |V 2Q a| >> 1, the parabolic cylinder function in Eq. (37) may be 
replaced by its large-argument approximation in Eqs. (7.5.66), and the resulting 
formula may be reduced to the conventional one for isolated saddle points.t 
Since Q `> 1, a = [9(z,) — 9(z2)]'? may be small and still yield |V? a| >> 1, 
thereby requiring the above analysis to be carried out only for a = O(Q-"”), 
The transition to the conventional result occurs when z,, z}, and z, are still 
approximately equal, under which circumstances the slowly varying function 
f(z) may be approximated by /(z,) = f(z.) = f(z). 

In the limit z, = z, = z, the formula 


L St 
D- = sary TOO -o 


may be employed to reduce Eq. (37) to the correct asymptotic expression for 
KQ) when the integrand has a third-order saddle point at z, [see Eq. (4.3.7)]: 


x 
~ sinza’ (41) 


12) ~ ili] ak Meer. (42) 


Again, the proper choice of the radical remains to be clarified in any given 
situation, 

Implicit in the preceding analysis is the assumption that G(0) = 0. If this 
condition is not satisfied and the first non-vanishing term in the power-series 
expansion of G(s) about s = 0 is G™(0)s"/n!, where n is a positive integer, then 
one has, instead of Eq. (4.1.5), 


XA) ~ eo sree ds, (43) 


with t(s) given in Eq. (4.1.9). From a comparison with Eq. (36), one derives 
the result 

x NYO arent 

HO) ~ ON ayy trig AD. nnal Eia), (44) 


which contains Eq. (37) as the special case n = 0. Applications of these 
formulas may be found in Secs. 7.5d and 7.5e. 

If the three saddle points of g(z) are not equidistant and collinear, the 
canonical integral involves the more general exponent 

q(z) = t(s) = â + as’ +as— st, (45a) 

whence t'(s) has zeros at s = 0 and at the arbitrary points s,,. Alternatively, 
by not requiring that one of the zeros of t’(s) is located at the origin, one may 
employ 

tWhen a is positive, the integration path passes only through the saddle point at s = 0, 


while for negative real a another saddle point at s = +iy/ a also lies on the path segment 
extending from s = 0 to s = œ. 
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q(z) = t(s) = â + as + as — s" (45b) 


The resulting canonical integral has been studied in Reference 16, and a summary 
of results and certain numerical data have been presented in Reference 17. 


4.6 SADDLE POINTS NEAR AN ENDPOINT 
4.6a Single Saddle Point 
If in the integrand of 
KO) = | flyer az (1) 


the function g(z) has a first-order saddle point at z, [i.e.g’(z,) = 0, 9’(z,) = 0] 
and the function f(z) is regular in the vicinity of z, and z,, the asymptotic 
approximation of 1(Q), valid uniformly as z, — z,, is given by 


HQ) ~ ems Aeon Sa) + = Med, = SEAN, Q— oœ, 


Sa 
(2) 
where 
s= ~q ( (z,) — g(z,), OY) = f e`* dx, h, = aah 
A, = =e. = Mg : 
q" (z,) fant a 


arg h, = 9 = arg (dz),,, where dz is an element along the steepest-descent path 
SDP through z,, and arg s, is defined so that 4, > A, as s, > 0. 

When z, =z, one has Q(0) = 4/2, whence Eq. (2) reduces to the 
result for coincident saddle point and endpoint [see Eq. (4.2.7) with inclusion 
of the factor 4 to account for the semiinfinite integration interval]: 


MQ) ~ + wits zene [1 + O(e5) | z=2%; (3) 


for VË |s.| >> 1, use of the asymptotic formula [Eq. (4.4.20)], 


-0:4 -n 
AVS) ~ a giy + VRU(—Res,) (4) 
yields the result for isolated saddle point and endpoint, 
K ~ aj zeU(—Re s,) — Le 5 
eath ) ( € Sa) EVAN (5) 
where U(a) equals unity or zero for œ > 0 and @ < 0 respectively. 


An important special case arises when g(z) = iĝ (z), whereĝ is a real function 
of z so that 9(z,,.) is real when z,,, is real, In this instance, for real z, a, 
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NQ) = f faeth dz 


+ RR? + n/A) 


~ eaaeo LEM Ols AET er) d jy Edhe — fled}, 
eZ 6) 


where §, = +16(z,) — 9(z,)|'” for (z, — z,) 2 0, and 


à ? 2\§, 2\slerr* a 
h= 2 gtinis f= for g’’(z,) = 0. 6 
Vee Toe “ee 


The reduction for |§,)/Q >> ! follows from Eq. (4) or (5), 


Q) ~ 2n NAg KU Sadeho al > 
I ) Q)g"(z,)| S(z,)e (z, Za) iQ’ (z) ’ q (z,) <= 0 


(6b) 
and agrees with the result in Eq. (4.2.20). 


Analytical details 


Since g(z) is assumed to have a first-order saddle point, the relevant 
transformation to the canonical form is g(z) = t(s) = g(z,) — s*, s? > 0 [see 
Eq. (4.1.6)] Thus, if S, corresponds to z,, 


HQ) = er f" GisJe-™"'ds, CO) =f! = KSB) 
T ds q' (z) 
with s, defined in Eq. (2a). Upon writing the integral in Eq. (7) as 
10) — = arg l (7 (Gs) — GO) d -an 
KQ) = cof, e72" ds a, eS e-a ds (7a) 
and, integrating the second term by parts, one finds 


Ko) = va OTs.) + Sa [G(s.) — GO 


s Lf eon d [G0 = G0), (1) 


S 


which furnishes Eq. (2) via the definitions 4, = (dz/ds) -o and h, = (dz/ds),.. 
The last term in Eq. (7b), omitted in Eq. (2),provides higher-order corrections; 
an asymptotic expansion of I(Q) may be constructed by repeated decomposition 
of the remainder integrals as in Eq. (7a), with subsequent integration by parts." 
When s,— 0,z,—z,, one has q’(z,) = q'(z,) (Za — Z,)) So = ~ —q"(2,)/2 
xX (Z, — 2,), 80 ha > hy. 

For the special case g(z) = ig(z), with ĝ a real function of z, one has, as in 


Eq. (4.2.20), 
= 2 > fn, ae Att 
h, = VETER 1° for g"(z,) = 0. (8a) 
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Since ¢'(z,) = 0, it follows that sgn 4’(z.) = sgn (z, — z,) for §"(z,) È 0. 
Thus, from Eq. (2a) with s, = $, exp ( Fin/4) when g'"(z,) 2 0, 


_ £425, Sgn (Za — 2,) _ 28, sgn (Za — z,)e*'""* for a'(z.) > 
h, = Âa) le) ’ or ĝ”(z,) 2 0, (8b) 
where the definition of $, in Eq. (6) ensures that arg h, = arg h,. Use of these 
relations in Eq. (2) furnishes the formula in Eq. (6). 


4.6b Two First-Order Saddle Points 
In the integrand of 
K= | ADe dz = f G(sye™ ds, (9) 


the function g(z) has two first-order saddle points at z, [i.e., g’(z,.) = 0 and 
g'(%2) Æ 0 unless z, = z}. If the function f(z) is regular in the vicinity of 
Z,,Z,, and z,, the asymptotic approximation of (Q), valid uniformly as z, > 
Z, — Za IS given by” 


KO) ~ [G(s,) + GS.) sees CMI) + [G — Gs lapriy CIR”) 


- [ot (48) (8) gg, a 


(10) 

where the variable s is related to z by the transformation 
= E -S = ic 
q(z) pas t(s) = a T Os 3 ’ 9(z;) ag t(s;), = l, 2, a, (10a) 
a = + [g(2:) + 4(22)), a? = { 3 [gl2) — gz)? = 5, = —Sz, 
and 
a) =DE GO= fi, erred, CQ = CO), 
ds ala dt (10b) 


(2) _ | ¥2s, (2) _s-s 
ASI na N gza) S/a (20) ` 
In order not to complicate the notation, the results in this section are given in 
terms of the variable s rather than the original variable z. The multivaluedness 
in the definition of ø and (dz/ds),, is resolved as in Sec. 4.5. The function C,(¢) 
may be termed an “incomplete” Airy function, in comparison with the Airy 
function C(¢) in Eq. (4.5.14) for which both endpoints of the integration path 
lie at infinity; the location of the upper limit “oo” in the complex ¢ plane is 
determined by comparison with the original path in the complex z plane as in 
Sec. 4.5 [for functions related to C,(¢) see Reference 20]. 

A number of special cases may be deduced from Eq. (10), which applies for 
arbitrary values of Z, 2. (OF S),2,2). When z, = z, = z, (corresponding to s, = 
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0), the two first-order saddle points coalesce into a single second-order saddle 
point. In this instance, one derives the following uniform asymptotic approxi- 
mation when a second-order saddle point is situated near an endpoint of the 
integration interval: 


KO) ~ G0) Sar CA0) + G0) Se C(O) 


eMie(s.)— 18/3) 


+ Ga [G(s.) — G0) — s,6'(0)}, (11) 


with (dz/ds), = [—2/q¢(z,)}"7 as in Eq. (4.5.18). When z, = z, = Zz, (corre- 
sponding to S, = S, = S, = 0), the second-order saddle point coincides with the 
endpoint and Eq. (11) furnishes the expression 


ro) ~ Wen = een dt + O (on) (12) 


which agrees with the result in Eq. (4.3.7) since the integra! can be expressed 
in terms of the gamma function of order } [see Eq. (4.3.5)]. 

When neither z, nor z, is near z, (i.€., S12 Æ Sa), the endpoint contribution 
to the incomplete Airy function may be evaluated separately from the saddle- 
point contribution, so by an integration by parts, 


CA?) m~ EX eae 4 UC(o X”), (1 3) 


where C(C) is the complete Airy function defined in Eq. (4.5.13b), descriptive 
of two adjacent saddle points situated far from other critical points in the 
integrand. U is a discontinuous factor which equals unity when the original 
integration path traverses the saddle-point region but equals zero when the 
original integration path proceeds from z, to infinity in a valley without passing 
through the saddle-point region. Examples are shown in Fig. 4.6.1, where the 
integration path is assumed to end in the valley designated by A. When z, Is 
situated as in Fig. 4.6.1(a), it is necessary to pass through the saddle point at 


(a) Endpoint plus saddle point contribution (b) Endpoint contribution only 


FIG. 4.6.1 Integration paths in the complex z plane. 
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z, whence U = | in Eg. (13), whereas U = 0 for the case depicted in Fig. 
4.6.1(b). The analogous formula for C; differs from Eq. (13) in that C is replaced 
by C' and the endpoint contribution is multiplied by '”s,. Thus, Eq. (10) 
reduces for 5,2 © Sa to 

eP a) 


KQ) ~ —G(s,) U S T 
+ yt ecaa) |u. (14) 


ES 1) a Gs) eaa CSQ) 


This formula accounts mam for an isolated endpoint and for the contribution 
from two arbitrarily closely spaced saddle points (see Eqs. (5), (10b), and (4.5.2); 
it is noted that the first term in Eq. (14) can be written as — f{z,)[Qgq'(z,)]7! 
exp [Qr(s,)]). When s, and s, are not adjacent, the last two terms in Eq. (14) 
may be simplified as in Eqs. (4.5.5) to furnish the isolated first-order saddle-point 
contributions. When s, and s, coalesce into a second-order saddle point at s = 
0, the last two terms in Eq. (14) may be expressed as in Eqs. (4.5.2), with 
(4.5.2c) and (4.5.3). 

A different reduction occurs when the two saddle points are not near one 
another (z, Æ z, or S,, Æ 0), but one of the saddle points is near the endpoint 
(z, = Za OF 5, © Sa). In this instance, it is found that [see Eqs. (26) and (27)] 


ehiriz.)—- a9) 


C,(sfQ*?) — UQ” N Qs, allele wry Ci) = 9 5,(s, + Sq) 


m O73 pQt(31)~ a0) Qla A) — eas 20 i l 
eae eee) 200 E Dar zz) » 6 0, (15) 


where 
wai) — ts» Ov) =] e dx, (15a) 


and U, equals 1 or 0, depending on whether or not the integration path 
traverses the isolated saddle point at s} Substitution of these formulas into Eq. 
(10) yields the reduced expression 


HQ) ~ Ase Q(aV/Q) _ eT Gls) os) axa) | 
rs a Sr [ee + Pa] + Crater VE, 


207s, 
(16) 


which is the correct result for a first-order saddle point near an endpoint of the 
integration interval [see Eq. (2)], the last term providing the contribution from 
the isolated saddle point at s, when required. When a — 0, the saddle point at 
$, coincides with the endpoint at sa and Eq. (16) leads correctly to the expression 


[Note: Q(0) = v n /2) 
KQ) ~ } Gsen j T [ + ofa) m V Gler Z. (17) 
1 2 
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When a/Q >> 1, the saddle point at s, and the endpoint at s, are “widely 
separated” and permit use of the asymptotic formula [see Eqs. (4.4.18a) and 
(4.4.20)} 


Qaval) ~ Kai + y n U(—Rea); (18) 


hence Eq. (16) reduces to the conventional! result where the two saddle points 
are separated from one another and from the endpoint: 


KO) ~ UG E — GS) gray + UGE. (9) 


U, equals unity when the integration path traverses the saddle points s, and 
Sa» respectively, but vanishes otherwise. In terms of functions defined in the 
original z plane of Eq. (9), Eq. (19) may be written equivalently as 


a gir) — 2z € ar az) —2n 
HQ) ~ Us lee? of aE ~ Redes + Ae a 2e 


(20) 


Analytical details 

Since g(z) in Eq. (9) is assumed to have two neighboring first-order saddle 
points, the relevant transformation to the canonical form in the complex s plane 
is given as in Eq. (4.5.10), thereby leading to Eq. (10a) and to the second of 
Eqs. (9). The transformed integral in the variable s may now be written as 


(Q) = boo | j eM) ds + boa | sete) ds 


1 =" G(s) — boo — So, d cans 
ta i s s i (21) 


where 5,5 and b, are the first two coefficients in the uniform asymptotic 
expansion of the infinite double-saddle-point integral [see Eq. (4.5.23)]: 


boo = $(G(s,) + G(s) bon = 5 [G(s,) — G(s], = —s,. (2la) 


Since [G(s) — boo — sby,}(s? — s*)-' remains bounded at s = -+s,, Integration 
by parts on the third integral /, is allowed, with the result 


Q 


T [= 
i To 


1 {= d (G(s) — boo — Sbo. | par 
-of 4 a) t= ds. (22) 
By regarding the function (d/ds) [ ] in the integrand of Eq. (22) as a new 
function G(s), one may apply the decomposition in Eq. (21) successively to 
generate terms with increasing inverse powers of Q. To a lowest order in Q, the 
integral in Eg. (22) is omitted and Eq. (21) thus furnishes the result in Eq. (10), 
after changes of variable from s to ¢ and the introduction of the parameter 4 
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as in Eq. (4.5.2). From dz/ds = t'(s)/q'(z) = (s? — s*)/q'(z), one obtains the 
various forms of (dz/ds),, specified in Eq. (10b). As mentioned earlier, due 
regard must be given to the definition of the radicals appearing in these 
expressions. 

The formulas for /($2) accommodating various special cases are derived from 
the general result in Eq. (10) by substitution of appropriate reductions of the 
canonical integrals C,(¢) and Ci(¢). The derivation of Eqs. (11) and (12) 
pertaining to s,, = 0 and s,,, = 0, respectively, is evident. When 5,,% Sa 
the endpoint and saddle points are isolated and may be treated separately. As 
in Eq. (4.1.15), the endpoint contribution follows from integration by parts, 


en CAS) aom G Ariz) p l ne d Os) | Le 
gv? = s ds = | ds © Qs? — 5? 


(23a) 


which leads to the first term in Eq. (13). As noted in the discussion following 
Eq. (13), it may be necessary to add to this contribution the saddle-point result 
if the integration path traverses the vicinity of s,,. Similarly, 


es 2/3 oq Ortsa) 
er CAI A) _ f se ds ~ -0a (23b) 


plus the saddle-point contribution, when required. 

When the two saddle points are widely spaced (s,, % 0), but one saddle 
point is near the endpoint (s = s,), the incomplete Airy integral may be reduced 
to an incomplete gamma function (Fresnel integral). Since s, Æ s, only first- 
order saddle points occur and one may transform the function t(s) into the 
canonical function @() to describe the contribution from the first-order saddle 
point at s;: 

t(s) =a + sis E =e(s,)— wt ts) = a+ 3s, (24) 
whence u = 0 corresponds to s = s,. If y = a@ is taken to correspond to $ = Sa, 
then 


f f ets) ds — erin e` 
4a 


es) ds _ _— dt 
i dp, du st — s” a 

The uniform asymptotic approximation of the yz integral, valid as the 
endpoint u = & approaches the saddle point u = 0, is given in Eq. (2) and 


r en) OT Sei) O 


where æ = [t(s,) — t(s,)}'2 from Eq. (24), and Q(y) is the Fresnel integrai 
defined in Eq. (15a). The mapping derivative (ds/dy), is calculated by direct 
Substitution into Eq. (25), whereas from an evaluation of the resulting indeter- 
minate form, (ds/duz), = s,~"*. Recalling the definitions of C, and / in Eqs. 
(23a) and (25) and adding the conventional contribution from the isolated 
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saddle point at s, when relevant, one is led from Eq. (26) to Eq. (15). In the 
analogous treatment via Eq. (25) of 


Resch” eben ge eee of em (ds\ da 
f =f se ods = OTH sf a (55) ay (27) 


one obtains via the definition of C; in Eq. (23b) the result in Eq. (15) since in 
view of a* = t(s,) — t(s,), 
da oes I d os es? S; ae Sa 
d(s?) = Fa d(s?) [z(s,) t(s,)} a 2a > (27a) 
In the last portion of Eq. (27), a term involving the derivative a?s/d(s?)du in 
the integrand has been omitted since it may be shown to represent a higher- 
order contribution, 


4.7 MULTIPLE INTEGRALS 
If in the integrand of the real multiple integral 
IA) = | x f fone oe dx, +++ dX, Q > 0, (1) 


where x = (x,,...,X,), the function q has a simple stationary point x, = (x,, 
<», Xp) defined by 


ða _ en eee 
dx, = Oat x,,, tL , P", (2) 


and the function f is regular near x,, then the asymptotic approximation of 
IQ) for large Q is given by 
TQ) ~ fix Jeana (=A) | | (3) 
i i det (4 /9x,, 0x 
One encounters frequently a modified form /(Q) of Eq. (1). If in the 
integrand of the multiple integral 


LD = [+ | fone dx, ++ dx, A> 0, (4) 


the real function g has a simple, real stationary point x, defined as in Eq. (2), 
and if f is regular near x,, then the asymptotic approximation of f (Q) for large 
Q is given by 


atu: Qn n.2 g! ™ Ao 
£42) ~ fade E) aang ae dE 2 
where 
o = $ sen d, (5a) 


and d, are the eigenvalues of the matrix comprising the elements 674 /OX,,OX sx 
i,j = l,..., n. Equation (5) is a generalization of the stationary-phase formula 
in Eq. (4.2.20a) for single integrals. If severa! stationary points exist, each 
contributes as in Eqs. (3) or (5). 
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Analytical details 


The stationary points x, of a function qg of n variables (x,,...,x,) are 
defined as in Eg. (2) and, for large Q, the principal contribution to the integrals 
arises from the vicinity of x, [possible contributions from relevant singularities 
of f(x) are not included in the present discussion]. Near x, one may write 


Kx) ~ fx.) and expand 
A R 2 
x) ~ 90) +43 Safe, — rAdh egeo O 


with linear terms absent in view of Eg. (2). On substituting into Eqs. (1) or (4) 
and translating the origin to x,, one obtains 


FQ) ~ f(x, e798 f a f exp (5a >> aX, X ) dX, +--+ dx,, (7) 
Pare {j=J 
where J, = 1, when œ = —1 and J, = Å when æ = i. To evaluate the multiple 
integral in Eq. (7), we introduce a transformation such that 
D MX = L diyi, xX, = x ry Voy (8a) 


or, in matrix notation, with A denoting the n x n matrix comprising the 
elements a,,, 

KAx = YDy, x = Ry, (8b) 
where ~ indicates the transposed quantity and D is a diagonal matrix. Since the 
diagonalization of A involves a coordinate rotation, R is an orthogonal matrix 
with det R = 1. It follows from Eq. (8b) that 


D = RAR, det D = (det R)* det A = detA, (9a) 
and that the Jacobian of the transformation from x to y is 
d(x, vets ) d 
CERES x = detR = |. 9b 
(Xi, R Yan) ( ) 


Thus, on changing variables to y, one has, for the integral of Eq. (7), 
oo ot " ” 20 
f al [exp ($23 dyi\dy, ek dy, = Tf _exp ($ Qa, yt) dy, (10) 
When « = —1 and d, >O, the single integral in Eq. (10) has the value 
(22%)"(Qd,)-'?; when œ = i, its value is (2z)'/(QId,|)-/* exp [i(2/4) sgn dj] 
(see Eq. (4.2.20)]}. Since Il d, = det D = det A, the results in Eqs. (3) and (5) 


are established. For higher-order terms in the asymptotic expansion, see Refer- 
ence 21. 


4.8 INTEGRATION AROUND A BRANCH POINT 


Integrands of diffraction integrals often exhibit branch-point singularities 
that contribute to the asymptotic solution if they are crossed during the 
deformation of the original integration path into the steepest-descent path [see 
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Fig. 4.1.1 and Eg. (4.1.4)]. It is then necessary to calculate the contribution 
from the branch-cut integral, a generic form of which is given by 


i,= Í „ fee dz, (1) 


FIG, 4.8.1 First-order branch point singularity in the complex z 
plane. 


where P, is a contour encircling the branch cut in the positive sense (Fig. 4.8.1). 
In typical problems, f(z) behaves like 
f(z) =a + bz — zZ, near zZ, i.e., b = 2[V/z — z, f'(z)],,» (2) 


where a and b are constants; g(z) is regular in the vicinity of z,, and exp [Qq(z)] 
decays along P,. For large Q, 7, has the following asymptotic approximation: 


~ 2n TEE. = ae 3 
I, Qg’ (z) [vz 2» f (z)),, exp {(Q4(2) I ł arg [ q (z,)}}. ( ) 


Analytical details 

The asymptotic evaluation of J, in Eq. (1) may be performed in a manner 
analogous to that employed for a saddle-point integration if the following change 
of variable to s is introduced: 

s* = q(z) — q(2), (4) 
with the integration path near z, adjusted so that s? > 0 along P,. (Since 
exp (Q4q(z)] is assumed to decay along P,, one has Re s? > 0; the condition 
s? > 0 requires a legitimate path distortion which facilitates the analysis and 
defines essentially the path of steepest descent away from the branch point). 
Thus, for z= z or s = 0, 


S = V—q'(%) Jz — z [1 + O(z — 4)], (Sa) 


or, upon inversion, 


ae ae 2)], 5b) 
Jz aay T OSN ( 
and 
dz ab 2s Ae O(s’), (6a) 


ds — q'(z;) 
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Az) =a + -2 AE ara es O(s*). (6b) 


For definiteness, we choose s < 0 on portion A and s > 0 on portion B of 
P, in Fig. 4.8.1, implying that 
arg (z — 2) = —arg[—q'(z,)] on B, 
arg (z — z) = —arg[—q’(z,)] — 27 on Á. 
Upon substitution of Eq. (4) into Eq. (1) one obtains 


i, = etn Í ; ogee ds, (8) 


which may be evaluated asymptotically by power series expansion and termwise 
integration of the bracketed quantity. The first term in the expansion involves 
the odd power s', which integrates out to zero. The first non-vanishing 
contribution derives from the s* term and yields 


bi/ n 
lw ease) 9 
~ oer me 
from which Eq. (3) follows. Higher-order terms in the asymptotic series may 
be generated by carrying further the power-series expansion of [f(z)dz/ds}. 


(7) 


APPENDIX 4A. HIGHER-ORDER DERIVATIVES OF G(s) = /(z)dz/ds 


Use of the asymptotic expansion in Eq. (4.2.12) requires knowledge of the 
derivatives of 


Gs) = fio), os) = F (Al) 

evaluated at s = 0 (z = z,). By direct differentiation of Eq. (A1) one finds 
G(0) = f(z,)p(0), (A 2a) 
G'(0) = f(z F + S(z,)9'(0), (A2b) 


GO) = f(z, ANF -+ 34"(z,)9(0)9'(0) + Azp),  (A2c) 

etc. 
To obtain the value of the derivatives of g(s) at s = 0, we expand the 
function g(z) = t(s) about the saddle point z, for which g(z,) = 0 and invert 
the resulting series. The procedure is illustrated for the case of a first-order 


saddle point at z, in which case the relation g(z) = q(z,) — s? applies. Thus, 
if { =z — z, 


2 3 4 
S gaz) Sy + gz.) $ $ gaz) A (A3) 
Equation (A3) has an inverse solution which is regular and vanishes at s = 0,t 


tFor an alternative procedure utilizing Cauchy’s theorem, see Reference 22, 
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so in view of the definition of g(s) in Eq. (Al), we may employ the power- 
series expansion 


C(s) = 9(0)s + p (OS, + TOPS + 90) 7 Le (A4) 

whence 
C= PORS + ooo? + SEOS a AO os, (Asa) 
O = (HOPS + {ORPO + +, (ASb) 
C= [Ost + +, (Asc) 


etc. Upon substituting Eqs. (A5) into Eq. (A3) and equating coefficients of like 
powers of s on both sides of the resulting equation, one obtains 


Coefficient of s* 


—1=4[9(0)P¢%Xz,) or (0) = + FS (A6a) 


Coefficient of s’ 
0 = DZ popo) + EE loop, 


or 
l 2 g® 
p'(0) = — + T [ODF = > fae Fen; ue p (A6b) 


Coefficient of s* 
o = T SEO 4 OAN 5 Led) 3 ooroo) + EX ro, 


2! 
Or 
90) = 55 SE + weal PE) go +4 TE) (((0)} oo}, 
(A6éc) 


etc. 


APPENDIX 4B. PROPERTIES OF THE AIRY FUNCTIONS 


The Airy functions Ai(ø) and Bi(g) may be defined either by the differential 
equation (4.2.33) (with appropriate boundary conditions), or by the integral 
representations in Eqs. (4.2.32) and (4.2.34). Section 4.2e contains a discussion 
of the properties of these functions when the argument ø is large. Other 
properties are discussed in this appendix. For tabulated results, see Reference 
23. 
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To obtain a convergent series expansion useful for evaluation of Ai(o) for 
smali ø, one may substitute the power series for the exponential function 
exp (oz) in the Ha of Eq. (4.2.32b) to find 


peonman 5 a” = A p73 
Al(o) = xa. Hier Qn a, i e`” dz, (B!) 
after a permissible interchange of summation and integration. The coefficient 
a, is defined by the convergent integral over the contour Ly in Fig. 4.2.4, which 


can be chosen along the straight lines arg z = 42/3 and arg z = 27/3. Since 


io ze 2/3 dz me etla t a) aa ge /3 dz, (B2a) 
one may write 
pitn/3 
a, = = {1 o a E gre 8/3 dz, (B2b) 
or, upon changing variables to 7 = zexp(—i2n/3) and employing Eq. (4.2.8), 
— Pil — Fn 3-2)/3 n + I : K + De 
a, = 2i(—1)%3 rat ) sin | VLE UE, (B3) 
Thus, 
: a/3 
Ailo) = ame pe ((n + 1)x/3] Elta + + 1)/3]3 (—0), (B4) 
and, upon use of the formula 
sin ] $v of Z 
+0504) =m rea | 
one has, alternatively, 
3" (— —0) (B6) 


AiO) = 305 È TO a 
Since n! = F(n + 1) and [see Eq. (4.2.9)] 


rv + «) ~ ve (2) ‘ys, |v} — oo, |argv| <a, (B7) 


the power-series expansions (B4) or (B6) are convergent for all ø. By a similar 
procedure, one derives 


3°73 G7 
Bio) = 3 È ana aT aa 


Because T(—n) = œo, n =0,1,2,..., the series in Eqs. (B6) and (B8) 
separate into two parts—one with powers o> and the other with o°"*', Repeated 
use of F(y + 1) = yI(y) leads to the alternative formulations 


Aila) = Pra W (0) — Prg” (B9a) 


Bi(o) = OTH W, (a) -+ D wW:(0), (B9b) 
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where 


W, (a) = > aie econ ie a" 


2:5-8--- (304 2) am, 
W,(0) = 2a? r 


(B9c) 


The functions W,(—o) and W,(—g) can be expressed in terms of Bessel 
functions of order 4. We begin with the series 


pA 1/3 « (5 an j 
Jin) = (5) 2 z) mi(gt+n+ ly (B10) 
and use for #![(4 + n + 1) the product formula for the gamma function, 
—_— | 3x ) ( 2 — 
T(3x) FREU rT (x +4) P(x + a). x=n+l. (B11) 


In view of Eq. (B5) with n = 0, one obtains 
Jo a(o Dn + 1 +a 
3/2) — 3 Jn 
AGa = aT S T(3n + 3) 


= 323 
= Eye Ml) eee 


and, in a similar manner, 


no 3 
J_, (30°?) = ro y7 Oo. (B12b) 
Thus, Eqs. (B9) may be written as 
Ai(—0) = VE I GP + KaG), (B13a) 
Bi(—0) = YZ Mial PA — Ja G o], (B13b) 


The combination Ai(—o) + i Bi(—ø) can likewise be expressed simply in 
terms of Hankel functions of order 4, or more conveniently in terms of an Airy 
function with shifted argument. Via the formula 


HEYy) = EA) een) (B14) 


one obtains from Eqs. (B!3), after a simple calculation [see also Eq. (6. A32)], 
A, (—0) = Ai(—o) + i Bi(—o) = fe HG go?)  (Bl5a) 
or, from Eqs. (B18)-(B20), 


A; (—@) = —2e7?*? Ai(—oe*"*”). (B15b) 


The Wronskian of the Airy functions Ai(o) and Bi(a) can be calculated 
from the asymptotic formulas in Eqs. (4.2.42) and (4.2.45) as ø — oo, or from 
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the power-series expansions (B4) and (B8) when g — 0. Either procedure is 
valid since the Wronskian is a constant, and the calculation by one method 
serves as a check on the result derived by the other. From the expressions for 
g — oo, one finds directly, 


Ai(a)Bi'(a) — Bi(a)Ai'(e) = a (B16) 


while the calculation at o — 0 likewise yields 2 [3 VTG) (3)] = 1/2, via Eq. 
(B5). 

The two linearly independent solutions Ai(o) and Bi(o) are convenient 
because both are real when øg is real. However, it is evident from Fig, 4.2.4 
that the contour integral taken only over path L,, or Ly appears simpler than 
the one for Bi(o) in Eq. (4.2.34), and that the resulting functions are likewise 
linearly independent with respect to Ai(a). If we define 


Í _ ert dz = —ni Ax), (BI 7a) 

f e=? dz = niA(0), (B17b) 
then, from Cauchy’s theorem, 

2Ai(a) = A (0) + A(0), (B18a) 
and, from Eq. (4.2.34), 

2Bi(a) = i[A,(a) — A,(0)}. (B18b) 
Conversely, 4, , is expressed in terms of Ai and Bi as 

A, (0) = Ai(a) F i Bio). (B18c) 


Figure 4.2.4 also shows that 4,, A, and Ai can be related to one another by 
changing the phase of the integration variable by + (22/3). Thus, if č = 
zexp (—i2x/3), 


Í e71- dz = olde Í P iaiia B E. dë, (B19) 
Lu La; 
whence 
12,3 
Ai(o) = -55 AOE?) (B20a) 
Similarly, 
-i2rR,; 
Ai(o) = —£ 5 * Aloe 2), (B20b) 
and 
Aa) = e7 A (0e). (B20c) 


Also, from Eqs. (B16) and (B18c), 
Aa(0)Ai'(0) — Ailo) A a(o) = + È, (B21a) 
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whence 
: d ; w ; g erisls 
Aila) Tg AOE 3) — Ai'(a)Ai(oe*™) = (B21b) 
PROBLEMS 
1. For large Q, perform an asymptotic evaluation of the integral 


KQ) = |, edz, (1) 


where P, is the steepest-descent path through the first-order saddle point z, of 
q(z) (ie., g‘(z:) = 0), by writing 


eas) = exp | 24(2,) + Sa (ee — 2) M(Qz, z) (2) 


with 


M(Q, z) = exp [Q È Te =EN], (3) 


Expand the regular functions f(z) and M(Q, z) in power series about z = z, and 
perform termwise integration to obtain the asymptotic expansion: for (Q). 
Compare the results with those obtained by the procedure of Secs. 4.2a and 4.2b. 
Through use of continued integration by parts, obtain the expansion for the 
exponential integral, 


œ pY “A = y! 
EQ) = [dy ~ EG (4) 


in inverse powers of $2. Show that this series diverges in the ofdinary sense but 
is a valid asymptotic expansion as {2 > co, 

The following contour integral representation? for the parabolic cylinder func- 
tion is valid for arbitrary values of v: 


D.,(z) = te a f ezea dč, jarg(—€)i <n, (5) 


where the contour L encircles in the counterclockwise sense a branch cut ex- 
tending from € = 0 to € = œ along the positive real č axis. 

(a) Show that this expression may be reduced to the one in Eq. (4.5.36) when 
Rep > 0. Introduce into Eq. (5) the new variable ¢ = ./€ to show that for 
(2v — 1) equal to a positive even integer or zero, 


ie ad | -31!/4 6 
where 
Iiz =f rr- 1e- dG = 21o = 2los, (7) 
his 


TE. T. Whittaker and G. N. Watson, A Course of Modern Analysis, Cambridge Univ. 
Press, 1952, pp. 348-349. 
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and Lı; is a contour that begins at infinity in sector i, and ends at infinity in 
sector j, of the complex { plane as shown in Fig. P4.1. When i or j is equal to 
zero, the corresponding endpoint of the path is at the origin = 0. 


FIG. P4-1 Regions in the complex ( plane. 


Show from the integral representations that the parabolic cylinder functions 
satisfy the differential equation 


+ -r-i o 


(b) Assume that (2v — 1) = positive even integer, i.e., V = m +4, where m is 
a positive integer or zero. Observe that since Jy exp (z*/4) in Eq. (6) satisfies 
the differential equation (8), it follows that In, exp (z?/4) also satisfies the dif- 
ferential equation and furnishes a function linearly independent of D_,(z) (since 
the contour Lu cannot be deformed into the contour Lis, different solutions 
are involved). Show that 


loa = Ia = E Tije" D2), 0) 


Note that if D-,(z) satisfies Eq. (8), then so does D,_,(+iz), and that since 
D-, (+z) are two linearly independent solutions of the differential equation, it 
must be possible to employ them to represent D,-,(+/z). The relation may be 
shown to be 


—— prvnl oa =N 2x FIU —v)a/2 +; 
D_,(z) — e D_,(—z) TO) e D,- (iz). (10) 
Show that 
hip =i VŠ eRe" D,- (iz), (11a) 
Iu =i,f Femen D, (iz) — eve" D_,(—2). (11b) 


4. (a) Explain why, for an asymptotic evaluation of Jo, (and generally of J,,) in 
Problem 3 for large values of z, it is convenient to transform Eq. (7) into 


Io = Qreta f 


0 


cog la/2 


u- le- Qei? 84 (44/2) dji, (12) 
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where Q = |z|?,@ = arg z, 4 = (z~'. The integrand has saddle points at H 
= 0, +i; show that the direction of the steepest-descent paths at the saddle points 
is as follows: 


ars (dlas = TS og p arg duns = a 3, 


arg(dp)la=-1 = —0 E F (13) 


(b) Show that for 0 < @ < 7/2, the integration path can be deformed into the 
Steepest-descent path without passing the saddle point at 4, = —i (U, = +i is 
irrelevant for the range of & considered); that for 2/2 < a < 32/4, both saddle 
points are traversed but that the dominant contribution arises from 4, = 0; that 
the saddle points yz, = 0 and g, = —i contribute equally for « = 37/4; and 
that the contribution from 4, = —i is dominant when 32/4 <a < 52/4. Carry 
out the analogous considerations for « < 0. 

(c) From the information in (b) and the consequent asymptotic evaluation of 
the integral Jo, for large |z], show that 


D_(z) ~ e7"/42-" —n/2 < arg z < n/2, (14a) 
~ piip- In enr Bi/szv— 4 4 
D- fz) ~ e7 #42 = Tey etz”), m/2<satgz< 52/4. (14b) 


(Note: Since v = m+ 4,m=0,1,2,..., the asymptotic result for D_,(z) exp 
(—z?/4) may be inferred from that for m = 0 by repeated differentiation with 
respect to z.) Show that formula (14b) applies also when —2/2>arg z> —52/4 
provided that exp (—ivz) is replaced by exp (ivz). (Equations (14a) and (14b) 
may actually be shown to hold for arbitrary v satisfying the inequality |v| & 


121.) 
(d) Deduce asymptotic expressions for the ranges 2/2 < arg z < 57/4 and 
—/2 > arg z > —52/4 from the one in Eq. (14a) through use of Eq. (10). 


5. The associated Legendre function P7” [cos (t/v)} may be defined by the integralt 


P7” (cos +) BETES e`! aaa ip (z sin +) dz, (15) 


valid for 0 < (t/v) < 2/2, Re(u +v + 1)> 0. Evaluate the integral asymp- 
totically as y — œo to show that 


lim v Pya (cos +} = J,(t). (16) 


(Note: f ezaz =T(v+1),  Rev+!)> 0.) 
6. Using the integral representation for the Legendre functionT 
27 ; 
P,(cos 6) = Al (cos 0 + isin O cos w)” dw, (17) 
0 


derive the asymptotic approximation for large n: 


tW. Magnus and F. Oberhettinger, Formulas and Theorems for the Functions of Mathe- 
matical Physics, Chelsea Publishing Co., New York, 1954, pp. 67-68. 
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P,(cos 8) ~ 4/2. cos [ (n+ +) 9-F, sin Ê x 0. (18) 


7. The free-space Green's function has the following integral representation [cf. 


9. 


10 


Eq. (5.4.7a)]: 
el vkl: 


= = ml SAY Cp) JERR (19) 


where r = (p* + z?)!'?, and the integration path passes above the branch points 
at € = —k, 0 and below the branch point at € = k. Assuming p large, use the 
asymptotic expansion for H((€p) given in Eq. (6.4.82), and then perform the 
asymptotic expansion of the integral in Eq. (19) by the methods of Secs. 4.2a 
and 4.2b. Show that the higher-order terms in the expansion vanish so that the 
leading term furnishes the exact result. 


Using the integra! representation (cf. Eq. (5.4.36c)], 


Gy 


HW (kp) = L f, ett? cos y dw, (20) 
where P js the integration contour in Fig. 5.3.6(b), derive the asymptotic ex- 
pansion in Eq. (6.4.8a) by the method of Sec. 4.2b. 


Perform the operations implied in Eq. (4.2.42) to obtain the complete asymp- 
totic expansion in Eq. (4.2.43). 


Utilize the double integral representation in Eq. (5.4.12b), 


Gy = gaf agf” aperu t A + ee = Pilz) (21) 


to derive the asymptotic approximation for large r = Vx? + y? + z? 


(a) Perform the asymptotic evaluation by using the results of Sec. 4.7, 

(b) Perform first the asymptotic evaluation of the y integral via the procedure 
of Sec. 4.2a, and then perform the evaluation of the č integral. Compare results 
of the two procedures. 
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ð. Fields in Plane-Stratified Regions 


5.1 INTRODUCTION 


Representations of Green’s functions for regions with planar stratification 
along z, derived in Sec. 2.3, require knowledge of eigenfunctions in the domain 
transverse to z, and of their z-dependent modal amplitudes. Eigenfunction solu- 
tions for various cross-sectional domains have been given in Chapter 3, while 
Sec. 2.4 contains information on modal voltage and current amplitudes. For 
transversely unbounded regions, the eigenfunctions form a continuous spectrum 
(see Sec. 3.2). The resulting Green’s function representations then involve single 
or double integrals that must be evaluated for extraction of explicit informa- 
tion on field behavior. Of special interest in radiation and diffraction theory are 
far fields, for which the integrals may be reduced by the asymptotic methods 
discussed in Chapter 4. Contributions from saddle points and singularities in 
the integrands result in wave constituents that can be interpreted as geometric- 
optical and diffracted ray fields. This chapter explores these aspects in detail 
for time-harmonic and impulsive excitation of a number of plane-stratified 
configurations. 

The discussion begins in Sec. 5.2 with a summary of steady-state and time- 
dependent electromagnetic field representations and their scalarization. These 
formal results for arbitrary longitudinal stratification are specialized to un- 
bounded cross sections viewed either as rectangular or cylindrical waveguides 
excited by time-harmonic and pulsed point or line sources, and also by moving 
sources. Analytic properties of typical representation integrals and asymptotic 
forms for the far-zone (or high-frequency) solution are summarized in Sec. 5.3, 
with emphasis on a physical interpretation of wave species resulting from sad- 
dle points, poles, and branch points. 

Attention is given to specific geometrical configurations, the simplest being 
the unbounded homogeneous dielectric medium in Sec. 5.4. While the Green’s 
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functions for various source configurations in such a medium can be derived 
directly in closed form, we treat modal representations and their asymptotic 
reduction to illustrate relevant concepts and techniques for simple examples. 
The discussion proceeds to sources in the presence of a semiinfinite dielectric 
medium (Sec. 5.5) for which the far-zone field contains not only the direct, 
reflected, and refracted contributions of geometrical optics but also diffracted 
constituents in the form of surface waves and (or) lateral waves (the latter are 
associated with phenomena of total reflection). Consideration is given to tran- 
sition regions wherein the field cannot be described in terms of these distinct 
wave types; analytically, transition effects arise from a confiuence of saddle 
points and pole or branch-point singularities in the integral representation. The 
nature of geometric-optical and diffraction fields becomes evident from the 
study of transient propagation (Sec. 5.5d), which permits tracking of various 
wavefronts and thus clarifies corresponding time-harmonic phenomena. 

Section 5.6 is concerned with fields excited by sources in the presence of a 
dielectric slab. This configuration exhibits effects of multiple refiection between 
the slab boundaries and, when the dielectric constant in the slab exceeds that 
in the exterior medium, of wave trapping. The energy in the trapped or surface 
waves is confined to the slab region and transported in the direction parallel to 
the boundaries, whence a field representation in terms of modes guided along a 
transverse coordinate p is appropriate for emphasizing such wave phenomena. 
The p-transmission representation can be constructed directly on use of the slab 
eigenfunctions developed in Sec. 3.3c, or by contour deformation from the 
z-transmission representation; the latter procedure involves the characteristic 
Green’s functions of Sec. 3.3a and illustrates the general theory of alternative 
representations presented in Sec. 3.3c. Analogous considerations apply to the 
constant-impedance boundary treated in Sec. 5.7, which may, under suitable 
conditions, also guide a surface wave. Section 5.7d contains an example of ex- 
citation by an aperture, thereby demonstrating how Green’s function solutions 
are used for synthesizing distributed source configurations. 

The preceding examples comprise plane-stratified regions with piecewise 
constant properties along z for which the modal Green’s function solutions can 
be obtained in terms of trigonometric or exponential functions as in Sec. 2.4. 
For continuous stratification, treated in Secs. 5.8 and 5.9, the non-uniform 
transmission-line theory of Sec. 3.3b is applicable and yields formal results for 
arbitrary inhomogeneity profiles, as summarized in Sec. 5.8b. Explicit solu- 
tions can be obtained either for “slowly varying” inhomogeneities or for special 
profiles. For the former, the geometrical-optics method introduced in Sec. 1.7 
is applicable and is illustrated in detail in Sec. 5.8c. Alternatively, one may 
Proceed as in Sec. 5.8d from modal representation integrals, simplified on use 
of the WKB approximations (Sec. 3.5c) for modal Green’s functions. When 
applicable, asymptotic evaluation of the integrals yields the geometric-optical 
field but unlike the direct geometric-optical method in Sec. 5.8c, also provides 
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field solutions in transition regions near caustics; to accommodate these re- 
gions, the asymptotic evaluation must account for the confluence of two saddle 
points in the integrand (see Sec. 4.5a). 

Special inhomogeneous stratifications are exemplified in Sec. 5.9 by the 
inverse-square and continuous-transition (Epstein) profiles. Particular attention 
is given to the inverse-square medium, which possesses a number of interesting 
properties, Its transmission-line solutions involve the well-explored Bessel func- 
tions, so various analytical and asymptotic aspects of the general procedure in 
Sec. 5.8 can be verified in detail. The simplicity of the solution carries over to 
the study of ducted propagation in Sec. 5.96. Two-dimensional radiation and 
diffraction problems in the inverse-square medium are closely related to a class 
of rotationally symmetric scattering problems in three dimensions; utilization 
of this analogy in Sec. 5.9c provides insight into a number of two-dimensional 
and three-dimensional radiation and scattering processes. 


5.2 FIELD REPRESENTATIONS IN REGIONS WITH PIECEWISE 
CONSTANT PROPERTIES 


5.2a Derivation of the Time-Harmonic Field From Scalar Potentials 


The electromagnetic fields excited by time-harmonic electric point currents 
S(r, t) = J°d(r — r')e/"' and magnetic point currents Mr, t) = Med(r — r')e/”" 
may be represented at r ~r’ as [see Eq (2.3.6)]T 

Kr, r') = V x V x z,JV(r, r')— jouv xz (r, r’), (la) 
H(r, r') = jweV x zo'r, r) + V x V x zA (r, r’), (1b) 


where the E- and H-mode Hertz potentials IT’ and IJ”, respectively, are related 
via Eqs. (2.3.24) and (2.3.25) to the scalar functions S’ and S”, 


W(r, r’) = mV x Vx a'l, r') — MeV! x 255", F'), (Ie) 


IP'(r, r) = IOV X WANE, r) + EMV x V' X Zf”, r’). (1d) 


It may be recalled that the operations in Eqs. (Ic) and (1d) imply that 
A-V X Z = —A, X ZV), (le) 


A-V XVXL= A-V — A, V}, (1f) 


where A is any vector and V/ operates on the source-point (primed) coordi- 
nates. Equations (le) and (If) illuminate the role played by the transverse and 
longitudinal vector components of the source configuration. In particular, a 
longitudinal electric current element J° = z,J°, M° = 0, contributes only to 


+Time-dependent quantities in this chapter will be distinguished by a superscript cir- 
cumffex. 
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If'(r, r'), thereby exciting E modes only, and a longitudinal magnetic current 
element M° = 2,442, J° = 0, generates only H modes, whereas both mode types 
are excited by a transversely directed source of either electric or magnetic cur- 
rent. 

It has been shown [Eqs. (2.3.32) and (2.3.33)] that if E(r, r’) and H(r, r’) 
satisfy the Maxwell field equations for point current excitation, then S(r, r') 
and £'(r, r’) satisfy the differential equation 


(V+ VEZ) = irr), K = pe, (2) 


subject to appropriate boundary conditions. By definingt 

-V Sr, r') = Gr), VS", t) = G(r, r'), (3a) 
one may relate S’ and S” to the corresponding Green’s functions G’ and G” 
of the scalar wave equation since 

(V? + e A = —Kr — r’). (3b) 

It may be noted from Eqs. (1c)-(1f) that the derivation of the Hertz poten- 
tials and thence of the fields for arbitrary source orientation does not require 
a knowledge of S’ and S” but rather of V S’ and V; S”. This aspect is of 
importance since the latter quantities are sometimes determined more easily than 
F’ and S” and they also do not exhibit convergence difficulties associated with 
certain spectral representations of S’ and S”. Furthermore, for purely longitu- 
dinal sources, the significant quantities are V S” and (or) VP S”, whence in this 
instance the fields may be derived from the scalar Green’s functions in Eqs. 
(3). Since an arbitrarily oriented source may be decomposed into a transverse 
and longitudinal part, it is useful to list the corresponding reduction of Eqs. 
(Ic) and (1d) for these separate cases. When the source is transverse (J? = 
M: = 0), 


W(r, r’) = AA 4+ Me x zo) WH(r, T’), (4a) 
IT''(r, r^) = (z xJ? + _| Me g ) ViS'(r, r’) (4b) 
, 0 jou oz! t > ’ 
whereas for a longitudinal source (J? = M? = 0), 


Il'(r, r’) = h, r’), I(r, r’) = iG" r’). (4c) 


For certain simple problems, Egs. (2) and (3) may be solved directly, but 
generally it is necessary to resort to appropriate representations. From a trans- 
mission-line analysis along the z axis, with eigenfunctions evaluated in the cross 
section transverse to z, one has the following solutions in terms of a modal ex- 
pansion [Eqs. (2.3.24a) and (2.3.25a)]: 


tThe operator y? could have been replaced by ọ/? [see Eqs. (2.3.32b) and (2.3.33b)]. 
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Fr, = ak g SORNE Ye, 2) Ke 0, (5a) 
Pr r’) = >» AOAC )Z'{(z, z’) "20 (5b) 
, Pre )4 a ’ ti , 


and also, from Eqs. (2.3.32b) and m 


G'(r, r’) = gg Tir >» @(p)®?(p' yVi(z, Z J (5c) 
G"'(r, r) = sgy E VOW OZC, 2). (5d) 


The notation €(z’) and u(z’) for a multilayered region implies that these quan- 
tities are to be evaluated in the medium containing the source point z’. When 
no argument is indicated, € and yz refer to the medium properties at the ob- 
servation point. It is recalled that @,(p) and y,(p) are the scalar eigenfunctions 
that have been listed in Chapter 3 for a variety of cross sections. Yi(z, z') and 
Z, (z, 2’) are, respectively, the E-mode current excited by a unit voltage gener- 
ator and the H-mode voltage excited by a unit current generator (see Figs. 2.6 
and 2.7), and they are related as follows to the one-dimensional E- and H- 
mode Green’s functions: 


Yi(z, 2’) = jwe(z’)gikz, 2’), 2 (z, 2’) = jou(z')gn(z, 2’), (6a) 
where giz, 2’) and g,/(z, z’) satisfy the equation 


(i F Ki) £,A(2, z) = —d(z — 2’), a? = k — kè, (6b) 
subject to appropriate boundary conditions at the endpoints of the z domain. 
It is to be anticipated from Eqs. (5a) and (Sb) that difficulties in the representa- 
tion arise when the eigenvalue k,, = 0 is admitted, as may be the case for con- 
tinuous spectral distributions [see the footnote to Eq. (2.3.24a)]. 

The preceding considerations make evident that the basic problem involves 
the determination of the scalar functions S’, S” or G’, G” specified by the dif- 
ferential equations (2) and (3b), respectively; some simple boundary conditions 
permit the direct integration of these equations in closed form, whereas more 
general cases require the series or integral solutions resulting from an eigen- 
function expansion. 


5.2b Modal Representations for Unbounded Cross Sections 


Since the configurations to be analyzed possess transversely unbounded cross 
sections, the transverse eigenvalue problem is highly degenerate and many al- 
ternative choices of coordinate systems are possible. The most useful for point- 
source and transverse-line-source excitation are the circular cylindrical and 
rectangular, respectively, since they account in the most direct manner for the 
symmetry properties of the associated fields. In view of the absence of trans- 
verse boundaries, the eigenvalue problems for the E and H modes are identical 
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so that ®, = Yn and the distinction between the E- and H-mode Green’s func- 
tions resides solely in their longitudinal dependence. For the rectangular wave- 
guide description, one obtains via Eqs. (5c), (5d), (6a), (6b), and (3.2.40) the 
double Fourier integral representation, 

G(r, r') = zal J e ix x) -In-y) g (z, 2") dé dn. (7) 
While the circular waveguide description can be obtained in a similar manner 
on use of Eqs. (3.2.78) instead of Eqs. (3.2.40), it is instructive to develop the 
resulting representation directly from Eq. (7).1 We consider an integral of the 
form 


raf f ftkjeorrdk, = XE + Yom = (Ta) 


with k, = |k,| and dk, = d€ dy. On introducing polar coordinates (p, $) and 
(k, &) in the p and k, spaces via p = p(x, cos ¢ + yosin $), k, = k(x, cos & -+ 
yo sin æ), and noting that dk, = k, dk, du, one rewrites Eq. (7a) as 


on 2n 
I = dk, k, fika | dae THES i (7b) 
0 0 
Replacement of each of the exponentials in Eq. (7b) by the series expansion 
enost = È iM P e, (7c) 


interchange of the orders of summation and integration, and reduction of the 
a integral, yields the Fourier-Bessel representation for J in Eq. (7a): 


[= 2m Z eme- | dk, k Sk) In Ke Jnl Kb’) (7d) 


ma- 


Thus, the circular waveguide description of G(r, r’) is in the notation of Eq. 
(3.2.78) (with € denoting k,), 


Gore) = gg Ee mew S EIAI eles z) dE. (Ba) 


For subsequent application, it will be useful to employ instead of Eq. (8a) a 
representation involving a range of integration in ¢ from —oo to +00. Pro- 
vided that g,(z, z') is an even function of €, a requirement satisfied by the 
longitudinal Green’s functions to be encountered subsequently, the desired 
representation may be derived as in Eqs. (3.2.64)-(3.2.73) and yields 

G(r, r) = gg È emo lena Hep. deal, z’) dé. (8b) 
The lower integration limit indicates that the branch point at č = 0 introduced 
by the transformation is avoided as in Fig, 3.2.10(b). The choice of trans- 
formation involving H, instead of H,” is motivated by the fact that, for a 
time dependence exp ( jwt), the former satisfies the radiation condition at p —> 
co in a natural manner and facilitates subsequent asymptotic evaluation of the 
integral (see Sec. 5.3d). 
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Since k} = & + m and k} = & for the rectangular and circular waveguide 
representations, respectively, it follows from Eqs. (5a), (5b), and (6a) that in 
rectangular coordinates, 

p- RH x) -IO 


f bi te , 
f(r, r’) = lf. a carr g:(Z, z’) dg dn, (9) 


whereas in circular cylindrical coordinates, 


Pir’ 7 2 i: di f F IASP)I nP Elz, 2') de, (10a) 
r,F ) = T 7 
Fe ee f ap a(CP HP EP) z) dE, (10b) 


where g,,(z, z) depends on k,, via the longitudinal propagation constant x, = 
(k? — k3)”. The occurrence of k,, = 0 in the continuous spectrum of eigen- 
values leads to the previously mentioned convergence difficulties in Egs. (9) 
and (10a), so these results must be regarded as purely formal. However, the 
functions V, S, from which the Hertz potentials are calculated via Eqs. (4a) 
and (4b), have valid representations, as will be demonstrated for Eq. (10a). In 
cylindrical coordinates, V; = po(0/dp’) + oi(0/p’ 06’). The convergence prob- 
lem arises from the m = 0 term only, since for m = 0, the behavior J,(ép) 
~ (€p)" as č — 0 assures regularity of the integrand at € = 0. The differentia- 
tion of the m = 0 terms with respect to p’ results in the occurrence of €J,(¢9’) 
~ ¢? in the numerator of the integrand, so the integral representation for 
(0/dp’)S is regular at č = 0. The derivative of the m = 0 term with respect 
to ġ' vanishes identically since this term is independent of $’. Thus, the modal 
representation for VS is regular at € = 0, with the implication that the dif- 
ferentiations are performed on the summands (or integrands) of Eqs. (Sa) and 
(Sb).t 


Point-source excitation 


The suitability of the circular waveguide representation for point-source- 
excitation problems may be made manifest if the coordinate system is chosen 
so that p’ = 0 (i. e., the source is located on the z axis). For a longitudinal 
dipole, the electromagnetic fields may be derived directly from G(r, r’) [see Eq. 
(4c)], which reduces in view of J,(0) = 1, J,,(0) = 0, m + 0, to 


Clr, D = h f cH Caled dE =O. D 


For transverse source vector distributions, the requisite scalar functions are 
the potentials IY and II” in Eqs. (4a) and (4b). When p’ — 0 in the previously 
discussed representation for V; S derived from Eqs. (10a) and (10b), one may 


tin the derivation of Eqs. (2.3.24) and (2.3.25), it was assumed that derivative opera- 
tions can be commuted with the summation in Eqs. (2.3.24a) and (2.3.25a). This is not o 
case for integral representations as in Eq. (10a), whence one must consider y7’ and y,7""; 


as noted above. 


Sec. 5.2 Field Representations in Piecewise Constant Media 449 
verify that only the m = | terms contribute, whence 


Po sn f IGP) Bz, 2') de, (12a) 
VITS) p = 0, 
Pozz |, HP EDEA, z) dë, (12b) 


where P» is the radial unit vector in the plane transverse to z: pp = X, COS + 
ya sin $. 


Line-source excitation 


When the excitation is in the form of a line distribution of sources confined 
to the plane z = 2’, it is convenient to choose the rectangular waveguide repre- 
sentation and to orient one of the transverse coordinate axes, say x, along the 
source direction., The resulting simplification of Eqs. (7) and (9), a consequence 
of integration over x’ to synthesize the line distribution, is not impaired when 
the source elements are phased progressively according to exp (—j#x’), where 
@ is a real constant. Moreover, the orientation of the elements with respect to 
the line axis is arbitrary (Fig. 5.2.1). It follows that the relevant forms of 


x 


eax 


FIG. 52,1. Line source of arbitrarily oriented, progressively 
phased current elements. 


G(r, r’) and Y(r, r’) are obtained by multiplying Eqs. (7) and (9).by exp (—ja.x’) 
and integrating between x’ = —oo and x’ = +o; a subsequent interchange 
of the orders of integration and the recognition that f2. exp [—j(@ — &)x’] dx’ 
= 2nd(@ — č) leads to the two-dimensional forms 


Gir, B) = [eG r) dx = eGR, BY, P=) (13) 


where G(f, P’) is the two-dimensional Green’s function 
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GOB, P) = sz f eg Az, z) dn. (13a) 
Similarly, from Eq. (9), 
Flr, P) = eP, 6), (14) 
where 
= p-Inly-y) 
P) = 55 [Serge Bales 2) dn. (14a) 


In Eqs. (13a) and (14a), the longitudinal propagation constant occurring in 
£.(Z, 2’) is to be written as x, = (k? — a? — py’. 

Unless a = 0, no difficulty at n = 0 is encountered in the integral repre- 
sentation in Eq. (14a), and one may derive the potential functions II(r, p’) 
and II’(r, p’) from Eqs. (4a) and (4b) by substituting Eq. (14) and replacing 
V! by —jax, + y(0/dy’). When a = 0, the integral representation for ViP 
possesses a simple pole at n = 0. This pole is of no consequence since it does 
not contribute to fields obtained from Z by differentiation operations involving 
single or double derivatives with respect to y [see Eqs. (1) and Eqs. (5.4.31)]. 


5.2c Fields Excited by Impulsive Sources 


When the sources are stationary in space but have an impulsive time de- 
pendence 


Scr, ) = Jól — 1’), Mir, ) = M — t’), (15) 


then since (t — t) = (27) f2- exp jar — jor’) dw, the resulting transient 
electromagnetic fields may be inferred from the time-harmonic solutions in 
Sec. 5.2a upon multiplication by (22)~' exp{ jwr — jar’) and integration be- 
tween — œ and + co over the frequency variable w = kë =k /./pe, where č 
is the speed of light in a medium with non-dispersive dielectric constant € and 
permeability u.+ This implies via Eqs. (1) that the vector fields E(r, r’; t, 1’) 
and H(r, r’; t, t’) for an impulsive point source are derivable from the time- 
dependent scalar Hertz potentials [I(r, r’; t, t) or from their time derivatives 
(a multiplicative factor jw is replaced by 0/0t), and the Hertz potentials may 
in turn be obtained from Ar, rst, t)or G(r, r’; £, t). It is sometimes more 
convenient to deal not with the source current densities J and M but rather 
with the dipole moments § and Ñ defined as 


0 0 
= = 16 
Kir = z 6,9, Ñr, 1) = = Ñ, 0), (16) 
since one avoids thereby the necessity of time integration of the space- and 


tWhile all physical media exhibit dispersion, the results derived on the basis of dis- 
persionless materials are meaningful when the transient source distribution has a confined 
frequency spectrum over which ¢« and y are essentially frequency independent. T he im- 
pulse excitations discussed here may be used to synthesize physically réalizable source 
functions with these spectral characteristics. 
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time-dependent functions ¥ or G [factor of (ja)-' in Eqs. (1c), (1d), and (4c). 
Thus, the fields generated by a longitudinally directed electric or magnetic 
dipole having a moment density 


P(r, t) = zapele — rôl — t’), M(r, t) = zâl — rôl — r) (17) 
are obtained from Eqs. (la), (1b), and (4c) as [see also Eqs. (1.1.53)] 
fir, r’; t, 1) = Êy X V x G(r, rt, “y— mV x 14 G(r, r’; t, t’), 
(18a) 
, a 0 Ar , 7 fi An , i 
filr, r'; £, 1) = BV X Zaa G(r, 6, t’) + a VxVxz,6%r,r': t,t), 
(18b) 


where the dielectric constant € and the permeability 4 are assumed to be fre- 
quency independent (non-dispersive medium). G is the space- and time-de- 
pendent Green’s function 


A l. A l = \pojæ t-r) 
Gir, r’; t, t^) = zl G(r, F’)e dw, (18c) 
which satisfies the differential equation 


2\ a 
\ ~ A ga) ote r; t, t) = — ô — rat — t’), 
ERE. SERN Lofo 
= Tae = N pe 


subject to the same spatial boundary conditions as G,(r, r’), and to the tem- 
poral (causality) condition that all fields vanish prior to ¢ = ¢’. 4 and € are 
the constitutive parameters in vacuum. The subscript w has been added to the 
time-harmonic solution G(r, r) to emphasize its dependence on frequency. 
Analogous expressions may be obtained for transversely directed dipole sources. 
The temporal profiles corresponding to the excitation functions in Eq. (17) are 
shown in Fig. 5.2.2. 

It has been shown in Sec. 1.6b that the recovery of the transient solution 
from the time-harmonic result is accomplished directly if the integral represen- 


(18d) 


(a) Dipole moment (b) Current 


FIG. 5.2.2 Corresponding dipole moment and current profiles. 
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tation for the latter can be cast into a special form. In particular, if it is pos- 
sible to write G. as a Laplace integral, 


G,(r, r’) = 3 e" A(T, T’; T)dīt, s=jo, (19a) 


where A is independent of s, then from the definition of the Laplace transform, 
Ĝ(r, r’; t, ) = Ar, T; t — t’). (19b) 


Included in the category of integrals expressible as in Eq. (19a) is the generic 
radiation integral in Eq. (5.3.14), 


LL, a) = f e71% -0f (w) dw, (20) 


where P is the contour shown in Fig. 5.3.5b. The parameters L and & are as- 
sumed to be positive, & being restricted to the range 0 < & < n/2, and the 
function f(w) is independent of k = w/é, where ¢ = (uey! is the speed of 
light in the medium. As observed in this chapter and in Chapter 6, a number 
of time-harmonic radiation and diffraction problems can be expressed in this 
form. Since the analysis in Eqs. (1.6.34)-(1.6.41) is based on an assumed time 
dependence exp (—iwt), we repeat the principal steps for the presently used 
exp (j@t). Introducing w — —js in Eq. (20), one may write 
LL, @) = | E e- ovf (w 4 Gi) dw, (21) 

where it has been assumed that the function f(w) has no singularities in the 
strip 0 < [Re w| < 2/2. The contour deformation employed in achieving Eq. 
(21) ts justified as in Eq. (1.6.38). 

On successive changes of variable B = —jw and t = (L/é) cosh $, one 
obtainst 


IL a= j{ 7 ot ee dt (22a) 
b(t) = fa + j cosh= (E5) | 4+ sla = joosb*(F) |, (22b) 


whence on comparison with Eq. (19a), 


(23) 


o, <L, 
A(t) = i 


Jo) 
JEDIJE T? T 
If ww) = jf(w) is real for real values of w, then v(w*) = v*(w) and 
jb(t) = Ref if | a + j cosh (5) |} (23a) 


Several applications of this result are given in the following sections. 


+If the exponential in Eq. (21) bas some other form exp [—s(Z/é)A(w)}, the variable t 
is defined as t = (L/č}h(w). 
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§5.2d Fields Excited by Charges in Uniform Rectilinear Motion 


Transient fields may also be excited when the location of the source changes 
with time, even though the source strength itself is non-varying. The simplest 
class of such problems involves uniform motion of an electric charge along a 
straight-line path. The results are of interest for studies of the interaction of 
high-speed charged particles with material media of various types (dielectrics, 
plasmas, etc.), and bear on such physical applications as the absorption of pro- 
tons in “‘swimming-pool” atomic reactors, or the excitation of low-frequency 
noise in the earth’s exosphere by streams of charges emanating from the sun. 

A point charge of strength q is assumed to move with constant speed v 
parallel to the x axis of a rectangular coordinate system. The current density 
3(r, t) associated with this moving charge is 


Scr, 1) = xoqu (x — vt) ôl y — y’) &(z — 2); (24) 
its Fourier spectrum function J(r, w) is obtained as 


J(r, w) = f Jr, tjet dit = Xoge 1*2 «6(p SER ĝ’), 


pb = (yz ), Bae <1, k= 2 = ope, (25) 


where c is the speed of light in vacuum. Thus, the associated time-harmonic 
source distribution J(r, w) is a line current with a linearly varying phase [see 
Eqs. (13) and (14)], and the radiation from the point charge moving in various 
environments can be obtained from the time-harmonic line-source solutions via 
the inverse Fourier transform. Applications to special geometries, and discus- 
sion of concomitant Cerenkov-type effects, may be found in Secs. 5.4e and 5.5). 

While application of the inverse Fourier transform is essential for the deter- 
mination of the real, time-dependent electromagnetic fields Ê(r, t) and Ar, t) 
excited by moving charges, it can be avoided for the evaluation of the total 
radiated energy, which is often of more interest than the fields themselves. The 
Poynting vector 


P(r, th = Kr, t) x f(r, t) (26) 


represents the flow of electromagnetic field energy per unit area per unit time. 
To calculate the radiated energy, one defines a total energy flow vector W(r) 
per unit arca as 


W(r) = f 7 P(r, t) dt. (27) 


We now substitute for Ê and Ñ their Fourier integral representations; these 
may be written conveniently in terms of f(r, w) and a complex-conjugate func- 
tion f*(r, œw). Since f(r, t) is real, one notes from 

f(r, @) = {2..f(r, t) exp (— jwt) dt 
that /(r, —w) = f*(r, w): 
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a 


leos = ( : f(x, oye!" do + sa). S*(r, we!” dw, (28) 
Thus, upon assuming the interchangeability of the ¢ and w integrations, 
41? W(r) = f dw f doo! [EC, w) x H(r, w’) f ereton ae 
+ E*(r, w) X H(r, w) f g e71 o-a dy 
+ E(r, œ) x H*(r, w") f - ela dy 
+ E*(r, w) x H*(r, o) f7 enean di |, (29) 
and, since f? e~/*' dt = 2nd(a), 
Wr) = 4 Ref P(r, @)dw, P(r, w) = Er, œ) x H*(r, œ). (30) 
Hence, 
W.(r) = + Re P(r, w), (31) 


represents the total energy flow per unit area in the frequency interval between 
wand w + da). 

The total energy flowing through a plane z = constant, per unit angular 
frequency at @, is given by 


W (2) = f, W,(r)- 2945, (32) 


where S is the cross-sectional area transverse to z. Upon substituting the 
modal representations (see Eqs. (2.2.8)] 


E(r, œ) = p2 Viz, @)e(p) + x V; (z, oe; (p), (33a) 
H, (r, @) X Z = 2 T(z, oe(p) + p? Iz, wje; (P), (33b) 


into Eq. (32), inverting the orders of summation and integration, and recalling 
the orthonormality properties (2.2.1 1b) of the vector-mode functions, one finds 


W (2) = F Rel E Viz, o*l, @) + E Vie oE @)|. (34) 


Thus, W,, is given as a superposition of individual mode powers and involves 
only the modal amplitudes V, and J,. Finally, the total energy W flowing 
through a plane z = constant is given by 


W(z) = f W(t): 24S = f W (2) dw. (35) 


tThe equality of Eqs. (27) and (30) is known as Parseval’s formula ? [see also Eq. (1.2. 
27)). 
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Although the analysis in Eqs. (26)-(35) has been performed in the context 
of radiation from moving charges, it should be noted that the above energy 
calculation, and in particular the modal result in Eq. (34), is more generally 
applicable. 


5.3 INTEGRATION TECHNIQUES 
5.3a Analytical Properties of the Representation Integrals 


Calculation of the multidimensional Green’s functions from the integral 
representations in Eqs. (5.2.7)-(5.2.14) requires knowledge of the one-dimen- 
sional modal Green’s functions g,,(z, 2’); determination of the latter from Eq. 
(5.2.6b) implies specification of the detailed properties of the rcgion along the 
z coordinate. While g,, thus depends on the nature of the z stratification, ge- 
neral asymptotic properties of the field can be inferred from the analytic 
behavior of the integrands without restriction to specific geometries. The dis- 
cussion in this section is concerned with the contribution to the asymptotic 
field solution from stationary (saddle) points, poles, and branch points in the 
integral representations, and with the physical interpretation of the correspond- 
ing wave types. These general results are applied to specific geometrical con- 
figurations in the remaining sections of this chapter. 

The longitudinal Green’s functions g,(z, 2’), left unspecified so far, depend 
on the integration variables € or 4 via the longitudinal propagation constant 
K, = (k? — k2)'2, Ina multilayered region with piecewise constant €,, He, 8 = 
1,2,..., N, gu is a function of the various propagation constants K,, = 
(ki, — ki)’, where ky = @(jts€,)'?. The functional dependence of g, will be 
shown to be even with resgect to K,, in a fth layer of finite width along z, 
whereas this is not the case in a semiinfinite region. Since an even function of 
K,, possesses a series expansion in powers of (x,,)", n = 0,1, 2,..., 8, is re- 
gular at the point x,, = 0 in the complex x,, plane. On the other hand, for a 
semiinfinite section characterized by €,, 4, (extending to z = — 20) or Ey, My 
(extending to z = +00), the lack of evenness implies the existence of first- 
order branch points at k, = +k, or ku = +k,, respectively. Thus, the lon- 
gitudinal Green’s function g,, for a region containing an arbitrary number of 
layers exhibits branch points at k, = +k, +k, when both z = — œ and 
z = +œ are accessible, branch points at either +k, or +k, when an impene- 
trable boundary prevents accessibility to z = +-oo or z = —%, respectively 
(see Sec. 5.7), and no branch points when two impenetrable boundaries confine 
the region to a finite z interval (see Fig. 5.3.1). The presence of boundaries also 
gives rise, in general, to simple pole singularities in g, (see Secs. 5.5 and 5.6). 

The precise form of g,,(z, z’) depends on the details of the stratification 
along the z direction, and methods for its construction are discussed in Secs. 
2.4 and 3.3b. In view of the differential equation (5.2.6b), the solution is syn- 
thesized in terms of trigonometric or exponential functions. While for a mul- 
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FIG. 5.3.1 Various physical regions, modal network representa- 
tions, and the corresponding branch-point singularities of the modal 
Green’s function in the complex k, plane. The modal subscript / 


has been omitted and xg = 4/k} — ki, 


tilayered configuration g,(z, z’) may be quite complicated [see Eqs. (2.4.28)], 
it has a simple generic form when both the source point and the observation 
point are located in a seminfinite region (e. g., in the region z < 0 in Figs. 
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5.3.1(a) or 5. 3. 1(b)]. In this instance, the Green's function is composed of 
an “incident” wave appropriate to an infinite region with wavenumber k, and 
a “reflected” wave whose amplitude is determined by the details of the confi- 
guration in the half-space z > 0. In particular {see Eqs. (2.4.29c) and (2.4.29d) 


with I-,(z,) = 0], 
galz, 2) = gage lee IEP (0er +], z, z <0, (1) 


where T0), the modal (voltage) refiection coefficient looking into the region 
z > 0 from z = 0 in region 1, is expressed in terms of the modal input impe- 


dance Z0), as follows : 


TO = 20-2, (1a) 
Z(0) + Z, 
The — and + signs in Eq. (1) are associated with the E-mode and H-mode 
problems, respectively [see Eqs. (5.2.6a), (2.4.29c) and (2.4.29d)]. Z,(0) may 
ve determined by a repeated application of Eq. (2.4. 10), which relates the input 
impedance Z,(2p- 1) at Zg, to the input impedance Z (Zp) at Zp: 


Zz,- D] +e )/Z ip] cot [Kig(Zp-1 — zo) (1b) 
Zio [Z (24)/Zig] + j cot ielai — za) 


with Z,, denoting the characteristic impedance in the region between z,., and 
Zp [Eq. (2.2.15)]; 


Zi = Ke for E modes; Z = Hs for H modes. (1c) 
WE, Kip 


The primes and double primes that distinguish E- and H-mode quantities, 
respectively, have been omitted for convenience. 
For a determination of the singularities of g,(z, z^) in the complex k, plane, 


it suffices to examine the singularities of the reflection coefficient T (0) or 
equivalently, the branch points and zeros of the total impedance function Z,(0) 


= [Z(0) + Z,,).t The zeros of Z,(0) locate pole singularities which are de- 
scriptive of the waves guided in the direction transverse to z [see Secs. 5.5 and 
5.6; these waves may be either of the surface-wave (modal) or leaky-wave 
(usually non-modal) type]. Concerning branch-point singularities, one observes 


from Eq. (1b) that Z (29-1) is an even function of xK,, and therefore regular at 
k, = +k, since Z,, is an odd function of Kis and Z, (Zp) is a function only of 
Kim n> B+ 1. Since the expression for ZO) is deduced by repeated applica- 
tion of Eq. (1b), it follows that Z{0) is an even function of all x,, associated 


{For configurations containing stratification or boundaries i in the region z < 0 as well, 
the total impedance function is replaced dy ZO) = se ‘Z0 +20) {see Eqs. (2.4,28)}. 
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with layers of finite width. If the last (Nth) layer extends to infinity, its input 
impedance is given by Z,,, which is an odd function of x,y and hence possesses 
branch-point singularities at k, = +k. On the other hand, for an impene- 


trable wall at z,, Z (zy) = Z, and no branch points are introduced since the 
surface impedance Z, is a constant independent of k„. Analogous considera- 


tions apply to Z0). The results stated in Fig. 5.3.1 are therefore verified. 
Since the branch points lie on the integration paths when k, is real (lossless 
medium), the disposition of the contours in Eqs. (5.2.7)-(5.2.14) near the sin- 
gularities must be clarified. For example, in Eq. (5.2.80), where k,, = €, branch 
points due to K,, occur at ¢ = +k, While the determination of the proper 
integration paths can be carried out for real k, (see Sec. 5.3b), it is simpler far 
the present to assume slight dissipation, so that for an exp (jwt) time depen- 
dence k = olu(e, — je,)}'” has a small negative imaginary part, where €, and €, 
are the real and imaginary parts, respectively, of the dielectric constant €. Thus 
the branch points are displaced from the real ¢ and 7 axes into the fourth and 
second quadrants of the complex ¢ and y planes. If one now lets €, — 0, it 
follows that the path of integration should be indented around the singularities 
into the first or third quadrants, respectively, for branch-point locations on the 
Positive or negative axes (Fig. 5.3.2). Concerning the convergence of the inte- 
gral (for a lossless medium) with real k*, we recall the restriction that for 
non-propagating modes (imaginary x,), Kx, = —J|x,|, so finiteness of the integral 
is assured [see Eqs. (2.2.15)]. Phrased more generally, for complex values of 


FIG. 5.3.2 Avoidance of branch-pojnt singularities in the com- 
plex ¢ plane [exp (jor) dependence]. 


€ relevant to subsequent contour deformation, we impose on the square root 
the condition Im k? — ¢? < 0 along the path, which then guarantees conver- 
gence of the exponential terms in Eq. (1). The regions in the complex ¢ plane 
for which Im./k? — &? is negative are examined in Sec. 5.3b for various choices 
of branch cuts that make the integrand single valued ona multisheeted Riemann 
surface. Analogous considerations may be applied to the double integral in 
Eq. (5.2.7), for example, where k} = č? + n?. Branch points in the ¢ and y 
integrals now occur at +4/k? — mand +/k? — &, respectively. 

Pole singularities of g.,(z, 2’) may also lie on the integration path, and their 
avoidance may be clarified by considerations analogous to the above, either by 
displacement from the real axis through the assumption of small loss, or by 
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imposition of the radiation condition on possible residue contributions to the 
field at infinity. 


5,3b Definition of x(¢) = ~/k? — Č? in the Complex č Plane 


As observed previously, the Green’s function integrands in Sec. 5.2b may 
contain branch-point singularities arising, for example, from the mode wave- 
number x, = ~ k? — €*. To assure a unique specification of integrands in the 
complex ¢ plane it is necessary to discuss in detail the analytic properties of 
the square-root function x, = x(¢). When ¢ is real and |¢] < k, k being as- 
sumed real for the moment, the guided wave aiong z is propagating and hence 
the propagation constant x is real and positive, consistent with a positive modal 
characteristic impedance [see Eq. (2.2.15)]. Thus, we require a definition of 
x(¢) such that 


Vk- E>0, —k<t<k. (2) 


To ensure that integrands remain bounded as |x(&)| |z — z’| — œœ, it is necessary 
to impose restrictions on the imaginary part of x. For the time dependence 
exp (jar), the required restriction for real ¢ is x = —j|x] (i.e., Im x < 0 when 
|| > &).t If € is allowed to be complex, the condition Im x < 0 will be im- 
posed for all permitted complex values of x. The analytic continuation of ¢ 
from real to complex values is required for subsequent deformation of the inte- 
gration contours. 

To make the definition of the double-valued function x(€) unique, a two- 
sheeted complex € plane is necessary, with branch cuts providing the means 
of passing from one Riemann sheet to the other. The selection of branch 
cuts is arbitrary but determines the disposition of those regions of the complex 
¢ plane in which Im x < 0, or Im x > 0. Three particularly useful choices 
are shown in Fig. 5.3.3. Let us define 


(k — &) = |k — čle", (k+ č) = |k + Cle’, a, ß real, (3a) 


with the angles æ and J so selected as to make & = 0 and f = 0 when ¢ is 
real and |¢| < k on the top sheet. Hence, 


JETË = [VRE Sette 0022, (3b) 
where we have chosen the positive sign of the square root. iis the imaginary 
unit and does not refer in this context to a harmonic time dependence of the 
field. To satisfy condition (2) it is required that 

a+ B=0, when —k < < k. (4a) 


Consider now the choice of branch cuts in the first part of Fig. 5.3.3 (a). 
With the angles æ and 2 defined as shown, it is evident that condition (4a) is 


tThis requirement, and also (2), follows from the radiation condition, which demands 
that the energy radiated by the source to distant observation points is bounded and out- 
going (see Sec. 1.5.b), 
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planes, 
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met since « = f = 0 when —k <&<k. This position of the branch cuts 
restricts the ranges of a and f on the top sheet tof 


-n <4 <R, —r< pcan. (4b) 


In accord with the usual convention, an angle is counted positive or negative 
if measured in a counterclockwise or clockwise sense, respectively, from the 
horizontal axis. The arguments @ and £ of (k — ¢) and (k + č) on the upper 
and lower sides of the branch cuts have been shown explicitly. Since 0 > 
(a + f) > —x in the first and third quadrants of the complex ¢ plane, one 
notes from Eq. (3b) that sin [(@ + 8)/2] < 0 (i.e, Im x < 0 in these regions). 
Conversely, 0 < & + $ < n in the second and fourth quadrants, implying that 
Im x > 0. It also follows that Re x > 0 on the entire top sheet. All these con- 
ditions are reversed in the corresponding quadrants of the second Riemann sheet. 
The branch cuts in the first part of Fig. 5.3.3(a) evidently follow the contours 
Rex = 0. 

In an alternative choice of branch cuts in the second part of Fig. 5.3.3(a), 
drawn along contours on which Im x = 0, one notes again that & and $ are 
so defined as to satisfy Eq. (4a). In this instance, 0 < & + f < 2r in all quad- 
rants, so Im x > 0 on the entire top sheet. [This choice is pertinent for field 
problems involving an assumed exp (—iwt) time dependence.] The behavior of 
Re x in the different quadrants is also shown. If the branch cuts are drawn 
along the contours Im x = 0 in the manner shown in the third part of Fig. 
5.3,3(a) then Im x < 0 on the entire top sheet and the algebraic sign of Rex 
is as indicated. Again, the algebraic signs of Rex and Im x in the various 
quadrants on the second sheet are the reverse of those on the first sheet. 

In the above discussion, k was assumed to be real. Since all physical media 
have some loss, it is also pertinent to treat the case of a lossy dielectric wherein, 
for an assumed time dependence exp (jwt), € = €, — ja/w, o = conductivity 
of medium. Correspondingly, k = w/e has a negative imaginary part. As for 
real k, it is convenient to choose the branch cuts along the contours on which 
Rex or Im x vanishes. These contours are determined by enforcing « + 2 = 
0, +27, ... for Im x = Oanda+ f = +7, +32,... for Re x = 0. Since 


i= kı BE Ši = kı Et Či 
tan & = k, — E’ tan B = ELE (Sa) 
one finds that both Re x = 0 and Im x = 0 along the hyperbolas 
14: = k,k,. 


Čr k, and ¢,, k, denote the real and imaginary parts, respectively, of č and k. 
One verifies readily that Rex = 0 on those portions of the curves for which 
l¢,} > k,, while Im x = 0 for I| < &,. The corresponding behavior of x in 
the complex € plane is shown in Figs. 5.3.3(b) for k, < 0. One notes that as 


ftConditions (4a) and (4b) constitute the definition of 4/K7—€ on the first branch of 
the two-sheeted Riemann surface. A definition on the second branch would involve x < 
@<3x or x < 8 < 3a, for example. 
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k, — 0 in Fig. 5.3.3(b), one obtains the configurations in the first and third parts 
of Fig. 5.3.3(a). If k, > 0 [for fields having an assumed time dependence 
exp (—i@r)], one has a subdivision of the € plane which is obtainable from that 
in Fig. 5.3.3(b) by a reflection of all curves about either the real or the imagin- 
ary € axis [see Fig. 5.5.4(b)]. The various regions must then be so assigned as 
to reduce to those in Figs. 5.3.3(a) in the limit k, + 0. 

A simple rule may be stated for the assignment of the algebraic signs of 
Re x and Im x in various portions of the complex € plane. It follows from the 
recognition that sign changes in Re x or Im x can occur only when € crosses 
the contours Re x = 0 or Imx = 0, respectively. Thus, if branch cuts are 
chosen along the contours Im x = 0, for example, the sign of Im x is constant 
on either the top sheet or the bottom sheet, since the crossing of the Im x = 0 
curve leads from one sheet to the other. It then suffices to specify Re x and 
Im x consistently at a single point on the top sheet, for example at € =0, since 
one may then deduce the sign alternations in Re x from the crossings of the 
Re x = 0 contours. In this manner, one may arrive directly at the designation 
in the second part of Fig. 5.3.3(b) if the top sheet is chosen so that x, = + k 
até = 0. 


5.3c The Transformation č = k sin w 


To facilitate subsequent function-theoretic manipulations involving integrals 
of the type occurring in Eqs. (5.2.11)-(5.2.14), it is desirable to introduce a 
new complex variable w via the transformation 


€=ksinw, (6) 


which identifies w as a complex angle variable and makes x, = (k? — ¢*)'?=0a 
regular point in the w plane. The transcendental function sin w is single-valued. 
From its periodicity property sin (w + 2mm) = sin w, n = +1, +2,..., it i$ 
evident that a multiplicity of w values corresponds to the same value of ¢. 
Thus, the entire € plane can be mapped into various adjacent sections of “width” 
2n in the w plane. The inverse function sin=' (€/k) in the € plane is multiple 
valued, implying the existence of branch points in that plane. The branch 
points occur at those points in the € plane for which the mapping derivative 
d&/dw vanishes in the w plane and are of the order of the zero of d€/dw. Since 
dt/dw = k cos w, the branch points are situated at € = +k and are of the 
first order. 
To investigate in detail the properties of the mapping from the ¢ to the w 
plane, we separate Eq. (6) into its real and imaginary parts (k is assumed to be 
real): 
€, = k sin w, cosh w,, E, = k cos w, sinh w, (7) 

where 
=¢ + i, w =w, + iw, (7a) 
with &,, č„ w,, and w, real. As shown in Fig. 5.3.4(a), the four quadrants in the 
č plane map in the w plane into corresponding regions, identified via Eq. (7), 
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FIG, 5.3.4 Mapping from the complex č plane to the complex w 
plane. 


which bear the same numbers as those in the č plane. One notes the repeti- 
tious character of the regions in the w plane as w, changes by multiples of 2z. 
Thus, the two-sheeted č plane can be mapped, for example, into the strip —% 
< w, < Zin the w plane. The top sheet of the Riemann surface in the ¢ plane 
as shown in Fig. 5.3.4(a) maps, for example, into the strip —z/2 < w, < 2/2 
in the w plane; each neighboring strip of width z in the w plane can then repre- 
sent the other sheet of the Riemann surface in the complex € plane. Thus, in 
the mapping from the č plane to the w plane, the Riemann sheets in the former 
appear as adjacent regions in the latter. 

The detailed correspondence between regions in the complex w plane and 
those in the two-sheeted € plane depends on the choice of branch cuts in the č 
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plane. To assess this correspondence in a simple manner we utilize the behavior 
of 


K = vk? — & = + kcosw = k(cos w, cosh w, — i sin w, sinh w,). (8) 


With x(0) = k, the plus sign in Eq. (8) is chosen to make the point € = 0 
correspond to w = 0. For a choice of branch cuts as in the first part of Fig. 
5.3.3(a), Im x is positive in quadrants 2 and 4 and negative in quadrants | and 
3. From Eq. (8), Im x = —k sin w, sinh w, so one can identify the regions in 
the w plane of Fig. 5.3.4(a), shaded with slanted lines, as corresponding to those 
on the entire top sheet of the Riemann surface in the first part of Fig. 5.3.3(a). 
Similarly, the vertically shaded regions in the w plane correspond to the choice 
of branch cuts in the second part of Fig. 5.3.3(a) with Im x >0 on the entire 
top sheet; the horizontally shaded regions correspond to the third part of Fig. 
5.3.3(a) with Im x < 0 on the entire top sheet. 
When k is complex, 


K, = k, cos w, cosh w, + ksin w, sinh w,, 
K, = k, cos w, cosh w, — k, sin w, sinh w,, (8a) 


so the boundary curves x, = 0, x, = 0 in the complex w plane appear as in 
Fig. 5.3.4(b). As |w,| — oo, these curves are asymptotic to the lines w, = 1/2 
+A, etc., as shown. The various shaded regions in the w plane of Fig. 5.3.4(a) 
are therefore distorted. The slanted and horizontally shaded regions in the first 
part of Fig. 5.3.4(b) correspond to the entire top sheets of the Riemann surfaces 
in the ¢ planes in the first and second parts of Fig. 5.3.3(b), respectively. In 
the horizontally shaded domain of Fig. 5.3.4(b), Im x < 0. Analogous con- 
siderations apply to the second part of Fig. 5.3.4(b), wherein Im x > 0 in the 
vertically shaded domain. 


5.3d Asymptotic Evaluation of a Typical Radiation Integral for the Incident 
and Reflected Fields 


The preliminaries of Secs. 5.3a—5.3c facilitate the asymptotic evaluation of 
integrals of the form given in Eqs. (5.2.11}-(5.2.14), with g,, specified as in Eq. 
(1). For an assumed exp (jot) time dependence, generic forms of these integrals 
are, for the point-source problem, 


n= f? HE Ene mf, n=0,1, (92) 
and, for the line-source problem, 
l= F eno- e-ira f(n) dy, (9b) 


where the positive distance parameter Z may represent either |z — z’| or |z+2'l, 
and the functions f,, are independent of the space coordinates but possess 
branch-point and (or) pole singularities in the complex & or y plane. A typical 
integration path is shown in Fig. 5.3.5(a), wherein the branch-point singularities 
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(a) Complex Ẹ or 7 planes (in 7 plane, 
omit branch point at n = 0) 


A BCD 


(b) w plane (w, corresponds to ky. 
w, corresponds to ap, branch point 
at w = O corresponds to branch point 
at’ =0) 


FIG. 5.3.5 Integration paths (e/* dependence). 


at +k,, and +k, and the pole singularities at +a, have been slightly displaced 
from the real axis to signify the presence of small loss; In the lossless limit, the 
required indentations of the integration path around the singularities are thereby 
evident. The branch point at the origin arises from the Hankel function in Eq. 
(9a) and is not present in the corresponding 4-plane description of Eq. (9b). 
Branch cuts have been drawn so that Im x, and Im xy, are negative on the 
entire top sheet of the multisheeted Riemann surface (see Fig. 5.3.3). 

Since one of the aims of the presentation in this book is to provide familiarity 
with field solutions corresponding to either an exp ( jwt) or an exp (— iar) time 
dependence, it is appropriate to give as well the exp (— ict) forms of Eqs. (9a) 
and (9b). To pass from one formulation to the other, one replaces j by —i, 
thereby performing essentially a complex conjugation. The resulting modifica- 
tion affects not only the appearance of the integrands but also the paths of in- 
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tegration on which the radiation condition is satisfied. Thus, it is now necessary 
to have Im x > 0 to provide for the decay of non-propagating wave solutions 
exp (ik,2Z). The generic radiation integrals for the exp (—iqwr) variation are 
given by 


I = f” „HPE AE) al, (10a) 
and 
l, = E e" -e'n fi(n) dn, (10b) 


and the corresponding integration paths and singularities are shown in Fig. 
5.3.6(a) (see Fig. 3.2.10(a) in connection with Eq. (10a)]. 

It is convenient to transform from the complex wavenumber variables € or 
4 to the complex angle variable w via € = k, sin w or 4 = k, sin w, since the 
branch-point pair at +k, in Figs. 5.3.5(a) or 5.3.6(a) may thereby be removed 


(a) Complex € or 7 planes 
(in ņ plane, omit branch point at n = 0) 


(b) w plane (w, corresponds to ky. W, corresponds 
10 p. branch point at w = 0 corresponds to 
branch point at & = 0) 


FIG. 5.3.6 Integration paths (e~/#* dependence). 
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and the subsequent calculation facilitated. In view of the mapping properties 
described in Sec. 5.3c, the configuration in the complex w plane is as shown 
in Figs. 5.3.5(b) and 5.3.6(b), with P representing the transformed integration 
contour. Upon introducing polar coordinates L and & via 


p 

y—y 

one obtains the following expressions for the point-source problem with an exp 
(jat) dependence, 


| = csina, z= LcosG@, (11) 


I, = kif. Hk, L sin & sin w)e7/*4 os acos» f(k, sin w) cos w dw, (12a) 
P 
and, for the line-source problem, 
h= kf e~fkit cosa) Fk, sin w) cos w dw. (12b) 
P 


Analogous results are found for the exp (— iar) dependence. In Eq. (12a), L is 
the spherical polar distance from p = 0, Z = 0, and @ < 7/2 is the angle be- 
tween L and the Z axis, whereas in Eq. (12b), L is the cylindrical polar distance 
from y = y’, Z = 0, and the polar angle & may range from —2/2 to +2/2. 

Equation (12b) is already in the form suitable for an asymptotic evaluation 
by the method of steepest descent (Sec. 4.1), since for observation points in the 
far zone, the large parameter k,Z appears in the exponential term, and the 
function f, cos w is slowy varying by comparison. To achieve a similar formula- 
tion for Eq. (12a) and its counterpart for the exp (— iar) case, one may employ 
the large-argument approximation for the Hankel functions [see also Eqs. 
(5.4.37)}*: 


Hu) ~ yZ eenaa] + 0(4)], 


lu] >> n, — 2n < argu <n, (13a) 
HP (u) PE [2 eae + of]. 
lul >> n, -n < argu < 27, (13b) 


provided that k,L sin & >> 1 and that the integration paths are deformed away 
from the origin sufficiently to assure |k,L sin & sin w| ‘> 1 along P. The restric- 
tions on arg (sin w) are met on P and various deformed contours employed 
subsequently. Equations (12a) and (12b) are then both represented by an inte- 
gral of the form 


1 = f sw)exp [A k.L cos (w — a] dw (Eer dependence), (14) 


where f takes on values appropriate to the point-source or line-source excitation. 

The asymptotic evaluation of J for large values of k,L is performed directly 
by the methods decribed in Chapter 4. The integration path ŽP is first deformed 
into the steepest-descent path P through the saddle point at w = Ẹ [see Fig. 
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4.2.2, where P= P, is shown for the exp (—iwt) case]; this path distortion is 
permissible since both P and P terminate at |w| — oo in regions wherein the 
exponential in Eq. (14) decays, thereby eliminating contributions from contour 
segments connecting the endpoints. For certain saddle-point locations, it may 
happen that singularities in the finite portion of the w plane must be crossed 
during the path deformation. These pole or branch-point singularities must 
then be surrounded by appropriate contours P, and P,, respectively, as shown 
in Figs. 5.3.5(b) and 5.3.6(b). When the branch point at w, is intercepted, the 
steepest-descent path passes through the branch cut onto the second Riemann 
sheet; connection between the endpoints A and B of P and P is brought about 
by the path segments AC, CD (along P,) and DB, with no contribution arising 
from AC and DB.t Thus, for the exp (—iwt) dependence, Eq. (14) may be re- 
written in terms of a “‘steepest-descent representation” as 


I= I, . «dw + UE — a) f, -dw 


+ UG — &,)2zi{(w — w,)f(w)]., exp [ik,L cos (w, — &)}, (15) 


where U(x) is the Heaviside unit function, which equals unity when x is positive 
and vanishes when x is negative, while &, and &, are those values of & for 
which the steepest-descent path crosses the branch-point and pole singularities, 
respectively. From Eq. (4.2.29) it is concluded that 


Qe» = Re W 8 s cos™! sech (Im Wa) (15a) 


The residue contribution arising from a (simple) pole at w, has been exhibited 
explicitly in the last term of Eq. (15). 

The integrals over the paths P and P, cannot generally be reduced further, 
but they may be simplified by asymptotic techniques when (k,L) is large. From 
Eqs. (4.2.1!a), one has, for the saddie-point contribution, 


| Sert cos(w—@) dw ~ VOe- J- O(c) | (16a) 


Similarly, when P, encircles the branch point in the positive sense, Eq. (4.8.3) 
yields for the branch-cut integral contribution, 


f, f(w) exp [ik,L cos (w — &)] dw 


2/ 7 —— df(w) 
~ TK,L sin (@ — zyl A an 
exp [/k,L cos (w, — &)] exp (-i +{% + arg [k, sin(w, — ay), (16b) 


where it has been assumed that ./w — w, df/dw is finite at w,, a behavior ex- 


+The Riemann surface is associated with the branch points of /(w) at +w» that arise 
from the corresponding singularities at +k, in the Ẹ or n planes. Since these singularities 
do not occur in the exponential term in Eq. (14), this function has identical decay charac- 
teristics on either Riemann sheet. 
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hibited by functions encountered in an actual calculation. For the exp (+jæt) 
dependence, i in Eqs. (15) and (16) is replaced by —j. One observes that for 
real values of w, and w,, the residue contribution in Eq. (15) 1s dominant at 
large distances since it behaves like O(1) in k,L, whereas the saddle-point and 
branch-point contributions decay like (k,L)~'”* and (k,L)~*”*, respectively. On 
the other hand, when w, is complex, the residue contribution has an exponential 
decay factor which may render the saddle-point result dominant. It may also 
be remarked that the field due to the saddle point is observed everywhere, 
while the pole or branch-point fields are generally confined to special regions 
delimited by the Heaviside unit functions in Eq. (15). For the class of prob- 
lems to be considered in this chapter, the poles account for surface waves and 
leaky waves, the branch points yield lateral waves, and the saddle points furnish 
the direct, reflected, and refracted fields of geometrical optics; the result in 
Eg. (16a) may be interpreted as a local plane-wave field propagating along L 
with varying amplitude. 

An interesting schematization of the relation between propagating wave 
solutions in the wavenumber ¢ or y and angle w planes, and their relevance to 
the saddle-point condition, may be realized with the aid of the wavenumber 
surface. This surface, traced out by the endpoints of the wave vector k, for plane 
waves propagating in all possible directions, is a sphere since the medium is 
isotropic. The outward normal to the surface, evidently parallel to k, and de- 
fining the direction of the power-fiow vector Š, is also called the ray direction 
(see the discussion in Sec. 1.6b), Propagating plane-wave solutions are charac- 
terized by real values of the wavenumbers ¢ (or ) and x, and their relation to 
the propagation angle w is as shown in Fig. 5.3.7(a). The saddle point in the 
radiation integral is situated at w = & (or ¢, 7 = k, sin &), where @ is the angle 
between the Z axis and the radius vector from the origin at L = 0 to the ob- 
servation point [Fig. 5.3.7(b)]. Thus, one may find the saddle point graphically 
from the wavenumber plot by constructing a normal to the surface in the di- 
rection parallel to L and by reading off the corresponding values of w, €, or y. 


NI 


R! 


por(y -y ) 


(a) Wavenumber plot : 
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FIG. 5.3.7 Wavenumber surface and saddie-point condition. 
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Although this graphical visualization is not too important in the present case of 
an isotropic medium since the propagation characteristics are so simple, it aids 
greatly in an anisotropic environment (see Secs. !.6b and 8.3). The saddle point 
locates the region of major contribution to the steepest-descent integral, and the 
saddie-point value, w = & or €, 9 = k, sin & selects that particular plane wave 
which establishes the local field and carries energy along the radial direction L 
to the corresponding observation point; more precisely, the field is estabished 
by a wavepacket having a small spread of angles or wavenumbers about the 
saddje-point value. This physical interpretation gives insight into the mecha- 
nism of energy transfer to the radiation field and is obtained directly from the 
wave-number diagram. 

The simple formulas in Eqs. (16a) and (16b) fail when & — w, and w,, 
respectively; in this instance, the saddle point is situated near a singularity, and 
the asymptotic evaluation must be performed in a more refined manner. As 
noted in Secs. 4.4a and 4.4c, the modified formula, valid for arbitrary proximity 
of a pole and a saddle point, involves Fresne! integrals, whereas the modified 
result for neighboring saddle point and branch point is given in terms of a 
Weber (parabolic cylinder) function. 


§.3e General Properties of Pole and Branch-Point Wave Contributions 


The asymptotic results in Eqs. (15) and (16) contain wave contributions 


that arise from poles or branch points of the reflection coefficient T,(0) in Eq. 
(1); these singularities in the complex w plane are located at w, = Wu + iw, = 
w, Or Wp, Where w,, and w,, denote the real and imaginary parts of w,, respec- 
tively. Apart from a possible algebraic dependence on the space coordinates, a 
typical wave constituent is characterized by the exponential behavior 


exp [ik,L cos (w, — &)] = 
exp [ik L cosh w,, cos (w,, — &)}] exp [—,L sinh w,, sin (@ — w,,)J, (17) 


representing for real k, a non-uniform plane wave whose phase fronts advance 
along the direction & = w,, (direction of constant amplitude) and whose ampli- 
tudes change most rapidly in the perpendicular direction & = w,,+2/2 (direc- 
tion of constant phase). The phase velocity v = w/(k, cosh w,,) is seen to be 
smaller than the w/k, value for a uniform plane wave, In particular, when wy, 
= 2/2, w,, < 0, the phase fronts propagate transverse to Z and the amplitude 
decays along Z only [see the definitions of L and @ in Eq, (11), thereby charac- 
terizing the field as a surface wave carrying energy in the direction parallel to 
an interface at Z = 0 (Secs. 5.6 and 5.7). On the other hand, when 0 < w,, < 
1/2, w,, > 0, energy is transferred out of the interface, and yields a leaky wave 
(Sec. 5.6). Important in a physical interpretation of these plane-wave solutions 
is their domain of existence in the asymptotic field, described essentially by that 
range of observation angles & for which the singularity w, is encountered durf- 
ing the deformation of the original integration contour P into the steepest-de- 
scent path P in Fig. 5.3.6(b); the explicit separation of the contributions from a 
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singularity and from the saddle point applies only when these points are “widely 
separated” (see Sec. 4.1). If &, denotes the value of & for which P just passes 
through w, [see Eq. (15a)], then when w, is situated above and (or) to the right 
of the original path P in Fig. 5.3.8(a), the singularity contributes in the range 
&, < Ü < 2/2, with (&, —w,,) 2 0 when w,,20. For the remaining locations 


pory pory pory 
Region A (w,,,@, <0) Region B(w, <0,a@, >0) Region C (w,,. «,, > 0) 


Z 


pory p ory Sii Py 
~ 
Region D (w, >0,a,<0) Region E(w,, >0,a, > 0) Region F (w,, > 5, a, > 0) 
(b) Wave types 


FIG. 53,8 Physical characteristics of waves arising from singulari- 


ties of the modal reflection coefficient F40) (Eq. (1)] in the complex 
w plane, 
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of w, in the semistrip 0 < w, < 2/2, w, < 0, the contribution appears in the 
complementary region 0 < à < &, and (&, — w,,) < 0 with w, < 0. One ob- 
serves from Eq. (17) that the corresponding field decays exponentially in its 
domain of existence along any radial direction leading from L = 0 to a distant 
observation point; inclusion and far-zone interpretation of the wave in Eq. (17) 
is therefore significant, although, taken by itself without reference to the mecha- 
nism of excitation, this field may be an improper solution of the Maxwell 
equations. Jn this connection one should note that improper, or non-modal 
(non-spectral), singularities lie in the region Im x, = Im vk? — k2, < 0 cor- 
responding, for the assumed exp (— ia?) dependence, to the improper sheet of 
the complex transverse wavenumber k, plane [see, for example, region C in 
Fig. 5.3.8(a)]. 

These remarks are illustrated in Fig. 5.3.8, which exhibits the wave types 
arising from singularity contributions in various parts of the complex w plane.‘ 
The dashed lines in the first figure represent the steepest-descent paths through 
saddle points at w = 0 and w = 7/2, respectively, and provide the partitioning 
of the w plane. The parallel lines (rays) in the remaining plots represent the 
direction of phase propagation (and energy flow) in the inhomogeneous plane 
wave whose domain of existence is bounded by the observation angle &,; the 
rays are parallel to the line & = w,, and perpendicular to the equiphase planes 
(not shown); the wave amplitude is constant along a ray but changes elsewhere. 
Increased spacing between the rays indicates that the amplitude decreases in 
this direction. While the physical domain for radiation from a point source is 
confined to p>0 or 0 <ã < 2/2, some of the plots extend also into the 
region & < 0 relevant for line-source excitation [see Eq. (11)]. One observes 
that with the exception of waves arising from region C, all wave types have 
decreasing intensities as the observation point moves either along the Z or p 
directions away from the source region p = Z = 0. Jt is also noted that the 
waves corresponding to regions A through E carry energy away from the in- 
terface (i.e., they “leak” into the exterior region Z > 0), while the wave from 
region F supplies energy to overcome losses in the medium occupying the half- 
Space Z < 0 (see Secs. 5.5-5.7). Furthermore, the waves arising from regions 
A, B, D, and E are backward, since their energy-flow characteristics are toward 
the source plane p = 0; these features are of importance in connection with 
the imposition of a radiation condition. While these aspects are valid for lossy 
or lossless stratification in Z < 0, it is worth mentioning explicitly the non- 
dissipative case. In this instance, w, in region F moves onto the line w, = 1/2 
(i.e., w,, = 2/2) and one obtains a forward surface wave, as mentioned earlier. 
If the structure exhibits a singularity that moves onto the line w, = 2/2 from 
region £, the corresponding surface wave is backward. 

Wave types arising from regions A through E in the complex w plane of 
Fig. 5.3.8 carry power in the direction w,, toward the vicinity of the surface 
& = &,, which bounds their domain of existence. It is natural to ask what 
happens to this energy. We recall at this point that the singularity contribution 
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constitutes only a portion of the asymptotic field solution and that there is 
present in all observation regions a “space wave”, arising form the saddle-point 
evaluation in Eq. (16a), which transports the radiated energy into the far zone 
k,L — œ. Because of their exponential decay with L, the waves arising from 
w, are not observable at very great distances from the source and it appears, 
therefore, that the energy carried by them is converted into the radially pro- 
pagating space wave in the vicinity of the angle @ = @,. The radial decay along 
@, is smallest when &, = wp, (i.¢., when the complex singularity w, lies near 
the real w axis); one may then expect its presence to be strongly noticeable in 
the radiation field since appreciable coupling occurs between the two wave 
types when they propagate essentially along the direction &,. For a pole singu- 
larity, it is simple to verify the validity of this statement by observing that, as 
a function of the observation angle &, the space-wave amplitude in Eq. (16a) 
may become quite large near &, when /(w) has a pole at w, = w,, + iw,, With 
|w,,| <1. Under these conditions, the strongly excited complex pole dominates 
the field near the source and gives rise to a peak in the radiation pattern near 
& = &,.* For a branch-point contribution, the additional algebraic decay factor 
[k,Z sin (@ — w,)]~*” in Eq. (16b) implies that strong interaction near &, = w,, 
takes place with the O(1/k,L)-*/? term in the saddle-point result of Eq. (16a). 


5.3f Asymptotic Evaluation of a Typical Radiation Integral for the 
Transmitted Fields 


The calculation of fields transmitted across an interface is more involved 
than that of direct or reflected fields since the modal Green's function g,,(z, 2’) 
has a more complicated form. This is true even for the case of a single plane 
interface at z = 0 separating two semiinfinite dielectrics (Fig. 5.5.1), for which 
T0) in Eq. (1) is given in Eqs. (5.5.12). The form of g,{z, 2’) for z > 0 may 
be inferred from that for z < 0 by invoking the required continuity at z = 0 
and recognizing that to satisfy the radiation condition at z = +œ% for a time 
dependence exp (-+jwt), the solution must have the dependence exp (—jK,22). 
Thus, for z’ < 0, z > 0, 


8.2, 7) = g,(0, ze = Im [1 F F(O)]e-salet-seur, (18) 


where X,, and Xn are the modal propragation constants in regions I and 2, 
respectively, and the + and — signs refer, respectively, to the E and H 
modes, Since the generic forms of the resulting radiation integrals in Eqs. (9) 
contain integrands wherein both x, = /k? — k?and x, = ki — k? appear 
in the exponent, k, being either & or n, it follows that the transformations k, = 
kı sin w or k, = k, sin w do not bring about simplifications analogous to those 
in Eq. (14). The difficulty can be circumvented by assuming that k,z >> k,|z'| 
(observation point located very far from the interface), in which instance the 
exp (—jx,,|z'|) term may be considered part of the slowly varying amplitude 
function f, or fz in Eqs. (9). The change of variable k, = k, sin w then leads to 
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a formulation directly analogous to the one in Eq. (14), thereby making the 
subsequent discussion applicable. In a similar manner, one may treat the case 
k,z<k,{z'|, with exp (—Jjk,,z) now playing the role of a slowly varying factor. 

An asymptotic evaluation based on the preceding assumptions, although 
adequate for far-field calculations, does not yield information about the impor- 
tant case where k, are large but z and z’ are unrestricted. In this regime of 
geometrical optics, neither of the exponential terms in Eq. (18) may be regard- 
ed as slowly varying, and both must be retained in the saddle-point calculation. 
There is no simple transformation from the ¢ or 4 plane to the w plane fur- 
nishing an exponential as in Eq. (14), so an alternative approach is required. 
The procedure to be described is carried out directly in the plane of the trans- 
verse wavenumbers. As before, we consider the typical integral which, for the 
exp (jwt) dependence, is 


= E e~n ™ F(n) dn, a(n) = ny + Kalz| + Kaz, (19a) 
or, alternatively, for the exp (—iwt) dependence, 
r= {ee fm) dn. (19b) 


The integration paths are specified in Figs. 5.3.5(a) and 5.3.6(a). The saddle 
points 4, in the integrand, located at dg/dy = 0, are determined by the implicit 
relation 


y+ Fale] + Faz =0 at = 4,. (190) 


Explicit specification of the Mi steepest-descent path SDP through a 
saddle point at 7,, defined by the requirement Re q({7) = Re g(n,) (see Sec. 4.1b), 
is rather difficult. However, its progress near n, is determined simply: Along a 
+ 45° line with respect to the real y axis if the saddle point is of the first order 
and real [see Fig. 4.2.1; the present discussion treats only non-evanescent waves 
arising from real saddle points with x, .(17,) real, i.e., [7,| < k,2]. One may now 
consider the alternative path in Fig. 5.3.9, which proceeds along SDP near ț,; 
its remaining portions C, drawn parallel to the real 7 axis for simplicity, lie in 


n plane 


YY LZ, hog Yo, SDP 


A 


-kı a “LL 


7 


Valley region 


FIG. 5.3.9 Modified integration path when d?2q/dy?|,,<9 
(e~far dependence). 
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“valley” regions of the complex y plane, wherein exp [ig(4)} decays (drawing 
of the branch cuts has been omitted). Since |,| < kız no branch points are 
intercepted during the path deformation. Possible residue contributions due 
to intercepted pole singularities are treated as before. 

Since Im (7) > 0 in the shaded region of Fig. 5.3.9, the principal con- 
tribution to the integral arises from the path segment SDP in the vicinity of n,. 
Although the SDP does not go to infinity, the error due to truncation at some 
finite point in a valley region is exponentially small and may be neglected [see 
Eq. (4.1.17)}. Equation (4.2.1) or (4.2.20a) then yields the saddle-point approx- 


imation of Eq. (19b), 


Taaa TAFT Ñin) exp liat.) + i(7/4) sgn (a2q/dy),]. (20) 


When the xz term in Eq. (19c) is omitted and the substitution 7, = k, sin & is 
made, this result reduces to the one in Eq. (16a). Since the procedure leading 
to Eq. (20) does not involve the complete steepest-descent path, the exponen- 
tially small error bound on Eq. (20) is weaker than that for Eq. (16a) [see 
remarks following Eq. (4.2.18)]. However, when exponentially small contribu- 
tions are neglected, Eq. (20) is sufficiently accurate. 

A significant graphical interpretation of the saddie-point condition may be 
given. Upon writing 


tan &, = — Fu ’ tan &, = -e , Kaz = VKi2— Ë (21) 
Ma Ns 


one obtains, from Eq. (19c), 
y — z tan &, — |z| tan &, = 0 at ne (22) 


This equation for a straight line may be interpreted graphically: fields reach 
an observation point (y, z) in the region z > 0 via the ray trajectories | and 2 
in Fig. 5.3.10(b) in such a manner that the real angles &, and @, satisfy the 
required plane-wave refraction law (Snell's law) at the interface. This follows 
from Eq. (21), whence &, and &, define, respectively, the inclination of the 
normals to the x, versus y and x,, versus n wavenumber plots in Fig. 5.3.!0{a); 
since y, = k, sind, = k,sin &,, Snell’s law is satisfied by these angles. The 
saddle-point condition, in conjunction with the wavenumber surface, therefore 
permits a ray-optical interpretation consistent with the constructs of geometrical 
optics. The saddle-point condition for the reflected field may be interpreted 
in a similar manner from the integral in Eq. (10b) and the resulting ray trajec- 
tory is shown dashed in Fig. 5.3.10. 

It may easily be verified, in accord with expectations from ray optics, that 
the term exp [ig(y,)] in Eq. (20) expresses precisely the phase change for a 
wave propagating along the trajectories | and 2 in Fig. 5.3.10. As noted above, 
1, = k, sin &, = k,sin &, and similarly, x,,(q,) = k, cos &, X.(4,) = kz cos Gd. 
When these relations as well as Eqs. (19c) and (21) are employed, one may 
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FIG, 5.3.10 Interpretation of the saddle-point condition for 
ky > k,- 


write 
gin.) = kL, + kL, (23) 


where L, and L, are the lengths along rays 1 and 2, respectively. The ampli- 
tude term in Eq. (20) also conforms with ray optics as shown in Eqs. (5.5.9). 


5.4 SOURCES IN AN UNBOUNDED DIELECTRIC 


The results of the general discussion in Secs. 5.2 and 5.3 are now applied 
to problems involving various source configurations in an unbounded homo- 
geneous medium. As noted in Sec. 5.2, the electromagnetic fields can be de- 
rived from the scalar functions G’, G” or S’, S” so primary emphasis is placed 
on the determination of these functions. Although some of the solutions in 
this simple environment may be obtained by direct integration of the differen- 
tial equations, the method of modal representations is employed to illustrate 
implications of this more general procedure in elementary terms. In the for- 
mat to be adopted, the statement of the problem and its solution are listed in 
the beginning, followed by a discussion of the physical interpretation of the 
result, and finally by a section summarizing relevant analytical steps. In this 
manner, the essential properties of the field may be surveyed succinctly, without 
the danger of hiding them in analytical details. To conform with general prac- 
tice in the theory of radiation and diffraction, the final results are presented for 
the exp (—iwt) dependence, although some of the preliminary work involving 
moda! analysis and network concepts is performed for the exp (jar) dependence 
conventional in the latter context. 
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5.4a Dipoles Oriented Along z 


Time-harmonic electric source current density 
Nír, 2) = Nb(rye-"2,. (1) 


The fields of a source oriented as shown in Fig. 5.4.1 can be derived from 


FIG. §.4.1 Coordinate system. 


the three-dimensional E-mode Green’s function G’ = G, defined by [see Eq. 
(5.2.3b)] 


(V? + kG Ar, r) = —dO(r — r’), (2a) 
subject to a radiation condition at infinity. The solution for r’ = 0, obtained 
by direct integration of Eq. (2a), is given by [see Eq. (1.1.31), on multiplication 
by exp (—iwt’) and integration over ¢’] 


fkr 
Gr, r’) = ron (2b) 


where k = w,/ye while € and y are the dielectric constant and permeability 
of the medium, respectively. The root-mean-square field components, obtained 
via Eqs. (5.2.1a), (5.2.1b), and (5.2.4c) (with G’ = G,) are, in spherical coor- 
dinates, 


_ [qu Iki cos 6 e* i 

E, = 2S (!+ 4): (3a) 
B ilkl sin 0 e*' i l 

B= -yA h tE -aE (3b) 
_ _ilklsinĝ e*' i 

ne 4nr (1 T a (30) 

H,= H, = E, = 9, (3d) 


where J is the current in the element and / is its length. For arbitrary source 
location at r’ 0, one replaces r by |r — r'| in Eq. (2b) and rederives the 
equivalent of Eqs. (3). The results remain valid in the dissipative case Im k > 
0. The average radiated power density Š is given by 
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= pe |Ik} sin? 8 


S, = Re(E,H3) = € Urr (4a) 
Sa = 5S, = 0, (4b) 
and the total radiated power P is [see Eq. (1.2.29)] 
— l S.nr _ fa Wki) 
P= J. S,- 2nr° sin @d@ = ETE (5) 


The asymptotic field solution in the far zone kr `œ 1 contains to O(1/kr) the 
components E, and H, only; their values are inferred from Eqs. (3b) and (3c) 
upon retaining only the first term inside the parentheses. 


Discussion 


Only E modes (with respect to z) are excited. The far field is transverse to 
the radius vector from the source to the observation point, and the transverse 
components account for the radiation of energy [see Eqs. (4)]. The mechanism 
of energy transport into the far zone may be schematized in ray-optical terms 
as in Fig. 5.4.2, where it is recalled (see Sec. 1.6) that the direction of a ray at 


y 


FIG. 5.4.2 Ray diagram. 


Phase 
front 


a given point coincides with that of the power density vector § (see also Fig. 
5.3.7). The equiphase surfaces (phase fronts) perpendicular to the rays are 
spherical, and the field strength along a ray decays according to 1/r. 


Normalization for plane wave incidence 


If the source point r’ moves to infinity the field observed at finite r behaves 
like a plane wave since the curvature of the resulting spherical wavefront is 
negligible over any finite region. To make these remarks quantitative, we ex- 
amine Eq. (2), with r — |r — r'|, in the limit r’ > oo and also introduce the 
source strength J° = JI. Since 


lr — r'| = [P + r° — 2rr' cos 9], (6) 
with y representing the angle between the vectors r and r’, and 
cos y = = = cos 8 cos 6! + sin O sin 8’ cos($ — $’), (6a) 


one obtains, upon expansion by the binomial theorem,t 


tFrom Eq. (6a), one obtains |r — r’] ~~ r’ — r cos y + O(1/r’) as r — co, For the de- 
termination of the amplitude, it is sufficient to approximate |r — r'| by r’ as y becomes 
very large. However, for the determination of the phase we can neglect only those terms 
which tend to zero as r’ — œ [i.e., terms of O(!/r’)}. 
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JG (r,t) ~ Aexp{—ikr[cos 0 cos 8’ + sin 8 sin 8’ cos ($ — $H, 
r’—» oo, (6b) 
where pre 
L °e r 
A= a (6c) 
The right-hand side of Eq. (6b) represents a plane wave with amplitude A in- 
cident along a vector defined by the angular spherical coordinates (0’, $’). To 
keep A finite as r’ — 00, it is necessary to increase the source strength J’ pro- 
portionally with r’. If the incident plane wave is to have unit amplitude, one 
sets A = |. From the above one can formulate a simple rule for passing from 
a Green’s function corresponding to a unit strength point-source excitation at 
r’ to excitation by a unit amplitude plane wave: One first lets r’ —» co along 
the desired direction (@’, $’) and then sets (1/4zr’) exp (ikr’) = 1. 


Modal procedure 


Although Eq. (2a) may be integrated directly to yield the closed-form ex- 
pression for the free-space Green’s function in Eq. (2b), such a procedure is 
generally not successful for other geometrical configurations containing inter- 
faces perpendicular to z. It is therefore instructive to study the solution of Eq. 
(2a) by the modal analysis and synthesis procedure employed in these more 
general cases. The relevant representation is the one in Eq. (5.2.11). Since the 
z domain is bilaterally unbounded, the modal Green’s function g/,(z, z’) is given 
by the first term in Eq. (5.3.1) [note exp (+ jar) dependence], 


i i 2j € 


82 eo exp(-Jf%) 


o= hS a pE ERED ae, (a) 


with the integration path given in Fig. 5.3.5a (the singularities shown in the 
figure at +k,, --a, are omitted). In the w plane, with € = k sin w, 
Go -Ë sin w H@ (kr sin 8 sin w)e/*" © 9° ™ dw, (7b) 
P 


where the contour P is shown in Fig. 5.3.5b and (r, 0) are the spherical polar 
coordinates. Comparison of Eqs. (7b), (5.3.13a), and (5.3.14) leads to the iden- 


tification 
so that, from Eq. (5.3.16a), for the exp (+ jwt) dependence, 
G ~ (1 e o(z)| krsin@> | (9) 
1 Anr kr)? l 


The corresponding result for the exp (—iwt) dependence follows on letting j 
=> —i. It is of interest to note that the expression in Eq. (9) is independent of 
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sin 8, although in the derivation it had to be assumed that sin 8 = 0. This lack 
of dependence on sin @ indicates that the approximate result in Eg. (9) should 
remain valid even as sin @ —+ 0. [By orienting the polar axis along a new direc- 
tion 6 = 0, one derives Eq. (9) subject to kr sin 6 >> 1, whence the Original 
direction 8 = 0 is now included in the permitted range.] 

Upon comparing Eq. (9) (with j => —i) and Eq. (2b), one notes that the ap- 
proximate and exact solutions agree perfectly. It is implied thereby that in 
the asymptotic representation of the integral in Eq. (7b), all higher-order terms 
involving powers of 1/(kr)", n = 2,3,..., vanish. This may be verified upon 
evaluation of the first few higher-order terms via the procedure described in 
Sec. 4.2b. It should be emphasized that in this more accurate evaluation, the 
asymptotic representation of the Hankel function must include higher-order 
terms. 


Alternative representations 
Since the integral in Eq. (5.2.8b), and the one in Eq. (7a) derived there- 
from for the special case of a source at the coordinate origin in an unbounded 
medium, has the generic form given in Eq. (3.3.37), it is expected to be useful 
for the derivation of an alternative result by contour deformation. To illustrate 
these manipulations for the exp (—imr) dependence, we rewrite Eq. (7a) as 
G _ i ies EHP E eivkt—eitr} dé 10 
f Bz) ema Q ( pP) [fet ee Fa ’ ( ) 


with the path defined in Fig. 5.4.3 [see also Fig. 5.3.6(a)]. Since the branch 
cuts have been chosen so that Im «/k? — &* > 0 on the entire top sheet of the 
Riemann surface [see Fig. 5.3.3(a)], the exponential term in Eq. (10) decays 


£ plane 


FIG, 5.4.3 Contours employed for alternative representations. 


everywhere at |¢| — oo. Since HP (čp) decays exponentially when |¢| — -, 
Im & > 0 [see Eq. (5.3.13b)}, the contour Č can be deformed for any p and 
Iz| away from the origin into the contour C + C” enclosing the upper branch 
cut. C” is a circular contour centered at č = k with a small, but finite, radius ô 
=|, — k|. Although the integrand in Eq. (10) grows like 1/./6 on C”, the 
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integral itself is O(./ 6 ), as can be verified upon expanding the regular portion 
of the integrand in a power series about € = k and carrying out the integra- 
tion over C”. Hence, the contribution from the integration over C” vanishes as 
ô — 0. 

Upon introducing the change of variable 


=s kt — č, Le, ede = —Cdl, 


in the remaining integral over C’ (with 6 = 0), one notes that ¢ is real and 
varies from -++ 0c to —oo as € moves along C in the direction shown in Fig. 
5.4.3 [see Fig. 5.3.3(a) for determination of the sign of Re ¢]. Thus, Eq. (10) 
transforms into 


G, = gg | HOLE = Gpeg, (11) 


where the restriction Im ./k? — £7 > 0 must be imposed to assure the decay 
of the Hankel function as || > œ, and Wk? — ¢*is chosen positive for —k 
<¢€<k. The path of integration relative to the branch points at € = +k pro- 
ceeds in the same manner as shown in Fig. 5.4.3 for the € plane. Upon changing 
Ç into (—¢) in Eq. (11), one obtains the same integral except that exp (i¢|z|) is 
replaced by exp (—i¢]z|). Thus, the algebraic sign of the exponent is of no 
consequence and we may replace |z| by z. 

The various representations for G, in the parameter range 0 < p <0, 
—oo< z < oo, obtained in Eqs. (2b), (10), (11), and (5.2.7) are summarized 
below for the case where the source point is situated at p’ = z’ = 0 and for 
an exp (—iwt) time dependence: 


eves (12a) 
An P +z” 
I œ w text y) 4 (VEER -n al 
gall ete Ke (128) 
G,(r, 0) > ioe S ef Y k-ti] 12 
sl. oxp (iw) oH (CO) re a, a 
real "HO LSRE Cpe dl. (12d) 


Equation (12a) is the closed-form result, Eqs. (12b) and (12c) are z-transmis- 
sion modal representations involving plane-wave and cylindrical-wave mode 
functions, respectively, in the cross-sectional domain, while Eq. (12d) is a radial 
transmission formulation involving a plane-wave modal representation in the 
Z domain. Equation (12b) is the most cumbersome since it involves a double 
integral. The more convenient integral representations in Eqs. (12c) and (12d) 
have different convergence properties. In the z-transmission representation in 
Eq. (12c), the integrand decays rapidly for || > k when |z| is large, while in 
the radial transmission formulation in Eq. (12d), the integrand decays rapidly 
for |¢| > k when p is large. Although these properties are inconsequential in 
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the present instance where an exact solution is known in closed form, analogous 
considerations are important for more general problems that cannot be solved 
explicitly. Moreover, the radial transmission formulation is frequently more 
useful for the derivation of results appropriate to a source distributed along z. 
In this case, one first replaces z by z — z’ in Eqs. (12) to obtain the expression 
for a point source at z’. If the source distribution ranges between the limiting 
values z, and z, along the z direction, then |z — z’}] must be represented discon- 
tinuously for observation points z lying in the interval z, < z<z,; that is |z —z'| 
= +(z— 2’) for z = 7z’. The integration over z’ required for the response 
to the distributed source is then performed more conveniently in Eq. (12d) 
than in Eq. (12c), since the former has a dependence on z — z’ which does not 
require a breakup of the integration interval into regions z’ < z and z’ > z 


Pulsed electric source current density 
Scr, 1) = por) s OA (13) 


The fields excited by this source distribution with impulsive dipole moment 
Xr, 1) = po(r)d(1)z, can be derived via Eqs. (5.2.18) (with G’ = G,) from the 
space- and time-dependent Green’s function defined by 


(ve — tj Ĝar, r'e, r) = or — rel -ryh ë= L, (14a) 


a/ HE 
subject to quiescence when ¢ < ?’. The solution for r’ = 0, r’ = 0, is given by 
ie h O(t = r/c) 
Gr, r3t, 0) Sear Pra (14b) 


and follows at once from Eqs. (2) and (5.2.19) [with A = (1/4nr)é(t — r/é)] 
[see also Eqs. (1.1.15)]. The (scalar) disturbance is spherically symmetric about 
the source (see Fig. 5.4.2), propagates outward with velocity č, and at r has a 
functional dependence on time identical with that at the source (Fig. 5.4.4). 
If the source is moved to infinity along the x axis so that the incident field 
is in the form of a plane wave propagating along the x direction, the steady- 
state behavior for the exp (jar) variation is expressed in terms of the potential 


G; 


FIG. 5.4.4 Impulsive scalar point source or plane-wave response 
observed at a distance r and x, respectively. 
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function G = exp (—/k|x|). Since the k dependence in this expression is the 
same as in Eq. (2b), it is concluded that the field of an impulsive plane wave is 
characterized by the potential function (see Fig. 5.4. 4.),t 


G (x,t) = a(t 2 T (15) 


Magnetic dipole source 


The felds for the time-harmonic magnetic current density 

M(r, t) = Vid(r)e~'"zo, (16) 
where V is the voltage across the element and 7 is its length, are derived from 
the H-mode Green’s function G” = G, in Eqs. (2) since in an unbounded me- 
dium, the E- and H-mode Green’s functions satisfy the same boundary condi- 
tions (radiation condition at infinity) and are therefore identical. The results 
are dual to those obtained for the electric dipole (E —> H, H => —E, I> V, 
p€). A similar statement applies to the pulsed excitation. 


5.4b Dipoles Oriented Transverse to z 


Time-harmonic electric source current density 
Nr, 1) = Md(r)e"'ty,. (17) 
Evaluation of the fields is carried out tn terms of the steady-state scalar 
functions S” = S” = S, defined by [see Eq. (5.2.2)] 

(V? + KVS (r, r’) = Or — r’), k? = oye, (18) 
subject to a radiation condition at infinity. The following solutions obtain for 
r = 0 [see Eq. (2b)]: 

pk pita 
y? E Oe = z 2 ey E T 
S Ar, T’) mE ee r=Vpt+z, P x? + 3°, (19a) 
and, by direct integration [see Eq. (21)], 
OF, i | omvaren a 
not = ale — erin], (19b) 
The electromagnetic fields may be calculated from WS f(r, r') = —V, S (r, r’) 
= —p(0/dp)S (r, ’) via Eqs. (5.2.4a), (5.2.46) and (5.2. 1a), (5.2.16). (Note: 
0/02’ — —0/dz, and xo:Po = x/P, Yo'Po = y/p). One finds for the x com- 
ponent of the magnetic field at the point r = (x, y, z), 
H, = H; + H, (20) 
where H; is the E-mode contribution, 
— Xx Y {ark _ 2 pike yrzekr( | ; l 
i n= ET G ra oes — 1k) = ety) 


Note from Eqs. (7) and (5.2.6b) that G = exp (—jk|x|) satisfies the equation (d?/dx? 
+ 3G = —2/ké(x), whence in view of k = o/¢, jw — (0/éf), the source giving rise to G; 
in Eq. (15) is (2/@)d(x) dd()/dt. 
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and HZ is the H-mode contribution, 


H” = ne -a (er = Ze) + ment = ik) |, (20b) 


or, upon combining, 


H, = 


— — 


ze Iki { 1 l 
ant Ip i). (20c) 
Analogous expressions are obtained for the other field components. The radiat- 
ed power density is the same as for the z-directed current element in Egs. (4) 
and (5) except that Ô is now measured from the positive x axis. The physical 


interpretation of the result is the same as in Fig. 5.4.2. 


Discussion 


While the total fields in the present case are identical with those in Egs. (3), 
provided that the y axis is chosen as the polar axis of the spherical coordinate 
system, the calculation shows that both E modes and H modes with respect to 
a preferred direction are excited by a transverse current element.® The results 
become significant when the medium is stratified along the z direction since 
the E- and H-mode constituents of the fields are then affected unequally (i.e., 
S + SF”). Moreover, fields radiated by a current element transverse to the 
optic axis in a uniaxially anisotropic region may be inferred by applying to 
Egs. (20a) and (20b) different coordinate scaling transformations, thereby nec- 
essitating the availability of these explicit formulas (see Sec. 7.2c). 

Equation (19b) is obtained from Eq. (19a) by recognizing that, in view of 
the rotational symmetry of S, with respect to the z axis, V? = (1/p)(d/dp)- 
(p0/dp). Thus, a integration, noting that 0S ,/dp is bounded at p = 0, 


ofk Veta at i pa TEET 
S a hp T eN 


thereby sie the result in Eq. (19b). It may also be noted that with g,, 
given by Eq. (7), the resulting integrals in Eqs. (5.2.12) may be evaluated in 
closed form via Eq. (19b). (Note: j — —i.) 


Time-harmonic magnetic source current density 
Mir, 1) = Vid(r)e"*"yp. (22) 


The results in this case are obtainable from those for the electric current 
element by the duality replacements E— H, H —> — E, 1 —> V, and pee. 


Pulsed electric or magnetic source currents 
These problems are treated in detail in Sec. 1.1b [see Egs. (1.1.43)-(1.1.46)]. 
5.4c Line Currents Oriented Transverse to z 


Time-harmonic electric source current density 


Jir, ) = 16(p — p’)e~'"x,. (23) 
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FIG. 5.4.5 Line source, 


The electromagnetic fields of a source oriented as in Fig. 5.4.5 are derived 
from the two-dimensional Green's function G,, which satisfies the differential 
equation [two-dimensional analogue of Eq. (5.2.3b)} 


(V? + k*)G,(p, P) = —d(6 — 6), 
6 = (y, z) = (6,9), 7 =0, 
subject to a radiation condition at infinity. The solution is given by 
GB, P) = -g HP (klp — P), (25) 
where k = w~ ue. For fi’ = 0, the fields are 


(24) 


E, = iwulő, = -2% IH (kf) E,=E,=0, (26a) 
— ct! OE, = _ik (1) N fe 2 
H, = -aap = g EPEA, H,=H,=0, (26b) 


where J is the source current and f and g represent polar coordinates in the yz 
plane. (Note the cyclic order: x, X Pe = Po.) The radiated power density S 
per unit length along x is 


c= ay fee 
Š, = Re (EH) = y É gpg P. (27a) 
S, = $, = 0, (27b) 
and the total radiated power P per unit length along x, 
— J“ k 2 
P= oq UP. (28) 


The asymptotic field solution at large distance from the source is obtained upon 
replacing the Hankel functions by their large-argument approximation in Eq. 


(5.3.13): ani | 
E,~ Eey it +o (zz) |: (29a) 


nner 0()} a 
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The inclusion of a phase progression in the transverse current distribution 
in Eq. (23) leads to a more complicated description [see Eqs. (5.2.1) and 
(5.2.14)] which is avoided by the alternative coordinate orientation in Eq. (45) 
(see also Sec. 5.4e). 


Normalization for plane-wave incidence 


As in Egs. (6), we can readily formulate the rule for passing from the line- 
source excitation in Eq. (23) to a plane-wave excitation by letting the source 
point fp’ — oo, Since 

Ip — P1 = [P + p? — 2pp' cos (p — ¢’)]'”, (30a) 
one obtains, upon use of Eq. (5.3.13b) in Eq. (25), by considerations analogous 
to those leading from Eq. (6a) to Eq. (6b), 


G Ap, BP) ~ A exp [—ikf cos (p — 9], 


ask. p22 i z aj , 
A=7 sak pr oP i(k + *)], f — œ. 


(30b) 


The term exp [—ikf cos (g — ¢’)] in Eq. (30b) represents a plane wave of unit 
amplitude incident along the direction g’. Thus, to pass from a result derived 
for a unit strength line source located at ĝ’ to the result for a unit amplitude 
plane wave incident along the direction g’, one first lets f’ — co and then sets 
an 


Discussion 


The configuration in Fig. 5.4.5 follows from that in Fig. 5.2.1 when the 
current elements are oriented along the line axis. The electric field generated 
by the line source has a single axial component, whereas the magnetic field is 
circular about the source axis. Energy flows out radially from the source and 
the energy transport mechanism may be schematized as in Fig. 5.4.2, with the 
dipole replaced by the line current. The far fields decay according to p~'”, 
characteristic for the two-dimensional case. 

While transverse currents generally excite both E and H modes with respect 
to z, the lack of a phase progression along the source implies that 0/dx = 0/dx’ 
= 0 in Eqs. (5.2.1) or (5.2.4a), (5.2.4b), with S” and SY” replaced by their 
two-dimensional analogues Y = SY” = S, in Eqs. (5.2.14) (with a = 0). It 
then follows that the E-mode Hertz potential I(r, 6) = 0, and the H-mode 
potential 


ri 0 7O t 
Mr, p) = I= S (r, p’). (31) 
(r, ĝ) Jy s(t, Ê) 
Thus, from Eqs. (5.2.1), 
. Qe = OS 
= — = = IG ; 3la 
E xou Fs Xoj ONE ae Xo JWMIU, ( ) 
thereby confirming Eq. (26a) (with j > —/). Similarly, Eq. (26b) follows from 
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0\ EF a 
H = —1(y. 4. — 20 5) ja = —Ix, x V,G;. (31b) 


The solution in Eq. (25) may be obtained by direct integration of Eq. (24). 
With ®' = 0, G, is recognized to be symmetrical about J = 0, so V? -> 
(0/p0p)(pd/dp). For f # 0, Eq. (24) is solved by 

G Ap) = AHP (kf) + BH” (kô), (32a) 
where 4 and B are constants. To satisfy the radiation condition at infinity for 
an assumed time dependence exp (—iwr), we must retain only the function 
H? (kf) [see Eqs. (5.3.13)], so B = 0. For evaluation of 4, Eq. (24) is inte- 
grated over a circular region S with radius f, where f — 0. Since 


HP (kf) > i 4 Inf, pO, (32b) 
one notes that, as p — 0, 
dG 
— 41 = 2 $ = == 
f (V? + k)G,dS $ gji = A (32c) 


where s is the circumference of the circular region S. Thus, A = {/4, and 
G,(p) = (¢/4)H$ (kp). Equation (25) follows upon shifting the source point 
to an arbitrary location §’. Correspondingly, for the exp (+j@r) dependence, 
Gp) = —(j/4) HP (kp). 

Modal procedure 


Since the source distribution ts comprised of transverse electric currents, 
the modal network problem may be schematized as in Fig. 5.4.6. The resulting 
modal Green’s function is the same as in Eq. (7), so from Eq. (5.2.13a), 


5: 
FIG. 5.4.6 Modal network problem. 
y= A (” expl—J/nly — y') = jv kt — lz — z] 
G8, 0’) = Ge | a dn. (33) 
The path of integration proceeds relative to the branch points at y = +k as 


in Fig. 5.3.5 (a); the branch point at 7 = 0 in the figure is absent in this case. 
Upon transforming variables y = k sin w, and employing the polar coordinates 


y—y=Rsing, |z—2z|=Reosg, O<p< 2, (34) 


one obtains the contour-integral representation 
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-Å HP (kp — P) = —L HP ER), (35a) 

GB, P) = {=i [eee mero dw, (35b) 
seh? — JKR COS w 

4n je a og 


The path P in the complex w plane is shown in Fig. 5.3.5(b). If one introduces 
w — @ as a new variable in Eq. (35b), one obtains the representation in Eq, 
(35c). Since 0 < gy < 1/2 and the integrand contains no singularities [i.e., the 
branch cut in Fig. 5.3.5(b) is absent], the path P is equivalent to any contour 
which begins in the w plane in the section 0 > Rew > —z, Im w < 0, and 
ends in the section 0 < Rew < n, Im w > 0. The right-hand side of Eq. (35c) 
is independent of g, as it must be in view of the closed-form result in Eq. (35a). 
The integral representation (35c) and that in Eq. (36c) below for the Hankel 
function was first derived by Sommerfeld (for a detailed discussion see ref- 
erence 7). 

Upon starting from the exp(—imt) formulation, one deduces, in a similar 
manner, 


— 5 HP (RR), (36a) 
„lip explin(y — v) tia aie — 7 
GAP, p) = aq) eo Uny nii A T= zla, (36b) 
i KR COS w 
ahe Ros w dw, (36c) 


where the contours of integration in Eqs. (360) and (36c) are the same as those 
in Figs.5.3.6(a) and 5.3.6(b), respectively. Via the integral expressions in 
Eqs. (35) and (36), the outgoing cylindrical waves as given by the Hankel func- 
tions are represented as a superposition of plane waves with complex angles of 
incidence. 

From an asymptotic evaluation of the Sommerfeld integral representations 
in Eqs. (35c) and (36c), one readily derives by considerations analogous to those 
following Eq. (5.3.14) the first-order asymptotic formulas in Egs. (5.3.13). For 
a complete asymptotic expansion of H{"(kR) for large values of AR, one em- 
ploys Eqs. (4.2.18) instead of the first-order asymptotic approximation in Eq. 
(4.2.la). Upon introducing into Eg. (36c) the change of variable cos w = | + 
i$, —oo < S$ < œ, one obtains, via Eq. (4.2.18a), 


H (kR) = -i e! R cos w dy = Lenn fr Gisye-**" i 
P — o0 


~ aly -T Vi (37a) 
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From Eqs. (4.2.27a) and (4.2.30c), G(s) = dw/ds = / 2 e-l — (is?/2)}-¥2, 
whence, from Eq. (4.2.18c), 


Jet Per eo a i d _3_ © e 
a| TOK. = V2 enil +T ARR 32 ateRe T U) G7) 
Time-harmonic electric source current density 
Scr, 1) = ISP — e!"z,. (38) 
The electromagnetic fields for a z)-directed line-source configuration at p’ 


are derived from the Green's function G,(p, 6’) in Eq. (25). For p’ = 0, the 
fields are as follows: 


H. = 1560, P) = F sing HPR), — Hy =H, = 0, (39a) 


f wep dp’ r wE dp’ 
p=-/y* + z is the distance from the source to the observation point, and 
g is the angle between f and the positive z axis, Asymptotic solutions for the 
field are obtained by substitution of the formula in Eq. (5.3.13b). 


E, =0. (39b) 


Discussion 


The configuration in Fig. 5.4.7 follows from that in Fig. 5.2.1 when the cur- 
rent elements are oriented along z. The fields are not symmetrical about the 
line-source axis but exhibit a pattern similar to that for the point dipole in Egs. 
(3). Energy into the far field is transported along straight-line trajectories ema- 
nating radially from the source (see Fig. 5.4.2). Since the electric currents in 
Eg. (38) are longitudinal, only E modes with respect to z are excited and the 
Hertz potential function II‘(r, p’) is proportional to G,(p, p^) [see Eq. (5.2.4c)]. 
Equations (39) then follow directly from Eqs. (5.2.1a) and (5.2.1b). 
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FIG. 5.4.7 Dipole line source. 


In this instance a modal-analysis procedure involves the network problem 
schematized in Fig. 5.4.8 and leads to an integral representation as in Eq. (33). 
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— am a ee eee eee 


FIG. 5.4.8 Modal network problem. 


Time-harmonic magnetic current density 
Problems involving the magnetic current densities 
Mr, 1) = Vô — Peko, (40a) 
or 
Mr, 1) = V — p’e-'"z,, (40b) 


are dual to the corresponding cases in Eqs. (23) and (38), respectively. Results 
are obtained via the duality replacements £ — H, H— —E, and 7 — V. Also, 
the modal network problems in Figs. 5.4.6 and 5.4.8 are interchanged. 


Pulsed source currents 

Since the time-harmonic fields excited by the current distributions in Egs. 
(23), (38), (40a) and (40b) are derivable from the Green’s function G,(p, 6’) 
in Eq. (25), the transient fields may be obtained from a knowledge of the cor- 
responding time-dependent Green's function G (P, P’; t, t), which satisfies the 
differential equation 


(a3 +H- = 5x) GAP, p50) = — 0P — pyr — t’), 


ra 1 (41) 
ME 
subject to quiescence when ¢ < l’, The solution for ¢’ = 0, pf’ = 0, is 

l 1 p 

— ee, t> L, 42a 

ene E č di 
p= z 

0, <£, (42b) 


where f = \/y* + z. The solution for arbitrary p’, ¢’ is obtained by the replace- 
ments f — |Ð — pl, t —t — t’. For example, when the source configuration 
in Fig. 5.4.7 has the temporal dependence 


J, D = ADK Ko) = ÊO = p $400, (43) 


where f is the dipole moment strength, it follows from Eqs. (39) (see also Sec. 
5.2c) that the transient fields are given by 
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a o aF A A AA oe A 2 al @ & 

H; = ETT or E, = -Ô apap! E, =P é Jj d. Gy. (44) 
[Note that (0°/dp dy) + (d?/dy dg) since y = y(f, p).] The fields due to the 
other source arrangements may be obtained in a similar manner. 

G , in Eqs. (42) represents a cylindrically symmetrical disturbance spreading 
outward from the source with speed ¢ and reaching an observation point ĵ at 
a time ¢ = f/é. Although the action of the source is confined to the instant 
¢ = 0, a response of decreasing intensity persists at f after the passing of the 
initial wave front (Fig.5.4.9). 
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FIG. 5.4.9 Pulsed scalar line-source response observed at a dis- 
tance 2, 


The solution in Eq. (42) may be deduced directly by the method described 
in Sec. 5.2c. From the integral representation for the time-harmonic Green’s 
function in Eq. (35c) with p’ = 0, one identifies @ = 0, L = pf, f(w) = —J/4n 
in Eq. (5.2.20). The transient result then follows from Egs. (5.2.19) and (5.2.23) 
(see also See. 1.6b). 


5.4d Line Currents Oriented Along z 


Time-harmonic electric current density 
Nir, t) — Ilp — pJete z, (45) 
Since the current distribution is oriented along z, the fields may be derived 
from the scalar Green’s function 
G'(r, p) = eGP, P) P = (x, y) =(2,9), (46a) 
where G, satisfies the differential equation 
(Vi + R)GAp, p) = —d(p— p), =k? — a’, 
2 
subject to a radiation condition at infinity. The solution for p’ = 0 is given 
via Eq. (25) as 
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Gp, p) = -z HPP) Imk>O, (47) 


and the fields are then obtained from Eqs. (5.2.1a), (5.2.1b) and (5.2.4c): 


p I OG, _ lek 


as yyil) 
» = ioe Op dz Zigak A (Rp), (48a) 


I lar om +] «r 
E, = ig VEG, + e409 — p)| = GE e“ HORp) (48b) 
pe IR Je" HRP), (480) 
E, = H, = H, = 0. (48d) 


When @ = 0 (i.e., Æ = k) one has E, = 0, and the expressions for E, and H, 
agree with those for E, and H, respectively, in Eqs. (26), allowance being 
made for different coordinate designations. 

For large values of |p|, one can employ the asymptotic approximation 
(5.3.13) for the Hankel functions and obtain for the fields observed at large 
distances from the source: 


lake” P. a a 
Es ~ Toed mhp O N TREN me Be (49) 


Upon defining for a < k an angle y and unit vector R, (see Fig. 5.4.10) as 
a=kcosy, K=ksiny, R, =p siny + z,cosy, (50) 


one notes that 


E~ (R x p) ZE H~ — SE, ~ VER XE (51) 


Power flow 


FIG. 5.4.10 Progressively phased line current. 


Discussion 
The line-source Green’s function in Eq. (46a) is related to the point-source 


Green's function G,{r, r) in Eq. (2) by a continuous superposition of source 
elements along the z axis: 
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o0 , ; 20 i elk Ver G-r j 
Gap) =f eG ndr = f e ere’, OD 


and this integral is expressible in closed form via Eq. (47) [see Eqs. (12a) and 
(12d), which are Fourier transforms of this result]. The transition from Eq. 
(5.2.3b) to Eqs. (46) is evident. 

The far fields behave locally like pilane waves propagating in the R, direc- 
tion at an angle y with the line-source axis. This observation can be highlighted 


by writing Eq. (49) as 


ekt _  I@psin ye"“ 
E,~ A JER -2n , (53a) 
where the propagation vector k and the distance vector R are defined as 
k = KR, R = pof + Zz. (53b) 


The factor A is a constant for a given line-source distribution, and the factor 
1/ KR accounts for the cylindrical spreading of the wave as it progresses 
outward from the source. The wave observed at (p, z) appears to originate from 
a point on the line source that is connected to the observation point by a vector 
of length R making an angle y with the source axis (see Fig. 5.4.10). The angle 
y decreases to zero as & — k (i.e., as the phase velocity along the line source 
approaches that of a wave in free space). 

When «> k, & in Eq. (46b) is imaginary and one must choose Ê = 
i/o? — k*, In this instance, the fields at large distances from the source decay 
exponentially with p. It is to be noted that when & < k the phase velocity along 
the z direction is given by v, = w/a > c, where c = w/k is the velocity of 
light in the medium, while & > k yields v, < c. These ranges of a characterize 
“fast” and “slow” waves, respectively, as compared with the velocity of light. 
From the above results it is recognized that fast waves radiate energy into the 
space surrounding the current distribution, while the energy in the slow waves 
is confined to the immediate vicinity of the source currents and travels along 
the direction of current flow [see Eqs. (48), with & imaginary, whence E, and 
H, are in time phase, while £, and H, are 90° out of phase]. These considera- 
tions apply not only to the present problem, wherein the source distribution is 
specified, but also to diffraction problems, wherein one encounters induced 
currents with fast or slow phase variations. 

The above-described radiation characteristics of the phased line source may 
also be inferred directly from the wavenumber diagram in Fig. 5.3.7. In the 
present instance, the longitudinal wavenumber x has the prescribed value a, so 
only the intersection of the plane x = « with the surface is relevant. When 
& < k, the x = æ plane intersects the wavenumber surface [Fig. 5.4.1 1(a)], 
and the plane-wave solutions corresponding to this intersection (i.¢., the normals 
to the sphere) give rise to the conical ray diagram in Fig. 5.4.10. When a > k, 
No intersection occurs [Fig. 5.4.11(b)], thereby eliminating propagating wave 
solutions with real values of the transverse wavenumber &. 
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a>k 


FIG. 5.4.11 Use of wavenumber plot. 


5.4¢ Point Charge in Uniform Straight Motion 


Nr, t) = qvd(x — vt)6(p — B')xo. (54) 


The fields produced by a point charge g moving, as shown Fig. 5.4.12, with 
constant speed v along a straight-line path parallel to the x axis in a medium 


Mane Energy flow (ray) 


fy 
%, 


(x — ut) 


FIG. 5.4.12 Point charge moving in an infinite medium with 
€ > c2/y?, 


with frequency independent dielectric constant € = €€, and vacuum permeabil- 
ity 2 = 4 are derivable from a function G(r, 1) which satisfies the differential 
equation 


(v — EE) Ge, = -00 — P(t- 2), (55) 


p = (y, 2) = (A, 9) 
subject to initial conditions discussed subsequently. The solution for p’ = 0 Is 
given by 
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oat: 

een 0, ee (55a) 
(r,? = ia 
l x. PY 

gee ei TEPE t — : 55b 

2nv/(t — x/v)* — (py/cy ye (320) 


when y = é — (1/B) is positive. € = €/€, is the dielectric constant normal- 
ized to its value €, in vacuum and 8 = v/c the ratio of the particle speed to 
the speed of light in vacuum (i.e., $ < 1). It is thereby implied that Eqs. (55) 
are valid only when the particle speed is high enough to assure € > (c/v)*. At 
low speeds, where € < (c/v)*, one has, instead, 


TE l -IL 
CD = aap ter VRBO eS) 


For p + 0, one replaces Ĵĵ by |p — P1. 
To determine the electromagnetic fields, one performs the differentiations 


A ae —@q d A 

Ê, = S456, (57a) 
— z4r i e 

É, CEE OF a: (57b) 

F < -433 G, (57c) 


where f and ọ are cylindrical coordinates in the y — z plane. In particular, 
for the low-speed case € < 1/7, 


A (58a) 


e een | eee eee 
A Ane € v1 — ëf — w/l — PEN + p? 
s q 


Ê, = REEE OE ET TE 3 58b 

NEE | — é{[(x p vt)? /( ae, BEN) $ Pp? ( ) 

H,=2 ĝ | 58c 

” anni — PEx — ut — PEN + py” (230) 

The radial energy flow through a unit area in a cylindrical surface with 

radius # surrounding the particle trajectory is, in the frequency interval from 
w to w + dw, 


0, ë< (<) : (59a) 


Meee > (5) (59) 


The total energy radiated per unit length of particle trajectory is 


W Ar) = 


_ $ a = q? ð l 
W = anp |, WAD do = Taa f, (1 — gps) do i 
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where @ is the limiting frequency for which €(@)8? = i(i.¢., €B? < 1 for w > 
@). If ē is assumed frequency independent, W becomes infinite; the dielectric 
constant of all physical media is frequency dependent and approaches that of 
vacuum as the frequency jncreases without limit; it therefore exhibits a cutoff 
frequency &. 


Discussion 


As shown in Fig. 5.4.12, Eqs. (55) reveal that the electromagnetic fields trail 
behind the moving charge inside a cone making an angle Ê with the x axis; 
since the speed of the particle in this regime is greater than the speed c/»/é 
of a wave propagating in the medium, the electromagnetic disturbance cannot 
run ahead of the particle. The cone ts defined by the equation vi — x = pyB, 
SO 


cord = y8 = Jef  — I, p=. (61) 


In a coordinate system fixed to the moving charge, the electromagnetic fields 
are zero when 0 > Ê and are derivable from Eq. (55b) when 6 < Ê. The nor- 
mal direction to the conical wave front is given by the previously defined angle 
y = (n/2) — ĝ = cos”'(1/B./€ ). The presence of the wave front indicates 
that radiation takes place, the associated phenomena being generally referred to 
as Cerenkov radiation. These results were first derived by Frank and Tamm? 
to explain radiation observed from fast charged particles in media with large 
refractive index. 

No radiation occurs in the slow-speed case € < 1/f?; this parameter range 
includes the vacuum € = l. The fields are similar to those in the electrostatic 
problem v = 0 and may, in fact, be derived therefrom by an application of 
the Lorentz transformation.’ While for v = 0, E/E, = x/p, the effect of the 
motion is to shrink this ratio to (x — vt)/f, so the field intensity seen by a 
Stationary observer is no longer symmetrical about the charge. 

To construct the solutions in Egs. (55) and (56), it is useful to observe that 
the fields produced by the source distribution in Eq. (54) are related intimately 
to the fields of a progressively phased line current extending over the entire 
trajectory. This follows from the recognition that the Fourier spectrum of the 
current distribution Î in Eq. (54) is given for J’ = 0 by [see Eq. (5.2.25)] 


J(r,@) = ‘a Nir, en!" dt = gb pje- *xo, (62) 


representative of a line distribution with a phase progression given by # = w/v 
[see Eg. (45)]. The results in Sec. 5.4d are therefore directly applicable, allow- 
ance being made for the different time dependence (i —> —j) and also for the 
differently oriented coordinate system; the charge travels along the x axis in 
order to facilitate subsequent anlaysis when the medium exhibits stratification 
along z. From Egs. (46) and (47), one has for the relevant time-harmonic 
Green's function, 
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— Ij p-Nes/Bx Dk A a @ TA 63 
G(r, w) = 4 e Hi (Kopy), ko A ’ B m Cc ? ( ) 


with the œw dependence exhibited explicitly. The corresponding time-harmonic 
fields are then calculated as in Egs. (48) and lead (with 0/d —» jw) to Eqs. (57). 
G(r, ”) satisfies the differential equation [see Eq. (46b)] 


(G2 + Ge — SF) Gr, 0) = p — Pye, G= Ve — En (632) 


which can be written in the following alternative forms upon inclusion of the 
time factor exp (j@r): 


E 0? 
(v - ga) 
(7-4 D) PO, ayer = p — pel, (63b) 


A g? 
(07 + Bis) 
where y? = €—(1/B)*. The ea Green’s function 
Gir, i) = = =f G(r, w)e! dw (64) 


is recovered from Eqs. (63b) upon multiplication by 1/27 and integration over 
w, and the first of Eqs. (63b) is then transformed into Eq. (55). 
The second of Egs. (63b), 


(2 z Ue) G(r, t) = —5(p — pó: -ž), (64a) 


is of the same form as Eq. (41) provided that the positive constant c? is replaced 
by the positive constant ¢?/y?, and l = x/v. x can be regarded as a parameter 
since it does not occur in the differential operator on the left-hand side of Eq. 
(64a). The solution in Egs. (42) then furnishes directly the result in Eqs. (55a) 
and (55b). 

When 7? is negative, the third of Eqs. (63b), 


(97 + pink 2) Ge, = -00 -p(t - ~), (64b) 


is useful. Upon introducing a new variable x = x/fly|, the differential operator 
on the left-hand side becomes the Laplacian in the x, y, z coordinate space. 
Furthermore, 6(1 — x/v) — lt — X|y|/c) = (c/|y|)6(% — X), where ¥ = ct/|| 
plays the role of a parameter. The transformed problem therefore requires the 
evaluation of the static Green’s function G, in the x, y, z space, which, upon 
inclusion of the multiplicative factor c/|7|, yields, for 6’ = 0, 


z c/\}i 
Os = aJ PF i — CTE wo 


This expression, when transformed back into the x, y, z space, leads to Eq. (56). 
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As in Sec. 5.4d, the parameter a = k,/B = w/v in the time-harmonic prob- 
lem determines whether radiation does, or does not, take place. When a < 
ko ./ € , radiation occurs, whereas no energy escapes from the vicinity of the 
source when @ > k,./é. These conditions are equivalent to the previously 
stated B?€ > | and B'E < 1, respectively. The direction of propagation of the 
waves in the radiating case is given via Fig. 5.4.11 by the angle y. This figure 
demonstrates furthermore that the radiation characteristics of the moving par- 
ticle may be inferred directly from the wavenumber surface for the medium: 
One first constructs the plane x = k,/8, where in this instance, x is taken as 
the wavenumber along x. When this plane intersects the sphere k = k,./€é, 
radiation leaves the particle axis along the conical trajectories shown. When 
no intersection occurs, there is no radiation. If Æ is assumed to be frequency 
independent, all plane waves in the radiating case leave at the same angle y, 
thereby establishing the wave-front in Fig. 5.4.12. From a physical viewpoint, 
the particle excites those plane waves whose phase speeds v, > c/./€é along 
its trajectory are equal to v; evidently, this condition, the “Cerenkov coherence 
condition,” cannot be met when v < c/s ë. 

The energy flow in the frequency interval from w to w + dw is evaluated 
from the time-harmonic fields via Egs. (48) (modified as noted above) and 
(5.2.31) and leads directly to Eqs. (59) upon use of the Wronskian relation: 
J(w)(d/dw)N(wv) — No(w)(d/dw)J(w) = 2/nw. Formula (59a) confirms that 
no radiation takes place when Ef? < 1. 


Modal representation 


While the most direct method of determining the radiation from a moving 
charge utilizes a cylindrical coordinate system centered on the charge trajectory 
along x, it is possible by an alternative approach to view the configuration as 
a waveguide along z in which the moving charge sets up a transverse electric 
current. This procedure is unnecessarily complicated in an unbounded homo- 
geneous medium but becomes essential when the region is stratified along z. 
Since a problem in the latter category is to be examined subsequently, it is 
useful to consider the required formulation even for the simple case of infinite 
space. Again, the Fourier transform is taken with respect to time, thereby 
rendering the phased line source in Eq. (62) as the relevant excitation. Since 
in many applications the radiated energy rather than the fields is the quantity 
of primary interest, we shall formulate the problem in terms of the modal volt- 
ages and currents in the relevant formula [Eq. (5.2.34)]. 

The steady-state modal network problem is sketched in Fig. 5.4.6, whence 
for z > z’, 


V(z,@) = — EAONKO) einion — Zw) I(z, @), (66) 


where in Z,, and x, are the current generator strength, modal characteristic 
impedance, and propagation constant, respectively, and the dependence on @ 
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has been indicated explicitly. The vector-mode functions are [Eqs. (2.3.1)] 
/ iol V t 
elp) = -TFW ae. (67) 
ti 


Since all field quantities excited by the current re in Eq. (62) have 
an x dependence given by exp (—jkox/B), one may define the scalar mode 
functions ®, and y, as 


e;(p) = 7o X 


©(p) = vp) = ase me iia x —coo <4 <0, (67a) 


k= ki =y (F) + Dol" dn (67b) 


Upon substituting Egs. (62) and (67) into Eq. (2.2.14b), one finds, with 
y = 0, 


whence 


P — jq(ko/B) oth —jgn 
i = pak = Jin k (68a) 


while, from Eqs. (2.2.15), 
Zl = ŠL Z! =2b K = sk — k? = K”. (68b) 
t 
To calculate W (z) from Eq. (5.2.34), we note first that 


R nye — Sli? ZER Ja, 
where y is defined in connection with Eq. (55b). This expression is real only 
when x; is real, so the integration over 4 in Eg. (5.2.34) extends only over the 
interval |y} < Koy: 

_ ky? koy 2ķžy? 

Wale) = Bae |an VEEP T brok (70) 
This result represents the energy radiated through a plane z > 2’. By symmetry, 
an equal amount is radiated through a plane z < z’, so the total radiated energy 
per unit length in x, in the frequency interval between œw and @ + dw, is given 
by 2W (z), which is identical with the result 2xfW,,(r), with W,(r) given in 
Eq. (59b). 


5.4f Ring Currents 


Circular ring currents represent another important simple form of field ex- 
Citation arising in various physical applications. We consider two types of ring 
currents (Fig. 5.4.13) distinguished by currents flowing parallel to the ring axis 
Or along the ring periphery, respectively. The former is termed a “dipole ring 
source” ; the latter is merely called a “ring source.” Unlike the field due to a 
scalar point or line source of constant strength, which depends only on the 
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(a) Dipole ring source (b) Ring source 


FIG. 5.4.13 Ring currents. 


distance measured from the source, the ring-source field is also a function of 
the angle of observation measured from the ring axis. 


Time-harmonic longitudinal electric source current density 
Sir, t) = JA — pel — zhee- az. (71) 
Since the currents are longitudinal, the fields may be derived via Eqs. 
(5.2.1) and (5.2.4c) from a scalar Green’s function G(r; r', 8’), obtained by 
integration of the free-space Green’s function G,(r, r^ in Eq. (2b) (with r > 
|r — r'|) around the contour of the ring: 


GAT, r, 0) = of eG er, vd’ (72a) 
=£ ew ow (12b) 


where |r — r'| in a spherical coordinate representation is defined in Eq. (6). It 
is observed from Eq. (71) that the source distribution may possess a progressive 
phase shift given by exp (in), where n is an integer or zero. It does not ap- 
pear to be possible to evaluate the integral in Eq. (72b) in closed form. How- 
ever, for a far-field evaluation (see also Sec. 5.9c) we may employ the asymptotic 
approximation |r — r'| ~ r — r’ cos y, whence [see Eqs. (6)] 


tkhlr-r’| k (r—r' cosy) 
oor i EOT rèr. (73a) 
Since 
f ef * C05 winy dy z 2ne~'**/2J (x), (73b) 


and the upper and lower limits of integration in Eq. (72b) can be replaced by 
z+ $and —2 + ¢, respectively, one obtains, via Eqs. (72b) and (73a), the 
far-field form of G,, 

G Ar, r, 8’) ~ i 


th (r -r' cos 8 cas p’) 


F pers" J {kr sin @ sin 8), rr. (74) 
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The radial variation (l/r) exp (ikr) indicates that the far field progresses as a 
spherical wave. 


Discussion 

The physical interpretation of Eq. (74) differs for various values of source 
radius p’ = r' sin 0’. If x < 1, then J,(x) ~ x", so G, œ L(kp'y for very small 
values of kp’, where L = 2np’ is the length of the ring source. Thus, the far 
fields radiated by a ring source with small kp’ are very small except when n = 
0, as for a constant current distribution; in this case Jo(x) ~ 1, x > 0, and G, 
— LG,. If kp’ is large but much smaller than kr, one distinguishes the separ- 
ate ranges kp’ sin @ > n and kp’ sin@ < n. Let us assume that n is likewise 
large; then, for x & n, J,(x) ~ (x/n)’, while for x >> n, one employs 2J,(x) = 
H® (x) + H/(x), with the asymptotic formulas for the Hankel functions given 
in Eqs. (37) or (5.3.13). Thus, for observation angles Ô small enough so that 
kp’ sin 0 & n, the fields radiated by a ring source become very small. 

On the other hand, when kp sin 0 >> n, use of Eqs. (5.3.13) yields 


( (ng +m/4) 
G, a € Sp {gkir -r cas (0-01 + eTit Dnu otklr—r’ seater e NN) (75) 


2r./2nk sin @ 


which may be written as 
Gy ~ ert JEENE G Ar — r cos (8 — O) + FG,lr — r cos (0 + O), (76) 


where 


Yr = (—i(—1"" (76a) 
and G(r) is the line-source Green’s function in Eq. (25), 
= i i z ef (kr +n/4) 
G(r) = 4 Hi (kr) LJ dake’ kr |. (76b) 


Equation (76) admits a direct ray-optical interpretation. Since kp’ is large, 
the ring source may be regarded as a superposition of linear elements. Intro- 
ducing s = p'$ as the distance variable along the ring, one may write exp(ing) 

= exp (ias), © = n/p’ where @ is the wavenumber descriptive of the phased 
excitation in Eq. (71). The radiation characteristics of linearly phased line 
currents are discussed in Sec. 5.4d, and one notes from Fig. 5.4.10 that each 
element emits geometric optical rays at an angle y = cos~'(a/k) with respect 
to the element axis. For the case considered, kp’ >> n, whence y = n/2 and 
the rays leave each element almost perpendicularly. Thus, a distant observa- 
tion point P is reached by two rays originating, respectively, at the nearest and 
farthest points P, and P, on the ring [Fig. 5.4.14(a)]; the corresponding dis- 
tances measured along these rays are [r — r’ cos(@ — 6”)} and [r — r’ cosh + @’)). 
The twoG z functions in Eq. (76) therefore represent the scalar fields radiated by 
unit strength linear current elements located at P, and P,. The factor I multi- 
plying the contribution from P, is separated into two parts as in Eq. (76a). The 
(—1) term accounts for the phase difference exp (inn) between the source 
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elements at P, and P,. The —i term represents the phase change experienced 
by a ray on crossing a caustic; such a caustic (ray envelope) exists on the 
ring axis since all rays emanating from the source converge thereon. When 


Ray configuration 


Ray-tube projection 
into plane of ring source 


(a)kr’ sin @ sin@’ > >a 


eft? = elias 


(b) kr’ >n, 8 =6'= 2/2 — general ray picture 


(c)kr’>n, 80 =0' =x/2 — rays reaching distant observation point 


FIG. 5.4.14 Geometrical interpretation of radiation from a large 
ring source, 
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the observation point is located in a plane described by the azimuthal coor- 
dinate ¢, the source element at A in Fig. 5.4.14(a) has the phase exp (ind), 
thereby explaining the occurrence of this factor in Eq. (76). Finally, the ./p’/p 
term in Eq. (76) accounts for the fact that source elements in the vicinity of 
P, and P, are not collinear but lie on the ring; when projected into the plane 
of the ring, ray-tube cross sections dA exhibit a divergence p/p’ in addition 
to that descriptive of a straight-line current. Since the field amplitude along 
a ray varies inversely with the square root of the ray-tube cross section, the 
result in Eq. (76) follows [see Eq. (1.7.37) wherein y denotes a phase func- 
tion]. Evidently, the divergence factor transforms the cylindrical wave near a 
ring element into a spherical wave far from the element. 

Equations (75) or (76) become invalid as sin @ — 0, as evidenced by the 
resulting divergence of the formulas. In this transition range, where observa- 
tion points lie near or on the caustic, one must employ Eq. (74). 

In Eq. (75) it was assumed that kr’ sin 0’ sin 8 >> n, so the simple asymptotic 
approximation in Eq. (37) for the Hankel functions could be used. If one 
seeks an approximate representation of Eq. (74) which is valid for both n and 
kp’ sin @ large, one must employ the more accurate asymptotic representations 
below [see Eqs. (4.5.33) and (4.5.34)]. For | — n/x > x°™}, 


HS? (x) Au lamp Prina sin B a L, (77a) 
For (n/x) — 1 >> x, 


i / 2 n 
HO» x) ~ F i : er cosh w-sinb w} c h Sa 
n(x) zx sinh y : Paa K, x 


i (71b) 
Ai -x (W cosh w-sinh 
A y e 
For |1! — n/x| = O(x-2”), 
/ 
Hi) (x) ~ on [Ai(—2't) F i Bi(—2"t)], t= n(x — n), (770) 


where Ai(æ) and Bi(a) are the Airy functions defined in Sec. 4.2e. The above 
representations, though written for real positive n and x, hold also for selected 
complex ranges. Formulas for J,(x) are obtained from Eqs. (77a) or (77c) via 
2J, = H{ + H®, For the range n/x > 1, a special formula is required since 
H + H” ~ 0 from Eq. (77b). Equations (77) highlight the fact that J,(x) 
is a propagating wave function when n < x, an attenuating wave function 
when n > x, and goes through a transition range when n = x. 

If one examines Eq. (74) in the range where n is large and kp’ >n, but where 
it is not required that kp’ >> n then use of Eq. (77a) reveals a more complicat- 
ed asymptotic behavior than that exhibited in Eq. (75). Owing to the presence 
of additional phase terms, the two ray contributions at P do not appear to orig- 
inate from the nearest and farthest points on the ring but from shifted positions. 
The radiation mechanism in this case is illustrated in Fig. 5.4.14(b), where we 
restrict ourselves for simplicity to observation points lying in the plane of the 
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ring source (9 = 6’ = 7/2). As before, rays leave each ring-source element 
with an Inclination measured by the angle y = cos"'(a/k). For wavenum- 
bers @ characterizing “slow” waves (@ = n/r’ > k), the angle y is complex, no 
real rays exist, and the fields are confined to the vicinity of the ring source 
and propagate along the direction of current flow. In the “fast” wave case 
æ < k, radiation occurs in accord with the ray picture shown in Fig. 5.4.14(b). 
æ ~ k corresponds to the transition range n = kr’ noted in connection with 
Eqs. (77). When kr’>> n, [i.e., the spatial period (2zr’)/nm comprises many 
wavelengths], one obtains the situation depicted in Fig. 5.4.14(a), wherein the 
angle y ~ 2/2. The validity of this interpretation is verified upon examining 
in Eq, (74) the exponential terms exp (i7,,,) resulting after substitution of Eq. 
(77a) for J,(kr’). One finds that 


x, = k(r — r’ cos $) + n$ — B) + 7, 


Ka = K(r + r'cos B) + np — 2 +A) -i 


The physical significance of these phase functions is appreciated from Fig. 
5.4.14(c), wherein the field radiated to a distant point (r, 6) is examined, r be- 
ing the distance from the center of the ring. According to the ray picture in 
Fig. 5.4.14(b), the field comprises contributions from two rays originating at P, 
and P, in Fig. 5.4.14(c). The ray emanating from P, travels a distance (r — 
r’ cos 8) with an associated phase k(r — r’ cos f). The phase of the source dis- 
tribution at P, is n(ġ — £), yielding a total phase at (r, $) identical with that 
in X, save for the 2/4 term, which arises in conjunction with the radiation 
from a line source as noted in Eq. 76(b). The same interpretation applies to 
7, telative to the ray from P,, except for an additional! phase shift of —2/2 
which is contributed when this ray crosses the caustic at the shadow boundary 
[see Fig. 5.4.14(b)]. 

Figure 5.4.14(b) schematizes the radiation mechanism not only for the case 
kr >> kr’ > n, but also for kr’ >> kr > n, wherein the field is observed in the 
interior of the ring. Unless y ~ 2/2, there exists a “shadow” region which 
is not penetrated by real rays. The envelope of the ray family (caustic), a 
circle with radius b = y cosy, bounds the shadow region in the plane of the 
ring source. The analytical formulation for the field in the interior of the 
ring is obtained from Eq. (74) by interchanging r and r’ and letting 0 = 0’ = 
z/2. The field behavior is then governed primarily by the factor J,(kr), which 
gives rise to propagating waves (real rays) when n < kr, attenuating waves 
when n > kr (shadow region), with the transition occurring at r œ b = n/k. 
An alternative, and more extensive, ray-optical treatment proceeding directly 
from Eqs. (72) is given in Sec. 5.9c. 


Modal representation (circular waveguide) 

A circular-waveguide representation for the scalar ring-source Green’s func- 
tion G, defined in Eq. (72a) is obtained from Eqs. (5.2.8a) or (5.2.8b), with 
Eq. (7), upon carrying out the integration over ¢’ [exp ( jor) dependence]: 
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G(r; pz) = = em | ELE AEP) ne a (78a) 
IZ : iil a 
=a es f a-s SH PIEP) ea dy. (78b) 


The singularities and path of integration appropriate to the integral representa- 
tion in Eq. (78b) are shown in Fig. 5.3.5(a). Upon letting z’ = 0 for conven- 
ience, introducing the change of variable € = k sin w and the polar coordinates 
(r, 0), one obtains for p >p the following representation in the w plane; 


G, = AR ein f sin wH® (kr sin @ sin w)J (kp sin w)e~/*" °°? 8 co» dw, (79) 
P 


with the path P shown in Fig. 5.3.5(b). For p < p’, p and p’ in Eq. (79) are 
interchanged. 

To effect an approximate evaluation of the integral in Eq. (79) for the case 
where the observation point is situated very far from the ring source (i.e., 
kr — co) one may represent the Hankel function by its asymptotic form in Eq. 
(5.3.13) subject to the condition that sin ĝ sin w + 0 along the path of integra- 
tion. Moreover, since the source radius p’ is finite, we may treat J,(kp’ sin w) 
as a slowly varying function, compared with H? (Ar sin @ sin w), as kr — oo, 
or, less stringently, when r sin 0 >> p’, kr >> 1. Thus, the pertinent formulation 
becomes 


To ING —n!2) + ja/4 
G, ~ A E. an a a/sin w J,(kp’ sin w)e~/*" -0 dw, (80) 

The asymptotic evaluation of the integral in Eq. (80) proceeds in direct 
analogy with that in Eq. (5.3.14), with f(w) = ./sin w J,(kp’ sin w), etc. Use 
of j — —i and Eq. (5.3.16a) [for exp (—iwt) dependence] then yields the first- 
order asymptotic approximation in Eq. (74). It is to be noted that the asymp- 
totic evaluation is carried out under the restriction rsin œ p’, while the 
direct derivation leading to Eq. (74) shows that this result is valid for all @ in 
the range 0 < O< 72. 


Time-harmonic azimuthal electric source current density 
Jor, 1) = 15(p — Poz — 2)e"te hg, (81) 
For a calculation of the radiation from the ring source in Fig. 5.4.13(b), 
wherein source currents with a progressive phase variation exp (in) flow in 
the azimuthal direction, one may utilize the previously derived results for a 
transverse (to z) current element in Sec. 5.4b, For an azimuthal electric current 
element, for example, we let J° = ,J°, M° = 0, and obtain for the potentia! 
functions in Eqs. (5.2.1) [exp ( jæ@t) dependence], 


2 
jote, = PH agra Fn Wens- eD 


with Z, given in Eq. (5.2.10b), with Eq. (7); it is recalled that the represen- 
tation for Y, in Eq. (5.2.10b) is to be considered as purely formal, but that 
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the functions 0 ,/0¢’ and ðS ,/dp’ are meaningful after the partial differen- 
tations have been carried out on the integrand of /,. 

The potential functions for the ring source are now deduced from an inte- 
gration as in Eq. (72a), with į —> —j. One notes that, for n Æ 0, both E and 
H modes are excited (1.e., the radiation from the ring source gives rise to lon- 
gitudinal electric and magnetic fields). For the special case of a constant ring- 
source distribution n = 0, the potential Il’ vanishes. The associated electric 
and magnetic fields are then obtained via Eas. (5.2.1) and (82). The electric 
field has only a ¢ component, which is given by 


og JW or” E eee eee PS 
E(r) = ġo dp. hy jon Jp op” (83a) 
where from an integration of Eq. (5.2.10b), with Eq. (7), 


PS, _ —jp' (> EL(Ep)I(Ep’) ex -jV EZ Ez — z) 
ae we ee ee 


Upon comparing Eqs. (78a) and (83b) one notes that 
PPI inmé Bs 
3p op’ Laer (e Gre: (83c) 

Thus, the previously obtained asymptotic results for G, can be employed di- 


rectly for the determination of the far fields in the present problem. Results 
for the exp(—iwr) dependence are obtained on letting j —- —i. 


Time-harmonic magnetic current distributions 


The results in this instance are obtained from those above by the duality 
replacements E— H, H > —E, J°— M°, I — V,and y e €. 


5.5 SOURCES IN THE PRESENCE OF A SEMIINFINITE DIELECTRIC MEDIUM 
5.5a Time-harmonic Longitudinal Electric Current Element 


S(r, t) = Nb(p)d(z — z’Je7'"z,. (1) 


We consider the physical configuration in Fig. 5.5.1, wherein a longitudinal 
electric current element of strength J’ = I, with Z the current in the element 
and / its infinitesimal length, is situated at the point z’ < 0 on the z axis in 
the presence of a dielectric interface at z = 0. The medium in the half-space 
z < 0 is characterized by a dielectric constant €, and a permeability x, while 
the analogous constants for the half-space z > 0 are €, and #. Unlike the prob- 
lem of the dipole in free space, this problem cannot be solved in terms of a 
single simple function of the spatial coordinates so that one must resort to a 
modal technique. With z as the transmission coordinate, the electromagnetic 
fields are derived from a scalar E-mode Green's function G(r, r’) (see Eqs. 
(5.2.1) and (5.2.4c)], which satisfies the separate differential equations 


(V? + k)G(r,r)= —d(r—r), z<0, (2a) 
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(a) Ray-optical coordinates for (b) Ray-optical coordinates for observation: points 
Observation points in region | in region 2 (V€, sin 8, = Ve sin@,) 


FIG. 5.5.1 Semiinfinite dielectric medium with a longitudinal 
current element. 


(V? + k2)G2(r, r’) = 0, z>0, (2b) 
subject to a radiation condition at infinity in both regions, and to the following 
continuity requirements at z = 0 [see Eqs. (2.3.36) et seq. ]: 


1G; _ 10 ge 
eo anz * em (2c) 


G; = G» 
where k? , = w*ze, », In cylindrical coordinates with r = (p, z) and r’ = (0, z’), 
one obtains, for z < 0, 

Gi(r, r) = Gyr, r) + Gir, r’), (3) 
where G,, = (1/4nF) exp(ik,), with f = |r — r'|}, is the free-space Green’s 
function in Eq. (5.4.2) (Fig. 5.5.1). Gj, expressive of the interface effect, is 
represented by an integral extending either over the transverse wavenumber ¢ 
or over the complex angle variable w: 


, if” expl —is/ k? — & 
G, = i Í „$H GP) seat ry de, (3a) 
= malas i sin wH§?(k,r sin 8 sin w)e!*" °°* 8 s *F(k, sin w)dw, (3b) 
N JP 


with the integration paths given in Fig. 5.3.6. The two representations are 
related via the transformation ¢ = k, sin w; spherical coordinates with respect 
to the image point have been introduced through the definitions 


p= rsin, —(z+2z'))=rco6>0, 0<0<5, (3c) 


and T is the E-mode reflection coefficient 


N kieé Em 4 z eJ/k? — & 3 
NO = iie E F eden ESR (3d) 
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whence 


l /€ — Sin? w — € COS 
r(k, sin w) = Fr con (3e) 


The Green’s function G;(r, r’) in the region z > 0 can be represented as in 
Eq. (3a) provided that 


—exp [—i./k? — Xz + z’) F'(¢) is replaced by 
[1 — E] exp (iv k}] — Gz — ik} — G2’). (4) 
For large values of k,r but for arbitrary values of k,7, where r and f are 
the distances from the image and source points, respectively [Fig. 5.5.1(a)], the 
integrals for G; in Eqs. (3a) and (3b) may be evaluated asymptotically. Saddle- 


point integration yields the following result, which in the region z < 0 gen- 
erally dominates other contributions mentioned subsequently: 


7 efki? i etki l 
G, ~ S — T (kisin oji na o(5)]. 0 = 0, (5) 


where 


; a/€ — sin? 0 — € cos 0 
T(k, sın 0) = Je — sin’ Â + € cos 6 (Sa) 
Equation (5) is valid provided that the observation point is not too near the 
interface (9 =< 2/2) or the dipole axis (0 æ 0). This result, with the exclusion 
of the generically indicated higher-order terms, can be deduced directly by 
arguments of geometrical optics (see Discussion). 

In addition to the geometric-optical field, which arises from the saddie point 
at w = @ in the integrand, there are other possible contributions to G, from 
branch-point and pole singularities representative of distinct diffracted field 
types. The branch point singularity at w, = sin-'./¢ furnishes the following 
additional term G;, to the asymptotic expression for G;: 

Gis ree 
oe [f 2k, 2explik,(/l — elz + 2/1 + VE p) — in/4} [2n uo — 8) 
8x VarsinO [kV Elz + 2) —J/1 Epa — 6) Y € 
(6) 
The Heaviside unit function U vanishes when 0 < 6 and equals unity when 
0 > 8, while 6 is that value of the observation angle for which the steepest- 


descent path through the saddle point w = @ crosses the branch point at w, 
[see Eq. (5.3.15a)}: 


6 = Re Ww, — cos”' sech (Im w,), w, = sin’ E, €= a (6a) 
This “lateral wave” field (see Fig. 5.5.2) decays according to (K, - distance) ~? 


(see Eq. (6)], more rapidly than the geometric-optical field in Eq. (5). More- 
over, when the medium in z > 0 is denser than in z <0 (€ > 1), or when 
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losses are present (Im € > 0), there are also exponential decays, so G}, is usu- 
ally negligible under these conditions. An important exception occurs when 
medium ! is lossy and medium 2 is lossless, so Im k, > 0, Im k, = 0. The 
geometric-optical field in Eq. (5) is then strongly damped, whereas the damping 
in Eq. (6) arises only from the factor multiplying |z +- z|, but not from the 
factor k,./e€ = k, multiplying p. Thus, Gi, dominates when the latera! dis- 
tance p is large and medium | has dissipation (see the discussion relating to 
Fig, 5.5.2). It may also be noted that I'(k, sin 0) — 1 and r — F when 0 — 7/2, 
so the geometric-optical field vanishes near the interface; the O(1/k?r*) term, 
next in the asymptotic expansion in Eq. (5), then becomes relevant together 
with G;, when the region is lossless. 

For highly dissipative dielectrics filling the half-space z > 0 (i.e., |e] >> 1, 
arg € =~ 2/2), Gi, is negligible but a further modification must be considered 
for observation points near the interface. The pole singularity? in Eq. (3e) is 
then found to be located near the saddle point and the composite contribution 
to the field becomes 


G, ~ e +s poe ee Pk, sin 0), / 2k ekutno y (7) 
{ } = i2e-*""Q(—ib/ kr) + TO) p=, (Ja) 
where Î = 1 +T, and 
b= Tesine h, wma a 
10) = + T o 


Q) = f edx. 


This expression is uniformly valid for all observation angles 0 < 0 < 2/2 in 
the half-space z < 0 and for arbitrary €,; it may be shown to reduce to Eq. (5) 
when 0 % 2/2. For the special case of large dissipation in medium 2 (arg € œ~ 
7/2) and no loss in medium 1, and for 0 = 2/2 (source and observation point 
on the interface), the contribution from the second term in Eq. (7a) is small 
compared with the first term and can therefore be neglected. Via Eq. (7b), Eq. 
(7) can then be written in the following form to yield for G; along the interface, 


, ek 3 
G, a Jx l! + i2y ge“ Oliv), kır >l, le| > r, arg € => (8) 
where the parameter ¢ is Sommerfeld’s “numerical distance”? 
C= Jey (8a) 


tWhen medium 2 is a plasma for which it is possible to have €, < —€,, with €, > 0, 
then the pole may contribute in a manner different from that described here; sce Sec. 5,5k. 
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Alternatively, upon recognizing that Q(—i./) = Q(0) — [{ -t ab with 
Q(0) = s/n /2, one can rewrite Eq. (8) as 


al! A t/a et — i2/ Tet [ Me oe dx). (8b) 


2nr U 


The first term on the right-hand side of Eq. (8b) represents the solution for 
waves propagating along a perfectly conducting surface (je| = oc); the second 
term stems from the fact that |e} is large but finite. While for small { the first 
term is predominant, the second and third terms grow in importance with in- 
creasing ¢ and actually approach —1 when { >> 1 [see Eq. (4.4.20)]. Thus, the 
wave character depends quite strongly on the numerical distance. The second 
term in Eq. (8b) represents a “surface wave,” as is evident upon identifying its 
contribution to G; as proportional (1/,/€,r) exp(ig,y), where ¢,r = k,rsinw, 
=~ kır + iC (see the discussion to follow), However, at very large distances 
(¢ large) the effect of the surface-wave contribution is nullified by the third 
term in Eq. (8b), whence the discussion of its predominant existence in the 
dipole field has only limited validity. 

In the region z > 0 a saddle-point evaluation of the integral in Eq. (3a) for 
large real values of k, yields by Eq. (4) the first-order result 


Gi ~ 


; : ei (kilitkils) asin 6, ] ; 
Gilt.) ~ “aa Tep cos 6, peg + pee (1 — F(k, sin ĝ,)), (9) 
k, cos? 0, — k,cos? ð, 


where the distances L, , and the angles @, , are defined in Fig. 5.5.1(b). Higher- 
order contributions arising from the saddle-point calculation have not been 
included in Eq. (9). This expression for G% may be deduced completely by 
considerations of geometrical optics (see Discussion). When 0, ~= 7/2 and L, is 
small the geometric-optical formula must be corrected in a manner similar to 
that described for the region z < 0." 


Discussion 


The approximate evaluation of the integral representations for G, in Eqs. 
(3) has received a great deal of attention in the literature because of its relev- 
ance to the study of the propagation of electromagnetic waves along the earth's 
surface (to a first approximation, the earth’s sphericity and the effect of the 
ionosphere are neglected). Difficulties in an asymptotic evaluation of the appro- 
priate č plane integrals arise because in addition to branch points at ¢ = 0 
and € = +k, the integrand in Eq. (3a) possesses first-order branch points 
até, = +k,,/e and simple pole singularities at the zeros ¢, of the denomina- 
tor on the right-hand side of Eq. (3d). Sommerfeld!” obtained the first formal 
solution in terms of the circular waveguide (cylindrical coordinate) representa- 
tion in Eg. (3a) and carried out an asymptotic evaluation for large values of 
k,r. In this evaluation he chose to deform the contour of integration and there- 
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by to cross a pole of the integrand. The resulting residue contribution, as 
noted from Eq. (3a) for z’ = 0 (source point located on the interface), has a 
coordinate dependence given by 


HS (Ep) expl tiki — plz ~ A/p) expli kt — č Izl + ide), 


where, if €, is complex, Im./k?, — & > 0 for the exp(—iwr) time conven- 
tion. The associated fields decay exponentially away from the interface for 
both z < 0 and z > 0, as noted from Eq. (4); the residue contribution thus 
has the character of a “surface wave,” first discussed by Zenneck, “guided” by 
the interface. Because of its inverse ./ p radial decay at large distances, slower 
than the 1/7 variation of the primary field G,,, a great deal of discussion has 
ensued about the independent existence of this wave and its utilization for the 
transmission of radio waves over long distances. In view of the voluminous 
literature on this subject, we abstain from discussing the historical development 
of this problem; for an appreciation thereof, the reader is referred to Reference 
12. As seen from the asymptotic evaluation for source and observation points 
located near the interface [Eq. (8b)], the far field radiated by a dipole antenna 
can be represented so as to exhibit a surface-wave term. However, the simul- 
taneous presence of other terms nullifies the effect of the surface wave except 
over a restricted range of values of Sommerfeld’s numerical distance parameter 
Ç = k,r/2 |e|. Hence despite the fact that the surface wave represents a field 
type that can be independently sustained on a lossy interface, its isolation from 
the other contributions to the field radiated by a dipole source has only limited 
validity. 

The aforementioned complications are absent when the source point and 
(or) the observation point are located far from the interface, in which instance 
the asymptotic formulas tn Eqs. (5) and (9) describe the field behavior. These 
partial results may be derived completely via considerations of geometrical 
optics. With reference to an observation point P in Fig. 5.5.1(a), the first and 
second terms of the field response, as expressed in Eq. (5), evidently comprise 
a direct-wave and a reflected-wave contribution, respectively. The contribution 
from the direct wave is identical with that observed in an infinite medium with 
wavenumber &,. The reflected-wave contribution can be interpreted as a geo- 
Mmetric-optical term arising from a ray which reaches the observation point 
after being teflected from the interface at the angle of incidence (dashed lines 
in Fig. 5.5.1). The distance from the source to P along this trajectory is r [see 
also Fig. 1.7.9(a) and Eq. (1.7.64b) for the analogous line-source problem]. 
Alternatively, the reflected-wave contribution can be viewed as arising from a 
weighted image source situated as in Fig. 5.5.1 in an infinite medium with 
wavenumber &,. The amplitude function of the reflected ray appearing to 
originate at the image point contains the factor —T (k, sin 8), the reflection coef- 
ficient for a plane wave, polarized with magnetic vector parallel to the inter- 
face (this is the relevant polarization for the dipole in Fig. 5.5.1) and incident 
on the interface at an angle @ with respect to the normal direction.” The geo- 
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metric-optical field is modified by terms of O(1/k?r?), which represent higher- 
order terms in the asymptotic evaluation (these terms are not evaluated explicitly 
here). 

The ray-optical interpretation of Eq. (9) is somewhat more involved since 
the ray paths now proceed in both regions. With reference to Fig. 5.5.1(b), the 
evaluation of the field according to geometrical optics requires the following 
steps, motivated by the fact that the field along a ray propagates locally like 
that of a plane wave having the appropriate polarization (see Sec. 1.7b): 

1. Determination of a ray path connecting the source point and observation 
point in a manner such that the ray reflection and refraction laws (same as for 
plane waves) are satisfied at the interface. 

2. Evaluation of the initial field G2, on the refracted ray by calculating the 
incident field on the interface and multiplying by the plane-wave transmission 
coefficient. 

3, Evaluation of the phase at P by adding to the phase of Gi, the appro- 
priate phase increment along L, 

4. Evaluation of the amplitude at P by multiplying |G] by the square root 
of the refracted ray-tube cross-section ratio at the interface and at P. 

Item i leads to the ray path in Fig, 5.5.1(b), with the angles 0, and @, relat- 
ed by the plane-wave refraction law (Snell’s law); both rays are contained tn 
a plane normal to the interface, a feature not necessarily satisfied when aniso- 
tropic media are involved (see Fig. 1.7.4). To construct the field G} in item 2, 
we recognize that the incident field on the interface is given by (4zL,)"'- 
exp (ik,L,) and the plane-wave transmission coefficient by [1 —I(k, sin 0)] [see 
also Eq. (5), with f = r = L, and the continuity requirement G; = G; at z = 
0]. The phase increment along the refracted ray path (item 3) is given by 
k,L,. For determination of the amplitude in item 4, reference is made to the 
incident and refracted tubes formed by closely neighboring rays [Fig. 5.5.1(b)]. 
The intensity at P is related to the intensity at the interface by the area ratio 

dA, _ 2n\z'| tan 0, ds, 

dA ; 2npds  ’ (3a) 
where ds, and ds are the cross-sectional length elements in a pz section through 
the conically spreading ray tube; the rotational symmetry of the ray structure 
with respect to the z axis has been used in deriving Eq. (9a). Thus, the geome- 
trical optics solution at an observation point (p, z) in region 2 is [see Eq. 
(1.7.37)}.!! 


ier ky A 
zlo = E [1 — P(A, sin D gnm Al A, (9b) 


The quantity in the braces represents the field Gi, at the interface, and the 
remaining factors account for the phase and amplitude change along the re- 
fracted ray away from the interface. 

To establish the equivalence of Eqs. (9) and (9b), one may employ the fol- 
lowing geometrical relations deducible from Fig. 5.5.1(b): 
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ds = ds, + L, dO, = (Lı + L2,)d8,, (90) 

c 

ds, = ds, S280 = L, cos dð, = Las dh, 

so that in view of d0,/d0, = (k,/k,)(cos 8,/cos 8,), derived from Snell’s law 
kı sin 8, = k, sin 6,, 


ds, me L, eats k, cos? 0, 
ds tiy = hE cos, a 


L,, represents the length of the refracted ray tube from the virtual focus F in 
Fig. 5.5.1(b) to the interface. When Egs. (9d) and (9a) are substituted into Eq. 
(9b), one obtains Eq. (9). It has therefore been shown that the first-order 
saddle-point contributions to the reflected or refracted fields are identical with 
results predicted from geometrical optics. 

An interesting ray-optical interpretation may also be given to the diffrac- 
tion field expressed by the formula for Gj, in Eq. (6) when both dielectrics are 
lossless and the medium containing the source is denser than the exterior region 
(i.e., € > €,, or € < I and real).'' The phase of the exponential term, 
kı — €|z + 2'| + kV €p, can be reexpressed as k (Li + L) + k,L,, where 
L,, La and L, ate the distances defined in Fig. 5.5. .2(b). This is verified readily 
upon noting that k, = k We, p=(L + L)sinĝÊ + La |z + 2] = (L, + L) 

„cos 6, where Î = sin-'/€ is the angle of total reflection, or of critical refrac- 
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FIG. 5.5.2 The lateral wave. 


tion, when € < I and real [see Eq. (6a)]. Thus, the phase of the branch-cut 
wave can be interpreted as arising from a ray that propagates from the source 
to the interface at the angle 9, is refracted parallel to the interface in the second 
medium (since the wavenumber associated with L, is k,), and leaves the inter- 
face by refraction at the angle Ê to reach the observation point P. The name 
“lateral” arises from the “sideways” nature of the propagation of this wave 
along the interface. Furthermore, L: = p — |z + z’| tan Ô, with sin Ô = V €, 
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cos = »/T — €, so the spatially dependent portion of Eq. (6) may be written 
as 
ef Ailitksharkils) 


Gi, œ Jere UO 0). (10) 


One observes that the domain of existence of G‘, coincides precisely with that 
predicted from Fig. 5.5.2(b) if the need for a finite lateral segment L, along the 
interface is recognized. The solution evidently fails when L, — 0 (dashed line), 
corresponding to observation points along the angle of total reflection. In this 
instance, the saddle point at w = @ in the integrand of Eq. (3b) moves near 
the branch point w = 6, thereby necessitating a more elaborate calculation in 
terms of parabolic cylinder functions (see Secs 4.4c and 7.5d, where lateral 
waves On an anisotropic interface are treated in detail). The equiphase surface 
(k,L, + k,L,) = constant is conical (planar in the gz plane), in contrast to the 
spherical equiphase surfaces descriptive of the direct and reflected fields [see 
Fig. 1.7.9(b)]. Owing to the continuous leakage of energy along the lateral 
path, the amplitude of the wave decays more rapidly with lateral distance than 
that of the direct or reflected fields. Equation (10) emphasizes succinctly why 

7s may dominate the geometric-optica! field in Eq. (5) when €, is lossy and 
€, is lossless. The geometric-optical field trajectory is confined entirely to the 
dissipative region, whereas the lateral portion of the lateral-wave field trajec- 
tory proceeds in the lossless region. 

The disposition of the incident-reflected—-refracted (5/23) and incident- 
lateral-refracted (Š, 2,3) ray groupings is conveniently inferred from the wave- 
number plot in Fig. 5.5.2(a). For further discussion of these plots, see Sec. 
1.7d with Figs. 1.7.3 and 1.7.7. 


Analytical details 


The three-dimensiona] E-mode Green’s function G(r, r’) defined in Eqs. 
(2), from which the electromagnetic fields can be derived via Eqs. (5.2.1) and 
(5.2.4c), has the generic integral representation given in Eq. (5.2.11).'*’* The 
one-dimensional modal Green’s function g.,(z, z’) satisfies a differential equa- 
tion of the type (5.2.6b) in each region (the subscript i is suppressed):t 


2 
(H + i)e z) = —dz— 2), 00 <5 <0, (Ila) 
a? 2 / Ilb 
(ia + Ki) guile, z) = 0, 0<z< SS ( ) 


subject to a radiation condition at |z| — oo and to the following continuity 
conditions at z = Q: 


= 1 dga l den Ile 
B31 ia Er €; dz ae €: dz ° ( ) 


+All modal quantities in this section refer to E modes. To simplify the notation, the 
distinguishing primes will be omitted. 
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The propagation constants are defined as K,,, = V/k? — &, with Im xiz <0 
for the exp (jæt) dependence and Im x,,, > 0 for the exp (—iwr) dependence. 
The network analogue of Eqs. (11) is shown in Fig. 5.5.3 (g, is proportional 


Ko 


Z 2=0 me 


FIG. 5.5.3 Equivalent modal network (E modes). 


to the current), and either directly from the differential equation (see Sec. 3.4) 
or from a network caiculation,t one may derive the solution for z < 0 as in 
Eq. (5.3.1). Since region 2 is semtinfinite, the input impedance seen to the 
right from z = Q is equal to the characteristic impedance Z, = k,/WE,, SO 


rim — _ 2,-—2, a2 (K2/€,) — (K,/€,) 

EDO Z:+ Z, (K2/€,) + (1/6) (12) 
thus confirming Eq. (3d). Equation (3a) is thereby established (with j — —i) 
and Eq. (3b) follows by transforming into the w plane; one recalls that Eq. 
(5.4.7a) permits the extraction of the infinite space contribution in closed form. 
Equation (4) follows from the recognition that, from Eqs. (11b) and (!!c) and 
the radiation condition at z = oo, 


galz, 2) = g,{0, ze" = g,,(O, ze". (13) 


The integral in Eq. (3b) is in the generic form of the exp{— iar) equivalent 
of Eq. (5.3.12a), with n = 0. Upon employing the large-argument approxima- 
tion for the Hankel function in Eq. (5.3.13a), one may reduce the integral for 
G, to the one given in Eq. (5.3.14), with the following identification: 


(rn 
fie -E kig Jan Tk, aw) 20 Per Oh 
An asymptotic evaluation by the steepest-descent procedure then furnishes for 
real k, the contributions listed in Eqs. (5.3.15) and (5.3.16); in particular, the 
asymptotic formula for the steepest-descent-path integral in Eq. (5.3.16a) yields 
the result listed in Eq. (5). 

To account for the possible contributions from singularities, their location 
must be clarified. For convenience, the original integration path in the w plane 
has been redrawn in Fig. 5.5.4(a). In addition to the branch point at w = 0 
arising from the Hankel function, there are branch point and pole singularities 
due to the reflection coefficient F(X, sin w). Let us assume that x and €, are 


tSee Eqs. (2.4.29); Eqs. (11c) specify continuity of voltage and current at z = 0. 
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FIG. 5.5.4 Contours of integration and singularities. 


real and that €, may be dissipative; that is, for an exp(— iar) time dependence, 
€, = €, + ie€y, where € and ¢€7 are real and €; > 0, €7 > 0. Thus, 


e= 2 = Jeje, O<y<4, (15a) 
1 
and 

Ve = viel e. (15b) 


The branch points are located at w, = +sin”'./é, and with w, = W, + iWan 
W,,, Wy Teal, the relation 
sin w, = sin w, cosh w,, + i cos w, sinh wy = ~Je) cosy + iv lel sin y, 
(15c) 
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implies their location as in Fig. 5.5.4(a). If y —>0, with |e] > 1, then w,— 7/2 
+ iw, While if y — 0, with Je] < 1, w, —0. It is recalled that on the top 
sheet of the four-sheeted Riemann surface shown in Fig. 5.3.6(a) with ky = 
kı= kv E, Vk ~ E= k, when ğ = 0, and Ske ~ č =k,/€ when 
&€ = 0. Consequently, on the top sheet of the two-sheeted w plane of Fig. 
5.5.4(a), € — sin? w = ~ € when w = 0 (i. e., the square root is positive 
when the radicand is positive). The behavior of Re x, and Im x, is clarified in 
Fig. 5.5.4(b) and (c), which exhibit curves along which Rex, = 0 and Im x, 
= 0. Since the algebraic sign of Re x, (Im #,) can change only upon crossing 
a curve on which Re x, = 0 (Im x, = 0), a choice of branch cut along the 
curve(s) Re x, = 0 (Im x, = 0) assures that the algebraic sign of Re x, (Im k,) 
is constant on the entire top sheet of the two-sheeted Riemann surface. The 
sign of Im x, (Re xz), however, changes whenever a curve Im x, = 0 (Re x, 
= 0) is crossed. 
The pole singufarities w, of (4, sin w) in Eq. (3e) are located at 


Je — sin? w, = —€ cos w, (16) 


Since the real and imaginary parts of e(1 + €)-'” are positive, this relation 
locates the poles in those regions of the w plane in which the real and imaginary 
parts of k, = k,/e€ — sin’ w are also positive. For the choice of branch cuts 
in Fig. 5.5.4(a), Re x, > 0 everywhere on the top sheet. Upon squaring both 
sides of Eq, (16) and simplifying, and noting from above that the square root 
is defined to be positive when the radicand is positive, one finds for the pole 
singularity pertinent to the subsequent asymptotic calculation, 


ey ; _ f € 
COS w, = Jiste un w, = Fe (16a) 


Since 0 < argy 1 + € -< 2/4, the polc is situated in the strip 7/2 < Rew <7, 
Im w < 0, in Fig. 5.5.4(a). One may verify that the pole is not intercepted by 
the steepest-descent path P but that it may move close to the point w = 2/2 
when |e|>> 1. It is therefore effective only when the dielectric in region 2 is 
very lossy and when the observation point is near the interface 0 = 2/2. 

A branch point may, however, be intercepted provided that the observa- 
tion angle @ > Ê, where Ô is given in Eq. (6a) [see also Eq. (5.3.15a)]. Al- 
though its contribution may be written down directly from the general formula 
(5.3.16b), with Eq. (14), it is instructive to carry out the derivation in detail 
for the special case at hand. We consider the integral 


L= f, a/sin w ef* -AT k, sin w) dw, (17) 


where P, is the path in Fig. 5.5.4(a). It is convenient to introduce the trans- 
formation, 


cos(w — 8) = cos(w, — 0) + Is?, 0 <s? < ©, (18) 
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which maps the branch point w, into the origin in the s plane. s is a real 
variable running from —oo to +co, Upon taking the real part of Eq. (18) 
and employing Eq. (6a), one finds that 


cos (w, — 0) cosh w, = COS (Wor — 8) (>ô. (18a) 
cos (Ws — 8) 


Along P,, which follows the steepest-descent contour through w = 8, one has 
cos (w, 8) cosh w, = 1. To satisfy Eq. (18a) for 0 > Ô, the path in Fig. 5.5.4(a) 
must be distorted toward the right. Since there are no singularities near P,, 
such a distortion can be carried out readily and assures the validity of the 
mapping in Eq. (18). Upon substituting Eq. (18) into Eq. (17), one obtains 


I, -i ek! cos (wp— 6) f. G(sje7*"" ds, (19) 
where 
G(s) = ./sin wI (k, sin w) i (19a) 


An asymptotic evaluation of the integral in Eq. (19) can now be carried out 
directly via Eq. (4.2.17) provided that G(s) in Eq. (19a) is regular in the 
vicinity of s = 0. To determine the properties of the mapping in Eq. (18), it 
will be convenient to assume that € is real. If € > 1, the pertinent branch point 
is located at w, = 2/2 + iws, Wẹ < 0, with cosh w, = a/ € . Then, from Eq. 
(18), 
dw —i2s ~— ids 
as = +./1 — [cos(w, —0) + isf = sin(w, — 0) + O(s°), near s = Q., (20a) 
The choice of sign in the last term of Eq. (20a) assures that s increases from 
—o©o to -+2 as w moves along the deformed path (to be called P,) in the 
direction shown in Fig. 5.5.4(a). This is verified upon noting that 


sin (w, — @) = cosh w,,[cos @ + isin @ tanh w,,], 
whence 0 > arg sin (w, — 0) > —6@. Since ds > Oalong P;, Eq. (20a) yields, 
near W = Wp, 


arg dw = —arg sin (w, — 0-5 + arg s, (20b) 


which behavior is consistent with Fig. 5.5.4(a) when P, is distorted as noted 
above; note that arg s = 2 when s < 0, and args = 2” when s > 0. Upon 
expanding cos (w — @) in Eq. (18) in a power series about w = w,, one finds 


that 

s = [lisin (w, — 0) Vw — w, e". (20c) 
The choice of sign in Eq. (20c) is consistent with Eq. (20b), as is verified upon 
noting that, on the left side of the distorted branch cut in Fig. 5.5.4(a), S >0 
and arg(w — w,) = arg dw near w,. Hence, the first-order branch point at 
w = w, maps into the regular point s = 0. Since 
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/€ — sin? w = s/w — w, a/ —sin 2,[1 + O(w — w,)], (21a) 


one has 


a ee an ae 1" 
T(k, sin w) = —1 nel ey in Bea + OC). (210) 


It is recalled that /€ — sin? w > 0 when sin w < /€ (i. e., for w = 2/2 — 
ilw, wil < Iwal). This condition is satisfied by the right-hand side of Fq. (21a) 


since —sin 2w, = —ilsinh 2w„l, while w — w, = i[|w,,| — |w,|]. Finally, 
a/sin w = +/sin w, + O(s?). (21c) 


These results apply also to complex €, provided that the square roots are so 
defined as to reduce to the above when arg € — 0. 

Upon substituting Eqs. (21) into Eq. (19a), one notes that G(0) = 0. Since 
only the even-powered terms in the power-series expansion of G(s) about s = 0 
contribute to the integral in Eq. (19), one finds from Eq. (4.2.17) that the as- 
ymptotic approximation of /, is given for large values of k,r by 


etkie cos (we— 6) 2./ 27 e- sin W's 
(kir)? —€./cos w, [sin(w, — 0)? 


which leads to the form in Eq. (6) since sin w, = /€ , cos w, = 4/1 — €. The 
above considerations apply to Je| > 1. If je| < 1, the branch point w,, in Fig. 
5.5.4(a) moves toward the real axis in the interval 7/2 < w, < z, while w, 
moves toward the real axis in the interval O < w, < 2/2. Hence, w,, is the 
important branch-point singularity in this range and its contribution can be 
evaluated using the same procedure as above. 

It is to be noted that Eq. (22) is inapplicable when 6 — w, (i.e., when 0— 6 
for the case € < 1). This is caused by the proximity of the branch-point sin- 
gularity and the saddle point w = 0, thereby invalidating Eqs. (20) and (21). 
The behavior of I, at 0 = w, is ascertained readily. Upon making the trans- 
formation to s via Eq. (18), one finds that dw/ds is finite near s = 0, s œ w — 8, 
and that J, becomes proportional to e*"{fe-*"" ./ s ds, whence, upon chang- 
ing variables to 1 = —k,rs*, I, is seen to vary like e*'"(k,r)~>*. The complete 
transition from the radial dependence (k,r)-°/? when 8 + w, to the dependence 
(k,r)-** when 8 = w, can be expressed in terms of parabolic cylinder functions 
(for further details, see Secs. 4.4c and 7.5d). It should be emphasized that the 
Steepest-descent evaluation of the reflected-wave integral is likewise influenced 
when @ — w, although the geometric-optical result in Eq. (5) remains valid; 
the effect occurs in the O(1/kir*) term. 

While the pole at w, in Eq. (16a) is not intercepted by the steepest descent 
path, its proximity to the saddle point when @ = 2/2 and |é|>> ! influences 
the saddle-point calculation; as noted earlier, the branch-point contribution is 
negligible under these conditions. To appreciate some of the difficulties, we 
consider an approximation to the reflection coefficient in the saddle-point result 
(5) valid when 0 % 2/2: 


h~ (22) 
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Fk, sin 8) = | = yesi ae waar, =» >n (23) 
where the last relation applies only when »/|é| cos 0 > 1. As 0— 11/2, i.e., 
for source and observation point locations near the interface, the reflection 
coefficient in Eq. (23) changes very rapidly from T ~ —1 tol ~ +1, so the 
function I(k, sin w) in the integrand of Eg. (3b) can no longer be considered 
as slowly varying in the vicinity of the saddle point w = @~ 2/2. In fact, 
both the numerator and denominator of I'(k, sin w) may become very small, 
To circumvent this difficulty in the numerator it is convenient to write 


2./€ — sint w (24) 
/€ — sin? w + € cos w 


The contribution to the integral in Eq. (3b) from the (—1) term on the right- 
hand side of Eq. (24) is just the free-space Green’s function relative to the 
image point. The Î term in Eq. (24) possesses a pole singularity w, as defined 
in Eq. (16a), which, for |e| >> 1, arg € ~ 2/2, is located at 
—in/4 

w= >t Tel (25) 
(i.e., near the saddle point). Consequently, the saddle-point evaluation of Eq. 
(3a) must be modified to account explicitly for the presence of the pole. 

The appropriate procedure has been discussed in Sec. 4.4a. One notes first 
that the function (w — wp) (k, sin w) is regular near w, and hence near the 
saddle point w = =~ 2/2. Therefore, for a first-order asymptotic evaluation, 
the contribution to the steepest-descent integral arising from Î can be repre- 
sented as 


Í, = f /sin w elke coste-® PK sin w) dw 
~ (8 _ w fk, a METIR g!4 cos (w—8) EAA A (26) 


The integral in Eq. (26) is identical in form with that in ea (4.2.23), the 
result for which is listed in Eq. (4.4.34). Thus, for large k,r and any @ in the 
range 0 < 0 < 7/2, one finds '*'S 


f, ~ AnD (0 — w, E(k sin etr i2 He O ib Er) + ro 
(27) 


where the relevant quantities are defined in Eq. (7b). The result in Eq. (7) 
follows. For large /k,r |b] values (i.e., w, — 0 æ 0), Q(—ibWk,r) can be ap- 
proximated by its asymptotic representation (4.4.20) and then yields for G; 
the ordinary saddle-point result. 

For a derivation of Eqs. (8) via the approximate characterization of the 
medium by a normalized surface impedance Z, = 1/./€ , see Sec. 5.7. 


Tk, sinw) = ~1+ P(k,sinw), Î(k, sin w) = 
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The asymptotic formula for the transmitted field G; in Eq. (9) results from 
a saddle-point evaluation of the integral in Eq. (3a), modified according to Eq. 
(4). Use of the large-argument approximation for the Hankel function renders 
the form of the integra! identical with that in Eq. (5.3.19b), subject to the 
identifications l 


` ein/4 _ 
n—& YP SRT ee m; —TS)), 2—0. 


The expression in Eq. (9) follows by substitution into Eq. (5.3.20) [see also Eq. 
(5.3.23)], with the recognition that the saddle point is given by &, = k, sin 0, 
= ksin ĝ,. Attention may be called to the use of the wavenumber diagram 
in Fig. 5.3.10(a) in facilitating the interpretation of the saddle-point condition 
and of the ray-optical character of the fields. 

When the source and observation points are near the interface, complica- 
tions in the behavior of G; may arise due to the previously mentioned pole and 
branch-point singularities. These aspects are not pursued further. 


§.3b Yime-harmonic Transverse Electric Current Element 
I(r, £) = 115(p)6(z — Ze 'Xy, (28) 


A transverse current element of strength J° = J/, where Z is the current in 
the element and / is its infinitesimal length, in the presence of a semiinfinite 
dielectric medium is shown in Fig. 5.5.5. In this instance the source excites 


FIG. 5.5.5 Dielectric interface with transverse current element. 


both E and H modes along the z direction. The electromagnetic fields are 
inferred from the functions V/S” and V/S” as in Eqs. (5.2.1) and (5.2.4), where 
SF’ and S” satisfy the separate differential equations [see Eqs. (5.2.2)] 


S(r, r’) 

(V? + k?) V? = ĝ(r — r’), z< 0, (29a) 
F'(r, r) 
Sr, r^) 

(V? + avil = 0, z>0, (29b) 
S(r, r) 
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subject to a radiation condition at infinity in both regions, and to the following 
continuity requirement at z = 0 [see Eqs. (2.3.36) et seq.]: 


Si = Si, . L = ares L oF for E modes, (30a) 
Sj = Si, om a a for H modes. (30b) 


It has been recognized that G and / have the same continuity conditions 
across an interface perpendicular to the z axis since they are related by the frans- 
verse operator —V?.SY = G. In a cylindrical-coordinate description of the cross 
section transverse to z, VY is given for z < 0 and for p' = 0 by the integral 


[Eq. (5.2.12)] 
p po (1) 
VS kts E) = poga | Fee iVE TE e — 2") 


— f(§) exp[—iV ki — &%(z + 2’) dé, (31) 
where for the E-mode case S = ¥', 


O-ro- YEE VERP ey 
and for the H~mode case S = S", 


f@) = T") = i m n (31b) 


2 k? ce a 
with ki, = WHE, >. 

The integration path proceeds as in Fig. 5.3.6(a) on the top sheet of the 
Riemann surface on which all square roots are defined to have positive imagi- 
nary parts. The representation for V; S(r, r’) is as in Eq. (31) provided that 
One replaces the quantity inside the brackets by 


[ Js —/@lexpive— 2 — iE 2). 32) 


The solution in an unbounded region with wavenumber k,, represented by 
the contribution V; Sy from the first term inside the brackets in Eq. (31), can 
be expressed in closed form (Eq. (5.4.19b)]; as in Eq. (3), this leaves an integral 
representation for the interface effect V/S, observed in region |. It may also 
be remarked that the unbounded-space (primary) portion of the field solution 
is calculated more directly from the formulas 


VxV x XG (33) 


H,, = JV X X Gy, E, = ae 
which follow from Eqs. (5.2.1) and (5.2.4c), with the recognition that the cur- 
rent element in the unbounded region excites only E modes with respect to its 
axial direction. G,, is defined in Eq. (3). 

An asymptotic evaluation of the integral representation for V/S, and Vi; 
may be carried out by the techniques described in Sec. 5.5a and yields wave 
constituents analogous to those encountered in the longitudinal dipole case. 
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The derivation of Eq. (31) beyond the general form given in Eq. (5.2.12) 
requires substitution of the moda! Green’s functions g,(z, z’) for the E modes 
and g”(z, z’) for the H modes. The modal network problem is schematized in 
Fig. 5.5.6 and the result for the modal Green’s function g;, is the same as in 


z' 20° =a 


FIG. 5.5.6 Equivalent modal network (E or H modes). 


Eqs. (11)-(13). For the H-mode case, g, satisfies Eqs. (11) with g,— g’, 
provided that the second equation in (1 lc) is replaced by dg;;/dz = dg!,/dz at 
z = 0; this is a consequence of the fact that both regions in Fig. 5.5.5 have 
the same permeability 4. The H-mode reflection coefficient I” (č) is given by 


Mm) =F (34) 


and yields Eq. (31b) since Z%: = @u/Ky2, Ki. = Vk, — &. 

An alternative evaluation of the horizontal dipole field has been described 
by Sommerfeld,'”'*® wherein he utilizes a Hertzian potential function I = xH, 
+ ZAL, instead of the z-directed E-and H-mode potentials employed above. 


5.5c Time-Harmonic Magnetic Current Element 


The electromagnetic fields excited by a magnetic source current density 
Mr, 2) = VI85(p)d(z — z'eo, (35) 


where V is the source element voltage, / is its infinitesimal length, and uy = 
Z Or Xo for the longitudinal and transverse orientations, respectively, can be 
derived via Eqs. (5.2.1) from the scalar functions Gy’, or Si» Sa The rele- 
vant functions V; S have already been determined in Eqs. (31). The H-mode 
Green’s function G” is defined as in Eqs. (2) with G’- >» G”, except that the 
second equation in (2c) is replaced by 0G//0z = @Gz/dz at z= 0. In the 
resulting representations, as in Eqs. (3) and (4), the E-mode reflection coefficient 
r(¢) = T'(č) in Eq. (3d) is replaced by [—I'’(&)] in Eq. (31b). Additional 
details are left as an exercise for the reader. 


5.5d Pulsed Longitudinal Electric Current Element 
J(r, t) = Pd(p)d(z — z’) S Ô(t)Zo. (36) 


When the current source in Fig. 5.5.1 has the pulsed behavior prescribed by 
the impulsive dipole moment of strength / in Eq. (36) (see Fig. 5.2.2), and when 
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the dielectrics €, and €, are assumed to be frequency independent (non-disper- 
sive), the electromagnetic fields may be derived via Fqs. (5.2.18) from the space 
and time dependent scalar E-mode Green’s function Ĝ'(r, r'; t, t') defined by 


(v: -5 Lr) Ĝi(r, r'; t, t) = —ôlr — rôt — r), 2<0, (37a) 


2l za) A pln fl) = 
(v FF Gt) Cale Fs 1, 1”) = 0 z>0, (3%) 
subject to quiescence for t < t’, and the following continuity requirements at 
z = 0 [see Egs. (2)): 


A, 1 dG; _ 1 0G; 


G = G, ae at z=0, (37c) 


with ¢?, = (“é,2)~'. The solution in the region z < 0 is given by 


Gir, rR) = G(r, r’; t,t) 4 C (E, r’; 2, t’), (38) 
where for p' = 0, t’ = 0, Gri is the free-space Green’s function in Eq, (5.4.14), 
Grr, t’; t, t') = eet) (38a) 


~ nf 


G’ accounts for the reflection from the interface and is given for €, > €, by 


l r 
4 A), (>, 
Am2 
Gerena =* i (38b) 
0, t< =, 
Ci 
where 
Z 2 R/2 ahs A f l 
An = 2 f Re rje i cosh! proa on 39) 
with 
— £2 COS w — Ei (22/22)? — sin? w 39b 
WoS €, 00S w + En (Q/R, — sin? w’ om 
=L ages er 39c 
Q: = 7, + (+) gi |sin’ v. (39c) 


As in Fig. 5.5.1, f and r denote the distance to the observation point (p, z) 
from the source point and the image point, respectively, and @ is the angle 
between r and the negative z axis. These rather complicated exact results, 
valid for arbitrary observation times, reduce substantially when ¢ = r/é,, in 
which instance one may employ the more direct formulas derivable from the 
time-harmomic solution {see Eqs. (1.7.80) and (1.7.81)]. The reflected re- 
sponse Ĝ', appears to originate at the image point r = 0 and first reaches the 
observation point after a time interval t = r/č, required for propagation over 
the dashed-line path in Fig. 5.5.1. When €, < €,, an additional contribution, 
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the transient counterpart of the lateral wave in Fig. 5.5.2, must be taken into 
account (see also Fig. 5.5.8). 


Analytical details 
Because of the occurrence of the Hankel function in the integral representa- 
tion (3b), the (cylindrical waveguide) time-harmonic solution is not in the form 
of Eq. (5.2.20), which admits a direct inversion for recovery of the transient 
response. Another approach must therefore be taken, and it seems best to 
proceed from a rectangular waveguide representation as in Eq. (5.2.7).'° For an 
exp (jwr) dependence, the rectangular waveguide analogue of Eq. (3b) is 
e7 KBx- dy Saiz 


Gi(r, r', œ) = Z f a f dn T(K, 2), (40) 
where Z = |z + 2’| and 
= EK ER = w? — F2 — p? 
r(x, K) = E,K, J: EK; Ki, Z, é n ; Im Kiz < 0. 
(40a) 


Next, we let @ — —js, s > 0, and introduce the change of scale ¢ = a's, n = 
p's, which renders T independent of s and also allows the factor s to appear 
explicitly in the exponential: 


EES. A i ia et (-sa’x-JP'y- 712) pon ‘si 
G, = gil f. aa” Goma r(Y, y2) aa’ dp’, (41) 


Yi = a > +a? + B?, Rey: >20. (41a) 
1,2 


Cylindrical coordinates (p, $) in the xy plane are now introduced via a change 
of variable that makes the direction of the vector x,’ + y,f’ identical to that 
of the radius vector p = p(x, cos + yo sin $) == Xx + Yoy. 


a’ = a cosọ — f sing,  f' = asing + f coso. (42) 


where 


Thus, 
a'x + py=ap, a@a?4 fPP=a'+ p, da'df'=dadB, (42a) 
so Eq. (41) can be written as 


1 sS oa x et lap-y:Z) 
Gi= -gaf B| MTO pda (43) 
where 
P = VaT, w= y z- +B, Rey: >20, Qz>0. (43a) 


The integral over & can be cast into the form given in Eq. (5.2.20). First, 
apply the transformation 
a= Q, sinh X, (44) 
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so yı = Q, cosh X. Upon also utilizing spherical coordinates (r,@) via 
p = rsin, Z = r cos 0, 0 < 0 < 27/2, one obtains 


ow -sljap+y,Z) æ 
r= [Ty yda = f eroon ator, pdg (49) 


? 
With xy = —jw, 
I= = D PL cos w-T(w) dw, 
tä l (46a) 
riy) — 28" = E 07/28 — sin? w 
(w) €, 008 w + 6,7 02/O? — sin? w 
or equivalently, 
eee f gst cos Py + O) dw. (46b) 
— jæ 


The transition from Eq. (46a) to Eq. (46b) is permitted if F has no singularities 
in the strip 0 < |Re w| < z/2. If Q, < Q, (i. e., €, > €,), the branch-point 
singularities w, lie on the lines Rew = +2/2. The pole singularities w, of T 
are located at 


Q,/Q,)° — | € ct 
cos w, = —4/ Sala I, c= B= 4. (47) 


cos w, is real when € > I, and must be chosen negative since «/(Q,,/Q,)?— sin? w 
> 0 when the radicand is positive. Hence, the poles also lie outside the range 
[Re w| < 2/2, and Eq. (46b) is valid for O < @ <2/2 when € > 1. Thus, 
from Eq. (5.2.22), 


I= 2f armory er + j cosh“ (>) Jar, e>1, (48) 


with Q, defined in Eq.(43a). 

The desired formulation in Eq. (5.2.19a) is achieved after substituting Eq. 
(48) into Eq. (43) and interchanging the orders of integration.!? The T integra- 
tion extends from the curve T = r/(1/é,)* + f tot = œ, while — œ < $ < 
co. If the $ integration is performed first, one has [(T/r} — 1/é?] < |f], while 
r/é, <T < œ. Thus, 


,— _ g -37 
G, = Jr f e` A(t) at, (49) 
where 
0 T< (50a) 
A(t) att, Oe ; l 
ReT{[0 + jcosh-'(t/rQ)] r 5 
I, Seq A ee (50b) 


and b = [(t/r)* — 1/é]'?, Q? = (1/4) + $. A final change of variable 
r\2 ppa, 
P= | (=} z z| sin v, (51) 


3 
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transforms the expression for A(t) into the one in Eq. (39), and Eq. (38) fol- 
lows from Eq. (5.2.19b) and from the equivalence s — d/dt. 


§ 5e Time-Harmonic Transverse Electric Line Current 


Jir, t) = 15(p — p’)e'x, (52) 
The fields excited by an electric line current with constant strength 7 located 
at p’ = (y’, 2’), 2’ < 0, in the presence of a dielectric interface at z = 0 can 
be derived from the scalar two-dimensional (H-mode) Green's function G(, p’), 
which satisfies the differential equationst 
i 7} G,(p, p’), = —d 0 53 
(St gat HCW, p) = 60-9) 2 <0, (530) 


| Ë : ie . 
( yt gat k?) GAP, p) = 0 z>0, (53b) 


subject to a radiation condition at infinity in both regions, and to the continuity 
requirements 


gë, Ir 


Oz = or at z= 0, (53c) 
with k?, = œW HE, 2 The solution is given by 
G,(P, p’) = G n (, p) + Gp, 6’), z <0, (54) 


where G,, is the free-space Green’s function for medium | [Eq. (5.4.24) with 
k = k,] and G, contains the interface effect, 


. In (y- 
iz a. r”(n)exp[—iv ki — (z+ 2‘ dn, (54a) 
G., BY) = ¢ 
i elk Reos(w-# Pk sin w) dw, (54b) 
where 


: [12 2 : {Ui 2 
T” —_ ki ise! E k€ — y = €: 54 


and the transformation 4 = k, sin w has been employed. The integration path 
P is shown in Fig. 5.3.6(b). For the region z > 0, 


GP, p’) = 
i expli =y kže — np =, r 
aln nae a TE exp (—iV KE =T z2) + T(N) dn. 
(55) 
The electromagnetic fields are calculated from [see Eq. (5.4.31)] 
E,,.= iwulG,, E, = E, = 0, (56a) 


+ For simplicity, the distinguishing superscript ’’ for H modes is omitted on G. 
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Hus 12 Gs Has -1% Gin  H,=9. (56b) 


An asymptotic evaluation for large values of k, R, where R is the distance 
from the image point in Fig. 5.5.7, leads to the following approximation for 


G,: 


G,=1,+ Ug — $l, (57) 


R “ny, 
whiny zs 
l Lu e Write LA 


z’ WIVSI1TIILT7IT 0 Cpl 
I — 


FIG. 5.5.7 Dielectric interface with parallel line current. 


U being the unit step function, with the steepest-descent path contribution /, 
given by 


L~ ev ERO ek sin |! + ofsa) (57a) 


Tik sin g) = 282 — Ye Se we ny (57b) 
cos @ + vE — sin’g 


The branch-point contribution J, is 


rw L eplik l — € lz +z] + Vey) + inf) € 2 (570) 
Sa Weltz Nie Me 

ĝ is the angle given on the right-hand side of Eq. (6a), while ọ is the polar 

angle shown in Fig. 5.5.7 [see also Eq. (10) and Fig. 5.5.2]. 

When k,Ĝ is also large, one may employ the asymptotic form of the free- 
space Green’s function [see Eq. (5.3.13b)], and the result for G, may then be 
written as 

nlb kÈ ; tkiR l ] 
E + sno ECEE] 
SOR a (E sin g) k,R i k, k,R 
+ Ule — Oh, kRD1, kR. (58) 
The first group of terms on the right-hand side of Eq. (58) represents the two- 
dimensional (cylindrical wave) geometric-optical field while the contribution 
from I, may be interpreted asa lateral wave [see also Fig. 1.7.9 and Eqs. (1 .7,64b) 
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and (1.7.64c)]. The relative importance of these constituents is the same as 
for the longitudinal dipole problem in Sec. 5.5a and the discussion will there- 
fore not be repeated. The branch-cut integral contribution is O[(k,R)-*”"] and 
therefore smaller than the geometric-optical field except when € is real and g 
—» 2/2 (glancing incidence) in which case R — R and T"(k) = —1. In this 
instance, the entire field is O[(k,R)™??]}, and for a calculation of G, the asymp- 
totic evaluation of G,, and G, must be carried out to the next higher order. 
The higher-order terms in the asymptotic representation for G ,, can be obtained 
from Eq. (5.4.37). For a higher-order evaluation of the steepest-descent inte- 
gral in Eq. (54b) over the path P, one employs Eqs. (4.2.17), (4. A2c), and 
(4.A6c), after first introducing the change of variable cos (w — g) = 1 + is?, 
—oo <S < oo, 

It may be emphasized that I” in Eq. (57b) is well behaved for 0 < 9 < 2/2 
even when |e] >> J, so the field excited by the electric line source does not 
exhibit a behavior analogous to that described in Eqs. (7) and (8). 


Analytical details 


The discussion in Eqs. (5.4.31) applies here as well, therefore justifying 
Eqs. (56). Since the electric field has only an x component, only H modes 
with respect to z are relevant, so G = G” is the two-dimensional H-mode 
Green’s function. The differential equations (53a) and (53b) follow from Eqs. 
(5.2.36) with @/dx = 0, and the boundary conditions at z = 0 may be inferred 
from the discussion following Eq. (2.3.36). 

The integral representations for G, follow from Eqs. (5.2.13a) and (5.3.1) 
(with jJ — —i), the calculation of the H-mode reflection coefficient being de- 
scribed in connection with Eq. (34). It may be noted that the modal network 
problem is the same as in Fig. 5.5.6 since the present electric source current 
distribution is also transverse; only the strength of the current generator i differs 
in the two cases. The integral in Eq. (54b) is exactly in the form given in Eq. 
(5.3.12b), allowance being made for the different time dependence exp (— im), 
so the results in Eqs. (5.3.15) and (5.3.16) apply directly [see also the analogous 
treatment of J, in Eq. (17)]. It may be noted that while I”'(k, sin w) has 
branch-point singularities at w, = +sin-'s/ € , no pole singularities analogous 
to those for the E-mode case in Eq. (16) are present. Difficulties from an 
adjacent pole and saddle point therefore do not arise here. 

In the construction of G, in Eq. (54a) by the modal network technique, sim- 
plification results on direct recognition of the nondependence on x of the total 
field, and consequent use of x-independent transverse eigenfunctions. Alterna- 
tively, and less directly, one may proceed by using the two-dimensional trans- 
verse eigenfunctions in Eq. (3.2.40b): w,(p) = (1/22) exp (—jéx — jny), — 90 
< (&, 4) < co. On evaluating the source current generator strengths from 
Eqs. (2.2.14), with J = x/0(y — y’)d(z — 7’), one finds that for the E modes, 
i, oc €6(€) = 0, while for the H modes, i’ = —jI6(€) exp (jny'). Recalling 


ike dls 


from Eq. (2.3.9a) that V;(z, z) = —é/Z/(z, 2’), evaluating II”(r) from Eq. 
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(2.3.5) (with 3, — JJ2..d& dy) and noting from Eq. (2.3.6a) that E=x,£, = 
—X,j@yuoll'(r)/dy, one arrives at Egs. (54). 


5.5f Time-harmonic Transverse Line Distribution of Longitudinally Directed 
Electric Current Elements 


S(r, t) = J°6(p — p')e-!"2,. (59) 

The source configuration at p' = (0, z’) in Fig. 5.5.7 has the form sketched 

in Fig. 5.4.7, and the electromagnetic fields may be derived as in Eqs. (5.4.39) 

[see also Eqs. (5.2.1) and (5.2.4c)} from a two-dimensional E-mode Green’s 

function G'(p, f’) that satisfies Eqs. (53a) and (53b) subject to a radiation 

condition at infinity and to boundary conditions as in Eq. (2c) at z = 0. The 

solution for G’ is the same as in Eqs. (54) except that —I°’’() is replaced by the 

E-mode reflection coefficient (7) in Eq. (3d) [see Eqs. (77) and (78)]. Asymp- 
totic results valid in the far zone may be derived as in preceding examples. 


5.5g Time-harmonic Progressively Phased Transverse Electric Line Currents 


Transversely directed current elements 
Scr, t) = 15(p — p’)e**e-'"'x,. (60) 


If the line source in Fig. 5.5.7 has a linear phase variation exp (jax), then 
the electric field everywhere can no longer be represented by the single compo- 
nent E, as in Eq. (56a), but both E and H modes, relative to the z direction, 
are excited [see Eqs. (5.4.68a)]. The electromagnetic fields in this case are in- 
ferred from the functions V;.Y’ and Vi. A" via Eqs. (5.2.1) and (5.2.4), where 


S(t; pN) = f Jlr, Pye dx’, (61) 


and S¥'(r, r’), S(r, r') are the three-dimensional functions defined in Egs. 
(29). The functions ¥ have the integral representation given in Eq. (5.2.14), 
with j —» —i, g,, taken from Egs. (5.3.1) and (13) for z < 0 and z > 0, re- 
spectively, and I'(7) taken from Eqs. (31a) and (31b) for the E-mode case (S) 
and H-mode case ("’), respectively. 

Asymptotic approximations for Y may be determined as in Sec. 5.5a. 


Longitudinally directed current elements 
I(r, t) = J°5(p — pee- hz. (62) 


In this case, the fields are derivable from the E-mode Green’s function 
G'(r; f’) defined in terms of G'(r, r') [Eqs. (2)] as in Eq. (61). An integral 
representation analogous to Eq. (61) is obtained by substitution into Eq. (5.2.13). 


5.5h Time-harmonic Ring Currents 


When ring currents are situated at a dielectric interface perpendicular to 
the z axis (see Fig. 5.4.13), representations for the fields may be obtained as 
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in Sec. 5.4f, provided that the modal Green's function g, for the unbounded 
medium [Eq. (5.4.7)] is replaced by that for the semiinfinite medium described 
in connection with Eq. (61). 


§.5i Pulsed Transverse Electric Line Currents 


When the line current in Fig. 5.5.7 has the temporal dependence 

Jer, e) = 56 — BM (a)xo, M(t) = 1840) (63) 

the electromagnetic fields may be inferred from Egs. (56) (with ia — —0/d?), 

Bas = -u 2- Gas E, = Ê, = 0, (64a) 

â =12ĉ EEEE Ee Â =0 (64b) 

yi Oz 1,2) vi,2 Oy 1,29 x ’ 

where the time-dependent two-dimensional H-mode Green’s function G” = G 

satisfies the differential equations 


(E + i a Fe 5a) G0. P; t, t) = —d(p — Pelt — rt), z<0, (65a) 


ma j 0? Ê le N 0 0 
dp + Z- a Br 2(B, P; t, e’) = O, z > 0, (65b) 
subject to quiescence for ¢ < t’, and to the continuity requirements 
é,= G,, 96,=26, at z= 0. (65c) 
The electromagnetic propagation speeds in the two regions are ¿2 = (HE) 7'3, 
also p = (y, z). 
The solution in the region z < 0 may be written for t’ = Q as 
Gp, B's 4, t) = Gal, D t, t) + GD, D’; t, 7), (66) 


where Gru the Green’s function for the unbounded medium 1, is given in Egs. 
(5.4.42) with č > č, p—> R (see Fig. 5.5.7), while 


1 ReT[p + jcosh~'(é,t/R)] 


R 
0, t< LA (67b) 
C; 
with 
Tw) = S € — sin’ w ELG — £t (67c) 
cos w + /€ — Sin? w’ €, a 


For ¢’ + 0, one replaces ¢ by t — ¢’. R and g are polar coordinates with re- 
spect to the image point (Fig. 5.5.7), and the dielectric constants €, , are assumed 
to be frequency independent, with €, > €,. Thus, when €, > €,, the field due 
to an impulsive source located at (0, z’), z’ < 0, observed at the observation 
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point (y, 2), z < 0, comprises the direct wave el yi plus a reflected contribution 
G, which has an amplitude given by Re T and which appears to emanate from 
the image point (0, —z') located in a medium with wave velocity ¢,. When 
€, > €, an additional contribution may arise which represents the transient 
counterpart of the lateral wave sketched in Fig. 5.5.2 (see also Fig. 5.5.8). 


Analytical details 


The time-harmonic solution for G, in Eq. (54b) isin the form given in Eq. 
(5.2.20) (with j — —/) so thar the recovery of the transient result in Eq. (67) 
follows at once from Eqs. (5.2.19) and (5.2.23). The restriction €, > €, (i.e., 
€ > 1) assures that the branch points w, = +sin™'./ € of '(k, sin w) are not 
crossed during the path deformation leading to Fq. (5.2.21); for convenience, 
I'(k, sin w) has been abbreviated by I'(w) in Eq. (67c). 

When € < 1, the branch points lie on the rea! w axis in the interval |Re w| 
< 2/2, and they may contribute a lateral wave (Figs 5.5.2 and 5.5.8) in certain 
spatial regions. The occurrence of an additional wave solution may be appre- 


Direct 
¿wavefronts 


Diffracted 
(lateral) wavefront 


FIG. 5.5.8 Wavefronts when source is on interface, Points in ver- 
tically shaded region are reached first by diffracted wave traveling 
a ray path corresponding to that of lateral wave in Fig. 5.5.2. 


ciated on simple physical grounds when the source lies in the interface. The 
disturbance propagates radially outward in each region with propagation speeds 
é, and ĉ, where ĉ > ¢,. In view of the required continuity across the interface 
(Eq. (65c)], the field spills over from region 2 into region J, giving rise to the 
diffracted wave front. It is not difficult to verify that the diffracted wave front 
exists precisely in the same spatial domain wherein the lateral wave in Fig. 
5.5.2 (with Z, = 0) is present, and that the ray trajectories L, and L, remain 
valid.?° 


5.5j Point Charge in Uniform Straight Motion Parallel to Interface 


A point charge g moving with constant speed v parallel to the x axis as in 
Fig. 5.5.9 may be characterized by the source current density 


Sec. 5.5 Sources in Semi-infinite Medium 533 


x 


Mi 


| 
| 
E1. Ug { E€, Ho 
I 
| 


FIG. 5.5.9 Particle moving parallel to a plane interface between 
two media. 


S(r, t) = qvd(x — vP — BX, = bh = (p, 2). (68) 


As in the latter portion of Sec. 5.4e, we shall emphasize here the radiated 
energy rather than the actual fields, and consequently deal directly with Eq. 
(5.2.34), which requires a knowledge of the modal voltage and current solutions 
V(z,@) and I{z,@). The dielectric constants €, and €, are kept arbitrary 
although in many practical applications, medium | is taken as vacuum (€, = 
€,). In the latter instance, radiation may be produced in the denser medium 2 
if (€,/€,)8* > 1, 8 = v/c, in which instance the evanescent waves incident from 
medium | (see Sec. 5.4e) are converted into propagating waves in medium 2. 

The associated steady-state problem, wherein the line current distribution 
in Eq. (5.4.62) flows along the particle trajectory in Fig. 5.5.9, has been solved 
in Sec, 5.4e for an unbounded medium. In the present case, the equivalent 
modal! network problem is shown in Fig. 5.5.6, and its solution is obtained from 
Eqs. (2.4.23) and (2.4.6) as 


~~» 
4 


Vz) = ~ fu fen Pentima" 4 iO)et sacred), z<0, (69a) 


I2) = -4 [sgn (z — zee" — P 0)et C+], z <0, (69b) 


Vz) = VOe", Iz) = 10e“, z > 0, (69c) 
when sgn x = +1, x 2 0. Upon defining the relative dielectric constants 
A= Sees | 
C, = Ey éz Eo (70) 


one may utilize the definitions for Z, and x, given in Eq. (5.4.68b), with € 
replaced by €, and €, in the regions z < 0 and z > 0, respectively. The modal 
current generator strengths are the same as in Eq. (5.4.68a), while the refiection 
coefficients are, from Eq. (2.4.12), 


— Za—-zZ 
r0) = Zy Ze (72) 


This completes the solution of the modal network problem. 
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To calculate the energy flow W, into region 2, it is convenient to employ 
Eq. (69c). Since 


Zn Leh, ene” o, 

V0) = Z, + Zs e I(0) = (72) 

one finds that for imaginary K, 
P, = Vil" + VIT'* = 0, (73) 

while for (positive) real x, 
Toketa] Khe: n? | eee | 73 
2nk? | BEK, + EKn) T (Ka + KR} ae (73a) 
P= a | LMP n? l i : 

á EKn + EKR) = Kul + Ki)’ a y 
(73b) 


Equation (73b) applies when £, > 1/8? > €,, and only this case is considered 
further. Upon substituting for x,,, from Egs. (5.4.68) and (5.4.67b), one finds 
after some manipulation that the expression inside the brackets in Eq. (73b) 
may be written in the form ak2(y? + f)[b(q? + g)]~', where a, b, f, and g are 
quantities independent of 7, so one obtains the following result for the real 
power carried in a combined E- and H-mode field characterized by the index 


n: 


huh 
_ TO T E N t f |- 2 A1 = 1] 
2akXE, — €,) ko (ë: z) n n? as g O*P 24/ nt + kil ge é,}le" 


(74) 
where k, = @/c and 
— k(l — Ep) _ kié.(1 — 6,6") +E] E> p> ër (74a) 


BE, FE Sm PXE + E 
Equation (5.2.34) then yields the total energy flowing into the region z > 0 
in a small frequency interval dw centered about w; it is recalled that the 7 
integration extends only over those values which render x, real”’: 


W., = N s Py dn _ Poule, — 1/8» 


= 2n*(E, — é,) 
xf via PEt e|- —2ke|z"| Q = Rye + (p = é,) Jae, 
(75) 


where the change of variable n = No, Mo = kol€. — (1/851, has been intro- 
duced, with 


= f = g 
Í= ae y 8 = REA rn) 
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The integral in Eq. (75) can be evaluated when the exponential term may 
be replaced by unity.” This happens when the charge trajectory lies in the 
interface z’ = 0, or less stringently, when the parameters in question are such 
as to make 2k,|z'|./é, — E, <1, ko = w/c. The change of variable ¢ = 
€(&? — 1)-'/* leads to 
_ Porle.— WR) _ d CU+S/)ts 

2n(E,—€,) -e(l t+ CPE + 84+ 
which may be evaluated in terms of the residues at the poles in the upper or 
lower halves of the complex ¢ plane, The details are left as an exercise for the 
reader. 


Wo (76) 


§.5k Phenomena in Bounded Regions with Negative Real Dielectric Constant 
(Time-Harmonic Regime) 


The time-harmonic rådiation problems considered in the preceding sections 
have been concerned with conventional dielectric media characterized by a 
complex dielectric constant with a positive real part. However, the effect of a 
macroscopically neutral ionized plasma medium on an electromagnetic field 
can under certain conditions be represented by a complex dielectric constant 
whose real part may be negative [see Eq. (1.1.64), with 9/0? — —w’, a = 0J. 
To assess the influence of such a medium on the radiation field of an electro- 
magnetic source, and to deal in particular with interface effects associated with 
a bounded region, we examine the field of a line source of longitudinally di- 
rected electric current elements [Eq. (59)jf situated at the point f’ = (0, z’), 
z < 0, as in Fig. 5.5.7. The fields may be derived from a two-dimensional Æ- 
mode Green's function Gp, p^) = G(p, p’), represented as follows (see discus- 
sion following Eq. (59)]: 


G, Gy, + Gi, z<0, (77) 


where G, is the free-space Green's function for medium | given in Eq. (5.4.25), 
while G, represents the reflected contribution 


6525 E aa — Sin 77 
s — -al (n) N, K = ki — yy’, ( a) 
and I (y) = (€K: — €2K,)/(€,¥2 + €x,) is the reflection coefficient given in 
Eq. (3d). In region 2 (z > 0), 

G= bf eee LPO in, x = VE =o 


K 


€, is taken as real, but €, may be arbitrary. 
Upon transforming to the w plane via 7 = k, sin w, k, positive real, one 
observes that the contour of integration maps into the path P in Fig. 5.3.6(b); 


}Surface-wave phenomena encountered subsequently are associated with E modes. A 
line current as in Eq. (52) excites only H modes. 
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the branch cut leading to the branch point at w = 0 is absent for the line-source 
problem. The singularities of the integrands in Eqs. (77a) and (78) have been 
discussed in Eqs, (15) and (16). Since Re € may be negative, it is convenient 
to draw the branch cuts in the w plane along the contours Im x, = 0 (see Fig. 
5.5.4), whence Im x, can be chosen positive on the entire top Riemann sheet. 
Since Im [e(1 + €)-'?] > 0, O< arg € < z, Eq. (16a) still locates the pole 
singularities on the top sheet, with Im cos w, > 0, Re cos w, < 0, whence the 
pertinent pole is confined to the strip 0 < Rew < z, Im w < 0. If € is real, 
the pole is located on the borders of the strip 2/2 < Re w < xz, Imw <0, in 
accord with the following: 


+ < Rew, <2, Im w, = 0, for O << € < œ, (79a) 
Rew, =2, —co<Imw,<0, for —1 <€ <Q, (790) 
Rew, = 5 —oo< Imw, <0, for too <€ < —I, (79c) 


If Ree < 0, Ime = 0, the locations of the pole and branch-point singular- 
ities are shown in Fig. 5.5.10. For an asymptotic field evaluation in region 1, 
it is convenient to introduce cylindrical coordinates as in Fig. 5.5.7, whence the 
integrand takes on the form shown in Eq. (5.3.14). The steepest-descent path 
P through the saddle point w = @ is also shown in Fig. 5.5.10. For sufficiently 


We im x, > 0 on top sheet 
P ®, 9: sgn Re K, 
7 7 
32 Y {2 d ® Pole location when -I <e <0 
0 ~ | x Pole location when e < -| 


Ww, = sinh” V tel tan, 
n=1,2,3... 


© © HO © 


FIG, 5.5.10 Paths of integration and singularities in the w plane when ¢ < 0. 


large p, P passes through the branch cut along the positive imaginary w axis 
and continues on to the lower Riemann sheet; although Im x, < 0 on the 
lower sheet, the exponential convergence of the integral in Eq. (77a) is not af- 
fected, since the exponent contains x, only. The deformation of P into P in 
the lower half of the w plane can be carried out directly provided that one ac- 
counts for the possible pole contribution when € < — 1. At Im w —> + 00, one 
follows the procedure in Fig. 5.3.6(b). Thus, for large enough p, whose exact 
value can be assessed with reference to Eq. (5.3.15a), the original integral can 
be written as 
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f = f + iz + (residue at pole). (80) 


The steepest-descent integral yields the geometrically reflected wave contri- 
bution 
Gree = —A(K, RT (k, sin 9), kRl, (81) 
where A (k, R) is the factor multiplying T” in Eq. (57a). For real € < 0, 
IT(ksin y)| = 1, and the half-space region is totally reflecting; this observation 
follows at once from the imaginary wavenumber k, = k,./e€ , which does not 
permit wave propagation in medium 2. The branch-cut integral contribution 
has a form similar to that in Eq. (57c) and is negligible because of the presence 
of exp (—|K.|y); this decay factor arises since the lateral wave (see Fig. 5.5.2) 
travels in the attenuating medium 2. The pole contribution, possible only when 
€ < —], represents a surface wave that propagates parallel to the interface. 
This wave is truly guided by the interface since it decays away from the z = 0 
plane in both media, as will be demonstrated. In region 1, its spatial depen- 
dence is given by 


G poia ~ exp] ik, (R) exp ete, z,z <0, je|>1 (82) 
(i.e., the velocity of propagation in the y direction is smaller than that of a 
uniform plane wave). 

Since when € < 0, x, in Eq. (78) is imaginary for all y, the fields in region 
2 decay exponentially with increasing z. We therefore restrict our attention to 
observation points lying near the interface and treat exp (ix,z) as an amplitude 
factor that does not exhibit rapid fluctuation. While an asymptotic evaluation 
of the integral in Eq. (78) is readily performed for large values of y and z’ [see 
Fq. (5.3.19)], we assume for convenience that the source point lies near the 
interface and treat exp (—ix,z’) also asa slowly varying factor when compared 
with exp (iny). Transforming to the w plane via 7 = k, sin w, one then obtains 
a Steepest-descent path as in Fig. 5.5.10, with the saddle point located at w = 
x/2. The deformation of P into P is carried out as above. The steepest-descent 
integral yields a space-wave contribution which varies like 


Gspp œ (ky)? exp (ik,y — kı T + felz) kıy, z>0, (83) 


owing to the fact that I'(k, sing) > 1 as g > 2/2, so the O[(k, y)~'/?] term 
derived from the saddle-point evaluation vanishes. The branch-cut integral 
contribution is certainly negligible since it decays exponentially both with y and 
z. If € < —1, the pole contribution is the most significant and represents a 
surface wave with a spatial dependence 


Gran ~ exp its (Eh) lea) + SHE] 


z>0, 7<0, fel >1. (84) 


As noted above, the surface wave decays away from the interface in both re- 
gions. 
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The existence of a surface wave on a plane interface between two media, 
with € < —1, can also be deduced from a transverse resonance argument (see 
Sec. 2.4e). The resonance relation Z, + Z, = 0 becomes in the present case 


[see Eq. (12)), 
Kk = —6EKk, ke = [vk mt, k, = ek. (85) 


Since the region extends to z = +œ, a proper modal solution satisfying the 
radiation condition at infinity is possible only if «,, = ilk,.2|. Consequently, 
Eq. (85) can be satisfied only for negative € and for 7? > k?. Solving for the 


resonant values 43, one finds 
2 _ elki 


which, since 92 > 0, imposes the restriction € < — 1. 


5.6 TIME-HARMONIC SOURCES IN THE PRESENCE OF A DIELECTRIC SLAB 


5,62 Longitudinal Electric Current Element 


(r, 1) = H5(p)8(z — ze~" zo. (1) 


The physical configuration of a longitudinal electric current element of 
strength J? = JI, where J is the current in the element and / is its infinitesimal 
length, situated at the point z’ < 0 on the z axis in the presence of a grounded 
dielectric slab is shown in Fig. 5.6.1. The slab is characterized by a dielectric 


2 


FIG. 5.6.1 Longitudinal current element and grounded dielectric 
slab. 


constant €, and permeability 4 and occupies the region between the planes z = 
0 and z = d, with a perfect conductor located at z = d. The medium proper- 
ties in the exterior region z < 0 are characterized by ¢€, and #. The electro- 
magnetic fields may be derived via Egs. (5.2.1) and (5.2.4c) from a scalar 
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E-mode Green’s function G’(r, r’) which satisfies in the two regions the separate 
differential equations 

(V? + ki)Gilr, r) = —ôr — r),  z<0, (2a) 

(V? + ADGAr, r) = 0, 0<z<d, (2b) 
subject to a radiation condition at infinity, and to the following boundary con- 
ditions at z = 0 and z = d [see Egs. (2.3.36) et seq.]: 

I 2G, _ 1 8G; 


Gr Ge ad ad eG a 
0G, __ = 
a = 0 at z=d. (2d) 


ky. = w/ HE, are the wavenumbers in the two regions. In a cylindrical coor- 
dinate description cf the cross section transverse to z, G(r, r’) in the region z 
< 0 may be represented as follows: 


G(r, r) = G,(t,r') + Gir, r’), (3) 


where G,, = (1/42f) exp (ik,7) is the free-space Green’s function for region | 
(see Sec. 5.4a). The scattered component G, has the integral representation 


G, = i f sin w HiP (kr sin @ sin w)e*" 3°: Tk, sin w)dw (4) 
F 


with the E-mode reflection coefficient given by 


/€ — sin? w sin y — i€ cos w cos y 


T(k, sin w) = ; ; i 
(k; sin w) € — sin? w sin yY + i€ COs w cos y (4a) 
y = kdv E€ — sin* w, e= 2 

| 


The contour of integration P is that in Fig. 5.3.6(b) (see also Fig. 5.6.3), and 
the polar coordinates r,@ relative to the image point —z’ are depicted in Fig. 
5.6.1 with p = rsin@, |z + z| =rcos@. In the complex wavenumber plane 
¢ = k, sin w, the integral representation takes the form given in Eq. (5.5.3a), 
with '(€) taken from Eq. (4a). 

For observation points in the slab region 0 < z < d, G,(r, r’) has an integral 
representation as in Eq. (5.5.3a) provided that one replaces 
—exp [~i k} — F(z + 2G) 

f E? 
b l a r e rie k? _ fest cos[ ke ex (d pee z) 5 

with ['(¢) given in Eq. (4a). 

For large values of k,r sin @, the secondary contribution G’ to the Green's 
function in the region z < O may be evaluated asymptotically by the saddle- 


point method. The resulting G;(r, r’) for arbitrary distances ê from the source, 
but for large distances r from the image point, is given by 
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pele - pra l 
Gi ~ anf — i(k, sin QI + ofi) 


elk con, - 4) 


e!’ 
+ 267 an sin al = edinn VO — 9) 


gk cos (w ., - 9) } 
+ 2 egvenn, O Milt +oG)), © 
where U(y) is the Heaviside unit function, which equals unity for y > 0 and 
vanishes for y < 0, while 


; _ cos ¥ tan(k,d-/ € cos 6’) — isf € cos 8 . y _ sinl 
(k, sin 8) = cos 8 tan(k,da/ € cos 6) + in/ € cos 0’ a SE’ (6a) 


EA = affi = (2)"|4 + ih = e(2)'}}, ee: $, a = v, u. (6b) 


p and q satisfy the transcendental equations 
€q = ip tan p, 
í (7) 
p—g=(kdaye —h=P, 
and are related as follows to Wa = W, OF Wa = W 
p = kdv € — sin’ wa, q = kd cos wa. (7a) 


While the terms in the series have also been approximated for the far zone k,p 
>> 1, they may easily be given exactly for arbitrary values of k,p [see the dis- 
cussion preceding Eqs. (15)]. The pole singularities wa of the reflection coef- 
ficient in Eq. (4a), defined by Eqs. (7), may be grouped into two categories: 
(1) surface-wave poles wa = w, and (2) leaky-wave poles wa = w,. The sums 
in Eq. (6) denote corresponding residue contributions to the asymptotic field 
solution, and they arise at observation angles 0 > 6,, where 


9. = Rew, — cos~' sech (Im wa), a= y, H. (8) 


The results are valid exterior to the transition regions Ô = @,. For modifica- 
tions in transition regions, see the discussion following Eq. (16). 


Discussion 


The first two terms on the right-hand side of Eq. (6) (without the quantity 
in brackets) represent the geometric optical field; they may be interpreted 
exactly as for the semiinfinite medium in Sec. 5.5a, except that '(k, sin @) now 
accounts for the reflection from the slab configuration. It may in fact be shown 
that for lossless media, the slab reflection coefficient in Eq. (6a) may be syn- 
thesized by summing up the multiply reflected- and refracted-ray contri- 
butions sketched in Fig. 5.6.2. 

The residue terms constitute diffraction fields which contribute for observa- 
tion angles @ sufficiently near the interface. When the region is almost lossless, 
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FIG. 5.6.2 Ray-optical interpretation of the reflection coefficient. 
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FIG. 5.6.3 Contours of integration and singularities in the w plane. 


the relevant surface-wave and leaky-wave poles in the complex w plane are 
situated as in Fig. 5.6.3; in the lossless case, the surface-wave poles are located 
on the vertical lines Re wa = +2/2. One notes that in contrast to the direct- 
wave and reflected-wave contributions which possess a 1/k,f or 1/k,r variation 
characteristic of spherically diverging waves, the surface-wave and leaky-wave 
fields behave like cylindrical waves with a 1/./k,rsin@ = 1//k,p depen- 
dence. Thus, from purely geometrical considerations, the decay of the fields in 
a surface wave or leaky wave is slower than that in the geometric-optical field 
contributions, However, the behavior of the amplitude factors and the exponen- 
tial terms must likewise be considered in assessing the importance of a particular 
residue term. 

For real € greater than l, Eqs. (7) can be satisfied for imaginary values of 
q = t|g| and real vatues of p. These solutions, finite in number, characterize 
surface waves with the exponential dependence 


etkircosiwy 9 = em TallE*3I/4 exp [ik A/S] + ([gi/k,a)*p)}, (9) 
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undamped in the coordinate p parallel to the slab surface, but appreciable only 
when both the source and observation points are situated near the surface. The 
name “surface wave” derives from the field being confined near the interface 
in this wave species. In the assumed absence of dissipation, if |z + z’] — 0, the 
surface waves in the dielectric constitute the dominant contribution to the field 
because of their above-mentioned cylindrical wave character, as opposed to the 
spherical wave behavior of the geometric optical field. In fact, in the range 
9 — x/2 where the surface-wave contribution is most pronounced, one notes 
that I'(k, sin 0) —> 1, r— Ff — p, so the geometric optical field vanishes to 
O(1/k,p). The surface-wave variation O(1/./k,p) is therefore to be compared 
with a contribution of O(1/k?p*) arising from a second-order evaluation of the 
steepest-descent integral in Eq. (5.3.16a). It is noted from Eq. (9) that the 
undamped propagation constant of the surface wave in the p direction, Kp, is 
given by K, = kiv 1 + (|g//k,d)* > k, so its phase velocity v = @/K, is less 
than the phase velocity v, = w/k, of a plane wave in free space. Hence, these 
surface waves are also referred to as “slow” waves (see Sec. 5.44). 

Concerning the leak y-wave contributions in Eq. (6), corresponding to com- 
plex roots of Eqs. (7), we note from Fig. 5.6.3 that, in their domains of exist- 
ence, (w,, — 9) < 0, wy, > 0, where w,, and w, are the real and imaginary 
parts of w,, respectively. Since 


elkur cos(w ,-8) __ exp {ik [cos (Wr — 9) cosh Wat — isin (Wr = 9) sinh Wutl}s 


(10a) 
= exp {ik,[y]z + z'] + Bp}, (10b) 

where 
y = cos w,, cosh w,, — isin w,, sinh w,,, (10c) 


B = sin w,, cosh w, + i cos w,, sinh Wyn 


a typical leaky-wave contribution decreases exponentially in all directions 9 > 
9,. These contributions to the far field are therefore negligible unless w,, — 0 
(i.e., for leaky-wave poles situated very near the real w axis), As noted in Sec. 
5.3e, although the leaky-wave fields increase exponentially with |z + z’| [see 
Eqs. (10b) and (10c)], their restricted domain of existence 9 > 0, limits the 
maximum allowable value of |z + z’| (for a given p) in such a manner that the 
decay along p overcomes the growth along |z| (see Fig. 5.3.8). In view of 
the decay with p, the wave leaks energy continually into the direction perpen- 
dicular to the surface. 

In reference to the asymptotic reduction of Eqs. (5.3.12) and (5.3.14), which 
represent the generic form of Eq. (4), the following observation is relevant. 
In Eq. (5.3.15), the restricted domain of existence of a typical residue contribu- 
tion appears as the result of the transformation of an exact integral representa- 
tion along path P into another along path P. Since residues represent surface 
waves or leaky waves, while the steepest-descent integral gives rise (asymptot- 
ically) to a space wave or radiation field, it is suggestive to conclude that surface 
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or leaky waves exist only when & > &, in Eq. (5.3.15) or in its asymptotic 
approximation. The latter supposition does not follow, since the asymptotic 
approximation, unlike the exact representation, contains an exponentially small 
error against which exponentially small residue terms must be compared [see 
remarks following Eqs. (4.2.18)]. Only upon specification of the error term, 
which depends on the radius of convergence of the power-series expansion of 
the integrand in Eq. (4) about the saddle point, may Eq. (6) be made consis- 
tent. It then follows that the absence of the surface-wave residue terms when 
@ < 9, need not imply the nonexistence of these waves but merely that their 
amplitude is so small as to be beyond the accuracy of the approximation. 

If €, < €, (i.e, € < 1), the region z < 01s occupied by the denser medium, 
so the configuration in Fig. 5.6.1 can be viewed as a dielectric “gap.” In this 
instance, Eqs. (7) do not admit of surface-wave solutions for which p is real 
and q = ilg|; hence, the leaky-wave contributions may be important for the 
evaluation of the fields in the region z < 0. To illustrate this possibility, let 
us consider the case 0 < € <1. Since the gap region 0 < z < d appears to be 
a waveguide bounded by highly reflecting walls at z = 0, d, it is suggestive to 
look for solutions of the resonance equations (7) which differ from the resonant 
solutions pp = Kid = mn, m = 0,1!,2,..., appropriate to € = 0, by the smal! 
quantity 0: 

p=mm-+0. (11) 


Upon substituting Eq. (1!) into Eqs. (7) and retaining terms to O(ô) only, one 
obtains as a first approximation, 

ô x ESNY rhea), m=1,2,..., (12a) 
mn 

valid when 0 < € < J, ev 1 + (1 — €)(k\d/nm)* <1. For m = 0, one must 
retain terms to O(ĝ?) and finds 


ô = e" a/ta, a=kd/l—e€, €a<l, €<a. (12b) 
For Eq. (12a), Im q = —sinw,, sinh w,, = —e, while for Eq. (12b), Img = 
—€/2. Since € <1, one finds that the pertinent leaky-wave poles are situated 
near the real! w axis and the attenuation of the leaky waves noted in the preced- 
ing paragraph can be small; for 6 given in Eg. (12b), one finds w, = VE 
"V1 + (i/k,d). Thus, their contribution for observation points with large kyr 
but small kr sin (9 — w,,) sinh w,, may be appreciable.’ 


Analytical details 


The integral representation for G; in Eq. (4) is derived by considerations 
directly analogous to those utilized in connection with Egs. (5.5.11), except that 
for the modal Green's function, the boundary condition dg,./dz = 0 at z = d 
must be added [see Eq. (2d)]. The corresponding modal network problem is 
Sketched in Fig. 5.6.4, and g, is proportional to the current in the network, 
The solution for z < 0 is given in Eq. (5.3.1), where Z, = x,/q@e, (E modes) 
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js 


Short circuit 


z z=0 z=d 


FIG. 5.6.4 Equivalent modal network (£ modes). 


and Z(O), the input impedance of the short-circuited transmission line seen 
from z = 0, is given via Eq. (2.4.24a) as 


Z(0) = jZztan kd, Z= 72, Ka = Viia © (13) 


Equation (5.3.1a) with ¢ = k, sin w thus yields the reflection coefficient in Eq. 
(4a), and Eqs. (3) and (4) follow from the general integral representation in 
Eq. (5.2.11), with J — —i to account for the difference in time dependence 
[see also Eq. (5.4.7a)}. When the source point z’ is located inside the slab region 
0 < z < d, the modal Green’s function g, has the more general form given in 
Eqs. (2.4.28) or (2.4. 29) (see also Sec. 3.4a). 

The solution for observation points in the slab region 0 < z < d may be 
derived by inspection from that for g,, in the exterior region z < 0 (Eq. (5.3.1)]. 
Since dg,,/dz = 0 at z = d, g must be proportional to cos K,(d — 2). Then 
from the continuity g,, = gn at z = 0, one has 
cos K,(d — Z) Ho (0; 7/008 Kd — z) (14) 


8:2, Z ) = g,2(9, Z ) cos Kd COS Kd ’ 


thereby justifying Eq. (5). 

The asymptotic evaluation of the integral in Eq. (4) proceeds as in Sec. 5.5a, 
except that in the function f(w) in Eq. (5.5.14), the reflection coefficient is 
taken from Eq. (4a). A first-order saddle-point evaluation yields the second 
term on the right-hand side of Eq. (6), and higher-order terms, denoted by the 
symbol! O(1/k,r), may be derived by the procedure in Sec. 4.2b. 

Concerning the singularities of the integrand in Eq. (4) in the complex w 
plane, we note first the branch points at sin w = 0 arising from the argument 
of the Hankel function. The pertinent branch point at w = 0, and the associ- 
ated branch cut, are shown in Fig. 5.6.3. No branch points are located at w, = 
sin'a € , or correspondingly at č, = +k, since l(k, sin w) is an even 
function of ./€ — sin? w. This is in accord with the general! observation made in 
Sec. 5.3a because region 2 is terminated at z = d (i.e., z = +09 is Inacces- 
sible). The branch-point pair at z, = +k, in the complex wavenumber plane 
has been removed by the transformation ¢ = k, sin w, However, I'(k, sin w) 
has pole singularities at the zeros Wa of the denominator on the right-hand side 
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of Eq. (4a). Upon introducing the new parameters p and q in Eq. (7a), one 
obtains the simultaneous equations (7) defining the location of the pole singu- 
larities. These equations can also be derived from an application of the trans- 
verse resonance argument in Eq. (2.4.36). As seen from the z = 0 terminal in 


Fig. 5.6.4, Z(0) is given in Eq. (13), Z(0) = Z,, whence the tranvserse reso- 


nance relation Z(0) + Z(0) = 0 yields Eqs. (7) (with j > —i). 

For non-dissipative media, € and /* are positive; Eqs. (7) can then be 
satisfied for imaginary values of q = ijq) and real values of p. Simple poles 
corresponding to these values of q are finite in number and are located at w,, 
= 7/2, Wu <0.t From Eq. (4), residue terms arising from such poles have a 
z dependence exp [ilz + 2'| cos w,] = exp [—lg||z + z'|/d] [see Eq. (9)] and a 
p dependence Hj" (k,p sin w,), the latter behaving like (k,p)~'” exp (ik,psinw,) 
for large kp sin w,. These residues represent the surface waves discussed pre- 
viously. They constitute proper solutions of the transverse resonance equations 
(7), carry no real power in the direction perpendicular to the surface, and play 
an important role in the determination of the spectrum of waves that can be 
guided along the dielectric surface (see Sec. 3.4a). A “proper” modal solution 
satisfies the source-free Maxwell field equations, the boundary conditions on 
the perturbing surface, and it decays at infinity. 

One observes from Eqs. (7) that for q = i\q| and p real, |g] = —k d sinh w,, 
must lie between the limits 0 < |q] < kdv € — 1. Equations (7) can be solved 
graphically by a construction analogous to that in Fig. 3.4.3, yielding the same 
general picture except that the non-circular contours in Fig. 3.4.3 are displaced 
to the left through an interval 2/2. It is then evident that for rea! € and k,, 
and € > |, N solutions exist in the range (N— l)n < k,dW€ —1< Na, N= 
1,2,.... In particular, one solution exists for arbitrarily small k,d./e — ! 
i.e., there is no low-frequency cutoff). For € positive real and less than unity, 
and k, real, no solutions are possible for real p and positive imaginary q. 

In addition to the surface-wave roots, Eqs. (7) possess an infinity of other 
complex roots” in the half-strip 0 < Re w < 2/2, Im w > 0, to mention only 
those pertinent to the present problem. For these “‘leaky-wave”’ roots wa = Wa, 
| exp {ilz + zik, cos w,]| = exp [k,|z + z| sin w,, sinh w,.] increases with dis- 
tance from the surface of the dielectric. The field variation along the slab ts 
given by Hi? (k,p sin w,), thereby leading for large k,p sin w, to the dependence 
noted in Eqs. (10). The leaky waves cannot represent a field solution every- 
where in space because of their unlimited growth at z = —oo. Therefore, they 
do not belong to the proper spectrum of waves (modes) that can be guided along 
the dielectric slab. These “non-modal’” waves may arise, however, in a field 
representation for a limited region of space wherein they decay [region @ > 0, 
in Eq. (6); see also Fig. 5.3.8}. 

tIt is evident from Eqs. (7) thal if wa is a solution of these equalions, then —w, is also 


a solution. Moreover, when ¢ is real, one notes upon taking the complex conjugate that 
Eqs (7) are also satisfied by —q*, implying for real k, that x—w* is also a solution. 
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To ascertain the disposition of the surface-wave poles with respect to the 
path of integration P in Fig. 5.6.3, we assume for the moment that €, and €, 
are slightly complex but that arg €, = arg €,, so € is real, Since p = Kd, q = 
xd, and Im x, > 0 for the assumed exp (—itr) time dependence, it follows 
that Im p > 0, Imq > 0. From Eq. (7), one then has Reg < 0. From Eqs. 
(5.3.5a) and (5.3.8), it is noted that the requirement Reg < 0,Imq > 0, is 
satisfied in the strip 2/2 < Rew < z, Im w < 0. This establishes the location 
of the pertinent surface-wave poles and path of integration as shown in Fig. 
5.6.3. Typical leaky-wave poles located in the strip —2z/2 < Rew < 7/2 are 
also shown. In the limit arg €, — 0, it is evident that the path P js to be in- 
dented to the left around the surface-wave poles situated on the half-line Re w 
= 7/2, Imw < 0. During the deformation of the path P into the steepest- 
descent path P through the saddle point at w = 0, surface-wave or leaky-wave 
poles may be intercepted, and these give rise to the residue terms expressed by 
the sums in Eq. (6). As noted above, the residue contributions can be obtained 
exactly by retaining the Hankel function in Eq. (4). The form in Eq. (6) has 
been simplified by employing the condition k,p >> | for the Hankel function 
[see Eq. (5.3.13)], a condition imposed on the evaluation of the saddle-point 
integral. The residue at a typical pole w, is proportional to [see Eqs. (4) and 
(5.3.15)] 

Ra = sin wa eth a9 B,, (15) 


where 
2p sin p - (15a) 


Ba = [(W — Wa) (k, sin w)]waw, = 7 
E (p sin p + icq cos p) 


After carrying out the differentiation and recalling Eqs. (7), one obtains, for 
Bx, 
I 

Pa = EEE ain we! ca 
with A? given in Eq. (6b). For the surface waves, q = ilg|, p real; A} = A} in 
Eq. (6b) is then identical with the normalization term for the surface-wave 
spectrum in Eq. (3.4.26c), save for the replacement €, + €, arising because of 
the different medium designations in Figs. 5.6.! and 3.4.5. 

It should be emphasized that the result in Eq. (6) is valid when @ Æ 0., 
(i.e., when the steepest-descent path does not pass near a pole singularity). To 
effect a continuous transition in Eq. (6) as the stcepest-descent path crosses a 
pole, or when a pole is near the saddle point, one employs the modified saddle- 
point procedures in Sec. 4.4a. 


Alternative representation (radial transmission formulation) 

As noted in the preceding section, near the surface of the dielectric slab 
configuration of Fig. 5.6.1, with €, > €,, the dominant contribution to the far 
electromagnetic fields due to a longitudinal electric current situated near the 
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slab arises from surface waves which propagate in the p direction like cylindri- 
cal waves and decay exponentially away from the interface. The amplitudes of 
excitation of these waves given in Eq. (6) were not obtained directly from the 
z-transmission formulation leading to Eq. (4), but emerged only after an asymp- 
totic evaluation of the far fields observed near the interface. Because the surface 
waves represent fields that propagate a/ong the interface, it is suggestive that a 
radial transmission formulation (i.¢., a representation in terms of the mode 
spectrum in the z domain) of the scalar E-mode Green's function G’ yields 
their excitation amplitudes in a more direct manner. 

A p-transmission representation for G’ can be written down at once from 
Eq. (3.3.39b), wherein u = p, v = $. The orthonormal eigenfunctions for the 
¢ and z domains were obtained in Sec. 3.4 and are repeated below for conve- 
nience. In the z domain, the scalar eigenfunctions ®,(z) must satisfy boundary 
conditions appropriate to E modes along z in the configuration of Fig. 5.6.1. 
This configuration is identical with that in Fig. 3.4.5, provided that x, x’, €,, € 
in the latter are replaced by —z, — z’, €, €,, respectively. As noted from Eqs. 
(3.4.25)}+3.4.27), the mode spectrum has a discrete (surface wave) and a con- 
tinuous part; we list only the functions required for a field representation in 
the region z < 0, with z’ < 0. 


z domain 
Discrete part: 
0,2) = o(2) = E 17 
Az) = Oz) = eA (17a) 


where q, = ilq,] is a solution of the transverse resonance equations (7), and A, 


Is given by Eq. (6b). 
Continuous part: 


©,(2) =O, 2) = gle Te], 0< F< 00, (17b) 


where 


TO=rO = SRi 8 = VAE=DFT. (it 


—i ı (an d + € 


The replacement j — —i, appropriate to an assumed exp (—iwt) time depend- 
ence, has been made above. Also, the variable ¢ in Eqs. (3.4.25)-(3.4.27) has 
been replaced by ¢ to avoid confusion with the notation in the present chapter. 


É domain 
The appropriate eigenfunctions are listed in Eg. (3.2.51b): 


®,,(9) =e, m=0,+1,42,.... (18) 


The radial characteristic Green's function g;(p, p’; Àm Asm) is identical with 
that listed in Eq. (3.4.93): 
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BP, p; Àp Asm) = > J,(Np<)AY (NP), y= Sho = YN ki ome A,. (19) 


The relation 4, = k? — A, follows from Eq. (3.3.38b); A,, is defined as 
[—1/®(z)][d?®,(z)/dz’]. 


Upon substituting Eqs. (17) and (18) into Eq. (3.3.39b), one obtains for 
the radial transmission representation of G(r, r’) [p = 0 in Fig. 5.6.1, hence 
only the m = 0 term in Eq. (18) contributes since J,(0) = 0 for m + 0]: 


, layl(z+2°)/d 
C6) = p R TITAN 
ef MG, DO, HITE Cp) al, (20) 


where./k? — is positive when real, and equal to in/0? — k? when |C] > k,. 
The sum in Eq. (20) extends over al? solutions g, = ilq,|, p, real, of the trans- 
verse resonance equations (7), and represents the spectrum of surface waves 
excited by the source in the presence of the dielectric slab. Upon approximating 
the Hankel function by its asymptotic form in Eq. (5.3.13) and recalling Eq. 
(7a), one verifies that the surface-wave amplitudes in Eq. (20) are identical 
with those in Eq. (6). Hence, as anticipated, the excitation amplitudes of the 
surface-wave spectrum are determined directly from the radial transmission 
representation. However, to assess the influence of the continuous spectrum, 
One must still estimate the contribution from the integral in Eq. (20). 

It is instructive to trace in detail the transition from the z-transmission form- 
ulation to the g-transmission representation in Eq. (20). It is convenient to 
begin in the € plane, wherein G’ is represented via Eqs. (5.2.11) and (5.3.1) for 
z, z’ < 0 and for a time dependence exp (— iar) as 


Ger) = el cH Eales" = Fe torres, C= JEG, 
(21) 


where I'({) is the reflection coefficient given in Eq. (4a). The transformation 
& = ksin w in Eq. (2!) then yields the formulations in Eqs. (3) and (4). Equa- 
tion (21) involves a modal representation in the radial domain and therefore 
constitutes a transmission formulation along z. The path of integration proceeds 
as in Fig. 5.3.6(a) relative to the branch-point singularities in the complex ¢ 
plane; no branch points exist at € = +k, The p-transmission formulation is 
to be obtained from Eq. (21) by a deformation of the integration path into the 
upper half of the č plane around the singularities of g,(z, z’).t Since this de- 
formation is possible for arbitrary r and r’ only in those regions wherein Im ¢ > 


tThere exists an intimate relation berween the procedure carried out here in the ¢ 
plane, and the characteristic Green’s-function technique described in Sec. 3.3c. In the 


notation of Eqs. (3.3.37) and (3.3.38), €=4/a, and A, = k} — Ay = (4 
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0, it is convenient to choose branch cuts emanating from the branch points ¢ 
= +k, as in the second of Figs. 5.3.3(a), so Im ¢ > 0 on the entire top sheet 
of the two-sheeted € plane. In the discussion carried out in connection with 
Fig 5.6.3, it is noted that the singularities of F'(¢) are either surface-wave poles 
č, for which Im ¢, >0, Re, <0, or leaky-wave poles č, for which Im ¢,„ <0. 
Thus, only the surface-wave poles appear on the top sheet of the two-sheeted 
€-plane, as shown in Fig. 5.6.5. To highlight the progress of the contour of 


FIG. 5.6.5 Contours of integration and singularities in the ë plane. 


integration C, the various singularities at€ = +k, and € = č, have been given 
smal] complex parts. 

A deformation of the contour C about the singularities of the integrand in 
Eq. (21) in the upper half of the ¢ plane can now be carried out directly. By 
virtue of Eq. (5.3.13), the Hankel function vanishes exponentially at |¢| — æ, 
Im € > 0. Since Im ¢ > 0 on the entire top sheet, the terms inside the brackets 
of Eq. (21) vanish exponentially at || — oo. Thus, there is no contribution 
to the integral from a contour at |€| — oo, 0 < arg¢ < 7; the integral taken 
over the contour C is by Cauchy’s theorem equal to the integral taken over the 
contour C’ surrounding the branch cut plus the integrals taken over the con- 
tours C, surrounding the surface-wave poles of F(¢). The latter formulation 
constitutes the desired radial transmission representation since, as in Eq, (20), 
it involves the mode spectrum in the z domain. The discrete spectrum arises 
from the residue contributions at the surface-wave poles and yields identically 
the series portion of Eq. (20). To show that the contribution from the con- 
tinuous spectrum in Eq. (20) is the same as that arising from the branch-cut 
integral taken over the contour C’, one introduces ¢ as a new variable in Eq. 
(21) [see Eq. (5.4.10) et seq.] and simplifies, noting that F(—¢) = I'*({) when 
¢ is real. 

In the w plane, the contour C in Fig. 5.6.5 transforms into the contour P 
in Fig, 5.6.3, whereas the contour C’ maps into a path P’ which runs along the 
imaginary axis from w = ico to w = 0, along the real axis from w = 0 to w = 
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z, and then along the vertical line from w = xz to w = xz — foo, Ina far-field 
asymptotic calculation of the contribution to Eq. (20) from the continuous 
spectrum as represented on the infinite contour P’, one deforms P’ into the steep- 
est-descent path P in Fig. 5.6.3 and evaluates the steepest-descent integral as in 
Eq. (6). Unless 6 = 2/2, there exists the possibility of crossing during the path 
deformation one or more of those surface-wave poles which lie closest to the 
real w axis of Fig 5.6.3. The resulting residue contributions cancel correspond- 
ing terms in the sum on the right-hand side of Eg. (20), so not all of the pos- 
sible surface waves are included in the asymptotic representation of the fields 
observed above the dielectric interface. Moreover, one or more of the leaky- 
wave poles may have to be taken into account. The final result then agrees with 
that in Eq. (6), which is derived from an initial z-transmission formulation. 


Modifications for an ungrounded slab 


When the source is located exterior to an ungrounded slab as in Fig 5.6.6(a), 
the preceding analysis must be modified only through the insertion of the ap- 
propriate modal Green’s function g, whose evaluation is schematized in network 
form in Fig. 5.6.6(b). Instead of treating the problem in Fig. 5.6.6 directly, it 


Zi Z2 2 
Ky Ky Ky 
z' 27=0 2z=2d ~—*? 
(a) Physica! configuralion (b) Equivalent modal network (£ modes) 


FIG. 5.6.6 Longitudinal current element and ungrounded dielec- 
tric slab. 


is convenient, because of the network symmetry about the plane z = d, to 
consider two auxiliary problems arising from symmetric and antisymmetric 
voltage excitations, as shown in Figs 5.6.7(b) and 5.6.7(a), respectively. The 
corresponding electromagnetic field problems are also shown. l 
From the network picture one notes that the antisymmetric voltage excita- 
tion gives rise to a voltage null (short circuit) at the symmetry plane z = d, 
while the symmetric voltage excitation gives rise to a current null (open circuit) 
at z = d. Correspondingly, the tangential electric and magnetic fields vanish 
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Electric wall 
y PA (Eii = 0) 
Short circuit €1 +H € Z Ej. K 
y 
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-p 1 
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z' 0 d 2d 2d -2' 


(a) Antisymmetric excitation 


Maenclic wall 
(H an = 0) 


Open circuit 


(b) Symmetric excitation 


FIG, 5.6.7 Auxiliary field and network problems. 


at the symmetry plane z = d for the antisymmetric and symmetric longitudinal 
electric current excitations, respectively. It is evident that a superposition of 
field and network responses for the configurations in Fig. 5.6.7(a) and (b) yields 
twice the response for the structure in Fig. 5.6.6. Let E’, H’, and E’, H’ denote 
at any point the electromagnetic fields arising from the excitation by the anti- 
symmetric and symmetric current elements, respectively. Then the electromag- 
netic fields in Fig. 5.6.6(a) are given by 

= {E + E’), H=}(H' + H’). (22) 
The electric and magnetic walls in Fig. 5.6.7(a) and (b), respectively, isolate 
the region z < d from the region z > d, so it suffices to treat only the bisected 
problems in the region z < d. 

The antisymmetric excitation, leading to the configuration in Fig. 5.6.1, 
has already been treated. For the symmetric excitation, the requirement g! = 0 
at z =d leads via Eq. (2.4.24b) to the replacement of Z(0) in Eq. (13) by 
[exp (jwr) dependence] 
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Z0) = —jZ,cot kd, Z, = X2; (23) 
the corresponding reflection coefficient I” is 


re ik, Cot Kd + EK, Kia = 4 (ki ey a) (23a) 


jK cot K,d — €K; 
and the three-dimensional Green’s function G'(r, r’) is readily constructed there- 
from. For a field evaluation in the slab region, g,, in Eq. (14) is replaced by 
[see Eq. (5)] 


sined a ery (Ye stl Cet) aa 


Biz, Z) = 8,,(0, z) — o xd sin K,d 


It may be noted that while the asymptotic field solution for the open-circuit 
bisection (symmetric excitation) takes the same form as in Eq.(6), the trans- 
cendental equations defining the pole singularities of I(x, sin w) are now, 
instead of Eqs. (7), 

eq = —ipcotp, pP — g = (k,d)(e — 3), (25) 
with p and q defined as in Eq. (7a). Surface-wave solutions of these equations 
for real € > 1, with g = ijq], p real, may be found by a graphical construction 
as in Fig. 3.4.3; one observes that N solutions exist in the range (N + ¿yr 
<kdJ/e—1<(N +37, N=0,1, 2,.... No solution is found when 
k,d./e — 1 < 72/2, so the surface waves are now subject to a low-frequency 
cutoff, in contrast to the short-circuit bisection case; € < 1 likewise does not 
yield surface-wave solutions. 

It may be mentioned that in view of Fig 5.6.7, a knowledge of the field 
solutions for the bisected structures in the region z < 0 implies a knowledge of 
the solution for the configuration in Fig. 5.6.6 both for z < 0 and z > 2d. 
With reference to Figs. 5.6.6 and 5.6.7 and Eq. (22), the field on the side z <0 
containing the source is obtained by adding the contributions due to identically 
oriented sources, whereas the transmitted field on the side z > 2d is obtained 
by adding the contributions due to oppositely oriented sources, in the bisected 
arrangement. 


5.6b Other Source Configurations 


Transverse electric current element 
J(r, 1) = 16(p)6(z — zje- xs. (26) 


If the current element in Fig. 5.6.1 or 5.6.6(a) is directed along the x axis, 
the equivalent excitation in the modal network of Fig. 5.6.4 or 5.6.6(b) is a 
shunt current generator located at z'as in Fig. 5.5.6, and both £ and H modes 
must be considered. The analysis for observation points z < 0 proceeds exactly 
as in Sec. 5.5b, wherein the transverse current element is situated in front of a 
semiinfinite dielectric medium. The only difference is that I’(€) and T”(¢) in 
Eqs. (5.5.31) must be replaced by the E- and H-mode reflection coefficients, 
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respectively, seen looking to the right at the z = 0 plane in Fig. 5.6.1 or 
5,6.7(b). As in Sec. 5.6a, the fields radiated in the presence of the dielectric 
slab can be inferred by superposition from those in the two auxiliary configura- 
tions wherein an electric and magnetic wall, respectively, is placed along the 
z = 0 plane as in Fig. 5.6.7. The electric wall bisection arises from an excita- 
tion by the x-directed current element at z’ and an oppositely directed element 
of the same strength at 2d — z’, while the magnetic wall bisection occurs when 
the direction of both current elements is the same. The E-mode reflection 
coefficients for the bisected configurations seen looking to the right at z= Oare 
given in Eqs. (4a) and (23a). For the H modes, Eqs. (13) and (23) for Z(0) 
remain valid except that the formulas for the characteristic impedances are 
now Z“: = WH/Kí2 It may also be recalled that in view of the unbounded 
cross section transverse to z, Ki, = Ky, = k?, — &. Thus, the modal reflec- 
tion coefficient for the short-circuit bisection is 


yi ae tan Kd — K, 
rO = jK, tan kd + K (27a) 


whereas for the open-circuit bisection, 


nuy _jKicotkd + k 
Tr”(%) E OA oe (27b) 
When these formulas (with j — —/) are inserted into Eqs. (5.5.31), they yield 
integral representations for the functions V; S; and VS? for both the open- 
and short-circuit bisections, from which the electromagnetic fields in the region 
z < 0 may be derived via Eqs. (5.2.1). For the region 0 < z < d, modifica- 
tions analogous to those in Eqs. (5) and (24) are required. 

An asymptotic evaluation in the region z < 0 in Figs. 5.6.1 and 5.6.7 or z 
> 2d in Fig. 5.6.6 may be carried out as before and leads to expressions analo- 
gous to those in Eq. (6). It may be noted that the H-mode resonance conditions 
are quite similar to those for the E modes in Eqs. (7) and (25). In particular, 
the short-circuit bisection in Eq. (27a) yields pole singularities of ’(£); these 
are specified by Eq. (25) provided that the term €q is replaced by q, and the 
Same replacement makes Eq. (7) applicable to the open-circuit bisection case 
in Eq. (27b). 

Transverse electric line current 

Ar, t) = 15(p — pe- xo. (28) 
l This problem is directly analogous to the line-source excitation of a semi- 
infinite medium (Sec. 5.5d), provided that the half-space region z > 0 is replaced 
by the slab configurations in 1 Fig. 5.6.1 or 5.6.7. In the analysis, it is implied 
that the input impedances Z(0) and reflection coefficients I are replaced by 
their counterparts for the slab region, as specified in the preceding sections. The 


asymptotic evaluation of the resulting integrals, which have the same form as 
in Eq. (5.5.54b), is almost identical with that for the point-source problem 
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since the Hankel function in Eq. (3b) is replaced by its asymptotic approxima- 
tion in Eq. (5.3.13). The derivation of explicit results is left as an exercise for 
the reader. 


5.7 TIME-HARMONIC SOURCES IN THE PRESENCE OF 
A CONSTANT-IMPEDANCE SURFACE 


For a half-space or layered region z > 0, it is possible to define in certain 
parameter ranges a surface impedance Z, that characterizes in an approximate 
fashion the relation between the tangential electric and magnetic fields at the 
z = 0 plane: 

E(P, 0) = ZH.(p, 0) x Zo- (1) 
When the surface impedance concept can be employed, it simplifies substan- 
tially the solution of an electromagnetic boundary-value problem in the region 
z < 0 since it eliminates the need for a detailed exploration of the fields in the 


region z > 0. In effect, the surface impedance on the z = 0 plane terminates 
the region z < 0 [see Figs. 5.6.1 and 5.3.1 and Eq. (1.5.40)}. 


5.7a Longitudinal Electric Current Element 
I(r, t) = 15(p)5(z — z’Je'*"Zo. (2) 


We consider the physical configuration in Fig. 5.7.1, wherein a longitudinal 
electric current element of strength J? = H, J being the current in the element 


Impenetrable 
p boundary 


FIG. 5.7.1 Longitudinal current element and constant-impedance 
surface. 


and / its infinitesimal length, is situated at the point z’ < 0 on the z axis in the 
presence of a plane surface at z = 0 having a constant surface impedance Z, 
(Fig. 5.7.1). The electromagnetic fields may be derived via Eqs. (5.2.1) and 
(5.2.4c) from a scalar E-mode Green's function G(r, r’) which satisfies the dif- 
ferential equation 


(V? + k3}G'r, A) = — ôl — r’),  z,z <0, (3) 
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subject to a radiation condition at infinity, and to the following boundary con- 
dition (obtained by utilizing Eqs. (1) and (S.2.1)]: 


og = ja€,Z,G' = ik,Z,G’ at z = 0. (3a) 


Z, = Z,/“/e, is the surface impedance normalized to the wave impedance 
in the unbounded medium described by the constitutive parameters €,, #, and 
k, = @s/ je, is the wavenumber. In a cylindrical coordinate description of the 
cross section transverse to z, G’ may be represented as follows: 


G(r, r) = Gale, r) + Gir, r’), (4) 
where G,, = (1/47f) exp (ik,f) is the free-space Green’s function for the un- 


bounded region (Eq. (5.4.2b)], and G;, which arises from the presence of the 
boundary at z = 0, has the integral representation: 


—ik, 


G! = g |e sin w HP (kr sin @ sin wye'* <° ° cor *T(k, sin w) dw, (5) 
P 
where 
° Z = COS w 
I(k, sin w) = =, Sa 
(ky sin w) = $-— 08 (5a) 


The path of integration is given in Fig. (5.3.6b) and the coordinates 7, r, and @ 
are defined in Fig. 5.7.1. 

For large values of kr sin @, the integral in Eq. (5) may be evaluated asymp- 
totically and yields a saddle-point contribution aS well as a possible residue 
contribution arising from the pole w, of the reflection coefficient in Eq. (Sa): 


elk? , gik" l 


~ix/4 
eit! k, 


a 17 Cos(w»—@ on as 
a ~ sin w, V 27r sin pany press PUG AL + ofz) h (6) 


where 

cos w, = —Z,, (6a) 
and @,, the observation angle for which the steepest-descent path P in Fig. 
5.3.6(b) crosses the pole w, is defined as in Eq. (5.6.8). U(@ — @,) is the Heavi- 
side unit function defined in Eq. (5.6.6), and its contributing range is limited to 
inductive surface impedances for which Im Z, < 0 [exp (—iwr) dependence). 


Discussion 


The physical interpretation of the above solution in terms of geometric- 
Optical and surface-wave contributions is identical with that for Eq. (5.6.6). 
The solution is valid for those observation points @ > 0 for which the steepest- 
descent path P does not pass near the pole w,(@ æ% 6,). If the pole is located 
near the steepest-descent path, in particular near the saddle point, the asymp- 
totic evaluation must be carried out by the modified saddle-point procedure 
described in Sec. 4.4a. For the case where the surface impedance Z, is equal 
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to v H/€, representative of a highly lossy medium with complex dielectric 
constant €, occupying the half-space region z >0, one has Z, œ 1//€ ,€ = 
€,/€,. For corresponding ranges of source and observation point coordinates, the 
asymptotic field solution then becomes identical with that in Eq. (5.5.7) which 
is derived from an exact analysis. 

In view of Eq. (6a), the propagation characteristics of the residue contriby- 
tion in Eq. (6) can be expressed simply in terms of the surface impedance Ž,: 

etki cos (w»— 8) 


I as = 
pane Tp OPA + z|) exp (ik, ~ 1 — Zip). (7) 


Thus, one notes that the residue field contribution decays exponentially away 
from the surface z = 0 if Im Z, < 0 and constitutes a proper solution of the 


Maxwell field equations in this case where Im V |} — Z? > 0. By an extension 
of the notion of a surface wave on a lossless structure (Z, = —i|Z,|), the wave 
on a dissipative surface with Im Z, < 0 might be termed a “lossy” surface 
wave. For the highly lossy case, Z, = €~'”, sin w, ~ 1 + i/2\€|, a comparison 
at z = z' = 0 of the amplitude of excitation of the surface wave in Eq. (6) 
with that given by the second term in Eq. (5.5.8b) yields a value for the latter 
half as large as for the former. This discrepancy occurs since, for @ = 7/2, the 
pole is located on the steepest-descent path near the saddle point, and the path 
of integration is indented around the pole in the form of a semicircle. Hence 
only a half-residue contributes, instead of the full residue given in Eq. (6) (see 
Sec. 4.4a). 


Analytical details 


The integral representation in Eq. (5) is derived in a manner directly anal- 
ogous to that employed in Sec. 5.6. The schematic representation of the modal 
Green's function problem of determining g,,(z, z’) in Eq. (5.3.1) is given in Fig. 
5.7.2, with the surface impedance Z, representing the termination on the modal 


l 

| 

) p. 

l Z; 
t 

l 

l! 


2 z=Q 


FIG, 5.7.2 Equivalent moda! network (E modes). 


transmission line. To deduce the above result one employs the field in Eq. 
(5.2.11) (with j - > —i) and Eq. (3a) to derive the modal boundary condition 
dg’, /dz = iwé,Z,g’,, and thence, via Eqs. (5.2.6a) and (2.2.15), the network in 
Fig. 5.7.2. It is recalled that Y;(z, z’) and therefore g, represents a normalized 
current: from the E-mode transmission-line equations(2.2.15), (1 /iwe,)(dg;,/dz) 
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is the corresponding voltage, and the ratio of the voltage to the current at z = 0 
yields the surface impedance Z,. The formula for the reflection coefficient 


in Eq. (5a) follows from Eq. (5.3.1a), with Z,(0) = Z,andk, = € = A, sin w. 

The asymptotic evaluation of the integral in Eq. (5) proceeds as in Sec. 5.6. 
Instead of the infinite set of leaky-wave poles and the finite set of surface-wave 
poles encountered in the slab problem, there exists now only a single relevant 


pole at 
cosw, = —Z,, ie, w, = cos-'(—Z,)+2mn, m=0,1,2,.... (8a) 


For passive surface impedances, which absorb a finite (or zero) amount of 
power, the requirement of real power flow into the surface [i.e., Re fs E, x 
H*.z, dS > 0} implies via Eq. (1) that Re Z, > 0. It then follows from Eq. 
(8a) that, at the pertinent pole singularity, 

3r > Rew, > 5: 
For lossless surfaces (Re Z, = 0), Rew, = 7/2. From Eqs. (8) it is evident 
that the pole approaches the line Re w, = 2/2 from the right as Re Z, — 0. 
If Im Z, < 0, Re Z, = 0, it then follows that the path of integration is indent- 
ed to the left around the pole situated on the half-line Re w, = 2/2, Im w, < 
0. As noted from the discussion in Secs. 5.6 and 5.3e, this latter pole is identi- 
fied as a “surface-wave pole” since its residue contribution to the integral in 
Eq. (5) gives rise to a surface wave [see Eq. (7)]. The requirement for the 
existence of a surface wave on a lossless (reactive) surface is, therefore, Z, = 
—i|Z,| [i.e., the surface is inductive; one recalls that the assumed time depen- 
dence is exp(—i@t)]. This behavior follows at once from a transverse resonance 


argument which requires via Eq. (2.4.36) that Z,(0) + Z,(0) = 0 ata pole. In 
the present case, wherein only E modes are involved, Z, + Z; = 0 from Fig. 
5.7.2. In a surface wave, the fields decay exponentially away from the surface 
implying that the associated mode is non-propagating. Since, for a non-propa- 
gating E mode, Z; = i|Z/| is capacitative, the resonance equation can be satisfied 
only if Z, = —i]Z,}. The pole is not intercepted when Im Z, > 0. 

An alternative representation in terms of the waves guided along the surface 
may be carried out as in Sec. 5.6 (see also Sec. 5.7b). 


Imw,20 ifImZ,20. (8b) 


An image formulation 


It is of interest to note a formulation” in which the perturbing properties 
of the constant impedance surface on fields radiated by a given source distribu- 
tion can be taken into account rigorously by a suitably defined distribution of 
image sources. For excitation by a longitudinal electric current element, the 
effect of the impedance surface on the field is contained in the scattered con- 
tribution G, to the scalar Green’s function G. For the present discussion it is 
convenient to employ the integral representation in the č plane as in Eq. 
(5.5.3a), with I'(¢) defined in Eq. (Sa) (note: č = k, sin w). Upon substituting 
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MQ) = 4 = l 4 oS, rf!) = VRE 9 
k,Z, + KË) (Zane, Sy (9) 
into Eq. (5.5.3a), one obtains 
G, = Gn + Giz (10) 
rif eymg" oe eplik + (2 + 2) 
n = ge] ge EPEA = —— af = SPE aE, (108) 
ie A _ik,Z, ia (1) ei (sts) Í 
r a se SHED) E E (10b) 


The closed-form evaluation of G‘,, carried out via Eq. (5.4.12c), is interpret- 
able as a contribution from an image source of strength (+ 1) located at z = 


—z' as in Fig. 5.7.1. To reformulate G/,, one employs the identity 


l i — (kZ, +x) 
— = | gaar dy, ll 
ki2Z, + K J f o 
which is valid when Re Z, > 0; k, is assumed to be real, and Re x > 0 for all 
¢ on the path of integration in Eq. (10b). Upon inserting Eq. (11) into Eq. 
(10b) and performing a permissible interchange of the orders of integration, 
one obtains 
e‘=[—1+8')+iy} 


Gu = —2k, Z, | dyra S” EHP EAE dé, (12a) 


f° [-2kZ,e*2) a dy, y =s F| G +2) PA (12b) 


The transition from Eq. (12a) to (12b) is accomplished via Eq. (10a), wherein 
a/ p> + x* has been continued analytically from positive real values into a 
permitted domain of complex values of y = —(z + z') + iy, (z+ 2’) < 0,7 
> 0, for which Im ./p? + x? > 0. One notes from Fig. 5.3.3(a) (upon sub- 
stituting € = ix) that the latter condition is satisfied in the first and third 
quadrants of the complex x plane, thus resulting in the analytic continuation 
of the right-hand side of Eq. (10a) from real values of x to x = —(z + 2’) + 
iy. Since Re x > 0 along the path of integration, this continuation is also valid 
for the integral on the left-hand side of Eg. (10a). Equation (12b) can be 
interpreted as arising from a continuous distribution of image point sources 
situated in an infinite medium at the complex location z = —z’ + iy and having 
an exponentially decaying strength denoted by the factor inside the brackets 1n 
the integrand. 

For the special case Im Z, > 0, the image formulation above can be made 
physical by locating the image sources at real values of the coordinates. We 
note that Im y > 0 throughout the fourth quadrant of the complex y plane 
[branch points are located at y = +p—i(z + z’), (z +2’) < 0], so the 
exp (ik,y) term in the integrand of Eq. (12b) vanishes at |y| — oo in the fourth 


| 
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quadrant of the y plane. The same is true for exp (—k,Z,y) provided that 
Im Z, > 0. Thus, there is no contribution to the integral from a quarter-circle 
of infinite radius in the fourth quadrant, and the contour of integration can be 
deformed into the negative imaginary axis of the y plane. Upon introducing 
the change of variable y = iy, one obtains 


exp {iki pP? + [z + (z' + w)}*} 


== aa — Dy F -tk Z p 
Ganj, a TETE TOT 


du, 
ImZ,>0, (13) 


which now comprises the contributions from a continuous set of image point 
sources situated along the segment z’ < z < oo of the positive z axis (Fig. 
5,7.3). It is noted that the condition Im Z, > 0, which admits of an exact 


z=0 


Distribution 
of image sources 


FIG, 5.7.3 Image formulation when Im Z, > 0. 


representation of the perturbing effect of the constant impedance surface in 
terms of physical image sources, excludes the case wherein a surface wave can 
be propagated along the structure. This implies that an image source distribu- 
tion of the type noted above cannot produce in the region z < 0 a field that 
behaves in accordance with Eg. (7). 


5.7b Transverse Magnetic Line Current 
M(r, t) = VO(p — B’)e™!'xo. (14) 


When the dipole in Fig. 5.7.1 is replaced by a magnetic line current of 
Strength V parallel to the x axis, the electromagnetic field has the non-vanishing 
components H., E,, E, [see the dual of Eqs. (5.5.56) or (5.4.31)], 


o, , _ _,,06G! — y? 5 
H, = iwe, VG, E, = -V i (15) 


which are derivable from a two-dimensional scalar E-mode Green's function 
G’ satisfying the differential equation 
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g? g? 2 , , 1 
(st ga + AEO = poh Paa a8 
subject to a radiation condition at infinity, and to the boundary condition 
2a = iwe,Z,G' = ik,Z,G' atz =0, (16a) 


with k, the wavenumber in the medium and Z, = Z,/./j/€,. The solution 
may be written as 


G'(p, 6’) = GP, 6’) + Gi, P’), (17) 
where G, is the free-space Green’s function [Eq. (5.4.25)], 
3, = HS (klp — p’), (17a) 


while G, accounts for the presence of the impedance sheet at z = 0 and may 
be written in a z-transmission modal representation as 
i {e eto") exp[—ivki — (z + z’) 

l. p In)dn, (17) 


BREA f. efkiReos-O) Tk sin w) dw. (17c) 


T(k, sin w) is given in Eq. (5a) and the path P is defined in Fig. 5.3.6b. R and 
g are polar coordinates measured from the image point, whence |z + z'| = 
R cosg, y — y = Rsing. 

For large values of k,R, the integral in Eq. (17c) may be evaluated asymp- 
totically to yield a reflected-wave and a surface-wave contribution as in Eq. 
(6): 


G, ~ — ha) EHT, sinp) 1 + Og) | 


> 4aN KR k,R (18) 
+ efkik Cos (wy— p) cot w U(p wie Pp), 
where cos w, = —Z,, U(g — g,) is the Heaviside unit function, ø, is defined 


as in Eq. (5.6.8), and Eq. (7) applies with 0 — p, y— p. When &, is also 
large, where R = ip — f’| is the distance from the source to the observation 
point, the Hankel function in Eq. (17a) may be approximated as in Eq. (5.3.13) 
and one finds that 


ens glkik : @fkik | 
O ~ Tan Eas. le SER + elk cow cot w, UCO — P»). 
l 
(19) 


The interpretation of this result is directly analogous to that for the point-source 
excitation in Sec. 5.7a except that the geometric-optical fields, the first two 
terms in Eq. (19), are now in the form of cylindrical waves emanating from 

= Qand R = 0, respectively, while the surface-wave contribution is in the 
form of a plane wave. Evidently, when a surface wave is excited (Im Z, < 0) 
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and when the surface impedance is purely reactive, the surface-wave contribu- 
tion dominates near the boundary plane z = 0. 

Equation (17) follows from Eqs. (5.2.13a) (with œ = 0), (5.4.33), and from 
the considerations in Sec. 5.7a (see also Fig. 5.7.2), so no additional details 


need be given. 


Alternative representation 


As in Sec. 5.6, Eq. (5.6.20), it is possible to reformulate Eqs. (17) in such 
a manner that they emphasize the guiding properties of the surface along the 
y direction. This is accomplished by deforming the integration contour in the 
complex y plane about the singularities of g, in the integral representation for 
G' [see Eq. (5.2.13a), with j —» —/]. To this end, one requires in addition to 
Eq. (17b) the integral representation in Fq. (5.4.36b) for the free-space field 
G,. We note first that the composite integral representation is insensitive to the 
algebraic sign of y — y’ (as verified by letting n — —m), so y — y’ can be 
replaced by |) — y’|. The singularities of (7) in Eq. (17b) are simple poles at 


Vki — P = —k,Ž„ ie, = thw! — Z4 (20) 


and branch points at n = +k,. The branch cuts are chosen as in Fig. 5.6.5 to 
assure Im Vk? — m > 0 on the entire top sheet of the two-sheeted Riemann 
surface in the complex 7 plane. One notes from Eq. (20) that the poles y, lie 
on the top sheet only when Im Ž, < 0, in which case they are located in the 
first and third quadrants. A deformation of the contour of integration about 
the singularities of the integrand in the upper half of the 7 plane can now be 
carried out by considerations analogous to those following Eq. (5.6.21) and 
yields the desired reformulation 


G'(p, p) = = i p "a a a E iim Z,) 
e ABA cher k.Z,—¢ = 15 ( | 
J — — REE d , 21 
+ al ee =r | k,Z, T a C ( ) 


where Im ./k? — Ẹ > 0. The replacement of |z — z'| by (z — z’) in the inte- 
grand of Eq. (2!) is justified by noting that the portion of the integral containing 
the exp [if(z — z’)] term is insensitive to the algebraic sign of (z — z’) (let ¢ > 
—€ in the integrand). From Eq. (5.4.36b), the contribution to the integral 
from the exp [i€(z — z’)] term is equal to the free-space Green’s function 


(§/4) HO [kiv (y — y’)? + (z — zY]. 


The first term on the right-hand side of Eq. (2!) represents a surface wave 
(discrete spectrum) propagating in the y direction [see Eq. (19)], while the re- 
maining integral represents the continuous spectrum of reflected waves. For 
imaginary values of Z,, the continuous spectrum contribution can be written in 
a form analogous to that in Eq. (5.6.20). 
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§.7c Other Elementary Source Configurations 


If the constant impedance surface in Fig. 5.7.1 is excited by other funda- 
mental source distributions, such as a transverse current element, line currents, 
or ring currents, the solution for the radiated fields is obtained by a modal 
analysis and synthesis procedure as in the corresponding treatments in Secs. 5,5 
and 5.6, provided only that the modal reflection coefficients defined therein are 
replaced by those appropriate to the present problem. The E-mode reflection 
coefficient has already been stated in Eq. (Sa). For the H modes, the modal 
characteristic impedance is Z;’ = wyt/k;’ [see Eq. (5.3.1c)], so that, from Eq. 
(5.3. 1a), 


=) _ K; =. k, Ý, vy — 3 
r; (0) = K” 7s k, Y,’ Y, = Zz, (22a) 
which becomes for x? = ~ k? — č? = k, cos w, 
mi oa...»  cosw —Y, 
I(k, sin w) = a (22b) 


Asymptotic field calculations are carried out as in Secs. 5.7a and 5.7b. 


§.7d Continuous Distribution of Transverse Magnetic Line Currents 
Excitation of surface waves by an aperture 


Consider the configuration in Fig. 5.7.4(a), wherein a space bounded by 
the plane z = 0 with surface impedance Z, is excited by electromagnetic fields 


P Z 


C: HM 
EH 
Perfect conductor Perfect conductor 
` 2o a ooo oo 
—A; -h, 0 -hy 
(a) Physical configuration (b) Equivalent configuration 


FIG, 5.7.4 Excitation of surface waves by an aperture, 


in an aperture perforating a perfectly conducting plane located at y = 0.% The 
surrounding medium is characterized by the material constants €, and X. The 
aperture is in the form of a slit of width A = h, — A, and extends to infinity 
in the x direction; the aperture field is assumed to be independent of x, with a 
single magnetic-field component H = x)// and a tangential electric-field com- 
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ponent E,. This type of aperture field arises, for example, if the aperture is 
excited from the region y < 0 by a parallel-plate waveguide operating in the 
TEM mode, with the waveguide walls extending along the planes z = —/, and 


z = —Ay,. By the equivalence relation in Eq. (1.5.33a), the effect of the aperture 
field can be represented in terms of an equivalent magnetic current distribution 
M = E Xx Y, = —x,£, flowing on a perfectly conducting surface as shown in 


Fig. 5.7.4(b). From the considerations in Sec. !.5b, the electromagnetic fields 
everywhere in the region z < 0, y > 0, are determined uniquely from a knowl- 
edge of M, = —E,. In view of the invariance of the configuration with respect 
to the x coordinate, it follows that everywhere in the region z < 0, y > 0, the 
magnetic field has only an x component, H,((), in terms of which the electric- 
field components E, and E, are calculable as in Eq. (15). From Fq. (15), one 
obtains the fields due to a line source of magnetic currents having a strength 
V, so that by superposition, the magnetic field due to the aperture source distri- 
bution is given by 


HB) = Ziwe, | VEGG; 0, 2") de’, P=(nz, (23) 


where G’ is the Green’s function in Eq. (17), and the factor 2 arises from the 
imaging effect of the perfect conductor along the y = 0 plane in Fig. 5.7.4(b). 
For an exact calculation, it is convenient to employ the y-guided-wave 
representation in Eq. (21) since the dependence on z’ is continuous, thereby 
facilitating the integration required in Eq. (23). This is not the case for the z- 
transmission formulation (see Eq. (5.4.36b)]. At large distances from the aper- 
ture, one may insert the asymptotic approximation for G’ which takes the form 
shown in Eq. (19). If R >> h,, where A, is the coordinate defining the upper 
edge of the aperture (Fig. 5.7.4), one may approximate R and R as follows: 


R = Ř + z' cosg, R = R — z' cosp, (24) 


where R = (y? + z*)/ is the distance from the origin to the observation point 
(y, z). Thus, 


H,{p) ~ Trak ef R-/1 A (cos p) — I'(k, sin 9)A(—cos 9)] P 


— I? A(Z,) 1 : 7 k J 
2iwe, Vr (lik 1 — Zty + ik,Z,z)]U(p — 9,), 
where 
—hy 
Ay) =f" veer dz. (25a) 


In the limit p — 7/2, '(k, sing) — 1 and the contributions from the direct 
and reflected waves cancel to O(1//k,R). Hence, for surface impedance values 
such that Pp < 7/2, the field near the surface is given by the last term in Eq. 
(25), which represents the surface wave propagating along the sheet. 
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In a true diffraction problem wherein the aperture is excited by an appro- 
priate source distrib:rion located in the region exterior to the quarter space 
shown in Fig. 5.7.4(a), the equivalent aperture current M, = V is unknown 
and must be determined from a self-consistent solution of the tota/ electromag- 
netic boundary-value problem. Such a solution is usually difficult to attain. In 
many instances, however, the feeding mechanism is such that one may use a 
suitable approximation for M,. A frequent technique, described variously as 
the “Kirchhoff” or “physical optics” procedure, is suitable for aperture widths 
large compared with the free-space wavelength; it involves the approximation 
of the aperture field by the value of the incident field in the aperture domain, 
For example, if the aperture is excited by a parallel-plate waveguide, the inci- 
dent field (TEM mode) in the waveguide is constant in the y = 0 plane. Hence, 
as a first approximation, M, would bea constant, and the integrals in Eq. (25) 
can be evaluated at once. While the physical optics approximation is usually 
poor for near-field evaluations (it is definitely wrong near the aperture edges 
where the fields change rather violently), it generally yields a good approxima- 
tion of dominant effects in the far field provided that the aperture width is 


large. 
Alternatively, when the slot is very narrow, One may write 
—A(y) = e My, h,=h+d, O< SKA, (26a) 
where & is the coordinate at the slot center and V is the voltage across the slot, 
-A+8 -h+ê 
V = f V(z2') dz! = if E(z') dz’. (26b) 
—h-5 -h-& 


A comparison of Eqs. (25) and (26) with Eqs. (15) and (19) establishes the 
equivalence between the radiation from a voltage V excited narrow slot cen- 
tered at z = —h in a perfectly conducting plane and that from a magnetic 
current source of strength V located at z = —A on a similar plane. 


Radiation from a terminated reactive surface—comparison of various 
approximations 


In surface-wave antenna applications, one is frequently interested in the 
radiation from a terminated surface along which a surface wave can be propaga- 
ted.” The physical configuration is shown in Fig. 5.7.5(a), wherein a reactive 
surface with constant normalized surface impedance Z, = —iX,, X, > 0 (i.e. 
an inductance for the implied time dependence exp (—i@r)) occupies the half- 
plane z = 0, y < 0, while the half-plane z = 0, y > 0, isa perfect conductor 
(Z, = 0). We assume that a plane surface wave, whose magnetic field vector 
is directed parallel to the x axis, propagates along the reactive surface in the 
+y direction: 


H(p) = Hoer, x= kV1+ X27, X¥,>0, 2<0 27 
where the subscript ne denotes the incident field, and H, is a constant ampli- 


tude factor. One verifies at once that H,,, in Eq. (27) satisfies the homoge- 
neous wave equation (V? + k?)Hine = 0, the impedance boundary condition 
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Perfect conductor 


Incident | 
field 


(a) Physical configuration (b) Equivalent configuration 


FIG. 5.7.5 Terminated reactive surface, 


(Eac), = (i/W€,)0H;,,/0z = —Z, Hm. on the reactive surface, and posseses 
at y = —oo the ingoing behavior characteristic of an idealized plane-wave 
excitation. The required functional dependence in a surface wave is inferred 
directly from the first term on the right-hand side of Eq. (21). 

As in the problem sketched in Fig. 5.7.4, the field in the quarter-space 
region y > 0, z < 0, of Fig. 5.7.5(a) can be viewed as arising from an equivalent 
magnetic current distribution M, = —E, flowing on a perfectly conducting 
plane at y = 0 (Fig. 5.7.5(b)]. Since the “aperture” in the present problem 
occupies the entire half-plane z < 0, y = 0, the equivalent magnetic current 
distribution extends from z = 0 to z = —oo. The magnetic field H, in the 
region z < 0, y > O [Fig. 5.7.5(b)] can then be calculated as in Eq. (23), pro- 
vided that h, = oo, hı = 0, and G’ represents the Green’s function for the 
half-space region bounded by a perfect conductor at z = 0. The result for the 
latter is obtained at once from either of Eqs. (17) or (21) by letting Z, = 0, 
as appropriate to a perfect conductor. The far field at R — 00, g > 0, in Fig. 
5.7.5(b) is then given via Eq. (25) by 


H,(p) ~ => an eke f V(z') cos (k,z' cos g) dz’, (28) 
2zk,R eo 

a result that demands a knowledge of M,(z') = V(z'), or equivalently of £,, 

in the aperture plane y = 0. 

If the surface reactance X, is small, more precisely, if k,X, is small, the 
surface wave is “loosely bound” [i.e., the field in Eq. (27) extends appreciably 
away from the reactive surface]. The discontinuity in reactance at the junction 
of the two surfaces in Fig. 5.7.5(a) is likewise small, and it is reasonable to as- 
sume as a first approximation that the actual aperture field is approximated by 
the incident field 


566 Fields in Plane-Stratified Regions Ch. 5 


(Eine), = i ies = e Hine (29a) 
whence 
V(z') = oe Hye 7, (29b) 


One then obtains the following result for che radiated far field, on performing 
the elementary integration required in Eq. (28): 


e!l R-t) 2X ~] ne x? 
H oe = th Se EE 
0) ~ Tare R Ho FT cog (30) 


It is of interest to compare the approximate result in Eq. (30), whose validity 
is expected to be greatest for very small values of X, with an exact formula? 
obtained via an integral equation procedure. The exact expression for the square 
of the radiated far-field magnitude is 


He~ Woe SK iwcostg A 
mk,R(1 + v)(1 — sin p(X} + cos’ p)(v — sin p) 

(31a) 

while the approximate expression in Eq. (30) yields 

2 2,2 
gj ~ Holt A (31b) 
nkiR (Xi + cos’ p} 

A variety of additional approximations can be built about the procedure 
wherein an induced field in an infinite aperture is approximated by the value of 
the incident field. Consider the region S in Fig. 5.7.5(a), wherein y > 0, z <0, 


and apply Green’s theorem to the two functions G’ and H, which, together with 
their first and second derivatives, are defined within S and on its boundary s: 


f (GO, PVH) — HADT’, P) as" 
=§ [66,6 H) — HEO a (32) 


where n is normal to s and increases in the direction out of S. H, is the mag- 
netic field which satisfies in S the homogeneous wave equation 
(V? + H.) =0, p= (y,2). (33a) 
On the perfectly conducting boundary y > 0, z = 0, denoted by s,, it is required 
that E, = 0, whence 
oH, _ 33b 
= = Oons,. (33b) 


On the quarter circle at R — œo, denoted by s}, H, is to satisfy a radiation 
condition [see Eq. (1.5.34c)] since all sources of the field are contained in the 
region y < 0. Correspondingly, it is convenient to choose G’ as a Green's func- 
tion satisfying the inhomogeneous wave equation 
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(V? + ki)G'(p, p') = —d(6 — §'), Pand f’ in S, (34a) 
the boundary condition 


oe" = 0 on sy (34b) 
and a radiation condition on s+ Its behavior in the aperture plane y = 0, re- 
quired for uniqueness, is left open for the moment. Upon substituting Eqs. (33) 
and (34) into Eq. (32), one obtains an expression for H, in S in terms of its 
value and that of its derivative in the aperture plane: 
HD) = -f [Go 0) py A) — HAZ, po) de. (35) 
x Da ’ oy’ dy i 
The contributions to the boundary integral arising from the contours s, and s, 
vanish in view of Eqs. (33b), (34b), and the radiation condition, respectively. 
Alternative formulations for H, can now be obtained from Eq. (35) by spe- 
cifying the behavior of G' in the aperture plane, thus completing the definition 
of Ĝ' and permitting its evaluation, Three convenient choices are the following: 


G'=Oaty'=0, (36a) 
aG' _ Pee 
gy = Oaty’ = 0, (36b) 
G' = Gi. (36c) 


Use of the first two functions eliminates the first and second terms, respectively, 
in the integrand of Eq. (35). The third choice, the half-space Green's function 
G;, is that appropriate to an unlimited y domain and satisfies a radiation condi- 
tion at R — œ in the entire half-space region z < 0, as well as condition (34b) 
on the entire z = 0 plane; its use retains both terms in the integrand of Eq. 
(35). If values of H, and ðH,/ðy in the aperture plane are known exactly from 
a rigorous solution of the given diffraction problem, then H, is uniquely deter- 
mined in S and its calculation via Eq. (35) with any of the above-mentioned 
Green's functions leads to the same result. On the other hand, if approximate 
values are employed for H, and dH,/dy in the aperture plane, the fields in S 
calculated via different Green’s functions are generally different. 

To illustrate these remarks we consider once again the problem sketched 
in Fig. 5.7.5(a), with the assumption that H, and (or) 0H,/dy in the aperture 
plane are approximated by the value of Hne and (or) OH,,,/0y in Eq. (27), 
respectively. The Green's function satisfying Eqs. (34) and (36b) is evidently 
the one described in Fig. 5.7.5(b), so the resulting expression for H, in Eq. 
(35) is identical with that in Eq. (28), with the recognition that — V(z’) = 
E, = (1/iwe,)0H,/dy. Thus, the choice of G’ as in Eq. (36b) leads to the far- 
Magnetic-field formula in Eq. (30). 

For a choice of G’ in accord with Eq. (36a), we note by inspection that 
the required boundary condition at y’ = 0 can be met by imaging two half- 
space Green's functions G, in the y = 0 plane. Thus, 
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HAP = J H0) [Fo GAB: yz) — GBs yz dr. (37) 


It might be pointed out that Eq. (37) can be interpreted as representing an 
equivalent configuration wherein the aperture plane has been replaced by a 
magnetic wall carrying an equivalent electric current distribution J, œ H.. 
Upon performing the derivative operation on the asymptotic formula for G}, 
substituting into Eq. (37), and employing the value Hne from Eq. (27) for H,, 
one obtains 


H) ~ > H, ——!+——_+_, 38 
(B) Jakk Kap (38) 


Finally, we employ the half-space Green’s function Gi directly. From 
simple image considerations, G,(p; 0, z’) is equal to one half the Green’s func- 
tion satisfying condition (36b), while (@G;/dy’),--o is equal to one half the y’ 
derivative of the Green’s function satisfying condition (36a), all functions being 


v? cos*y 
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FIG. 5.7.6&a) Radiation pattern of a terminated surface-wave 
antenna, 
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evaluated at y’ = 0. Thus, an approximate evaluation, utilizing for H, and 
OH,/dy in the y = 0 plane the values H,,, and 0H,,./0y, respectively, yields 
a result for H, in S which is the average of that obtained through use of the 
two other Green’s functions in Eqs. (36a) and (36b). The far field is in this 


case 


efi) X (sing + V1 +X?) 


H,(p) S Jog o X + cos? g 


2nk,R i 


The far-field power patterns |k,RH,|? calculated from Eqs. (31a), (31b), 
(38), and (39) are plotted in Figs. 5.7.6(a)-(d) for values of ¥, = 0.1, 0.2, 0.3, 
0.4. All patterns are peaked in the endfire direction g = 90°, as expected from 
a surface-wave illumination of the aperture plane. The fields obtained from 
the approximate solution in Eq. (39) and the exact solution in Eq. (31a) agree 
almost perfectly in the entire quarter-space region 0 < ø < 90°. The results 
from Eqs. (31b) and (38) are larger and smaller, respectively, than the correct 
values, with the greater deviations occurring at larger angles of elevation from 
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FIG. 5.7.6b) Radiation pattern of a terminated surface-wave 
antenna. 
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the surface. For Ñ, = 0.1, the field amplitudes decay sharply as g decreases 
from 90°, and any of the above formulations yield acceptable results down to 
g = 55°, at which point |H,|? decreases to approximately r&s of its maximum 
value. The deviations for smaller values of g are exaggerated on the logarith- 
mic scale but are associated with negligibly small field amplitudes. This agree- 
ment will improve further for ¥, < 0.1, thereby justifying any of the above 
approximation procedures for very small values of surface reactance. For larger 
values of ,, Eq. (39) is to be preferred. 
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5.8 SOURCES IN THE PRESENCE OF MEDIA WITH CONTINUOUS PLANAR 
STRATIFICATION—ARBITRARY PROFILES 


§.8—a General Field Properties 


The radiation problems in the preceding sections have dealt with regions 
whose material properties along a rectilinear z coordinate may change discon- 
tinuously, as for example, at an interface between two different constant or 
homogeneous dielectric media. In this section and in Sec. 5.9 we consider the 
effects of a continuously varying medium on fields radiated by prescribed 
source distributions, The terms “constant” and “continuously varying” apply 
Only to the macroscopic properties of the medium and represent averages of 
Microscopic effects arising from the more detailed physical structure. The 
characterization of macroscopically homogeneous isotropic media by a constant 
permittivity and permeability requires sufficiently long wavelengths. However, 
many important electromagnetic propagation problems in nature take place 
under conditions where the macroscopic properties vary in a continuous man- 
ner, even for microwave, or lower, frequencies. This is true of such gaseous 
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media as the earth’s atmosphere, or for the “electron plasma gas” constituting 
the ionosphere, where variations in particle density give rise to macroscopic 
inhomogeneities. Artificial inhomogeneous media also find application, for 
example, in microwave lenses. 

Exact solutions for fields radiated by prescribed sources in an inhomoge- 
neous medium can be obtained only for those special variations in medium 
constants that lead to differential equations whose solutions are known (see 
Sec. 5.9 for illustrative examples). However, if the properties of the medium 
vary slowly over an interval of length equal to the local wavelength, it is pos- 
sible to derive approximate expressions for the fields that apply for any slow 
functional variation of permittivity e(r) and (or) permeability u(r) or, to use 
the terminology of geometrical optics, of the refractive index n(r) = [u(r)e(r) / 
Ho€o]'?, €o and wy being the permittivity and permeability of free space. These 
approximate expressions are shown to be equal to those obtained from geome- 
tric-optical considerations. The corresponding propagation phenomena can be 
interpreted in terms of real geometric-optical rays that proceed along curved 
paths determined by the detailed structure of the refractive index; a geometric- 
optical ray through a point is tangent to the direction of energy flow at that 
point. Because of the curvature of the rays, there may exist regions of space 
that are not penetrated by any real rays (see Fig. 5.8.4); in these “shadow” 
regions, the usual geometric-optical description must be augmented by an al- 
ternative analysis. Also, geometrical optics fails in the vicinity of caustics and 
focal points, and results in these transition regions must be derived from a more 
rigorous approach. These general observations have been made in Secs. 1.6 
and 1.7. 

To fit within the framework of plane-stratified regions, the discussion is 
confined to media whose refractive index varies along the z direction only [i.e., 
n(r) = n(z)}. Consequently, the electromagnetic fields may be derived from 
two scalar potential functions as in Sec. 5.2; however, the differential equations 
satisfied by these potentials are modified by the continuous stratification. The 
required formulation was given in Sec. 2.3e and is summarized below. For 
slow variations of medium properties, the differential equations for the poten- 
tial functions are solved directly by asymptotic techniques that yield geometrical 
optics as the first approximation exterior to the above-mentioned transition 
regions (see also Sec. 1.7). Thereafter, a solution is obtained by applying the 
WKB approximation to rigorous integral representations for the potentials, and 
it is shown that the result justifies the direct use of geometrical optics in certain 
regions of space; but, as before, a modification is required in transition regions 
where rapid field variations take place. These general conclusions are verified 
in Sec. 5.9, where exact solutions for certain special profiles n(z) are examined. 


§.8b Derivation of the Time-Harmonic Field from Scalar Potentials 


It is shown in Sec. 2.3e that the electromagnetic fields excited by time- 
harmonic electric point currents S(r, t) = J°d(r — r’) exp (jot) and magnetic 
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point currents M(r, t) = M°do(r — r’) exp (jt) in a region with continuously 
varying permittivity €(z) and permeability 4(z) can be represented as [see Eqs. 
(2.3.26) and (2.3.40)] 

E(r,r’) = a Y x V X 2J(r, r) — jwou(z')V x z1 (r, r), (la) 


H(r, r') = jooe(z’)V x zT(r, r) + Hely x V x aIr, r'), (1b) 


where the E- and H-mode Hertz potentials IT’ and IT”, respectively, are related 
via Eqs. (2.3.39) to the scalar functions Si and S7: 


joel) (e, r) = i J-V x V x Flr, r) — MPV x tole, r’), 


jelz’) 
(ic) 
jou(2 I(r, r) = I-V x Z Fale, r’) + aa j M°. V’ x V' x 2 74(r, r’), 
(Id) 


with the vector operators reducible asin Eqs. (5.2. le) and (5.2.1f). The functions 
Sf, and S% are related as follows to the scalar Green's functions G’ and G” 


[see footnote to Eq. (5.2.3a)], 

VS G(r, r') = foe(2')G(r, r), —VIS a(t, r) = jou(2’)G"(r, r), (2) 
which, subject to appropriate boundary conditions, satisfy the equations 

[2:1z) + Vi + k?(z)]G’(r, r) = —ô(r — r’), kè(z) = œu(z)e(z), (3a) 


[Diz) + V? + k?(z))G”(r, r') = —ô(r — r’), (3b) 
with 
P?(2) = a(z) Ż a5 z (30) 


By inserting Eqs. (2) into Eqs. (3), one obtains the differential equations satis- 
fied by Sa and S] (see Eqs. 5.2.2 for a homogeneous medium), It may be 
verified that Eqs. (3a) and (3b) can also be written in the alternative form 


24 fe G’ z r TER = _ or — r’) 
2 2 G"(r, a _ or ar) 
[VE + R Tag). VET a 
where k,(z) is the modified wavenumber 
TE poo dt 1 J7 
kalz) = [k (z) = We) a ac . (4c) 


In a z-transmission modal formulation, the solutions for the scalar functions 
may be expressed in the following manner: 


X DAPR) 


Se, 0’) = ¥(z,z'), ky 0, (5a) 
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Site.) = D ELETO) gz, z), kio, (5b) 

and 
Gtr) = pren? Z D,(p)Dr (p) Vi(z, 2’) (6a) 
G"(r, r’) = ma 2 vi(p)wi'(p')Z, (2, 2’). (6b) 


Ò (p) and y,(p) are the scalar eigenfunctions in the cross sections transverse to 
z and were discussed in Chapter 3. Y¥((z, z’) and Z;'(z, z’) are, respectively, the 
E-mode current excited by a unit voltage generator and the H-mode voltage 
excited by a unit current generator on a nonuniform transmission line with 
propagation constant xz) and characteristic impedance Z,(z) (see Figs. 2.4.6 
and 2.4.7). The comments pertaining to Eqs. (5.2.4) apply also in the present 
case, and the entire formulation is in fact analogous to that in Sec. 5.2a, to 
which it reduces when € and y are piecewise constant. In view of the z-depen- 
dent functions €(z) and y(z), it is convenient to deal with the functions 7; and 
4 rather than with their counterparts YW and S” in Egs. (5.2.5). 

The functions Y{(z, z’) and Z;(z, z’) may be related as in Eq. (5.2.6a) to the 

one-dimensional modal Green's functions 


galz 2) = ay E ge) = Zier (1 
which satisfy the differential equations 
[Di(z) + K?(z)]gu(z, z’) = —O(z — 2’), (7a) 
[Di(z) + K lagala, 2’) = —d(z — 2’), (7b) 
where D}(z) is defined as in Eq. (3c), with 0/dz — d/dz, and 
Ki(z) = k*(z) — k}. (7c) 


General methods for solving these equations subject to appropriate boundary 

conditions are discussed in Chapter 3. If € and (or) yu are discontinuous at a 

plane z = z, the required continuity of the voltage and current across the 

junction point in the equivalent modal network implies via Eqs. (2.3.10) the 
continuity of the following quantities: 

, l d /, 17 l d a 8 

830 €(z) dz Bits Bit H(z) dz Bor ( ) 

In view of Eqs. (5) and (6), continuity conditions of the same type apply to the 

three-dimensional Green’s functions G’ and G”, and to the functions 7, and 


nt 
de 


Since the transverse eigenfunctions for media with piecewise constant or 
with continuously variable characteristics along z are identical, the treatment in 
Sec. 5.2b pertaining to eigenfunction representations in transversely unbounded 
regions remains valid provided that the modal Green's functions g, are deter- 
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mined from Eqs. (7). A basic feature employed in Eqs. (5.2.8) and subse- 
quently, namely the evenness of g, with respect to the transverse wavenumber 
k,, = č, still obtains as one may realize by considering the continuously varying 
medium with permittivity €(z) and permeability (z) to be approximated by 
a series of thin layers. A typical layer extends from (z, — 4) to (z, + 6) and 
bas a constant permittivity €(z,) and permeability 4(z,). g,(z, z’) evaluated as 
in Sec. 5.3a is now a function of the various x, = [w*p{z,)é(z,) — €*]'” (i.e., 
an even function of č). This property continues to hold in the limiting case 
where the number of layers increases indefinitely and each layer width 26 ap- 
proaches 0, in which instance one obtains the original continuous medium. 
From this consideration, it may also be anticipated that when the wavenumber 
k(z) varies continuously and approaches a finite value ky at z = oo, the func- 
tion g,,(z, z’) has branch points at k„ = +k, (see Fig. 5.3.1), while a finite 
value k, of k(z) at z = — oo implies existence of branch points at k, = +k,. 


§.8c Direct Ray-Optical Solution in a Slowly Varying Medium 


Although it is not possible to solve Eqs. (3) or the corresponding equations 
for S4, Sh for arbitrarily prescribed variations in k(z), approximate methods 
are applicable when the relative variation is small over a length interval equal 
to the local wavelength 27/k(z). It is convenient to characterize this condition 
in terms of the refractive index n(z) as 
dn/dz 

mF <I, (9) 


where k, is the wavenumber in vacuum and k(z) = k,n(z), so that this slow 
variability criterion for a specified n(z) may be met by choosing k, large enough 
(short wavelength limit). Since k, is a large parameter, it is suggestive to seek 
an approximate representation for the field or the scalar potentials in a series 
involving inverse powers of k,. This development, which may be carried out 
directly from the differential equations, has been described in Sec. 1.7b; to a 
lowest order of approximation, it yields a solution that can be interpreted in 
geometric-optical terms. The general discussion in Sec. 1.7b is now specialized 
to the case of planar stratification. We seek field or potential solutions of the 
form 


u(r) ~ u(r) *™, (10) 
where u, and y are k,-independent amplitude and phase functions, respect- 
ively (however, see remarks following Eq. (1.7.22a)]. Basic to the evaluation 
of these functions is the determination of the ray trajectories. 

Ray trajectories 
Ray trajectories are specified by the ray equation (see Eq. (1.7.23)] 


d aR _ . dR)? 
nT Vn, with (3) Sg, (11) 
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where s is the distance coordinate along the ray and R = xox + Yoy + Zoz is 
the radius vector from an arbitrarily chosen coordinate center to a point on the 
ray (coordinates along a ray are denoted by R instead of r as in Sec. 1.7b), 
When n varies only with z, this equation can be written in component form as 
follows: 


d dx _pn_ d, dy 
Bd = eh? (12a) 
d dz __dn 


From Eq. (12a), n(dx/ds) and n(dy/ds) are constant along a ray, so their ratio, 
and therefore dy/dx, are constant also. The constancy of dy/dx implies that 
the projection of a ray curve upon the xy plane is a straight line, whence each 
ray is a curve confined entirely to a plane perpendicular to the xy plane. 
Without loss of generality, the coordinate system may be chosen so that the 
ray under consideration is confined to the plane x = 0. With reference to 
Fig. 5.8.1(a), one notes that 


dz 
Fg = 6089, (13) 


dy_. 
ig 7 309, 


(a) Without turning point (bd) With turning point 
FIG. 5.8.1 Ray trajectories. 
where 6@ is the angle between the ray vector s and the positive z axis. Hence, 
from Eq. (12a), 
nsin @ = a = constant along a ray, (14) 


which statement is known as Snell’s law. From Eq. (1 2b), 


dn_ d E dndz _ .. dô 15 
Fz ~ g” 008 9) = cos Oe nsin 0 T> (15) 

whence 
dð _ sin 0 dn (16) 
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Thus, d0/ds < 0 if dn/dz > 0, whence the ray inclination angle decreases 
with increasing s; the ray bends toward the z axis when the propagation vector 
has a component in the direction of increasing n. 

From Eqs. (13) and (14), 


dy _ pe a 
dz 7 nl = a (17) 


and the ray curve y = y(z) is therefore given by 


yz) = af” T (18) 
with the arbitrary reference y(z,) = 0. If a ranges over a certain set of real 
numbers for which the square root is real, Eq. (18) defines a corresponding 
family of rays, all passing through the common point (0, z,). The square root 
a/@ — a@ is conveniently defined to be positive when real and if a > 0, one 
observes from Eq. (17) that dy/dz > 0 and the ray in the first quadrant of Fig. 
5.8.1(a) is upgoing with respect to the reference point z,. The solution for a 
downgoing ray corresponding to the same value of a is obtained upon inter- 
changing the integration limits in Eq. (18), thereby yielding dy/dz < 0. With 
this definition of the square root, @ is restricted to 0 < 0 < 2/2 and measures 
the inclination with respect to the negative z direction if the ray is downgoing. 
It is noted that tan 0 = oo at a level z, defined by 


n(z,) = a, (19) 


so the ray becomes horizontal at z, [see Fig. 5.8.1(b)]. This may occur when 
the refractive index decreases along the direction of propagation of the incident 
ray. Since Eq. (18) has real solutions only when n*(z) > a’, the ray does not 
penetrate the region where n*(z) < a* but bends back toward the direction of 
incidence after reaching the level z = z,, the “turning point” in the z-coordinate 
space. If a turning point is present, y is a double-valued function of z, and 
separate equations apply to the upgoing and downcoming parts of the ray. 
Along the upgoing part, y is given by Eq. (17); for the downgoing part, z and 
z, in Eq. (18) are replaced by z, and z, respectively, and the value y(z,) = y, 
from Eq. (18) is added to the right-hand side [see Eq. (28)]. 


Phase change along a ray 


With the ray trajectories determined, one may evaluate the phase change 
in the field as it advances a specified distance along a ray. From Eq. (1.7.28), 
the phase difference between two points R, and R ona ray is given by 


R 
YR) — yR) =f nds=y — ysn (20) 
which becomes, for the present problem, 


yY — yY, = f nl(yo-8) dy + (Z's) dz] = f n(sin 8 dy +- cos 0 dz), (20a) 
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where s is a unit vector along the ray, and the integration path proceeds along 
the ray. In view of Eq. (13), one has, for an upgoing ray, 


y =y =ay— y) + f VEG ads, (20b) 


with y, denoting the phase at the point (y,, z,) on the ray. One observes that 
the phase function y is real only at those points for which *(z) > a’; if n?(z) 
<a’, y is imaginary and yields via Eq. (10) an exponentially decaying (‘non- 
propagating”) solution. The concept of “complex rays” has been introduced 
to deal with complex solutions of the ray equations, but the physical attributes 
of complex ray fields (energy transport, etc.) remain to be clarified.?’ If there 
is a turning point, the calculation of the phase is carried out separately for the 
upward and downward portions along the ray as above. For an upgoing ray 
and ~/n* — a’ positive, one obtains from Eq. (20b) the required phase increase 
with z. For a downgoing ray, z has to appear in the lower integration limit in 
Eq. (20b) in order to yield the required phase increase with decreasing z [see 
Eq. (29)]. 

In order to determine the amplitude function u, in Eq. (10), details of the 
source Configuration must be given. Two examples, excitation by a line source 
and a point source, are treated for illustration. 


Excitation by a transverse electric line current 


As an illustration of how to determine the amplitude of the fields excited by 
a confined source distribution, consider a line source of electric currents directed 
parallel to the x axis and located at the point (0, z’) in a medium with variable 
permittivity €(z) and constant permeability 4, as shown in Fig. 5.8.2.7" 


FIG. 5.8.2 Radiation from a line source: Jr. t) = 15(p — 9’ )e7!?™xy. 


This source generates an electric field which has only an x component, as may 
be verified from Egs. (1), with ð/ðx = 0 [see also Eqs. (5.2.4) and (5.4.31)). 
All rays will be plane curves parallel to the yz plane, and each ray may be char- 
acterized conveniently by the angle, 6,, at which it emerges from the source. 
To find the ray amplitude from energy conservation in a ray tube [see Eq. 
(1.7.34)], it is necessary to evaluate the cross-sectional area dA of the tube 
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bounded by rays leaving the source at angles @, and 6, + dôs; a length dimen- 
sion dx parallel to the x axis is suppressed. From Fig. 5.8.2, 


dA = dy cos = $F dB, cos 6, (21) 
Q 


where dy, at a fixed value of z, has been related to Ô, via the parametric form 
y = Wo), z = 2(89), of the ray equation. If P(A.) is the angular power density 
(power per radian) emitted by the source in the direction 6, the power into 
the ray tube, P(O.) d6,, remains constant inside the tube and the intensity 
(power density) at any point along the ray tube is given by 

= P(0.) do, zs P(6,) (22) 
dA (dy/08,) cos 8 

The partial derivative dy/d6, for a fixed value of z, can be determined from 
Eq. (18) and the relation a = n(z) sin @, whence 


dy _ Z= = n(z') cos 0, f giy (23) 


whence, from Eq. (1.7.39), 


rS CSO, 2) CP(8.) 7 
Ey, z) = n(z) cos 8 n(z’) cos Be È" [0P dz)/(n® — ay | 
(y, z) nz) oa cos 8 n(z’) cos ĝo f [(? dz)/(n° — a’) = 


¢ = (24) 
Eo 
This expression, valid for z > z', applies also to z < z’ provided that one ex- 
changes z and 7’ in the integration limits and restricts 0 < 0 < 7/2 as noted 
previously. The resulting symmetry in the source-point and observation-point 
coordinates is in accord with the reciprocity principle. 

To calculate P(0,) it is necessary to consider the line-source field in the 
vicinity of the source point (0, 2’). Since ky >> 1 and the relative medium pa- 
rameters change only slightly over a distance interval equal to the local wave- 
length, it is possible to choose an observation point r = (y, z) near enough to 
the source point r' to have n(z) = n(z’) and yet far enough to yield 


kon(z’) |r — | > 1. 


Thus, the pertinent local power pattern is that produced by the source when 
embedded in a medium with constant refractive index n{z’). If the source 
Strength is chosen as I = (ik,€)~', the x component of the electric field, E, = 
X.£,, is given by the free-space Green’s function [see Eq. (5.4.25)]: 


E, = 7 i H W [kon(z’) |r ae rj} ~ IN ae EEn) e-r l+, (25) 


Thus, the radiation pattern is independent of angle, and P(8.) = P = constant 
is given by 
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_ total power _ n(z’)|E,|* | 

p = ORL power — MeL ale — r) = gee (26) 
Substitution of Eq. (26) into Eq. (24) yields an expression for the magnitude 
E, of the electric field, and the actual field E = x,£ is then obtained from E 
~ E, exp(ik,ow), with the phase function y defined in Eq. (20b). The value of 
the initial phase y, depends on the phase of the source function and has to be 
calculated from the requirement that E —> E, as r — r’, Since (y, z,) = (y’, z’), 
this comparison yields ky, = 2/4, whence the final result for the line-source 
Green’s function along a ray in a plane-stratified medium is, for z > z’,”’ 


E(R, R’) 
exp [ikyay + iko | Saiz) — at dz + in/al 


l 

SS eee a s7 A O 

1 o) — ape) — e f oaao ae 
where the identity n(z) cos @ = [n?(z) — œ]? has been utilized, with a = 
n(z’) sin 6, along the ray that emerges from the source at the angle @,. For z < 
z', one interchanges z and 7' in the integration limits. If n(z) — 1 as z — oo, 
the constant a can likewise be regarded as sin 0., where 0. is the angle of 
emergence of the ray at z — œ. The result in Eq. (27) is then identical with 
that in Eq. (46), which is obtained from an asymptotic analysis of a rigorous 
solution. It is recalled that v/m? — a? is defined to be positive when real; its 
analytic continuation to the range n? < a’ is achieved by the definition 
Im vr? — a > 0. In Eq. (27), the field is expressed in terms of the ray pa- 
rameter a, which is constant on the ray curve of Eq. (18). Alternatively, for 
prescribed (y, z), Eq. (18) defines a = a( y, z) and hence permits the elimination 
of a from Eq. (27) provided that one may solve for a(y, z) explicitly [this is 
possible only for special profiles n(z)]. 

If n*(z) decreases as z increases and n*(z) = a’ at z = Z, a ray that leaves 
the source at an angle Ô, propagates up to z, and is turned back into the region 
z < z. The field along the ray up to and including the turning point (Y. z,) 
in Fig. 5.8.1(b) can be calculated from Eq. (27). For the refracted part of the 
ray in the region y > Yn» Z < Z, the ray equation (18) is replaced by 


u dz si dz 
y(z) = af Jian = y(z,) = a Peoer: (28) 


where y, is the value of y at the turning point, and the remaining integral traces 
the ray curve beyond the turning point. Similarly, the phase function y is 
given by 


y = ay + | Vik =a dz + [Vn = a dz. (29) 
The field evaluation along the ray past the turning point can now be carried 


out as above except that Eq. (28) must be used in the calculation of the cross- 
section element in Eq. (21), and the phase function taken as that in Eq. (29). 
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The fields so determined are matched to those obtained from Eq. (27) at the 
turning point (y, z,). Details of this evaluation are described in connection 
with the rigorous analysis in Sec. 5.8d. 


Excitation by a longitudinal electric current element 


A procedure similar to the above may be employed for the point-source 
problem. If we are dealing with a z-directed electric or magnetic current 
element in the region of Fig. 5.8.2, the electromagnetic fields can be determined 
from a scalar Green’s function that satisfies the equation (V? + kin)G = 
—d(r — r') [see Eqs. (5.2.4c), (1) and (3)].t G is angularly symmetric about the 
z axis, and rays leaving the source at the angle @, all lie on a surface of revolu- 
tion defined by Eq. (18) provided that y is replaced by the radial cylindrical 
variable p. The power contained between two such ray surfaces remains con- 
stant, and if P(@,) denotes the power per unit solid angle radiated by the source 
in the direction @, then the power flow into the two neighboring surfaces 
bounded by rays with 6 = 6, and @, + dô, is given by 27P(@,) sin 6,.d6,. Thus, 
the intensity at any point along a ray leaving the source at angle @, is 


& — 22 P(0o) sin Oa dOa _ _P(8,) sin 6, (30) 
dA p cos 8[dp/08,)' 

where 
dA = 2xpdp cos 8. 


All other considerations are now directly analogous to those employed 
for the line-source problem, with y replaced by p. The behavior of G near R’ 
is given by (1/4z|R — R'|) exp [sk on(z’)|R — R’|] [see Eq. (5.4.2b)], whence 
for arbitrary R along the ray characterized by a = n(z') sin 0,: 


Ja exp (ikeap + ik, f Sn — a dz) 


—— tN) 
ann p (nP(2) — ail) — apf S n dz/i — a22} 


Mad 


The modifications when a refracted ray has passed through a turning point 
are again analogous to those for the line-source problem. 


Excitation by an incident plane wave 


Tbe limiting case of an incident plane wave, polarized with its electric 
vector perpendicular to z, may be obtained from Eq. (27) upon letting y’ — 
— œ, 2’ = — œ, with y’ = z’ tan 6... To generalize the equation so as to per- 
mit arbitrary values of the source-point coordinate y’, we replace y by y — y’. 
If it is assumed that the refractive index approaches the constant value n, as 
Zz — —oo, the integral in the denominator of Eq. (27) can be evaluated as 


tThe differential operator in Eqs. (3a) and (3b) also contains a term of the form 
(1/nXdn/dz)2G /az ~ k,yG(dn/dz), which is neglected in comparison with kgntG, in view 
of Eq. (9). 
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ni[ny — a*}~>?(—2’) in the limit z’ — —oo, The phase integral cannot be sim- 
ilarly approximated because negligible phase terms must be small compared 
to unity, rather than small compared to [2’|. Since a = n(z) sin (z) = n sin 0., 
where @,, is the incident ray angle at z — — oo, y —» — oo, one may write Eq. 
(27) as 


EnA my soe J7 exp fikon! ysin În + z’ cos 0.] 
+ ike | vea sin O dn}, (32) 


where 
none ] tkony J’ +it/4 af a f y’? 12 29 
A Da 2nkon, f’ k : P ea (3 ) 


The factor A is set equal to unity if the incident plane wave is to have unit 
amplitude {see Eq. (5.4.30b)]. Upon rearranging the exponent so that the term 
n,z' cos Ô. is absorbed into the integrand, one may pass to the limit z’ —> — oo 
to obtain the expression for the field due to a plane wave of unit amplitude, 
incident from z = —oo at an angle @., with the positive z axis, 


Ew CORTETA aga oa exp {ikomiLy sin Ôn + z cos @.,] 


4. iko| [vV — nisin? ĝa — n, cos 0..] dn} (33) 


This expression applies when n(z) > n, sin @., for all z. 

If there is a turning point z,, Eq. (33) applies up to z,; the corresponding 
expression for the refracted-ray field requires consideration of a “canonical” 
problem and can be deduced from the limit of Eq. (55) as z’ -> — œo. The 
result for z -> oo is given in Eq. (57), and the formula for z’ — oo is obtained 
therefrom by interchanging z and z’ since Gj is symmetrical in z and z’. In 
Eq. (57), it is assumed that z, 2’ > z, and that n(co) = 1. Adapting the result 
to the present case where z' > — oo, y’ > — oo, Z, > Z, Z’, n(— œ) = n, and 
using Eq. (32a), one finds, for the field along the refracted ray, 


a/n, cos 0 


Vo kolniy sin fans con Ool tikePe 34 
[n*(z) — nj sin’ aJ“ í ma 


where 


y, = 2f [v — isin O. _ m cos O| dn 
-f | Vatlny — nisin? 8. — m cos A dn +-22n,cos6.. (34a) 


The ray envelope, the caustic, is in this case the straight line z = z, in Fig. 
5.8.3, and the factor exp (—iz/2) represents the phase shift introduced when 
a ray passes through the caustic. If a physical reflecting plane is located at 
Z = Zp, With n(z,) > nsin 0.» the reflected field is also given by Eq. (34), 
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FIG, 5.8.3 Incident plane wave and turning point. 


except that z, is replaced by z, and the reflection coefficient exp (—iz/2) is 
replaced by the one for the plane surface. Since the ray is reflected at the 
incident angle, the ray trajectories are symmetrical about the reflection point. 


5.8d Asymptotic Evaluation of a Typical Radiation Integral for a Medium 
with Monotonic Variation 


The electromagnetic fields excited by arbitrary source distributions can be 
evaluated in terms of the scalar functions S} and 3, or for special source 
configurations, in terms of the scalar Green’s functions G’ or G” [see Eqs. (1) 
and (2)]. General modal expansions for these functions, derived from a z-trans- 
mission analysis, are given in Eqs. (5) and (6); when the excitation is in the 
form of point or line currents in a transversely unbounded region, they reduce 
to the integral representations in Eqs. (5.2.11)-(5.2.14), with g,, specified by 
Eqs. (7). The nonuniform transmission line equations for g, can be solved 
in terms of known functions only for special functional variations k(z). How- 
ever, for a slowly varying medium satisfying condition (9) (it is convenient to 
characterize this relation in terms of the large wavenumber k,), one may ap- 
proximate g,,(z, z’) without specifying its detailed functional form. The nature of 
the approximation depends on the analytic properties of [%,(z)/ko]* = [’'(z) — 
(K,,/kq)*}. In Sec. 3.5, this aspect has been pursued in regard to the functional 
dependence on z and z’, with k, taken as a fixed parameter, whereas for the 
present application, the functional dependence on k,, remains to be explored 
for any specific choice of the space coordinates z and z’. Since the wavenum- 
ber variable k,, ranges over an infinite interval, (K,/ko)* may take on positive 
and negative values (when 7? is real), and the differential Eqs. (7a) and (7b) 
possess turning points where x, vanishes. The asymptotic forms of the solu- 
tions of Eqs. (7a) and (7b) may then be given in terms of Airy functions and 
remain valid over the entire range of variation of x,, Comparison of Eqs. (7) 
and Eq. (3.5.34) shows that x — z, Q — ko, a(x, Q) = a(x) > [K(2)/ko}?, and 
with these identifications, the relevant asymptotic approximations may be 


584 Fields in Plane-Stratified Regions Ch. 5 


synthesized from Eqs. (3.5.45)-(3.5.48). Over most of the range of interest 
where kK, + 0, one may employ the WKB approximations for the Airy func- 
tions as given in Eq. (3.5.47). 

Since — oo < k„ < oo, different k,,-intervals correspond to positive or nega- 
tive values of (x,/Ko)’, and these intervals change with the location of the source 
and observation points z’and z, respectively. The detailed construction of the 
asymptotic form for g,,(z, z’) depends on the algebraic sign of (K,/k,)* as well 
as on the boundary conditions at the endpoints of the z-domain, and must in 
general be carried out separately in each of the above-mentioned ranges of k,,. 
For a subsequent asymptotic evaluation of the integrals representing the scalar 
potential functions G’, G” or Wj, A; in the limit of large kp, only the wave 
functions corresponding to real x, will be considered since they alone represent 
propagating wave processes; regions wherein x? is negative (Im x, > 0) yield 
exponentially decaying contributions. 

To illustrate these remarks, we take a refractive index profile that increases 
monotonically from a positive value n, at z = — œ to a positive value n, at 
z= +00. When k} < kin}, x, is real for all values of z and waves may prop- 
agate toward infinity in both directions. The corresponding one-dimensional 
Green’s function g,, must satisfy the radiation condition at |z| —> oo and is given 
in Eq. (3.5.39b): 


ep fika [EAO kaldt} 
ga (z, 2’) T TED] 


o Ko 


u Koni. (35a) 


When kn? < k} < kèrè, the interval contains turning points z, at which x,(z,) 

= 0:k,, = +kon(z,). Since n, < n(z,), K? is negative when z < z, so that no 
propagation toward z = - oo is possible. To assure that the solution remains 
bounded at z = — œ, a decaying exponential must be chosen, with the con- 
sequent appearance of an additional reflected wave in the region z > z, when 
z' > z, [see Eq. (3.5.39e)}: 


exp fik y [G)/kelat} exp fik(f + f) [K(¢)/kola | 


8,(2, z) ~ —i r Gl) ae 
aig | KZ) H(z!) |" _ asp | KAZ) KAZ 
2ika| Ae) fe | dike pee 


(35b) 


No propagating solutions exist in the remaining interval k}, > kêni wherein g, 
decays exponentially. The factor —i multiplying the second term in Eq. (35b) 
represents the “reflection coefficient” at the caustic z = z, of the continuously 
refracted ray system [see Fig. 5.8.3, with z — —z, and remarks following Eq. 
(58)]; if a physical reflecting boundary is located at the fixed coordinate z = 

Zo, Zo > Z Eq. (35b) applies as well provided that z, — z, and the appropriate 
reflection coefficient I at the boundary is inserted instead of —i. While the 
expressions in Eqs. (35) have been deduced for &,,-intervals on the real axis, 
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they remain valid for neighboring complex values of k,, and therefore define 
g. in the corresponding portions of the complex k„-plane. 


An example: Excitation by an electric line current 


When the solutions in Eqs. (35) are inserted into Eqs. (5.2.11)-(5.2.14), 
one obtains explicit integral representations for the scalar functions from which 
the electromagnetic fields can be calculated. Further reduction of these integ- 
rals may be achieved by saddle point techniques since the integrands contain 
the large parameter k,. Although expressions for g,, have been given only in 
the range x, real, they suffice for the location of real stationary points which 
contribute propagating fields. No such contribution arises from the remaining 
ranges of ku, and no further attention is given to the specific structure of the 
integrand therein. The asymptotic procedure will be illustrated for the specific 
example of a line source of electric current directed parallel to x and located 
at z = 2' (see Fig. 5.8.2) in a region wherein the refractive index decreases 
monotonically from nj = | at z = œ to ni = —oo at z = 0,7 with n?(za) = 0, 
Z > 0. The results may then be compared with the exact solution in Sec. 5.9a 
for a special profile of this type. The fields can in this instance be derived from 
the scalar H-mode Green’s function G’(p, p’), B = (y, z) [see Eq. (5.2.13a), 
with j — —i to account for the exp (—iwt) dependence, and Eq. (5.4.31)}: 


Gep, p) = sf erg dz, zdan, kv = (36) 


where g, is given in Eq, (35b) for the significant range of the integration inter- 
val. 

As in Sec. 5.3c, it is convenient to introduce the complex angle variable w 
via the transformation 7 = k, sin w, with the contributions arising from the first 
and second terms in Eq. (35b) denoted by GY and G7, respectively; 


G'(f, P) ~ GIP, B’) + GX, P), (37) 


where, with y’ = 0, 


G10, P) = gy f Samer dw, (38) 


_ COs w a 
Siw) = [n*(z) — sin? w][n*(z') — sin? w}}!4’ fiw) = —ifi(w), (38a) 
gw) = y sin w + |? VA sin? w dk, (39a) 


qw) = y sin w + f ~n‘) — sin? w dl + y „s/m (G) — sin? w al, (39b) 


and 7°(z,) = sin? w defines z,. The asymptotic approximation introduces spu- 
rious branch points w, at sin? w, = n?(z) or æ(z’); the exact solution only has 
branch points at sin? w, = 1, corresponding to 4, = kon, = ky at z = œ [see 
the remarks following Eq. (8)]. The path P is shown in Fig. 5.3.6(b). Asymp- 
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totic approximations for G/ and G7 are derived below and lead to the results 
in Eqs. (46) and (55), respectively, which represent the geometric-optical field 
in the illuminated region. Near the caustic separating the illuminated and 
shadow regions (Fig. 5.8.4) or in the shadow region, Eqs. (60) and (61) are 
relevant. 


Asymptotic evaluation 


The saddle points w, of ¢,(w) are determined by 


as aq,(w,) — | — e§ *> dt | 
0 = dw" = COS w,| y Sin wW, l TAO ET . (40) 
The solution cos w, = 0 is excluded because the resulting sin? w, = | is greater 
than »?(z) in the medium, thereby falling outside the range of propagating 
solutions. Hence, the relevant saddle points of g,(w) are specified implicitly 
by the equation 


tas F> dt 
poe) O = 


Since n*(z) varies monotonically between z and 2’, this equation admits of real 
solutions for w, provided that sin w, does not exceed the smaller of the values 
n(z) or n(z’). Conversely, for each sin w, < n(z) or n(z'), Eq. (41) defines a real 
curve in the yz domain which is precisely the geometric-optical ray trajectory 
[see Eq. (18)]. Thus, the real saddle points 0 < w, < sin™' n(z) or sin7' n(z') can 
be associated with real ray solutions, which define the trajectories of energy flow 
from the source point z’ to the observation point z. Since n(z) —> | as z — 00, 
one has, from Eq. (41), 


yoz,tanw, aS 2,70. (42) 


If the source is located at some finite point z’, then z, = z, and w, can be 
identified as the angle between the emerging ray at z = oo and the z axis (see 
Fig. 5.8.4). Conversely, if the source is located at z’ = oo, w, represents the 
inclination of an incident ray. Each ray can thus be characterized by a par- 
ticular value of w,. For a source location z’ < oo, the maximum value of w, 
is given by 

W,m = Sin”! n(2’), (43) 


whence the region illuminated by real rays is confined at z = oo to the wedge 
lol < w,,,, with the observation angle ọ measured from the positive z axis. For 
the refractive index in Eq. (5.9.19a), the rays form a family of hyperbolas as 
shown in Fig. 5.9.5. If z < 2’, Eq. (41) is valid up to the point z, which satisfies 
the equation 


n(z,) = sin w,. (44) 


When z = Z, dy/dz = œ from Eq. (41), whence the “turning point” z = 2, 
(starting point of refracted ray portion in Fig. 5.8.4) defines the level at which 
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FIG. 5.8.4 Graphical interpretation of saddle-point condition. 
Direct rays [Eq. (41)] shown light; refracted rays [Eq. (52)] shown 
heavy. 


the ray is parallel to the y axis and is bent back toward the positive z direc- 
tion. 

The first-order asymptotic approximation to GY can now be inferred from 
Eqs. (4.2.1). Utilizing the result, 


dq eee eee | a n(¢)de E 

dw. ~ qi(w,) = —cos’w, ns DO — sin? w, P?’ (45) 
one obtains?” 
Gi a l 

2a 2nk, 
. : z> : 
expfike| y sin w, + f ~v nt) — sin? w, at T i/nd} 
x = 


Oe rae ete oe a 
{[7*(z) —sin* w,][n?(z’)—sin? w,]}'“ l f : {rn ) dl) /(n?(C) —sin’ w.P?} | 
< 

(46) 
with w, determined from the solution of the ray equation (41) and all roots taken 
positive. This expression can be interpreted as describing the geometric-optical 
field along a “direct” ray that proceeds from the source to the observation 
point without having been turned by refraction; it agrees with the result in Eq. 
(27) derived from purely geometric-optical considerations. When z — œœ, with 
z’ finite, the integral in the denominator of Eq. (46) can be approximated by 
z/cos’ w,. Since a(z) — | as zZ co, and z/cos w, = f, with w, representing 
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the ray inclination at z = oo and ĝ denoting the radius vector {see Fig. 5.9.3(a)], 
Eq. (46) reduces to 


l 2 2nrkop {n*{z') == sin? w, |] 
z—= œ, = (47) 


which result agrees with that derived for the special case in Eq. (5.9.15a). For 
another check, assume a homogeneous medium with n(z) = 1, in which in- 
stance one obtains, from Eq. (46), 


35 ef kel Btn w,+ts—2']cos ws) + in/4 7 
GY ~ 2A) intkop , wmz)=)1, (48) 


the correct expression for the free-space Green’s function. 

It is of interest to note that Eq. (46) tends to a finite limiting value at the 
turning points n(z,) = sin w, or 7(z,) = sin w, although the asymptotic formulas 
(35) are not valid there. A power-series expansion of n?(z) and n%(¢) about 
the point z, yields the limiting expression 


EN opal n? (E) dt yous nz,) 7 
lim [n?(z) — sin? w,]'/ i mO — sin w, 3 f d/dz,)nl 5 » (49) 


Is; 


whence 


L expfike| ysin w, + f” VERI sintw, | + (in/4)} 
Gl ~ TRE, DP — sin? wz) [anlz,)/dzy* OS T 


(50) 
The asymptotic evaluation of G7 in Eq. (38) can be carried out in a similar 
manner and yields the field along a “refracted” ray. Since 
d (? ; 
E a/ @(G) — sin? w al 
. (51) 
= f £ a/n? — sin? w d — [n*(z,) — sin? w)'# Ge, 
and 77(z,) = sin? w, one obtains the following equation for the saddle points 
w, of q2(w): 
F(y, z, w,) = 0, (52a) 


where Z., = z,, with n(z,) = sin w,, and 


, a r dy 
Paw =y sinn Taras +I) sapere) 62 


Equation (52a) is precisely the equation for a refracted geometric-optical ray 
that has passed through the turning point z, and emerges at z —> oo with an 
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jnclination given by the angle w, [see Eq. (28) and darkly drawn rays in Fig. 
5.8.4]. In the calculation of 


gi (w) = cos w, A Fly, z, wi), (53) 


required for the asymptotic evaluation from Eq. (4.2.1b), the operation d/dw, 
cannot be carried out directly on Eq. (52b) since the contribution from dif- 
ferentiation of the integrand and the lower integration limit diverges. However, 
after integration by parts, 
d dt _ ~ ni(z) — sinw, _ ' Jit aint w, (<5)a 5 

La — sinw, a(z) (2) i; n? — SIN" Ws F Nan E, (54) 
with a similar result for the z'-dependent integral, the ensuing expression can 
be differentiated, and yields 


d 
sec Ws Fg FO 2, w,) 


ee i l 
= sin ARON n?(z) — sin? W, + THO CaS | 
— [f+ p Or On OI a, oni 


where n'(&) = dn/de. The asymptotic approximation of G7 is then found 
from Eqs. (4.2.16) or (4.2.1c):” 


G” P? l 
7. N 27K å 
exp lik, ysinw, + f er, n(C) — sin? w, dọ + lie ($) — sin? wa | Fin/ 4} 


{[n?(z) — sin? w,][77(2') — sin? w, |} sec w, |dF(y, z, w,)/dw, 


> 


(55) 
which formula could again have been derived from geometrical optics (Sec. 
5.8c). w, is defined in Eq. (52a), and the upper and lower signs in Eq. (55) 
apply when dF/dw, < 0 and dF/dw, >0, respectively. All roots are taken as 
positive. 

As z — z, one finds, from Eqs. (44) and(54a), 

dF. n(z,) l 
«aw, WIG) TRG) ain Ww, ee 
so Eqs. (55) and (50) agree at the turning point z, As z— œ, dF/dw, 
— —z/cos? w, = —f/cos w,,t and 


Sec 


tThis result follows at once from Eq. (52b), which reduces to F = y — z tan w + con- 
stant as z > oo, After some manipulation it can also be derived from the limiting form of 
Eq. (54a) if one assumes that 1 — n%{(z) ~ bz~™(1 + O(z-1)], where m and b are positive 
constants. 
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Gy ~ N cos w, e~h x 
N 21k yp 


expl ika( ysin w, + f" nnw, dg + f" n= sinw, dt) + in/4| 
[e — sin® w,” 
(57) 


which result agrees with that derived for the special-case in Eq. (5.9.15). Since 
for a monotonically increasing refractive index profile with n'(z) > 0, one has 
aF/dw, positive when z = z, and negative when z — co, dF/dw, has a zero at 
an intermediate coordinate location. The elimination of w, from the simul- 
taneous equations 


= d = 
F(y, z, w,) = 0, a F(y, z, w,) = 0, (58) 


yields a curve, the caustic, which forms the envelope of the refracted-ray family 
(Fig. 5.8.4). A ray characterized by a given w, touches the caustic at the 
coordinates (y, Z) for which dF/dw, vanishes. It is noted from Eq. (55) that 
a phase change of 7/2 is introduced into the ray field after emerging from the 
Caustic. 

It has been mentioned that the solution of Eqs. (41) and (52) for real saddle 
points w, is easily visualized from the ray diagram in Fig. 5.8.4 that represents 
a plot of these equations, with each ray curve characterized by a certain w,,. 
One finds that every observation point (y, z) in the illuminated region is reached 
by two rays; the values of w, belonging to these rays represent the saddle 
points. In the vicinity of the source (point P, in Fig. 5.8.4), one of the rays is 
a direct ray arising from Eq. (41) while the other is refracted and corresponds 
to a saddle point of Eq. (52). However, if the observation point (y, z) lies near 
the caustic (point P, in Fig. 5.8.4), both rays are refracted and arise from sad- 
dle points of Eg. (52); Eq. (41) has no pertinent solution. G” is then given by 
the sum of two expressions of the form in Eq. (55), with w, replaced by the two 
solutions w, and w, of Eq. (52). It is also noted from Fig. 5.8.4 that of the two 
rays passing through a point near the caustic, one ray has already touched the 
caustic while the other has not; if the saddle points corresponding to the former 
and the latter are denoted by w, and w, respectively, then w, < w, Since it Is 
recalled that w, represent the angles of emergence of the two rays at z — oo. 
Moreover, from the preceding discussion, (dF/dw),, > 0 and (dF/diw),, < 0. 
As the observation point approaches the caustic, w, —> w, and (dF/dw),,,, — 9, 
whence a point on the caustic gives rise to a second-order saddle point of q,(w). 


Evaluation near the caustic 


The asymptotic formula (55) fails for observation points on the caustic 
since dF/dw, = 0. The required modification of the asymptotic expression Is 
obtained from Eq. (4.5.7) and is valid for observation points on or near the 
caustic [for a uniform approximation at arbitrary observation points, see Eq. 
(4.5.2)]: 
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Gut EEA pares | MM grrot wo san 2EBi(x) + IAi(x)}, (59) 


where the upper and lower signs are appropriate to contributions from path 
segments leading over the saddle points w, and w, respectively, with q''(w,) 
< 0 and q”(w:) > 0. Ai(x) and Bi(x) are the Airy functions defined in Sec. 
4.2e, and 


x = KBPX, (59a) 


where 
4X2? = ifg(w,) — aw), XP [eg (we)? (P52) tn, (59b) 


with g™(w,) > O since w, < w, and g} (w,,2) S 0. In these equations, w, = w, 
Wo = (w, + W2)/2, G2(Wo) = 0, whence q,(w,) > q,(w,), and 
, (3) a 
galw) = —1 Kwo) (w — w), q” = Ta (59c) 
For large values of |x| [since k, >> 1, this condition can be satisfied for very 
small (w, — w,)], use of the asymptotic approximation for the Airy functions 
in Eqs (4.2.51) reduces Eq. (59) to the expression given in Eq. (55), subject to 
S(W,,2) = f(W). On the other hand, when x — 0, formula (59) must be re- 
tained and yields for the sum of the contributions from w, and w,: 


Gin G?! m i: f (woga) eter ARA), (60a) 
2 0 


In particular, when x = 0, 
; a f 
G” ~ 5 Nw) amas] ete AiO), (60) 


whence the dependence on kg” here, as compared with the smaller Aj'? in 
Eq. (55) at an ordinary point along a ray, is indicative of the field enhance- 
ment on the caustic. 

To determine the field behavior on the dark side of the caustic, we consider 
the real function F(y, z, w) = galw) sec w, in Eq. (52b), which vanishes for 
observation points y and z on the caustic. If the observation point moves along 
the line z = constant, y > 0, the algebraic sign of F changes as the caustic is 
traversed, and since q‘)(w,) is positive, one notes from Eq. (59c) that q2(W) Is 
negative on the illuminated side where w, and w, are real. Consequently, 
q:(w,) > 0 on the dark side [this is also evident from Eq. (52b) since F is surely 
positive for sufficiently large y], whence (w, — w,)?, < 0. The parameter X in 
Eq. (59b) is therefore positive, and the field decays in view of the behavior of 
Ai(x) for large positive x [see Eq. (4.2.42a)]: 


Alla) ~ eee, x>, (61) 


Because XY is positive, one notes from Eq. (59b) that arg (w, — w) = —2/2, 
so w, and w, move into the upper and lower halves of the complex w plane, 
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respectively. The asymptotic formula resulting from Eqs. (60a) and (61) has 
the same characteristics as the analytic continuation of G7 |,, in Eq. (55) from 
real to complex values of w,. 

It is of interest to observe the similarity between the description of the field 
near the caustic in the present example, which involves curved ray trajectories 
and a curved ray envelope, and the problem in Sec. 7.5e, wherein the rays are 
straight lines (see also References 28-30). 


5.8e Propagation in Ducts (Guided Modes) 


If the refractive index profile is not a monotonic function of z but has a 
maximum #,, at some finite value z,, as shown in Fig. 5.8.5(a), then a ray char- 
acterized by the parameter a [see Eq. (18)] lying in the range np < a < nm 
has two turning points z, and z, since n(z,;) = a. For propagation, n(z) > a, 
whence the ray in question is guided or “trapped” in the region z, < Z < 2, 


| Caustic 


le 


oe ee ee we ie ee 


(a) Refractive index profile (b) Guided ray 


FIG. 5.8.5 Duct propagation. 


which forms an effective waveguide or duct, as shown in Fig. 5.8.5(b). Outside 
the duct, n(z) < a and the associated fields are exponentially damped. The 
duct width changes with a; for the profile in Fig. 5.8.5(a), ray trapping occurs 
only when ny <a < Na. Rays with n, < a < ng are turned once at some point 
z,, Where — oo < zZ, < Z, while those with a < n, are not turned at all and 
progress from —oo to + 0c, All rays characterized by the parameter a = 
n(z,.) touch the lines z = z, and z = z,, which therefore form the caustics or 
envelopes of the ray system. 

If the field associated with the ray in Fig. 5.8.5(b) is to be a guided or 
trapped mode that maintains itself indefinitely along the transverse y or p 
direction, certain demands of self-consistency must be met. These can be phrased 
as the requirement that the magnitude and phase of the field at B is equal to 
that at A, where the points A and B are separated by a single spatial period. 
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Let the mode in question be characterized by the transverse (to z) wavenumber 
ka; the longitudinal variation is then defined via Eqs. (7), with solutions given 
in Sec. 3.3b. If the field amplitude at A is arbitrarily set equal to unity, the 
reflected wave field at A” in Fig. 5.8.5(b) has an amplitude I'(z), where I'(Z) 
is the modal reflection coefficient seen from the point z = ž when looking in the 
direction of increasing z. In passing from A” to B, the reflected wavefield with 


amplitude T(z ) is incident upon the boundary z = z, and emerges at B with 
an amplitude T(z) T(z), where F(z) is the reflection coefficient observed at 


z when looking in the direction of decreasing z. Imposition of the above- 
mentioned self-consistency requirement then leads to the condition 


re) = 1, (62) 
which must be satisfied if the field in question is to represent a guided mode. 
Equation (62) is simply an alternative statement of the transverse resonance 
relation 

Z(2) + Z(2) = 0, (63) 
phrased in terms of the impedances seen by the mode at z = 2 [see Eq. (3.3.30)]}. 
Equations (62) or (63) can generally be satisfied only for a certain set of discrete 
values of a, the eigenvalues for the modes in question. 

If the medium is slowly varying, the reflection coefficients can be determined 
from the WKB approximation or from geometrical optics [see Eqs. (35b) or 
(20b)]. The z-dependent part of the phase change along a ray traveling from 
A to A’ in Fig. 5.8.5(b) is then given by the phase integral ko [iv n(n) — adn. 
At the boundary z, the wave amplitude is changed by the reflection coefficient 
I'(z,)t; in passing from A’ to B’ and from B’ to B, the appropriate phase incre- 
ments are added, as well as the reflection coefficient I'(z,) arising from the bound- 
ary at z. Thus, Eq. (62) can be written as 


T(z.) (z,) exp(i2k, [tay = a an) ari (64) 


In the assumed absence of dissipation, the reflection coefficient magnitudes are 
equal to unity and may be expressed as F(z, ,) = exp (ic,,.), where c, and c, are 
real constants. If losses are present, these considerations still apply, with com- 
plex values for c,,,.2"°* Thus, the transverse resonance condition becomes 


ko | VHA) = E dq = mn — ES, (65) 


where the values of a corresponding to different m have been denoted by an, 
the eigenvalues for the mth mode. Since the left-hand side of the equation is 
positive, m takes on those integer values (or zero) that render the right-hand 


tThis discussion applies to the general case where plane reflecting boundaries are pre- 
sent at z, and zz; if the boundary is formed by a caustic, the phase of the ray is changed 
by —z/2, thereby giving rise to an effective reflection coefficient exp (—ix/2) [see Eq. (35b) 
and remarks following Eq. (58)). 
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side positive. For the case where physical boundaries are located at z, and z, 
and an < n’(z,2), the points Z, remain fixed; if the ray turns before reaching 
the physical boundary (if any), z, and (or) z, are defined by n*(z,,.) = a, and 
c, and (or) c, are equal to —2/2, accounting for the phase change at the caustic, 
The distance L between points 4 and B along the ray path can be evaluated 
from the ray equation (28), 


L =2 a a, az 
n= 2) Tea (66) 


where a„ = n(z)sin 6(z) is a constant along the ray. 

From the preceding remarks, showing the connection between the guided 
modes in a variable medium and the transverse resonance relations (62) or (63), 
it is apparent that the guiding effect of the inhomogeneity is observed most 
directly if a radiation problem is analyzed in terms of transmission along the 
transverse (y or p) coordinate. The transformation of the z-transmission repre- 
sentations in Eqs. (5), (6), or (36) into an alternative form highlighting propaga- 
tion transverse to z has been discussed in general terms in Sec. 3.3c and has 
been illustrated in detail for the dielectric slab problem in Sec. 5.6. Analytically, 
the transformation involves the deformation of the integration contour away 
from the real axis to enclose the singularities of the longitudinal characteristic 
Green’s function g,(z, z’; 4,). If the z domain is unbounded, the singularities 
comprise branch points, but poles may also arise if the transverse resonance 
equations have discrete solutions that satisfy the radiation condition at infinity. 
The associated spectrum of modes capable of propagating in the transverse 
direction then has both a continuous and a discrete part. In the presence of 
impenetrable physical boundaries at z,,, one has a conventional, although in- 
homogeneously filled, waveguide, and the spectrum is usually purely discrete. 
If trapped modes can exist and the source and observation points are located 
in of near the duct region, the contribution from the continuous spectrum Is 
usually negligible and the fields are well represented in terms of the guided 
modes alone [see remarks following Eq. (5.6.9)]. In the problem of radiation 
from a longitudinally directed electric current element, the resulting formulation 
is directly analogous to that for the homogeneous dielectric slab problem [Eq. 
(5.6.20)]. If an exact solution of the eigenvalue problem cannot be found, the 
specific form of the eigenfunctions ®,(z) can be ascertained from the WKB ap- 
proximation provided that the duct is wide and the medium is slowly varying. 
The utility of the various representations for the evaluation of the fields in the 
duct region is discussed in connection with a specific example in Sec. 5. 9b. 


5.9 SOURCES IN THE PRESENCE OF MEDIA WITH CONTINUOUS PLANAR 
STRATIFICATION—SPECIAL PROFILES 


While the formal presentation in Sec. 5.8a is appropriate to radiation prob- 
lems in continuously varying media with arbitrary refractive index profiles, 
explicit solutions (albeit in the form of representations) can be constructed only 
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for special variations of n?(z) for which Eqs. (5.8.7a) and (5.8.7) can be solved 
in terms of known functions. From the by-no-means-exhaustive sampling of 
profiles in Sec. 3.6, the inverse-square dependence has been selected for detailed 
study since it incorporates many features associated with a general category of 
monotonic variation. Another example, the Epstein profile descriptive of a 
continuous transition, is discussed in a more condensed fashion. 


5.9a Inverse-square Profile 


Properties of the medium 


We begin our discussion of the radiation characteristics of sources in the 
presence of special inhomogeneous media by considering a region whose per- 
mittivity varies from a finite, constant value € at z —> co in a monotonic man- 
ner characterized by the equation 


p 
el) = eof! — fa), = ome (1) 


p is an arbitrary constant and the permeability 44 is assumed to be constant 
throughout the region. As will be seen below, the nonuniform transmission- 
line equations (5.8.7a) and (5.8.7b) have a particularly simple solution in this 
case. For p° positive real and independent of œ, the permittivity e(z) in Eq. 
(1) may represent approximately the effect of a lossless, cold, isotropic, electron 
plasma medium whose electron density N(z) [or equivalently the plasma fre- 
quency @,(z) as in Eq. (1.1.60)] is given by 


2m 1 @?(z)me 
N(z) =en = 2lz)mé,, (la) 


where m and e signify the electronic mass and charge, respectively. A sketch 
of both e(z) and N(z) for real values of p is shown in Fig. 5.9.1. 


N(2) 


€(z) 


(a) Permittivity (b) Electron density 
FIG. 5.9.1 Inverse-square profile (lossless plasma). 
For real p, the permittivity passes through zero at the turning point z, = 


p/k, For z > Z, k(z) = w~ Hy€(2) is real, while for z < z,, k(z) is imaginary 
[Im k 2 0 for exp (521) time dependence]. If the continuously variable me- 
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dium is approximated by a series of thin layers, with a typical layer between 
the planes z, — ô and z, + ô characterized by the constant permittivity €(z,), 
then for the exp (jw) dependence, a plane wave propagating in the + direc- 
tion in the ith layer has a variation exp (+ jk,z), where k, = wv 4,€(z,). Hence, 
the wave propagates when z, > z,, and attenuates when z, < z, Although the 
electron density in the above model increases indefinitely as z — 0, thus in- 
validating the physical conditions required for a collision-free (i. e., lossless) 
plasma, this mathematical singularity has little effect on the radiation charac- 
teristics of a source located at finite z values in this medium provided that z, 
is reasonably large. Since the region |z| < z, is essentially impenetrable to elec- 
tromagnetic waves, the detailed nature of the medium for |z| < z, is immaterial. 
A physically more realistic density profile, as in Fig. 5.9.2, wherein N(z) in- 


by Inverse-square profile 


a 


FIG. 5.9.2 Physical profile with monotonically increasing electron 
density. 


creases monotonically to a finite maximum value N(0), can be well approxi- 
mated by the inverse-square profile provided that the deviation of N(z) from 
the inverse-square variation occurs only in the region |z| < z,, where 2, & Z,, 
and that the source is located at z’ > z,. To demonstrate the validity of these 
remarks concerning the lack of sensitivity of the radiated field on the detailed 
medium properties in the region z < z,, we shall consider the problem wherein 
a perfectly conducting plane is located at z = d, and will show that the in- 
fluence of this perturbing structure is negligible when d < z, In the preceding 
discussion it has been assumed that €(z) is real. The effect of losses in the me- 
dium can be taken into account at any fixed frequency w by an appropriate 
complex choice of p in Eq. (1). 

Although the inverse-square medium is a special case, it is to be expected 
that the radiation characteristics of sources therein are representative of those 
encountered in other media with monotonic variations of €(z) that pass from a 
constant value at |z| — co to negative values at z + 0. The present model has 
the virtue of simplicity. 
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Solution for excitation by a longitudinal magnetic dipole or by a 
transverse electric line current 

Consider the problem of radiation from either a time-harmonic longitudinal 
magnetic current element 


M(t) = M°5(t — r'’)zo, (2a) 
or from a transverse electric line current, 
J(r) = 1p — Px, P = (V, 2), (2b) 


located in the variable medium shown in Fig. 5.9.3(a), with a perfectly con- 
ducting plane at z = d. From Eqs. (5.8.1), (5.2.4), (5.4.31a), and (5.4.31b) the 
solutions for the electromagnetic fields can be inferred from the scalar H-mode 


y 


Perfect 
conductor 


(a) Physical configuration (b) Equivalent modal network (H modes) 


FIG. 5.9.3 Physical configuration and network equivalent in the 
presence of a perfectly conducting planc. 


Green’s functions G(r, r') and G'(p, P^), respectively, which satisfy the dif- 
ferential equation (5.8.36) (with 9/ðx = 0 for the line source) subject to a radia- 
tion condition at infinity, and to G", G” = 0 at z = d. The solution may be 
obtained in a z-transmission representation as in Eq. (5.8.6b) and therefore re- 
quires a knowledge of the modal Green's function g/{2, 2’) = ( j@po) ‘Z; (z, z’). 
gx Satisfies the differential equation (5.8.76) subject to vanishing at z = d and 
to a radiation condition at z — 00; its determination is equivalent to finding 
the voltage Z/(z, z’) excited in the modal network of Fig. 5.9.3(b). As noted 
in conjunction with Eqs. (5.8.7), the characteristic impedance Z;/(z) and prop- 
agation constant x/(z) are given by Z/(2) = @pe/K/(2), (2) = [o'nee(2) — 
a 1'7. 
Substitution of the expression for e(z) in Eq. (1) into Eq. (5.8.7b) yields the 
differential equation for the modal Green’s function 
[T + a(t — Ea) — lee 2) = =e - 2). (3) 
This equation is identical with Eq. (3.3.3); its solution is given in Eq. (3.3.14a), 
with Eq. (3.3.4), in terms of homogeneous solutions V2) and V2) below, 
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which satisfy the boundary conditions at the upper and lower z termini, re- 
spectively. The homogeneous equation (3) is solved by the spherical Bessel 
functions 


c.(Kz) = => C-salez), k= JSk—K, pt=vvy+1), Ga) 


where C,(z) represents any linear combination of the cylinder functions J,(z), 
N (2), H(z), H® (z). In contrast to the z-dependent x(z), K denotes the value 
of x(z) at z — oo, From the network picture in Fig. 5.9.3(b) it is recognized 
that the solution must be outgoing at z = oo, whence one selects via Egs. 
(5.3.13) [for an exp ( jwt) dependence], 


V2) = h? (xz). (4a) 
At the lower endpoint z = d, the voltage vanishes, so 
v7 = : war, (Kd) (2) 
V (z) = (Kz) METT (xd y's (Kz). (4b) 


The particular combination of functions chosen in Eq. (4b) simplifies the deter- 
mination of the Wronskian required in Eq. (3.3.14a). Since 


d d 2 
La N (z) z N (2) = 9.2) T 2’ (5a) 
it follows from Eq. (3) that 


LO Ena) -nO Eja = 1, (5b) 


and the Wronskian of V and y is evaluated as 


> Sd gd 
WV, V)=V 5 — VE = —jx. (5c) 


Thus, the solution is given by [see also Eq. (2.7.12a) for a related problem in 
spherical regions], 


" ny me _ JAK) pa | (2) 6 
giz, z) = =L] jezo — PE hez) Aez O 
Regarding the definition of x = sk} — k?, the requirements x = kọ when 
k, = 0, and Im x < 0 when k, > kp, are imposed. 

A check of Eg. (6) is possible for the limiting case p = 0 (i. e., v = 0), for 
which the medium in Eg. (1) reduces to the vacuum €(z) = £. Since 


jo(x) = sin x, hg? (x) = Fje**, (7) 
one finds, from Ea. (6), 


[sin Kz. — sin Kd gc inite Jeminn, (8) 


galz z’) = 1 
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which agrees with the result in Eqs. (3.4.4) and (3.4.5), with Eqs. (3.4.21), upon 
letting €, = €z = €a and replacing d by —d as appropriate to the geometry in 
Fig. 5.9.3(a). 

Substitution of Eq. (6) into Eq. (5.2.11) or (5.2.13a) yields the formal solu- 
tion for the scalar Green’s functions appropriate to problems of radiation from 
a longitudinal magnetic dipole and a transverse electric line current, respec- 
tively. For the former case, x = (kj — ¢°)'", while for the latter case, x = 
(ki — n°)”. Pertinent singularities of g;{z, z’) near the real axis (on the real 
axis for k, real) in the complex & or y plane are the branch points located at 
K = 0 (i.e., č = +k, andy = +k respectively), in agreement with the general 
observations at the end of Sec. 5.8b. The path of integration avoids these sin- 
gularities as in Fig. 5.3.5(a). Additional singularities exist at the zeros x, deter- 
mined by the equation h? (x,d) = 0. The location of these complex zeros will 
be discussed below. 

As in previous examples, subsequent considerations will be carried out for 
an exp (—iœt) dependence. In this instance, 


gila z) = E| J.02.) — BAPE hleze) hhz), (9a) 
| i 
= AP 2) — page ho? (2) | 025). (9b) 


The requirement on x is now Im x > 0. The frequently more useful form in 
Eq. (9b) follows from Eq. (9a) upon writing j, = {hA® + h®). The preceding 
remarks concerning integration paths and singularities now refer to Fig. 5.3.6a. 
In particular, one obtains for the two-dimensional Green’s function G”'(p, P’) 
in Eq. (5.2.13a), upon letting j —» —i to account for the exp (—iwt) dependence 
and introducing the change of variable 7 = k, sin w, 


Gp, p) = i f oth (koZ COS W)A(2<, W)dw , (10) 


(2) 
Alz<, W) = h? (koz cos w) — P E e hP (koze cosw), (10a) 


— 3l; _ _J (kod COS w) i l 
= 2| J.(kez< cos w) TeRM (kez cos w)}. (10b) 
The path of integration in the complex w plane is shown in Fig. 5.3.6(b). In- 
stead of the branch point at w = 0, there exists in the present case a branch 
point, and associated branch cut, at w = 2/2. The analogous representation 
for the three-dimensional Green’s function G’(r, r’) may be derived from Eq. 
(5.2.11). 


Asymptotic evaluation as z> —> œ 
Since the integral in Eq. (10) cannot be evaluated in closed form, we con- 


sider an approximate calculation of the far field. It is convenient to introduce 
polar coordinates via z = Ê Cos p, y = fsing as shown in Fig. 5.9.3(a), and 
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assume that koz, = koz — oo. As long as the integration path avoids the vicin- 
ity of w = 2/2, one has |kyz cos w| >> |v], so the asymptotic formula in Eq. 
(5.3.13) may be employed for the representation of h (k,z cos w), whence 


GB, Pim kera f erona- Aa, whew (11) 


In the asymptotic evaluation of this integral, A(z’, w) is considered a slowly 
varying amplitude function as compared to exp [ik ,ĝ cos(w — g)]. Hence, the 
saddle point, determined by the exponential function, is located at w = g, and 
the steepest descent path P through the saddle point proceeds as shown in Fig. 
5.3.6(b). In the deformation of P into P, the only pertinent singularities of 
A(z’, w) are poles located at the zeros w, of h! (kad cos w). These poles are 
complex*?; those relevant for the present problem are finite in number and lie 
in the half-strip 0 < Rew < 2/2, Im w > 0. The pole singularities belong to 
the “leaky-wave”’ category (see Sec. 5.3e) and their contribution to the far field 
is exponentially small since Im w, > 0. Even for kad > 1, when w, > 2/2,t 
their effect is unimportant, since the range w = 2/2 (i.e., g = 2/2) is excluded 
from consideration in view of the restriction previously imposed on the integra- 
tion path. Hence, the contribution from the leaky-wave poles can be neglected, 
and the asymptotic evaluation of the integral in Eq. (11) yields the first-order 
result [Eq. (5.3.16a)] 


G" ~G,B(z',9), zr, gxXn/2, (12) 


where G,, is the free-space field due to a line source at f = 0 [Egs. (5.4.25) et 
seq.], 
G-= i 2 al ikes—n/4) y 12a 
AN akah mee) 
while B(z’, g) expresses the distortion of the free-space pattern 
B(z',9) = —ie t Alz, 9). (13) 


The expression for A(z’, g) is given in Eqs. (10a) or (10b). 

For the point-source Green’s function G"(r, r’) [see Eq. (5.2.11)], substitu- 
tion of Eq. (9b) yields an integral representation as in Eq. (10) provided that 
exp (ik,y sin w) is replaced by 4k, sinw HiP (kop sin w). If |k,psinw| > 1, 
|kaz coswi|>> |v] (ie, kap l, koz |vl, w % 0, 2/2), the Hankel func- 
tions HiP (kp sin w) and h (kaz cos w) can be replaced by their asymptotic ap- 
proximations. The resulting integrand has the same form as that in Eq. (11), 
save for a factor ~/sin w, and the integral is evaluated asymptotically as before, 
yielding the result 


G(r, r) ~ G,B(z',8@),  r=>œ, 8x0, >: (14) 


tSince the zeros a, of A!"(a) are located at finite values of ja| (see Reference 
33), COS wp = ap/kod > 0 when kod > 1. 
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where r = V P + 2’, z = rcos@ [see Fig. 5.9.3(a)], and G, is the free-space 
Green’s function 


_ et” 
G = o (14a) 
In Eqs. (11)-(14) it has been assumed that the source is located at finite z’ while 
the observation point moves to z — co. Manifestly, via the replacement r e r’, 
the above results remain valid for the reciprocal situation wherein the source 


point moves to infinity and the observation point is situated arbitrarily. 


Ray-oprical interpretation 


While the pattern function B(z', g), and hence the electromagnetic fields 
derived from the asymptotic forms of the Green’s functions G” and G", can be 
calculated from available numerica! tables of the cylinder functions, it is desirable 
for an interpretation utilizing the concepts of geometrical optics to approximate 
the cylinder functions comprised in B(z',g) by their representations in Eqs. 
(5.4.77a). If v is assumed to be large, one may use the approximation p ~ 
(v + 4) in Eq. (3a) and represent the Hankel function as in Eq. (19). Equa- 
tion (12) can then be written as 


G''(ĝ, p') = Gi (p, p’) + GzP, p’) » (15) 


where 


a/CO8 g exp [ikay sin g + ika Í / w(t) — sin? gal + in/4| 
" lh af 
G; (ĝ, p ) = 2 4 Inkap 4 (z — sin? 9 , 


(15a) 
2(f, p') = 
a/ COS Q EXP [iko sing + ikal f + J lw n'(C) — sin’g dt + o| 
7 2V/ Ankaf 4/r(z') — sin’ g 


(15b) 


Equation (15a) applies in the range sing < sing, = n(z’), while Eq. (15b) is 
limited to observation angles sing < sing, = n(d). If % < Q < Pas the argu- 
ment of the Hankel functions H!? (k d cos g) is smaller than the order p and 
HP ~ —H® [see Eq. (5.4.77b)]. In this case, GY is still found to be given by 
Eq. (15b) provided that the lower integration limits are changed from d to z, 
where z, is defined by the equation 
n(z,) = sin Q, (16) 
and that the multiplicative constant — I is replaced by exp (—in/2). When 
P > Q., the arguments of all the Hankel functions appearing in A(z’, g) are 
smaller than their order p, whence A(z’, g) becomes a decaying function with 
increasing g. The corresponding implication in Eqs. (15) is [n*({) — sin? g}'” 
= i{sin? g — n?(¢)]'* when sing > n(C). Near the transition regions 0 = Mo 
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Or P + P., One must employ the Airy-function approximations in Eq. (5.4.77c) 
[see also Eq. (5.8.60)}. 

Equations (15a) and (15b) distinguish three different ranges of observation 
angles g when the observation point P is located at infinity. In all cases, the 
radiation field is described locally by plane waves propagating at the angle 9, 
since n(C) — 1 as Ç — co, so the essential behavior of the exponentials is repre- 
sented by exp [ik,y sin ø + ik,z cos g] = exp (ik f) [see also Eq. (12). How- 
ever, Eqs. (15) have been expressed in a manner that permits a study of the 


YY 
j 


FIG, 5.9.4 Ray picture, 


progress of each wave contribution from the source point to z — oo. As shown 
in Sec. 5.8d [see Eq. (5.8.47) and (5.8.57)], GY and GY represent precisely the 
fields along geometric-optical rays following curved trajectories in the variable 
medium, thereby lending significance to what might otherwise appear as an 
arbitrary rearrangement of Eq. (12). The complete ray trajectories are shown 
dashed in Fig. 5.9.4 (see Fig. 5.8.4), but their asymptotic direction, to which 
Egs. (15) apply, is indicated by the solid arrows. Ray A reaches the observa- 
tion point P directly from the source while ray B first travels to the plane at 
z = d, is reflected, and then proceeds to P. Comparison of the phase behavior 
of GY (ray A) and GY (ray B) lends direct support to this interpretation; one 
also observes in the reflected ray term the additional factor —1, which repre- 
sents the reflection coefficient of the perfectly conducting plane; for a plane 
having another value of surface impedance, — ! would be replaced by the ap- 
propriate plane-wave reflection coefficient. The domain of existence of ray B 
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is bounded by the tangent ray C, which just grazes the surface and emerges 


with the angle 9g,.t 
When po < 9 < 9,, Eq. (15a) yields the direct ray A as before, but the 


modified Eq. (15b) now describes the field along ray D which is refracted back 
toward the positive z axis before reaching the boundary. Its maximum pene- 
tration into the medium is given by the coordinate z, defined in Eq. (16). The 
factor exp (—éz/2) replacing the reflection coefficient (—!) arises from the 
phase change experienced by this ray when touching the caustic, which forms 
the envelope of the refracted ray system [see Fig. 5.8.4 and Eq. (5.8.55)]. Ray 
E, whose initial direction at the source point z’ is parallel to the y axis, emerges 
at z — oo at the angle gy, = sin™' n(z’), which also defines the asymptote of 
the caustic curve. This exhausts the class of propagating geometric-optical 
rays; observation points specified by angles g > 9, lie in the geometric-op- 
tical shadow region and can be reached only by diffraction. The fields in the 
shadow region can be calculated from Eq. (12) or, equivalently, from the analy- 
tic continuation of the appropriately modified ray formulas (15). The general 
conclusions arrived at in Sec. 5.8d are therefore verified. 

Implied in the preceding remarks is the assumption that 7°(z’) > 0, n°(d) 
> 0, so both the source point and the bounding plane are located in parts of 
the medium which can support propagating waves. If n’(d) < 0, n’(z’) > 0, 
the boundary cannot be reached by propagating waves (real rays) and the ray 
picture comprises only types A and D; the ray traveling along the negative z 
axis shows the deepest penetration to the point Z, where n{z) = 0 (Fig. 5.8.4). 
The deeper the plane is embedded in the nonpropagating portion of the me- 
dium, the smaller is its effect on the refracted wave field. An estimate can be 
obtained from A(z’, p) in Eq. (10b), which contains a factor of the form 


Q = H® (kyz' cos p) + (1 — A)H(kyz! cos), A= E 


(17) 


When z?(d) <0, one has kad cos g < p and A is a small quantity for any 9; 
when z?(d) > 0, these remarks apply to the rays of type D in Fig. 5.9.4. If 
n(z') < 0, the source point lies in the nonpropagating portion; no real geo- 
metric-Optical rays exist in this case, H® ~ —H®, and the factor Q is smail 
for all values of pọ. If n°(z’) > 0, these remarks apply to observation points in 
the shadow region (k,z’ cos g) < p. Since the H” term in Eq. (17) is associated 
with a refracted ray when 9, > Ø > go, one may interpret A as the correction 
to the refracted-wave amplitude introduced by the plane boundary. The mag- 
nitude of 1/A increases with the ratio z,/d, where z, = p/(k, cos g) is the 
z coordinate at the turning point (i. e., at the point of maximum penetration) 


tit has been postulated27 that the tangent ray C excites at its point of contact with the 
Surface a diffracted ray which travels along the surface into the shadow region and sheds 
energy continually as it progresses. Since the emerging diffracted ray is congruent to ray 
C and its amplitude decays exponentially during the part of its travel along the boundary, 
its Contribution is negligible at J — oo. 
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along the ray; the farther the turning point is located from the plane, the 
smaller is the correction of the refracted-wave field. The correction can be 
interpreted as arising from a decaying wave that has entered the refraction 
shadow, has been reflected by the plane, and has emerged again into the prop- 
agating wave domain. 

The far-field calculation above has been carried out under the assumption 
z, — oo, thereby justifying the use of the simple asymptotic formula (5.3.13) 
for h{(kaz cos w) in the integrand of Eq. (10). A better approximation is 
obtained via the Debye formula (5.4.77a). If k, is assumed to be the large par- 
ameter, a short-wavelength representation of the radiated field can be derived 
by employing this expression for all the cylinder functions appearing in the 
integrand of Eq. (10). This formulation is then valid for arbitrary observation 
points provided that they are located many wavelengths away from the source. 
{n order to phrase the result in a manner which highlights its validity for gen- 
eral refractive index variations, rather than only the special one in Eq, (1), it 
is pertinent to write Eq. (5.4.77a) in the WKB form {see Eq. (3.5.37)}: 


HO (kaz cos w) 


~ ETAT) a tikos Cos w(co3 S+ (f—x/2}31n Bl Finis (18) 
oZ COS W COS 
1/2 i . 
~ (Eana earn) PPLE ik [RO sit w ok F im/4], (19) 
0 ES Ihe 
where 


n(z) = 1 — aaa S=pt+ts z= fav n(z,) = sinw, (19a) 


and 


sin B =s l —n(zcosw), cos B= n(zcosw). (19b) 


The asymptotic representation in Eq. (18) can be employed along the entire 
integration path provided that the path avoids the vicinity of w = 2/2 (see 
Sec. 6.A1). The approximation in Eq. (19b) is valid when s is reasonably large, 
so $*$ — 1/4 = s. This assumption, together with the formula 


[aft = gam sin? w a = 2 cos w| cos £ + (B — %) sin BI, (20) 


has been employed in going from Eq. (18) to (19). Via Eq. (19), the solution 
(10a) of the differential equation (3) can be expressed in a form valid (asymp- 
totically, for large k,) for any variation of refractive index that increases 
monotonically to the value of unity at z = oo and contains no turning points 
or singularities in the interval in question. This follows from a comparison 
with the more generally derived Eq. (5.8.35b), which corresponds to the special 
case d = 0. The subsequent asymptotic evaluation may then be performed as 


= S 
— kaz COS w 
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FIG, 5.9.5 Ray configuration and caustic: [pe = cos-!(p/kp2’} = 2/4}. 
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in Sec. 5.8d and yields a ray-optical interpretation valid everywhere along the 
trajectories in Fig. 5.9.4. 


The geometric-optical ray configuration 


We consider now the geometric-optical ray family, defined by the ray equa- 
tions (5.8.18) and (5.8.28), in the inverse-square profile whose refractive index 
n(z) = /€(z)/€, is given in Eq. (1). The integration may be performed ex- 
plicitly and one finds that the rays form a family of hyperbolas described by 
the equation 


(z? — z*) sin? g, + y*(cos* g. + cot? a) + 2z'y sin? g, cota = 0, (21) 


where g, = sin™! [n(2’)] defines the extent of the illuminated region at infinity 
(see Fig. 5.9.4) and @ or n + æ is the angle with the positive z axis at which the 
ray leaves the line source at (0, z’). The relation between « and the angle of 
emergence @ = w, of the ray at infinity is obtained from Eq. (5.8.18) [see also 


Eq. (5.8.41)]: 
dy = sin 9 


dz\tr)  ~/ cos? o — (p*/kiz't) = tan g. (22) 


The caustic is also found to be a hyperbola whose equation is determined by 
eliminating the parameter cot œ between Eq. (21) and its derivative with respect 
to cot a:*4 
z? — 

Zoos, Paap (23) 
The caustic is tangent to the line z = z’ cos Q. = p/k, on which the refractive 
index n(z) = 0. A plot of the ray configuration for ọ, = 2/4 is given in Fig. 
5.9.5. If a plane surface is inserted as in Fig. 5.9.4, rays in Fig. 5.9.5 that are 
intercepted by the surface give rise to refiected rays. The illuminated region 
is then bounded by the tangent ray C in Fig. 5.9.4 up to its point of tangency 
with the caustic, and by the caustic thereafter. 


5.9b Radiation in a Duct 


The guided-mode spectrum 


To illustrate the general procedure concerning duct propagation as discussed 
in Sec. 5.8e, we consider a region bounded at z = d by a perfectly conducting 
infinite plane surface; in the space z < d, the dielectric constant is assumed to 
vary as in Eq. (1), with p? large. The refractive index profile is shown in Fig. 
5.9.6(a) and passes through zero at Zz}. Thus, no wave propagation is possible 
when z < Z, and the effective maximum waveguide height 1s d — z,. The rays 
are again the hyperbolas described at the end of Sec. 5.9a; however, because 
of the presence of the wall, reflections take place as shown in Fig. 5.9.6(b). 
Since a reflected ray emerges at the angle of incidence, it traces out identical 
trajectories between reflections. In terms of the picture in Fig. 5.9.6(b) and 
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FIG. 5.9.6 Inhomogeneously filled waveguide. 


with reference to Eq. (5.8.62), I(z,) = [(d) = —1, while T(z,) = exp (—iz/2) 
since z, represents the caustic for the mode in question. Thus, the transverse 
resonance equation is 


ko | aay = a, dn = (m + ay, We A e (24) 


with n?(2,) = a}. The integral has been evaluated in Eq. (20) and yields the 
implicit relation 


kd cos 0, [cos Ba + (2 = $)sin n| = (m 4 5)x, (24a) 
where 


a, = Sin Ôn, Bn = sin; 727). 


The implications of this equation are studied by comparison with the exact 
result. For two-dimensional H-mode propagation with respect to z (i. e., E = 
E.X, and 0/dx = 0), we seek solutions Q(y, z) of the homogeneous equation 
(5.8.3b), [V2 + &(z)]O(y, z) = 0, that remain bounded at z = O and vanish 
at z= d. Via Eq. (3a), such solutions are 

O(y, z) = exp (iy) z I(VAki— iz), s=Vp+h~p, (25) 
Provided that the 7, satisfy the condition 
JI (Vk — nid) = 0. (25a) 


If X; denotes the /th non-vanishing solution of J,(v) = 0, then 


M = 4j kz — a (26) 
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The pertinent roots 7, are positive real and form an increasing sequence whence 
the wavenumber 7, along y is real only as long as x, < kod; for x; > kad, n, is 
imaginary and this implies that the wave does not propagate along the y direc- 
tion. The modes in question are seen to be quite similar to those in a perfectly 
conducting circular waveguide filled with a homogeneous dielectric €,; the re- 
fractive index singularity at x = 0 produces a virtual boundary, thereby mak- 
ing the region effectively a closed waveguide. The Bessel function in Eq. (25) 
can be rewritten as J,(7,z/d). Since J,(z) is a decaying function when s = x, 
the /th-mode pattern in the z direction oscillates when z > sd/y, and decays 
when z < sd/z,. The effective height of the duct for the /th mode is given by 
d — z,, where 
— Sg, ka 
Zi 7 dži PA (27) 
and the last equality results from the definition m*(z,) = 0. Thus, the duct 
height increases with increasing l. The wavefunction Ọ is unchanged when 
ny changes by multiples of 27; the modal wavelength 4, is given by 
2% 
À = T (28) 
and increases with increasing /. 
The zeros y, may be evaluated approximately if J,(7) is represented by its 
asymptotic representation in Eq. (5.4.77a), valid when s is large and [I — 
(s/x)] > xX. The resulting condition is 


cos {x{cos B + (8 — $) siap] — 4} =0, inp => = 5. (29) 


If one puts 7 = ksin @, x = kadd cos 0, Eq. (29) yields the same result as Eq. 
(24), whence the geometric-optical formula is certainly adequate to approximate 
the higher-order zeros of J,(7). 


Radiasion from a line source 


If an electric line current is located in the region 0 < z < din Fig. 5.9.3(a) 
[see also Fig. 5.9.6(b)], the modal network problem in Fig. 5.9.3(b) must be 


FIG. 5.9.7 Modal network problem. 


modified and replaced by the one in Fig. 5.9.7. Y, and yY, in Eqs. (4) are now 
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taken as 


= peas ) 
Vile) = jez), VAE) = hikz) — Pog EA h(x), (30) 
h,” (xd) 
in order to satisfy the boundary conditions V,(0) = 0 = V(d). From Eq. 
(3.3.14a), the modal Green’s function is then found to be [exp (—i@t) depend- 


ence] 


iz, 21) =F VIL! (ez) HP (ed) — Hie, (Ka) FE), (31) 
where s = (v + 4) and x = kj — nf’. Substitution into Eq. (5.2.13a) (with 
j— —i) or into Eq. (5.8.36) completes the formal solution of the problem in a 
z-transmission representation, and convergence of the integral is assured by the 
choice Im x > 0. 

The disposition of the integration path with respect to possible singularities 
of g; on the real y axis remains to be clarified, Upon use of the circuit relations 
for the cylinder functions, 


Luxe) = e"), HPE = eH PA), (32) 
HP (xe) = e"HP H) + MAT HE), = Kd, (32) 


one verifies that g; is an even function of x, whence x = 0 is a regular point 
in the complex y plane (see Sec. 5.3a). Thus, the only singularities are the 
simple poles n, arising from the simple zeros of J,(xd), 


n= tvk- Ke, 61 = 1,2,..., (33a) 
where xd is the /th non-vanishing zero defined by 
J,(«,d) = 0. (33b) 


The absence of branch-point singularities in g’, implies that the mode spectrum 
in the z domain is wholly discrete. If s is assumed positive real, the x, constitute 
an infinite discrete set of real numbers [one notes from Eq. (32a) that — x, also 
Satisfies Eq. (33b)]. The corresponding n, are real if x? < 4} and imaginary if 
Kj > kj, as noted in connection with Eq. (26). If slight dissipation is assumed 


FIG. 5.9.8 Singularities in the complex 7 plane. 
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by giving Xj a small positive imaginary part, then the poles are displaced into 
the complex plane as shown in Fig. 5.9.8, and their location relative to the inte- 
gration path is unambiguous as Im k, — 0. 


The guided-mode expansion 


A guided-wave representation utilizing y in Fig. 5.9.6(b) as the propagation 
direction is achieved upon deforming the contour of integration about the pole 
singularities in the upper or lower halves of the complex 7 plane.”® Since g’, 
is an even function of 7, the integrand in Eq. (5.8.36) remains unchanged if 
y — y’ is replaced by |y — y’| [see Eqs. (5.4.11) and (5.4. 12d)}. After verifying 
from the asymptotic formula for the Hankel function that g; decays exponen- 
tially as || — oo, one may deform the integration path around the poles n, in 
the upper half of the y plane to obtain, after a residue evaluation, 


TNV 22' < k, Hj (Kd) 


Gr T Id mn T(K Aa) J(K,2)0,(K,2e |, (34a) 
ive ey area J (,2)J, (x,z’jeinly- wl (34b) 


with Im 7, > 0. These alternative formulations follow from the expressions 


HPA) = -HP(Kd) = iN ed) = ga 04) 


which are a direct consequence of Eq. (33b) when applied to Eq. (5a) and to 
the definition H! = J, + iN,. Since only a finite number of the n, are real, 
the field far from the source plane y = y’ is given by a finite number of the 
guided modes. The series is particularly well suited for direct calculation of the 
field if only a small number of propagating guided modes exists. 


The geometric-optical series 


In order to derive a representation that is easily identifiable in terms of the 
geometric-optical rays sketched in Fig. 5.9.6(b), it is desirable to express g, aS 
a superposition of terms containing only products of traveling wave (i.e., Hankel) 
functions. Such a formulation leads to integrals similar to those in Eqs. (5.8.38), 
whose stationary-phase approximation is directly interpretable as the geometric- 
optical solution. The Bessel function in the numerator of Eq. (31) is easily de- 
composed to yield two additive terms involving the constituent Hankel functions. 
To achieve a similar additive decomposition of /,(Kd) in the denominator, we 
use the power-series expansion 


l H” H!” (Kd) 35 
2J (kd) = yom! geo = WS È, (— ! = HP (kdy a 
which converges if |z] < 1. The integration path can be slightly distorted so 
that this condition is satisfied, and substitution into Eqs. (31) and (5.8.36) yields 
the series 
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G" = yy Gr, (36) 
where G,, comprises the four integrals 
4 
Gn = EB (37) 
Bia == (PALES HEHP (eze dn, (37a) 


B34 == (— paa f HEY (Kz) H (rz, endy. (37b) 


Since z, z’ < d and Im x > 0, one verifies upon use of the asymptotic formula 
(5.3.13) that the integrals are convergent. However, each term in the series rep- 
resentation for g% is no longer an even function of x, so branch points exist 
at K = 0 and we define Im x > 0 on the path of integration. 

Substitution of the WKB formula (19) for the various Hankel functions 
casts these expressions into a general form that remains valid even for slow re- 
fractive index variations other than the special one in Fig. 5.9.6(a). The asymp- 
totic evaluation of each integral, after introducing the transformation 7 = 
kasin w, proceeds as in Sec. 5.8d and will not be repeated here. It is of interest, 
however, to examine the various saddle-point conditions and their relation to 
the ray diagram sketched in Fig. 5.9.6(b). The saddle-point conditions are (for 
convenience, y’ = 0) 


y= 


sin w TAG aS. + 2m f TAG as, | for g,, (38a) 


d 

sin wif + : + 2m fl. for g,, (38b) 
If" + + (2m + 2) f | gin wf ae f 42m A for g,, (38c) 
in 


+ (2m + af f= = sin w Af + N + ig + 2m f |, for ga, 


(38d) 


sin wil { 


sin w, 


where all the integrands have the same form as in Eq. (38a), and n(z,) = sin w,. 

For an interpretation of these geometric-optical ray equations, let us con- 
sider the curves described when w, isa fixed positive number lying in the range 
0 < sin w, < n(d), where n(d) is the refractive index value at the conducting 
plane z = d. If the source point F at (0, z’) is located so that n(z’) > 0, and 
if sin w, < n(z’), then Eqs. (38) define the rays shown in Fig. 5.9.9. As noted 
in Sec. 5.8d, the ray trajectories are tangent to the line z = z, and would 
emerge at z — oo with an angle of inclination w,. Two separate ray systems 
exist: the first is associated with a ray that travels directly from the source F 
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y 


FIG. 5.9.9 Ray trajectories for specified w,. 


to the boundary point A, while the second arises from a ray departing in the 
opposite direction and being turned back at 4’. It is recalled that a ray travels 
to the right or left when the observation-point coordinate z appears in the up- 
per or lower integration limit, respectively. Equation (38a), with m = 0, de- 
scribes the direct ray segments FA’ and FA when z < z' and z > 2’, respectively; 
when m = l, the corresponding segments are F’C’ and F'C on the first repeti- 
tion of the cycle; when m = 2, one has F’E’ and F"E, etc. Equation (38b) 
accounts for the refracted ray A’B’ when m = 0, ray C’D’ when m = |}, etc. 
Equation (38c) describes the reflected ray AB when m = 0, CD when m = I, 
etc. Finally, Eq. (38d), with m = 0, yields the ray segments B’F’ and BF’ when 
z > 2z' and z < z’, respectively, and correspondingly for m => 1. Thus, the 
integrals g, in Eq. (37) account separately for the fields associated with the 
various portions of the ray trajectories listed above. The factors (— 1)” arise 
from the mth reflection of a ray at the plane z = d (reflection coefficient = —!), 
while the factors [exp (— iz/2)}™ entering into the asymptotic approximation 
of ¢ in Eq. (35) characterize the m contacts of the pertinent ray with the caustic 
surfaces. The geometric-optical series is convenient for field calculations in a 
wide duct if the observation point P is located not too far from the source point 
F, since the effect of the multiply reflected rays, whose amplitude decreases 
with the path length between F and P [see Eq. (5.8.55)], is small in this case. 
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While either the guided mode or the geometric-optical expansion can be 
derived from the contour integral representation (5.8.36) as above, it 1s of in- 
terest to note that one series can also be transformed into the other via the 
Poisson transformation.” 


5.9c An Equivalence Relation for Fields in a Homogeneous and an 
Inverse-Square Medium 


An interesting equivalence may be established between a class of two- 
dimensional (x-independent) field problems in the inhomogeneous medium de- 
scribed by Eq. (1), and a class of field problems with certain rotational symmetry 
in vacuum.”* In consequence of the orthogonality of the exponential functions 
in the interval 0 < $ < 2z, the scalar Green's function G s for a ring source 
with a progressive phase variation exp (i f$), P = 0, +1, +2.. [see Eq. (5.4.72a)] 
excites in vacuum a field having this ġ dependence everywhere. Thus, one 
may write [Eqs. (5.4.78)] 


G(r; p', z') = e**G(p, P), P= (Y, P), (39) 


where G is the two-dimensional Green’s function defined by 
D2 2 p? Ü as — af L al Q2 _ 2o OG 
(P+ xi- E) GO, P = öp — piy yh, P= V agp A) 


To facilitate subsequent interpretation, the axis of the ring source has been 
chosen as y, with (x, z) — (p, $) in the transverse plane. If (k? — p?/pPy” is 
viewed as an effective wavenumber in a variable medium, the structure of Eq. 
(39a) is the same as for Green’s-function problems involving the inverse-square 
profile with p regarded as a rectilinear coordinate, except that the operator 
V? = (I /p\(0/dp)( po /dp) + (0?/dy*) is not in the rectilinear form (07/dp*) +- 
(0?/dy’). The latter deficiency may be removed by the transformation 


G0, P) = JF GO. p, (40) 
which yields the following defining equation for G: 
lsat Ja + Hp)|6B, P = 8p — PO»), AN 
with 
k*(p) = at 2 oy a). (41a) 


If p is now interpreted as the rectilinear coordinate z and p? = j* — 4, then 
G(y, z; y’, 2’) is exactly the two-dimensional H-mode Green's function for the 
variable medium in Eq. (1). 

The equivalence applies also in the presence of rotationally symmetric ob- 
stacles with a contour S described by the equation /( y, P) = 0, on which G 
satisfies the boundary condition 
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_ „0G 

G = Yq on S, (42a) 
where n is in the direction of the normal to S and y is aconstant. After trans- 
forming according to Eq. (40), one observes the relation 


Ge (5 = AL on S, (42b) 
which implies that when y = 0, the boundary condition G = 0 on S also yields 
G = Oon S. Since G(y, z; y’, z’) is proportional to the electric field E, in the 
problems considered [see Eqs. (5.8.1) and (5.4.31)}, the latter condition is rele- 
vant for perfectly conducting obstacles that are embedded in the inhomoge- 
neous medium and are described by the equation f(y, z) = 0. This class of 
cylindrical diffraction problems in the line-source-excited inhomogeneous me- 
dium is therefore equivalent to a corresponding class of problems in vacuum 
wherein the obstacle is rotationally symmetric and the excitation is due to a 
phased ring source (see Fig. 5.9.10). Since the refractive index n*(0) = — oo, 


Ring source 


~elho Infinite plane 


Line source 


k(z) 


S Z 


f(y.2)=0 


p- a] i2 
eee o Ta 


K(z) = ko Í kiz 


ky = constant 


FIG. 5.9.10 Related diffraction problems, 


the field vanishes on the plane z = 0 and is therefore not disturbed by the 
insertion of a conducting plane. Various specific configurations are shown in 
Fig. 5.9.11. It is worth noting that the refractive index varies in a relatively 
arbitrary (though monotonic) manner over the surfaces shown in Fig. 5.9.11(c), 
(d), and (e), for which exact solutions of the three-dimensional analogue are 
known. This refractive index behavior in the presence of an obstacle is not 
usually found in problems studied in the literature, and the solutions may there- 
fore serve as a valuable check on approximate methods that have been pro- 
posed for the analysis of diffraction problems under more general conditions. 

The far-field formulas for the ring source [Eq. (5.4.74)] and for the line 
source in the variable medium [Eq. (12), with A(z’, 9) = 2j,4:n(ko2’ cos g)] may 
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be compared as a simple illustration. After allowing for the different coor- 
dinate designation in Eq. (5.4.74) (see also Fig. 5.4.14), one finds readily that 
the two results are related via Eqs. (39) and (40). 

The above-described equivalence may also be employed for the derivation 
of geometric-optical ray characteristics in one problem in terms of those in 
another. The ray structure in the plane of the ring source has already been 
described in Fig. 5.4.14 and is found to be confined to a region of space exterior 
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FIG, 5.9.11 Some equivalent configurations. 
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FIG, 5.9,11 Some equivalent configurations (cont.) 


to a centered circular shadow zone. To determine the ray picture everywhere, 
it is convenient to go back to Eq. (5.4.72b) and to perform a first-order asymp- 
totic evaluation of this integral when k, is large and p/k, is finite. The station- 
ary points ¢,, located where (0/d¢')[|r — r'| + (n/k,)o’] = 0, are found to be 
specified implicitly by 


p sin ($ — $.) = 608 Pa, (43) 


SP + p+ ¥ — 2pp' cos ($ — $,) 
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or, upon solving for cos ($ — ¢,), with 0 < $ — ¢, < z, 


a = CSP i pr ja y»? PAE 2 
cos (6 — $,) = EL| p’ cosp. + sin py Be — gaz — e) (44) 


e 


where it is recalled that the y and z coordinates in Eq. (5.4.72b) are to be inter- 
changed (with z’ = 0), and 


cosp =e <1, P~R (45) 


pee. 


4 7 dow regi A 


(a) Ray-optical domains 


Ring source 


Ray cone 


(b) Ray cone 
FIG. 3.9.12 Ray structure for phased ring source. 
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One observes that there are two real stationary points when (p/cosg.)* — 
(y/sin g.)* > p°, and no real stationary points when the inequality is reversed. 
Since real ġ, gives rise to undamped propagating fields, the region illuminated 
by the ring source is bounded by the surface 


2 2 


Peo, ptsintg, ~ ee) 


a hyperboloid as shown in Fig. 5.9.12(a). All field points (p, y) corresponding 
to the same value of ¢, in Eq. (43) lie on a right circular cone of total angle 
29., with its apex situated at ¢’ = $, and with its axis tangent to the ring, as 
shown in Fig, 5.9.12(b). This cone is formed by the geometric-optical rays 
emanating from the ring-source element at ¢’ = ¢,, as seen by combining Figs. 
5.4.10 and 5.4.14 (with y — 9,). The caustic in Eq. (46) is generated by revolv- 
ing the ray cone in Fig. 5.9.12(b) about the ring axis y. 

The ray trajectories associated with the line source in the inhomogeneous 
medium may be obtained from those above after recalling that the phase func- 
tion in the former is derived from the latter by suppressing the ¢ variable [see 
Eqs. (39) and (40)], substituting z for p, and leaving y invariant. Interpreted in 
geometrical terms, a ray element at (p, ¢, y) in the ring-source problem maps 
into an element at (p = z, y), with the z and y components in the transformed 
configuration equal to the original p and y components, respectively. A two- 
dimensional ray is therefore constructed as in Fig. 5.9.13 by rotating the points 


A - ray of ring source 
A’— ray (in yz plane) of 
line source 


FIG. 5.9.13 Mapping of rays. 


on a three-dimensional ray about the y axis into the radial plane $ = ¢, which 
intersects the ring at the point of emergence of the ray. This construction 
makes evident that the turning point on a ray in the variable medium corre- 
sponds in the ring-source problem to the point of nearest approach to the y 
axis; that a direct and a refracted ray pass through each point (z, y,) in the 
illuminated region (the plane y = y, cuts the ray cone in a hyperbolic trace 
which is intersected at two points by the cylinder p = z,; that the pertinent 
rays are the mapping of those which pass through the points of intersection); 
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and that the illuminated region is bounded by the hyperbolic caustic in Eq. 
(23). 

To determine the equation of a ray that leaves the source in the inhomo- 
geneous medium at an angle œ with the positive z axis, one must select the ap- 
propriate ray on the three-dimensional cone. This may be accomplished by 
considering a plane surface through the cone axis which must intersect the ray 
cone at the appropriate angle. Since the cone axis is given by p cos ($ — $) = 
p', the equation of a plane inclined at the angle 8 with the y = 0 plane is 


pcos ($ — $) — p’ = y cot $. (47) 


According to the mapping prescription, a ray contained in this plane has an 
initial slope equal to tan B, whence the desired angle is 8 = «. The correspond- 
ing ray, found upon eliminating cos (¢ — $) between Eqs. (47) and (43) (with 
$ = @,), is then transformed into the 6 = $ plane by letting p = z, p' = 2’. 
The resulting equation is that of a hyperbola and may be reduced to Eq. (21). 


5.9d Continuous Transition (Epstein Profile) 


When the permittivity in the medium varies continuously and monotonically 
from a constant value €(— co) = (1 + v)€a at z = — œ to €(+00) = € at 
z = +00, the following functional dependence of e(z) may be employed to 
represent such a variation: 


e(z) = (1 + papa) eo (48) 


where y and f are positive constants (Fig. 5.9.14). The resulting differential 
equation for the H-mode Green’s function G” [Eq. (5.8.3b)] can be solved in 
this instance; only this function is required when the excitation is in the form 


n? (z) 


FIG. 5.9.14 Continuous transition. 


of a longitudinal magnetic dipole or a transverse electric line current as in Eqs. 
(2). The resulting z-transmission modal representation [see Eqs. (5.2.11) and 
(5.2.13)] requires a knowledge of the modal Green's function gı which satisfies 
the differential equation (5.8.7b) with u = yo, kz) = kie(z), and k? = wep. 
The solution can be expressed in terms of hypergeometric functions as shown 
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in Sec. 3.6b.°"- In particular, from Eqs. (3.5.16) and the discussion preceding 
Eq. (3.6.43), 

V (2 WV (25) (49) 

WIV, V's) 

where the expressions for P, V;, and W are obtained from Eqs. (3.6.18)- 
(3.6.23), (3.6.37), and (3.6.44). The explicit functional form of V,andV s de- 
pends on the relative location of the source- and observation-point coordinates 
z and z’, and we shall consider here only the case z < 0, z’ < 0, where both 
the source and observation points are situated in the optically denser medium. 
Modifications for other cases, including those where the medium in Eq. (48) is 
joined at some point Zo to one with constant €(z,), have been considered in Ref- 
erence 40. From the above-mentioned reference to Sec. 3.6b, one infers the 
following representations for ViandV s suitable when z < 0, z’ < Of: 


Vz) = girna — C)F(a —y+1,B —y+13;2— 7;0), (50a) 


— P(y-! o (1 — Wa + i — ) -ape 
Pa = poa — OF — et Bre, p 956) 
Py — Dra + 1 — pero- pa, 
em ne 


Fay tt B- y+1;2-7;0]|, (50b) 


where Ç = —e", and &, ĝ, and y are defined in Eqs. (3.6.37). Substitution into 
Eq. (49) yields 


ga(2, 2’) = 


giz, 2’) = g,(z, 2’) + 8z, z’), (51) 
where 
xilr—2’} ; 
g,(2, 2’) = ek 1 Heel + e)F(a, B; y; —e">) 
x Fæ —y +1,8 — y+ 1;2— y; —e"<), (Sia) 
rata (r+) 


g,(z, z) = Aa; A + el +e) 


x Fa —-yt+1;B—y+1;2— y; -e”) 
x Fa —y+1;ĝ—y+l;2— y; —e), (51b) 


_ EU — Are + 1- yro- 1) J ay as 
(y — AT (Ora — y) ; K, = VAI + y) č, (SI) 


K, is the propagation constant in the medium to the left of the transition region 
whose effective width is defined by t. If |z| and |z’| are large enough so that 
exp (tz) and exp (tz’) are very small, the factors inside the brackets in Egs. 
(Sta) and (51b) are slowly varying and almost equal to unity [see Eq. (3.6.21c)] 


tIn this section, l (w) denotes the gamma function and should not be confused with 
the same symbol used elsewhere for the reflection coefficient. 
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and may therefore be regarded as distortions of the incident- and refiected-wave 
fields, respectively. 

Asa check on Eqs. (51) we examine the limiting cases v = 0 (homogeneous 
medium from z = — œ to z = +00) and tT = œ (abrupt change of dielectric 
constant at z = 0). When v = 0, one has « = 1, 8 = 1 + (2ik,/t) = Y, Kı = 
Jkt — &; since T (0) = 20, one finds that A = 0 in Eq. (51c). Moreover, 


Fa, BB; B: =0 p7, Fæ, pa; = (Ul eP, (52) 


so the expression inside the brackets in Eq. (51a) equals unity, thereby yielding 
the correct value for the free-space Green’s function. When T = oo, the expres- 
sions inside the brackets in Eqs. (51a) and (51b) again have the value unity, In 
this case, œ = $ = y — J, or, more precisely, 


1—p=—Li tm), 1=y=-2r y-B= e), (53a) 
which, with the formula 

Tw) == +0(1), aw, (53b) 

yields the following result for the reflection coefficient A [see also Eq. (3.6.30b)]: 

A=aX—™, n= VBI F E, m= VF, (54) 


Ki + K,’ 

the correct expression for an abrupt transition as given in Eq. (5.5.54c). The 
modal Green’s function then reduces correctly to that in Sec. 5.5d. 

Substitution of Eq. (49) into Eqs. (5.2.11) or (5.2.13) yields the Green's 
functions required for the solution of the problem of radiation from a longitu- 
dinal magnetic current element or from a transverse electric line current, 
respectively, in the medium characterized by the spatially varying permittivity 
in Eq. (48). To render the integrand unique along the integration contour that 
extends from € = —oo to € = ov along the real € axis (or similarly along the 
real 7 axis), it is necessary to investigate the singularities of g%(z, z’). We recall 
first [see Eqs, (3.6.37)] that the square roots x, and x, are defined to have posi- 
tive imaginary parts when the radicands are non-positive. One may then easily 
verify that the integrals converge exponentially as || — œo. g7(z, z’) has first- 
Order branch-point singularities at x, = 0, i.e., at 


E=+k, €=+kW1 +. (55) 


As regards pole singularities, we note that P(w) has simple poles at w = —n 
= 0, — 1, —2,..., that F(a, $; y; Ç) has simple poles at the poles of I'(y), and 
that, in particular,‘ 


. F(a, Bs y30) _ ae + 1)---(a + DPE + 1)-::-(@+ A) 
a (y) (n + 1)! 
x OUR tnt i B+nt isnt 2:0), (56) 
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Moreover, I'(w) has no zeros. From these remarks it appears that both g, and 
g have simple pole singularities at y = —n; however, detailed study utilizing 
Eq. (56) shows that the sum (g, + g,) is regular at y = —n. g, and (or) g, also 
have poles at points in the complex ¢ plane at which 


2—y=—a, 1-—BP=-n, a4+1—y=—a, n=0,1,2,.... (57) 


Equation (57) can be satisfied only if y, 8, and œ — y are real (i.e., if x, and 
K, are imaginary). If there are solutions of this equation with x,, = +i/|x,.,|, 
they represent surface waves which individually satisfy the radiation condition 
at z—» + oo; they comprise discrete components in the spectrum of waves that 
can be guided along the inhomogeneity in the direction transverse to z. Examina- 
tion of Egs. (57) and (3.6.37) reveals, however, that such solutions do not exist. 
If branch cuts are chosen so that Im x, > 0 on the top sheet of the four-sheeted 
Riemann surface representing the complex € plane, then no pole singularities 
are present on the top sheet, and the integration path proceeds as in Fig. 5.3.6(a). 

An asymptotic evaluation of the integrals in Eqs. (5.2.11) or (5.2.13) for 
arbitrary z and z’ is quite difficult. However, if |z| and |z’| are large enough 
so that the factors inside the braces in Eqs. (51a) and (51b) may be considered 
as Slowly varying, the integrals can be evaluated asymptottcally as in Sec. 5.3d. 
The saddle points corresponding to the g, and g, portions of the integrands are 
located at č, = k(l + v)sin @, where @ is, respectively, the angle between the 
z axis and the radius vector from the source point (p’, z’) and the image point 
(p’, —z’) to the observation point (p, z). The resulting first-order asymptotic 
approximation (in which branch-cut integral contributions yielding lateral-wave 
effects are neglected) then looks like that in Eqs. (5.5.5) or (5.5.58) except that 
the distortion factors inside the brackets in Egs. (51a) and (51b) are included 
in the incident- and reflected-field contributions, respectively, and that the re- 
flection coefficient is given by A in Eq. (Sic), with € replaced by ¢,. The be- 
havior of the reflection coefficient was discussed in connection with Eq. (3.6.39). 


PROBLEMS 


1. An azimuthally directed electric current element 


Kr, 1) = NS(p — p)(z — ze-""H, «bh = yocosG’— x, sing’, (1) 


where J is the current in the element and l is its length, is located at (p’, 9’, 2’) 
inside a perfectly conducting circular waveguide with radius b. 


(a) Referring to Sec. 5.2a, show that the longitudinal electric and magnetic fields 
excited by the current element are sage by: 


vir-9') 
Er, e) = Te ap 7% PPOP 0a (2a) 
-2'| 
H,(r, r) = = -uy py wP (P) =r T (2b) 


where @, and y, are the scalar an functions in Eqs. (3.2.75) and (3.2.76). 
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(b) An electric ring current with radius J’ and azimuthal variation exp (iv^), 
y = integer, can be synthesized by multiplying Eq. (1) by exp (iv^ and integra- 
ting over $’ between the limits 0 and 27. Show that the longitudinal electric 


fields E, and H, excited by the ring current are given by: 


o — ug : AD, IVk- Pahle- r 
E,(r; p’, 7) = er ape 2 Kepak (3a) 


and 
7 » A 2- ille’ VA Jif TAC A IVki-f. tha-s° 
H,(r; P ? z’) st b? py JC Bb Bb) k? aa 72 € I, 
(3b) 
where B, = Kialo; B; = Xam/, with Ia Cam) = Jin(Xnm) = 0. 


(c) Repeat the calculations in parts (a) and (b) for excitation by a magnetic 
current element and magnetic current ring source, respectively. 


. Referring to Fig. 5.3.4, discuss the behavior of x(€) = «/k? — & on a two- 


sheeted Riemann surface cut along the straight line segment connecting —k 
and +k. Also discuss the corresponding mapping to the w plane via the trans- 
formation € = k sin w and compare with the discussion in Sec. $.3c, which per- 
tains to an alternative choice of branch cuts. 


. Show that when f in the integrand of Eq. (5.2.21) has pole singularities located 


at w = tjw, w, positive real, the time function A(t) contains in addition to 
the result in Eq. (5.2.23) the contribution: 


A(t) = FAW + jw AË + w)—LE — Wiwe- mÒ (E — Leos wi), (4) 


where the upper and lower signs apply when the integration path around the 
poles is indented into the half-planes Re w < Oand Re w > 0, respectively. Note 
that A,(t) = 0 when f is an even function of w. 


Derive the two-dimensional free-space Green’s function representation in Eq. 
(5.4.36b) by integrating over x’ the cylindrical waveguide representation (5.4.10) 
of the three-dimensiona! Green's function. Hint: Show first that for a@ > 0, 
s > 0 [cf. Eq. (5.4.12d)} 

-Jas ig tye æ 
— = zf iz HP (Se — Os) d = J HÆ (Sea? + 2s)du. (5) 


S 


. The cylindrical waveguide representation for the free-space Green's function Gy 


in Eq. (5.4.10) may by written alternatively as 
E p {7 ef VET EB | 
G; = if AEP) ar (6) 
By employing the steepest-descent procedure to evaluate the integral, show that 
on the axis p = 0, G; is given by 
elk lit 
Gr~ Frizi (7) 


thereby verifying that the asymptotic result in Eq. (5.4.9) applies also at @ = 0. 


. Electric line currents flowing parallel to z are distributed over a cylindrical sur- 


face p = p’; the current distribution has an azimuthal phase variation exp(im $), 


624 Fields in Plane-Stratified Regions Ch. 5 


m = integer. The electric field E, generated by this source configuration is pro- 
portional to a scalar potential u(p, $; p’) defined by 


oO og MN ga . pf) = —OP = PD cims 
subject to a radiation condition at infinity. A time-dependence exp (—iwr) is 


implied. 
Show that u is given by 


u(p, $; p’) = me In(kp<)Hn(kp>)em? . (9) 


Assuming kp’ > | and (m/kp’) < 1, use the Debye asymptotic formulas in 
Eqs. (5.4.77) to derive an asymptotic approximation for u. Show that this ap- 
proximation agrees with the ray-optical result in Problem 29 of Chapter 1. 


7. Use the asymptotic expansion of the time-harmonic, two-dimensional free space 
Green's function, 


Di pag ee s Om), _ ow 
CAD HG HKD) w/amkp neo Qik py" CE (10) 

where 
(0, m = VOWS) Om — 1 0) =, (10a) 


to construct via Eqs. (1.7.80) and (1.7.81) the behavior of the time-dependent 
Green's function G, near the wavefront. Verify the validity of this result by ex- 
panding the exact solution in Eq. (5.4.42), G; = (47?(s2 — (f/é)*}}-'U(ér — P), 
in a series about čt = Ĵ. 

8. An x-directed electric line current with impulsive behavior Xr, t) = 16(1): 
6(p — Ñx is situated at fp’ = (0, z^, z' < 0, in the presence of a non-dispersive 
lossless dielectric half-space (see Fig. 5.5.7). The electromagnetic fields can be 


derived from the two-dimensional, time-dependent Green’s functions G, defined 
in Eqs. (5.5.65). When €, > €,, where €, and €- are the dielectric constants for 


the regions z < 0 and z > 0, respectively, the result for Ĝ, in z < 0 is given in 
Eqs. (5.5.66)-(5.5.67). 
When €, > €, show the result in Eqs. (5.5.66)-(5.5.67) remains valid for 


Q <sin-'4/€, € = €2/€,, where g is the observation angle measured from the 
image point as in Fig. 5.5.7. Show that for g>sin-',/ € in the half-space z <0, 
One must add to this result a contribution G, whose time-harmonic form [for an 
exp (—iwt) dependence} is as follows: 


G, = LI, e721 (R/é)cos(- 9) Fk, sin w) dw, (11) 


where R is the distance from the image point, ¢, is the propagation speed in the 
region z < 0, and 


cos w — «/é€ — sin*w (lla) 


I (ki sin w) = cos w -+- \/€ — sin?w’ 
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and the path P, runs from w = g + /0 to w = @ — i0 around the branch point 
at w, = sin~',/ € , with the branch cut chosen along the contour Re ./€ — sin*w 
= 0. Use the procedure in Eqs. (5.2.19)-(5.2.23) to show that the time-depen- 
dent result is as follows: 


where J = ø + cos’ '(é,t/R) and U(a) = | or 0 fora > 0ore < 0, respecti- 
vely. Show that Eq. (12) defines a lateral wave whose relation to the direct and 
reflected waves is as shown in Fig. 5.5.8 when z’ = 0. Sketch the incident, re- 
flected, and lateral wavefronts when z’ + 0 and indicate on this sketch the domain 
of existence of the lateral wave contribution. 


9. Assume the semiinfinite dielectric medium in Fig. 5.5.7 to be excited by a source 
distribution that gives rise only to H modes with respect to the z direction and 
is confined to the interface (i.e., z’ = 0). 


(a) Show that for observation point locations on the interface (z = 0), the voltage 
in a typical mode is given by: 
2 d? d? 
V= -a laa Vn T gral an) 


yar =0 


where kz = W*jbo€a, &@ = 1,2 and Vya is the voltage on an infinite transmission 
line characteristic of medium &. 


(b) Since only H modes are excited, the electromagnetic fields can be inferred 
from an appropriate scalar Green’s function, to be called G(r,r’), Show via modal 
synthesis that for z = z’ = 0, G can be expressed in terms of the elementary 
Green’s functions G ja for an infinite medium having a dielectric constant €a: 


2 2 
= S EZE r^) == $5 Galt, r| . (14) 


yey;'=af 


G(r, ry 


z=2'20 
(c) For the case of an electric line source asin Fig. 5.5.7, show that Eq. (14) 
can be written for an exp (—iwt) time dependence as: 


—— ee ee d? HO p ) (1) l 
-r20 2(k? — kB) (5 T kt) Hi (kıy) — yA + k4) HY (ky) 
= W) [h HP h) ~ MHP h), ha = kay, y>0. (15) 
For y < 0, replace y by |yj. It is noted that the far field (kay © !) varies like 
y~3; compare this with the results in Eq. (5.5.58). 


(d) For the case of a longitudinal magnetic current element located at r’ = 0, 
show that Eq. (14) can be written for an exp (—i@t) time dependence as: 


G 


G -aa oH g3) E = ns = (ig = nS], 8a = kap, (16) 


zag >00 
where p is the radial distance from the source to the observation point. Verify 
that G —> 1 /47p as p > 0. 
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A source distribution with assumed time-dependence exp (jwr) is located in the 
presence of a highly lossy dielectric half-space as shown in Fig. P5.la. Referring 


Source region Source region 
(a) Aciual configuration (b) Approximate equivalent 
le, |>>€, 


FIG. P5.1 Approximately equivalent configurations. 


to the equivalent modal network problems in Fig. 5.5.3 or 5.5.6 and assuming 
that €: = €2, — JO /@ = —ja/q@, where €z, is tbe real part of the dielectric con- 
stant in the lossy medium and g > eé,, is its conductivity, show that for modes 
with k3 << [k’€], the modal impedance Z. for the ith E or H mode is given 
approximately by: 


R E = Lue" == Wate 7 
Zu = Tr ô RI (17) 


where kų is the transverse wavenumber for the ith mode, ki. = WHE 2, € = 
€,/€,, and ĝ is the skin depth. When the source region is not too near the in- 
terface (give a criterion !), show that the approximation in Eq. (17) can be used 
for all modes whose contribution to the reflected field is not negligible, and that 
the equivalent network problem reduces to that in Fig. 5.7.2 or its H-mode ana- 
logue, with Z, = ./p/€, denoting the surface impedance [see also Eq. (5.7.1) 
and Fig P5.1b). By applying the concept of a locally plane boundary, show that 
the surface impedance approximation remains valid also for a curved interface 
provided that the skin depth 6 and the wavelength inside the lossy medium are 
much smaller than (1) the wavelength 27/X, in the exterior medium, (2) the 
smallest radius of curvature of the boundary surface, and (3) the distance from 
the source region to the observation point.t Show that when €2 > €, with €2 
real (lossless medium), the surface impedance approximation remains valid for 
the plane interface but not, in general, for a curved interface if the latter gives 
rise to multiple internal reflections, 


A source distribution is located exterior to the grounded dielectric slab shown 
in Fig. 5.6.1. If the slab width d is so small that {k.d| < 1, with kz either real 
or complex, and if the source configuration excites only H modes with respect 
to the z direction (perpendicular to the slab), show that under restrictions ana- 
logous to those in Problem 10, the grounded slab may be replaced by the surface 
impedance 


tM. A. Leontovich, Investigations of Propagation of Radio Waves, Part 13, Moscow 
(1948). Also T. B. A. Senior, “Impedance boundary conditions for imperfectly conducting 
surfaces,” Appl. Scl. Res. 8, Sec. B, 
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12. 


13. 


5 = inf kd (for HY modes). (18) 


Show also that no such replacement is possible for the E-mode case. 


For the grounded dielectric slab in Fig. 5.6.1 calculate the far fields when the 
source and/or the Observation point is located inside the slab region. Obtain and 
interpret a radial transmission representation analogous to that discussed in 
Sec. 5.6a. 


The ray-optical approximation of the field radiated by a time-harmonic line 
source Of electric currents in a plane stratified medium with refractive index 

= n(z) is given in Eq, (5.8.27). This result is applicable for observation points 
on rays emanating from the source point, before such rays reach a turning point 
z, (if any) where n(z,) = a, a being the ray parameter. Use the refracted ray 
equation (5.8.28) to derive a corresponding expression for the field valid on ray 
segments after turning. Show that the result agrees with the asymptotic evalua- 
tion of the exact solution in Eq. (5.8.55). 
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6. Fields in Cylindrical and Spherical 
Regions 


6.1 DISTINCTIVE FIELD CHARACTERISTICS 


In contrast to the unbounded cross sections in Chapter 5, this chapter is 
concerned with partially bounded waveguide cross sections. In particular, we 
investigate in detail the effect of waveguide walls whose location is describable 
simply in terms of a circular-cylindrical or spherical coordinate system; included 
therein are the important configurations of the circular cylinder, the wedge, the 
sphere and the cone. Fields in cylindrical configurations are analyzed in detail 
(Secs. 6.1-6.7), but only a brief summary of the analogous spherical configura- 
tions is given in Sec. 6.8. The generic waveguide boundary in cylindrical coor- 
dinates is the tipped wedge configuration in Fig. 6.1.1, comprising a cylinder 


Z 


ġ=p 


ġ=0 


FIG. 6.1.1 Tipped wedge configuration. 
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with radius a superposed upon a wedge formed by two intersecting half-planes; 
the axis of the cylinder coincides with the wedge apex (z axis), and the sides 
of the wedge are defined by the angular locations ¢ = 0 and ¢ = øg in a cylin- 
drical coordinate system. We shall be concerned with the exterior region 
0<¢<9,a< p< co. When a = 0, one recovers the wedge, and for the 
special case a = 0, ọ = 2x, one obtains the configuration of a half-plane. The 
case of a cylinder with radius a cannot be obtained directly from the structure 
in Fig 6.1.1 since even for g = 27, the two wedge faces coalesce into a single 
septum. However, the difficulty may be easily circumvented by a modification 
of the angular boundary conditions to furnish the required 27 periodicity of 
the fields. In spherical coordinates, analogous considerations apply to the gen- 
eric region depicted in Fig. 6.8.1. 

Formal solutions for radiation problems in the region of Fig. 6.1.1 can be 
written down from the formulas in Sec. 5.2, provided only that one inserts the 
mode functions or characteristic Green’s functions appropriate to the new 
waveguide cross section (see Sec. 2.2). The real task, as in Chapter 5, is the 
reduction of these formal representations to obtain the approximate evaluation 
of radiated fields. The presence of waveguide boundaries gives rise to effects 
not encountered in the study of totally unbounded cross sections. For example, 
because of the presence of the waveguide walis, there may exist one or more 
geometrical regions from which the source configuration is not visible. In the 
terminology of geometrical optics, these are the “shadow” or ”dark” regions; 
at high frequencies (i.e., in the quasi-optic range) the fields in these dark regions 
are weak compared to those in the “illuminated” regions, from which the source 
configuration can be seen directly. The evaluation and ray-optical interpreta- 
tion of the time-harmonic high-frequency fields in the illuminated and shadow 
regions, and in the transition regions surrounding the light-shadow boundaries 
(particularly for the wedge), is of major concern in this chapter. Field solutions 
in the spherical region depicted in Fig. 6.8.1 can be constructed from the modal 
representations in Sec. 2.6, with the eigenfunctions taken from the appropriate 
sections of Chapter 3. The presence of these boundaries gives rise to quasi-optic 
phenomena analogous to those described for cylindrical regions. 

Examination of Fig. 6.1.1 shows that when a source is located at the point 
r = (p’, ¢’, 2’), the regions of illumination and shadow are separated by a plane 
boundary which is tangent to the obstacle and passing through r’; see Figs. 
6.3.1 and 6.7.1 for the special cases of the wedge and cylinder and note that 
the latter configuration admits two boundary planes. Evidently, the description 
of shadow boundary planes does not involve the axial (z) coordinate. It may be 
anticipated that similar quasi-optic phenomena are associated with a point source 
at r’, a line source at p’ = (9’, $’), and a plane wave whose propagation vector 
lies in the boundary plane. This aspect is exploited in the analysis where field 
solutions for the plane wave or the point source are derived from two-dimen- 
sional line-source results, It is also suggestive, in view of the dominant role 
played by the angular coordinates in specifying the shadow boundary, that field 
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penetration by diffraction into the shadow region is described best in terms of 
angularly propagating waves. The validity of this conjecture is confirmed by 
the analysis in Secs. 6.3-6.7, which shows that an angular transmission represen- 
tation for the fields yields a solution wherein the quasi-optic (geometric-optical 
and diffracted) constituents appear explicitly and can be approximated readily 
in the limit of high frequencies. Alternatively, no well-defined illuminated and 
shadow regions may be distinguished in the low-frequency regime, and for ap- 
proximate evalution of the field in this parameter range, a radial transmission 
representation is found to be the more rapidly convergent. Although the z- 
transmission formulation is not especially useful for field calculations in the 
presence of an obstacle as in Fig. 6.1.1, it forms a convenient starting point 
for deriving alternative representations for the scalar functions /'(r, r') and 
S"(r, r'), and thence for the general vector electromagnetic field. These general 
considerations are pursued in Sec. 6.2 for the cylindrical geometry and in Sec. 
6.8b for the spherical geometry. 

In the high-frequency range, the fields in the illuminated and shadow regions 
may be described almost everywhere in terms of rays that propagate locally like 
plane waves and are capable of accounting for the effects of diffraction as well 
as those of geometrical optics. This description fails in the vicinity of bound- 
aries that delimit the domain of existence of a particular ray species. Examples 
are provided by the light-shadow boundary which confines the incident ray 
species, and by an analogous boundary for the geometrically reflected rays. In 
these transition regions, the field changes so rapidly as to invalidate a focal 
plane-wave characterization which, in the equiphase plane, requires slow varia- 
tion over a wavelength interval. Although these regions are of narrow angular 
extent (see Figs. 6.4.4 and 6.7.1 for cylindrical regions), they play an important 
role since they must provide a smooth transformation from one ray-optical field 
type to another. Transition functions for the wedge configuration are studied 
in detail in the following sections. Because of the observations made previously 
concerning the similarity of shadow formation for point-source, line-source, or 
plane-wave excitation, the transition functions exhibit a corresponding behavior. 

The preceding ray and wavefront considerations apply also to excitation by 
impulsive sources since there exists an intimate connection between the time-har- 
monic high-frequency field and the transient field near the time of arrival of the 
various wavefronts (see Sec. 1.6c). For various wedge configurations, it is found, 
however, that the transient response at al! observation times can be evaluated 
in closed form, thereby providing an insight into the field behavior at observa- 
tion times immediately and long after the passage of a wavefront. Special at- 
tention is given to the perfectly conducting half-plane, which constitutes one of 
the classical diffraction problems both for impulsive and time-harmonic excita- 
tion. 

Since the angular transmission approach is fundamental for the quasi-optic 
formulation of the fields, it is natural to explore initially those configurations 
analyzed most simply in terms of angularly propagating waves. As in regions 
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describable in terms of propagation along a rectilinear coordinate, bilaterally 
matched (reflectionless) structures fall into this category. In angular coordinates, 
this condition is satisfied by "perfectly absorbing” boundaries at $ = 0,9 and 
0 = 9,, in cylindrical and spherical regions, respectively (see Fig. 3.4.11). The 
matched boundary condition is equivalent to regarding the angular space as 
being infinitely extended so that a traveling wave experiences no reflection. This 
concept of an infinite angular space, introduced in Sec. 3.4b, is exploited in the 
analysis. From the resulting solutions for the perfectly absorbing case, one may 
synthesize by an image construction effects either of reflecting boundaries at 
¢ = 0,g or 0 = 6,.,, or of periodicity when no physical boundaries are present 
in the angular domain (see Sec. 3.4b). The image procedure grants insight into 
the different phenomena encountered in regions with rectilinear and curved 
transmission coordinates. In the former, all images are visible from the source 
point and therefore contribute to the geometric-optical field, whereas in the 
latter, the more distant images are obscured by space curvature and contribute 
only to diffraction. 


6.2 GREEN'S FUNCTION REPRESENTATIONS IN CYLINDRICAL REGIONS 
6.28 Derivation of the Field from Scalar Potentials 


The electromagnetic fields radiated by an arbitrarily oriented time-harmonic 
electric or magnetic current element in the presence of the perfectly conducting 
configuration in Fig. 6.1.1 can be derived as in Sec. 5.2a from the vector Hertz 
potentials z,II’(r, r’) and zI (r, r’) expressive, respectively, of the E-mode and 
H-mode contributions with respect to the axial coordinate z. When the source 
direction is parallel to z, the Hertz potentials are proportional to the scalar 
Green’s functions G’(r, r’} or G”(r, r’) [Eqs. (5.2.4c)}, whereas the response to 
sources directed transverse to z requires a knowledge of the potential functions 
S'(r, r) and SY''(r, r’) [Eqs. (5.2.44) and (5.2.4b)]. The functions WY’, S” and 
G’, G” satisfy the differential equations (5.2.2) and (5.2.3), respectively; in a 
z-transmission representation, their solutions are given by Eqs. (5.2.5), with the 
scalar-mode functions ®,(p) and y,(p) chosen to satisfy the required boundary 
conditions on the waveguide boundary sketched in Fig. 6.1.1. When the source 
behavior is impulsive in time, these considerations are modified as in Sec. 5.2c 
(see also Sec. 1.6). 

While the separability of the vector electric and magnetic fields into E and 
H modes requires the choice of the preferred axial coordinate z, the scalar 
Green's functions G’, G” and the potential functions S', S” may be repre- 
sented in any convenient alternative form corresponding to transmission along 
one of the transverse coordinates. As mentioned in Sec. 6.1, the class of problems 
involving a boundary of the type shown in Fig. 6.1.1 is analyzed most conven- 
iently in terms of angular transmission. This applies to the three-dimensional 
fields resulting from point-source excitation as well as to the two-dimensional 


634 Fields in CyJindrical and Spherical Regions Ch. 6 


fields excited by a line source extending parallel to the z axis; since the physical 
configuration has z-invariant properties (see Fig. 6.1.1), an axial line source of 
constant strength will excite z-independent fields. The two-dimensional z-inde- 
pendent Green’s function G(p, p’) may be synthesized from the three-dimen- 
sional function G(r, r’) by integrating over z’ between — oo and +20, When 
this operation is performed on Egs. (5.2.3), the resulting function satisfies the 
two-dimensional wave equation (3) below, so G(p, p’) may also be derived di- 
rectly from this equation. 

It may be noted from Egs. (5.2.1) and (5.2.4c) (see also Sec. 5.4c) that a 
line source of electric current 


Jr, t) = zI5(p — pe, =p = (p, 9), (la) 
generates an electromagnetic field whose components are given by 


— I 1 4 sr ; one 0G! a) 0G’ 


E,=£,= H,=0, 
whereas a line source of magnetic current, 
M(r, t) = z,V6(p — phe- (2a) 


generates an electromagnetic field whose components are given by 
j dG” dG" 
H, = iweVG", mena” ) Op" H, = H, = E, = 0. (2b) 


In these equations, G’ and G” still denote E- and H-mode solutions with respect 
to the z axis which satisfy the equations 


(Vi + EP PD, = ilp — p = “=P 66 — 9, 
id g 


1 d 
p Op” op * pt ae 
subject to the following conditions on the perfectly conducting boundary s in 
Fig. 6.1.1: 
3 0G" 
fee = 3a 
G' = 0, a 0 ons, (3a) 
where k = @./ye is the (constant) wavenumber in the medium and n is in the 
direction normal to s. While the two-dimensional Green's function G(p, p’) 
may be constructed from the three-dimensional Green’s function G(r, r’) by 
integration over z’ as noted above, it is important to recognize that the converse 
is also true. To demonstrate this fact, we note that from Eq. (5.4.52), the two- 
dimensional Green's function G(r, p’) corresponding to a z-directed line source 
with linearly progressing phase exp (i¢z’) is given by 


G(r, p’) = j p e'G(r, r’) dz' = e'G(p, p’); (3b) 
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where G,(p,p’) satisfies Eq. (3) with k? replaced by k? — C? [see also Eqs.(5.4.46)]. 
By Fourier inversion of Eq. (3b), 


Grr’) = sf er, p') al = os eG p, pd, (30) 


whence the three-dimensional Green’s function G(r, r’) can be recovered from 
the two-dimensional Green’s function G(p, p’) on replacing k by (k? — £2)¥2 
and performing the operation (1/27) f2.. d% exp [(z — z’)}. 

It is of interest to observe that no field components in addition to those in 
Eqs. (1b) or (2b) are required even for other z-invariant boundary shapes, or 
for penetrable boundaries. Regions interior tos filled with a z-independent but 
otherwise arbitrary dielectric material are also included herein provided that the 
boundary conditions are modified accordingly. The reader may verify that the 
components in Eqs. (1b) or (2b) suffice for enforcement of the continuity of 
tangential electric and magnetic fields. 


6.2b Angular Transmission Representation 


In an angular transmission formulation, the scalar Green’s functions G’, G" 
or G',G” are represented in terms of eigenfunctions in the (p, z) domain and 
one-dimensional Green’s functions along the angular coordinate ¢. In view of 
the translational invariance of the configuration in Fig, 6.1.1 with respect to z, 
the three-dimensiona! solutions G’, G” are related to the two-dimensional solu- 
tions G’, G” by the transformation noted in Eq. (3c). Owing to greater sim- 
plicity, the analysis of various diffraction problems will be carried out primarily 
for two-dimensional cases, and three-dimensional results pertaining to point- 
source excitation will be deduced therefrom. 

For two-dimensional (z-independent), time-harmonic source arrangements, 
the completeness relation for eigenfunctions that algebraize the radial operator 


ld g 
= k? 
pap? Ip 
in Eq. (3) is given in the generic form {see Eqs. (3.4.91) and (3.4.94e)] 
pip — p') = EDKP kp’), (4) 


where ® (kp), the eigenfunction for the radial domain, and © (kp), the adjoint 
eigenfunction, are listed in Sec. 3.4c for various boundary conditions. With z 
in the interval —oo < z < oo for the three-dimensional time-harmonic case, 
the algebraization of the (p, z) dependent part of the V? + k? operator, 


lgd g g? 2 
is achieved by the two-dimensional eigenfunctions characterized by the com- 
pleteness relation 
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pp — PÒ ~ 2!) = ga f de DAVET CDN — OP), 
(5) 


which is obtained from the two-dimensional result in Eq. (4) by the rule stated 
in Eq. (3c): k in the former is replaced by ~k? — €? and the operation 


ay | A exp lige — 2) 


is performed subsequently. For impulsive excitation, k? on the left-hand side of 
Eq. (3) or its three-dimensional counterpart is replaced by the tempora! operator 
—0d*/éd?, whose algebraization is achieved by eigenfunctions satisfying the 
completeness relation 


s(t — t’) = | g`i» i-r) dw, @ = kč. (6) 


The relevant representation theorem (completeness relation) for 
p'o(p — pÒ — t’) and p’d(p — p')d(z — z')6( — 1’) 

is then obtained by applying the integral operator in Eg. (6) to the time-harmo- 
nic formulation on the right-hand sides of Eqs. (4) and (5), respectively (see also 
Sec. 5.2c). 

In the angular transmission representation, the dependence on the ¢ coordi- 
nate is given in terms of the angular Green’s function g,,(@, ¢’), which satisfies 
the differential equation 


(Jp + r)en, p) = — 86 — 9, (7) 


subject to appropriate boundary conditions at the endpoints of the @ domain. 
Various solutions are given in Sec. 3.4b, and their availability permits direct 
construction of formal solutions for scalar Green’s functions by the method 
described in Sec. 3.3c. 


Time-harmonic line source 


The two-dimensional Green’s functions G’ and G” satisfy Eq. (3) and, via 
Egs. (4) and (7), have the forrnal solution 


Gp, p) = E O,(kPyO,(kP') 86d, $’) (8) 


The appropriate form of the functions ®, and g,, for the E- or H-mode cases 
depends on the specific boundary shapes comprised under the wedge or cylinder 
configurations sketched in Fig. 6.1.1. 


Time-harmonic point source 
The three-dimensional Green’s functions satisfy the differential equationst 


tThe separable cylindrical coordinate representation of the delta function follows from 
the requirement that [pd V&r — r’) = 1, r’ in V, with the volume element represented as 


dV = p dp dọ dz. 
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1d ð, Iæ ?  p\C'(r, r’) 
(+ apap P og + 5a t PO) GGT) 


-U= PIG — piz — 2’), (9) 
subject to the boundary conditions [see Eq. (3a)] 
dG" 
G' = 0, g Yons. (9a) 


The forma! solution is given by 


Ge, r) =5-f at E eOk? — CPD VEE — peel, $"). (10) 


Impulsive line source 
The two-dimensional time-dependent Green’s functions G'(p, p'; £, t’) and 
ê (p, p’; ¢, t’) satisfy the wave ee 


= =-— — t —t'), (I! 
Garp tt h Elig — $800 = 1, (D 
subject to appropriate spatial boundary conditions and to quiesence for t < 1’, 
The formal solution is given by 


Ê= Lf doen E DAKPDAKP (AH), = KE (12 


Impulsive point source 
The three-dimensional time-dependent Green’s functions G(r, r’; ¢, t') and 
G(r, r’; t,t’) satisfy the wave equation 
(fe da 1 œ 4 & l zó 
pop ap” poe a BHP 
-A2 POG — Gz ZV", (13) 


subject to appropriate spatial boundary conditions and to quiescence for t < t’. 
The formal solution is given by 


l 
Sen. a 


x S A Det O VETTED ETEO lh) (14) 


Plane-wave incidence 


By letting p’ and z’ tend to infinity in the preceding results and employing 
the normalizations in Eqs. (5.4.6c) or (5.4.30b) (witb A’ — p’), one may derive 
the wavefunctions corresponding to plane-wave incidence. These wavefunctions 
satisfy in the finite domain the homogeneous wave equations obtained by equat- 
ing to zero the right-hand sides in Eqs. (3), (9), (11), and (13). 
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The rule for deducing three-dimensional from two-dimensional solutions, 
Stated in connection with Eq. (5), may also be employed in the present case. 
Let «(p,6'; k) denote the two-dimensional wave function derived from 
G(p, p’; k) in Eq. (3) by letting p’ — co along the angular direction ¢’. For 
reasons to become evident, the dependence on k has been shown explicitly. The 
function č satisfies the source-free equation (3) subject to appropriate boundary 
conditions and corresponds to an incident plane wave 


Hine (Dp, ¢'; k) = exp {—ikp Cos ($ = $) 


propagating perpendicular to the z axis. The three-dimensional wavefunction 
u(r; 0',ġ'; k) corresponding to a plane wave 


un.(r; 0, Q’; k) = exp [—ikp sin 0 cos (6 — $’) — ikz cos 0°], (15) 
incident obliquely along the direction 8’, ¢', where 8’ = tan-'(p’/z’), satisfies 
the wave equation 


eo i 
(Ehrh + igp t ga tE): 8's o =o, (16) 


subject to appropriate boundary conditions. Evidently, 
Une(h; O', b's k) = tin (p, Q’; k sin Oem sS, (17) 


and since the obstacle configuration in Fig. 6.1.1 is invariant with respect to z, 
the wavefunction w has the same z dependence. Thus, the z-independent part 
of u satisfies the two-dimensional wave equation with k replaced by k sin 6’, so 


u(r; 0’, Q’; k) = up, ġ'; k sin Bet s, (18) 


In connection with the remarks following Eq. (5), ¢ takes on the fixed value 
k cos 6’, thereby making the integration unnecessary, and Vk? — {? — k sin 0. 

The preceding considerations cannot be applied directly to the scalar func- 
tions Y’ and Z” since the transverse part of the differential operator (V? + 
0? /dz* + k*)V? in Eq. (5.2.2) is algebraized readily in a z-transmission, but not 
in a @-transmission, representation [see Eqs, (5.2.5) and note that V? = — kè]. 
It is then best to proceed via the contour-integral representation deduced from 
Eqs. (5.2.5) (Sec. 3.3c) and to derive the angular transmission formulation from 
the z transmission formulation by deformation of contours in the complex k, 
plane. The results resemble those obtained for G’ and G” except for the pres- 
ence of a factor corresponding to 1/kå in Eqs. (5.2.5a) and (5.2.5b), and also 
for a possible residue contribution arising from the additional pole at k, = O in 
the complex k, plane. 

Before proceeding to the application of these results, it is well to recall that 
the eigenfunction expansions in Eqs. (8), (10), (12), and (14) are to be consid- 
ered as formal and that they may be employed only for a class of “representable” 
functions (i.e., functions for which the representations are convergent). In view 
of the somewhat anomalous behavior of the radial eigenfunctions D,(kp) [see 
remarks following Eqs. (6.3.1)], the expansions are found to converge only for 
restricted locations of source and observation points. A modified procedure [see 
Eq. (6.3.8)] must be employed to make arbitrary locations accessible. 
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The first class of problems to be discussed involves geometries that result 
from Fig. 6.1.1 when the cylinder radius a —» 0. The boundary conditions in 
the radial domain 0 < p < co require a radiation condition at p — œ, and 
boundedness at p = 0 to satisfy the “edge condition,” which delimits the per- 
missible growth of the fields near the wedge apex (see Sec, 1.5b). The relevant 
completeness relation is given by the Lebedev-Kontorovitch transform theorem 
[see Eq. (3.4.94b)]: 

(ea {co 
pip — P) =y | ML LkeH kp) du =} [WH (ke Hi(kp') du, 
(la) 
=+ UL — eH (kp) H® (kp) du. (1b) 
Comparison with the generic form in Eq. (6.2.4) permits identification of the 
eigenfunctions ®,(kp) and (kp), with the continuous mode index p denoted 
by u.t Substitution of Eqs. (1) into Eqs. (6.2.8), (6.2.10), (6.2.12), or (6.2.14) 
yields the modal representation of the two- or three-dimensional Green’s func- 
tions in terms of a modal Green's function g,,(¢, ¢’) — g(@, $’; u) whose ex- 
plicit form depends on the assumed boundary conditions on the wedge faces 
at @ = 0 and ¢ = @ (the subscript ¢ on g, will be suppressed for convenience). 
From Eq. (6.A19a) it is found that since HP (kp) grows like exp (|u| 2/2) as 
4 — joo, the radial eigenfunction (angular transmission) representation can be 
employed only when e2(¢, ¢’; u) decays sufficiently rapidly to overcome the 
exp (|u| 2) behavior arising from the integrand in Eq. (1b). Since g exhibits the 
exponential behavior [see Eqs. (6.4.1) and (6.5.2)] 
gl, $’; u) œ exp (—|H| l$ — ¢'/), as u > ioo, (2) 
the representation applies only when |ġ — 9] > z (i.e., in the geometric-optical 
shadow region). 

The consequences of these anomalous convergence characteristics are illus- 
trated in detail for the two-dimensional Green’s function descriptive of excita- 
tion by a time-harmonic line source. 


6.3a Time-harmoniec Line-source Excitation 


Solution in integral form 
From Egs. (6.2.8) and (1), one obtains the representation for the two-dimen- 
sional time-harmonic Green's function 
G=4f ul — eH P(kp)H (kp')a(d, $; u) du, (3) 
which, as noted above, converges only in the angular domain |¢ — ¢'| > z coin- 
cident with the geometric-optical shadow (Fig. 6.3.1). In the shadow region, 


tIn the remainder of this chapter, u denotes a separation parameter and is not to be 
confused with the same symbol used elsewhere for the permeability. 
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FIG. 6.3.t Illuminated and shadow regions in a wedge diffraction 
problem. 


the field comprises only outgoing waves, whereas in the illuminated region, in- 
coming waves exist as well. Since the radial dependence in Eq. (3) involves only 
outgoing-wave Hankel functions [the time dependence is exp (—i@t)], the in- 
coming field is not directly expressible in this form. This deficiency is repaired 
below by an alternative representation valid for all |6 — ¢'|. Because the shadow 
boundary |ġ — ¢’| = x delimits the domain of Eq. (3), this representation 
is expected to be appropriate to a study of the quasi-optic properties of the dif- 
fraction field. 

To obtain a formulation valid for all |6 — ¢’|, we replace the Hankel func- 
tions of imaginary order u by the expression [see Eq. (6.B3)] 


HPKHP) => | HPAP pF Ipp cos whe" dw, (4) 
and invert the orders of integration (permissible for |ġ — ¢’| > 7) to obtain 
GP) = gf HP KDAG. P; w) dw, x = VPF DF Opp cos, (5) 
where 

AGP w) = 2f wd — ee gb, ds wd, p- pl>r (6) 


While the integral representation on the right-hand side of Eq. (6) converges 
only when |¢ — ¢’| > x [see Eq. (2)], it will be found possible to evaluate the 
integral in closed form so that the resulting function A(q, $'; w) is defined even 
when |¢ — ¢'| < 2. To proceed further, the integrand in Eq. (5) must be ex- 
amined in the entire complex w plane. The analytic properties of the Hankel 
function are discussed in connection with Fig. 6.3.2; for the type of problem 
considered, A(, 6’; w) will generally have pole singularities in the complex w 
plane. In particular, one pole, located at w, = 2 — |$ — @’|, moves across the 
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integration path in Eq. (5) as |6 — ¢’| decreases through z, and near this pole, 
A behaves like 


A(g, $'; w) = 


where D(w) is regular near w,. Hence, when |¢ — ¢’| <2, the value of G 
differs from the expression in Eq. (5) by the residue at w,, and one obtains, 
for all |b — ¢'|, 


G(p, p) = -F HP (klp — P'U — 16 — OD + gf HPEDAGGS w) dw, 
lp — p'l = Ve + p° — 2pp' cos (ġ — $'), (8) 


where U(x) = 1 when x > 0, U(x) = 0 when x < 0, and the closed-form 
result is employed for A. The first term on the right-hand side of Eq. (8), the 
free-space Green’s function [see Eq. (5.4.25)], exists only in the “illuminated” 
region |¢ — ¢'| < z in Fig. 6.3.1, from which the source is visible. The integral 
represents a correction to the free-space field, and therefore displays directly the 
diffraction effects introduced by the wedge. It is noted that the functional form 
of the diffraction field in its dependence on (p, p’) is the same in the illuminated 
and shadow regions. When A(q@, ¢’; w) has other pole singularities, which also 
move across the integration path for certain ranges of ¢, ¢’, their residue con- 
tributions must be included in a similar manner. Such additional poles furnish 
the reflected field of geometrical optics (see Sec. 6.5). 


—!_ 4 Dw), w,=2—|b— $4, (7) 


w— w, 


Asymptotic approximation 


To effect an asymptotic evaluation of the diffraction integral in Eq. (8) via 
the steepest-descent method, it is necessary to investigate the analytic properties 
of the square-root function x in Eq. (5) throughout the complex w plane. x has 
first-order branch points at 


w= m = [nm d i cosh™ (555) |, P21 FS 13) 
where a = p*-+ p”? > 2pp’'. If branch cuts are drawn along the curves Re x 
= 0 as in Fig. 6.3.2, the algebraic sign of Re xy can change only upon passing 
through a cut. On the top sheet of the Riemann surface, we define 


xX =(P + p’) > 0 when w = 0, (10) 
whence Re x > 0 on the entire top sheet. Im y changes sign upon crossing the 
curves Im y = 0, shown dashed in Fig. 6.3.2. To determine the algebraic sign 
of Im x in the various regions, note that near a branch point 

RTT = /Ji(w — w) sinh w, WwW, (11) 
with »./w — w, defined so as to yield Re y > 0. For w, = x + ilļwyl, for ex- 
ample, one has Vw — w, = V |w — w,| e, n/2 > a > —3z/2, whence 
arg x = (@/2) + (72/4). Thus, Im x > 0 for —2/2 < a < n/2, and Im y < 0 
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FIG. 6.3.2 Behavior of y = ya? + 2pp' cos w, a? > 2pp’ > 0, in 
the complex w plane. 


for — 37/2 < & < —x/2. Similar considerations apply to the other branch 
points and lead to a behavior of Im x shown in Fig. 6.3.2. From these consid- 
erations and the asymptotic behavior Hi? (x) œ exp (ix) as x — oo, it is verified 
that the contour of integration in Eq. (8) can be deformed away from the im- 
aginary axis onto a path P as in Fig. 6.3.2, on which Im y > 0. 

If kp or kp’ in Eq. (8) becomes very large, y likewise becomes large and 
the Hankel function may be replaced by its asymptotic approximation in Eq. 
(5.3.13b), 


H? (kx) ~ r lkx| ‘> lgl. (12) 


The integrand then contains an exponential factor e'*x™, with k playing the 
role of the large parameter, whence a pertinent saddle point of x(w) is located 
at w = 0; the functions A to be encountered do not behave exponentially in w. 
Along the steepest-descent path SDP at w = 0, one has, from Eq. (4.2.5), 


arg dw = arg 4 reg, = -5> (13) 


so the SDP crosses the saddle point at an angle of —45°. In general, x(w) = 
x(0) + is?, s* > 0, along the SDP, i.e., 

Re x(w) = Re x0) = p + p’. (14) 
As w, — iœ, cos w — (cosh w,)e~'”, and x(w) — [2pp' cos w}'?. Re x(w) must 
be finite [see Eq. (14)], so w, — 42 as w, —> +œ. Since there are no singu- 
larities between the imaginary axis and the SDP, the original contour can be 
deformed into the steepest-descent path and the integral evaluated according to 
Eq. (4.2.1b). Thus, to O(1/ vV kp) or O(1/kp’), for |6 — $| % 2 (i.e., w, not 
near the saddle point at w = 0), 


Gip, P) ~ THP (kip — PDU — lo — $11) — 2A(G, 6's OCKPCKp), (15) 


where A(ġ, $’; 0) is the closed-form expression for the integral on the right- 
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hand side of Eq. (6), with w = 0, and 
ef atn/4) 


c(a) = 2. tne (15a) 


This result has a simple physical interpretation in terms of a geometric-optical 
and diffraction field, as will be emphasized in connection with the various prob- 
lems treated in Secs. 6.4-6.6. 

Higher-order terms in the asymptotic expansion of the diffraction integral 
may be derived directly from Eq. (3) by using the method described in Egs. 
(6.4.8)-(6.4.12). 


Transition effects (uniform asymptotic formulation) 


In view of Eq. (7) the simple formula in Eq. (15) fails in the vicinity of the 
shadow boundary |ġ — ¢’| = x and must be augmented by a transition term 
derived by accounting explicitly for the presence of the pole at w, = x — |6 — ¢'| 
=~ 0 near the saddle point of the integrand in Eq. (8). Upon employing Eq. 
(12) for HP (kx), utilizing Eq. (7), and recalling the fact that the major contri- 
bution to the integral arises from the vicinity of w = 0, one may remove from 
the integrand all slowly varying factors and write 


1 ¢-'& ì A e74 ; 
gaj. HRDAG, Piw dw ~ — ere t 00 


where 


kyíw) 
i= f ae dw, x(w) = VP + P? + 2pp'cosw, w, = 0, (16a) 


spp W — Wy 


and J’ is given by the same integral with (w, — w)`' replaced by D(w) in Eq. 
(7). Since D(w) is regular near w = 0, the asymptotic evaluation of 7’ is straight- 
forward and leads to a result as in Eq. (17a), with 1/w, replaced by D(0). 

While the asymptotic evaluation of J, with x(w) as indicated, can be carried 
out via the procedure in Sec. 4.4a, it is simpler and sufficiently accurate for 
the present purpose to approximate x(w) by 


xv) = V + py + apples — I) ~ (P + p’) + sts (cos w — 1), 
(16b) 


since the major contribution to J arises from the vicinity of the saddle point 
w= 0, The resulting integral in Eg. (16a) is then identical in form with 
1,(Q, «, £) in Eq. (4.2.23), so the asymptotic expression (4.4.34) can be em- 
ployed directly. It is useful to group the terms as follows: 


I= | Se pene ide (17) 


sppw— Wp 


where T stands for pp'/(p + Pp’), 
je [die een! w, =a — ld = ¢'|, (17a) 


— Vkr —w, 
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I = in(sgn wpe FOE) — werd c= J ke |sin al (17b) 
and sgn (x) = +1, x 20. The function F is defined as 
2 Tg : 
O iv | et dy, (18) 
and has the asymptotic approximation 
eins | 
FQ) ~ Tire + O(gr), ¢ >l, (18a) 


so that Ž' contributes only when ¢ is small. Since F(E) remains bounded and 
the singularity in the second term of Eq. (17b) cancels that due to /*, the 
asymptotic solution for / remains valid as w , — 0. For sufficiently large € where 
I’ is negligible, the result Ž ~ Č represents the usual asymptotic approximation 
obtained by the ordinary saddle-point technique. /' may therefore be regarded 
as a correction term that must be added to the simple asymptotic solution in 
the transition region surrounding the shadow boundary, wherein € is small. 
Suppose that Ž is negligible when č > €,,; then the transition region is bounded 
approximately by the curve 


Čmna/ kT = kr |sin e] ~ kod, (19) 


where x = tw, is the distance from the curve, a parabola, to the shadow bound- 
ary and, for p’ very large, T is essentially the distance coordinate along the 
shadow boundary (see Fig. 6.4.4). From Fig. 4.4.3(a) it is noted that the asymp- 
totic approximation in Eq. (18a) holds with good accuracy when € > 3, so we 
may put ¢,, = 3 in Eg. (19); for greater accuracy, a larger value of ¢,, may be 
taken. 

Upon combining Eqs. (16) and (17), one may write the following correction 
G' to G which must be employed in the transition region |ġ — ¢'| = 7: 


in/4 
Gp, p) = —4Clkp + kp) sen (a — 6 — DFO — z=], 20) 


where € and C(a) are defined in Eqs. (17b) and (15a), respectively, and T = 
po’ /(p + p^). When this expression is added to the result in Eq. (15), the com- 
posite formula remains uniformly valid for arbitrary observation points.It is of 
interest to note that as |6 — ¢'] — x, F(Ẹ) — 1, and the sum of Egs. (15) and 
(20) may be written as 


l 
omw — Ọ'| =7, 21 
G(p, p’) AG inc + ofer) lp ¢'| ris ( ) 
where G,,. is the incident wavefunction 
Gine = 4 He (kip — p'l) ~ Clkp + kp’), (21a) 


and it has been recognized that |p — p’| — (P + p’) when |$ — ¢'| = z. Thus, 
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for large kp and kp’, the field on the shadow boundary has a value equal to 4 
that of the incident field. 

The present discussion deals only with the pole singularity at w, = x — 
ld — ¢'|; when 4 in Eq. (7) has other relevant poles descriptive of reflected 
waves, each pole gives rise to similar transition phenomena near the appropriate 
angular coordinates. 


6.3b Time-harmonic Plane-wave and Point-source Excltations 


Solutions in integral form 


If the source point p’ moves to infinity along the angle ¢’, one obtains in 
the limit the result for an incident plane wave. In this instance, one of the 
Hankel functions in Eq. (3) is replaced by the asymptotic form in Eq. (12). 
Although 4 in Eq. (3) also covers an infinite range, the integrand decreases 
exponentially with increasing 44, and the error made by employing Eq. (12) for 
all u can be shown to be proportional to exp (—&N), where « = |6 — ¢'| —2 
and I & N & kp’. Nisa positive number such that Eq. (12) can be employed 
in the range |u| < N. As p'— oo, N can likewise be made arbitrarily large 
and the error term goes to zero. Substitution of the contour integral represent- 
ation for H (kp) for imaginary z, 


— foo 
HP (kp) = = eke cos win w-d dw, (22) 


then leads to an expression as in Eq. (8), provided that one replaces the Hankel 
function 


LHPPP FFI) by OKP, (23) 


where C(kp') is defined in Eq. (15a). For an incident plane wave of unit am- 
plitude, C = | [see Eq. (5.4.30b)] and one obtains the wavefunction 


Hp; $1) = erw- U LR — I — bt) — Le" AG, gw) dw, (24) 


where A is the closed form for the integral on the right-hand side of Eq.(6). The 
first term on the right-hand side of Eq. (24) represents the incident plane-wave 
field in the illuminated region, whereas the second term expresses the diffrac- 
tion field [see remarks following Eq. (8) for possible reflected wave contribu- 
tions], The result for an obliquely incident plane wave is deduced from Eq. 
(6.2.18). 

The three-dimensional scalar Green's function G(r, r’) appropriate to excita- 
tion by a point source located at r' = (p', ġ', z’) can be obtained from Eq. (8) 
by application of tbe rule stated after Eq. (6.2.5). Since k appears only in the 
argument of the Hankel functions, application of Eq. (5.4.12d), 

elk varep 


[HOMO = Cig dt = — 21. Gam, (25) 
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leads at once to the result 
G(r ene U(x —|6—¢! EZ tw) d 

8) = fA Ue — 6 81) — gf SAG. 8s wy aw, (26) 

where [see Eq. (5)] 
y= [P + p” + (z — 2’? + 2pp' cos w}'®?, 
le — r'| = J p— PEF G rF. (26a) 

Thus, the three-dimensional Green’s function G(r, r') results from the two- 
dimensional G(p, p’) in Eq. (8) upon replacement of 


Hi (ke PE PE 2pp cos P) by 
exp likv P + pl + 2pp cosh + (2 — 2!) (27) 


ans P + P + 2pp' cos B + (z — 2’)? 
As before, the first term on the right-hand side of Eq. (26) furnishes the incid- 
ent point-source field in the illuminated region while the second term yields 
the diffraction effect [see remarks following Eq. (8) for possible reflected-wave 
contributions}. 


Asymptotic evaluation 

The diffraction integral for the plane-wave scattering problem in Eq. (24) 
is already in the standard form, so an asymptotic evaluation for large values of 
kp may be carried out directly by the methods leading to Eqs. (15) and (20). 
The result to O(1/kp), uniformly in |6 — $'|, is found to be 


alp GN ~ 2 + i + eB, (28) 
where 
li? = em tke -6 Ue — |b — $I), (28a) 
kptin/4 
üi = - Sg zzi AG, #5 0), (28b) 
w= — e" sga(z — 16 — DE ®© _ - ziy): (280) 
with 
č = Jkp|sin 2 —S— #0 ars rige, (28d) 


F(&) is defined in Eq. (18). As in the result for the line source, the transition 
term 1’ must be included only when |¢ — ¢'| = 2; near other angular direc- 
tions where A(@, $'; 0) may diverge [see remarks following Eq. (8)}, analogous 
transition functions must be employed. When |¢ — ¢’| = z, one has 


wes) ~ 5+ Opp), (29) 
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thereby confirming again that the field on the shadow boundary is asympto- 
tically equal to one half the incident field. 

Higher-order terms in the asymptotic expansion of u? may be derived as in 
Eqs. (6.4.9)-(6.4.12), subject to the modifications in Sec. 6.4e. 

The y-dependeit diffraction integral for the point source in Eq. (26) may 
be evaluated asymptotically by the same procedure as in Sec. 6.3a, owing to its 
similarity with the integral in Eq. (8) with HP (ky) ~ e%«//ky. Since y = 
[x + (z — 2’)*]'? from Eq. (26a), many of the expressions encountered in the 
line-source problem can be taken over for the point-source case provided that 
p? + p” ìs replaced by p*? + p° + (z — z’)*. Thus, one finds for large kp, kp’, 
and uniformly in |6 — $'|: 

G(r, r) ~ G°+ G + C, (30) 


where 


kle-r'| 
@ = oo U(x — | — ¢$')), (30a) 


elkiein/s 


GO = — Tk ppT Ab O50, I= V+ PP +(e zy, (30b) 


G= — E sgn (n — |b — PDI FO se | (30c 
7 87] E./ 2 |’ ) 
with 


F(€) is defined in Eq. (18). Transition functions analogous to G' in Eq. (30c) 
must be included near other angles, where A(@, 6’; 0) may have singularities 
[see remarks following Eq. (8)]. On the shadow boundary lọ — ¢’| = z, 


ee es l 
G(r, r’) ai + (esa) (31) 
in accord with a similar result in Eq. (21) (see Fig. 6.4.3 for a geometrical in- 
terpretation). 


6.3c. Pulsed-source Configurations 


When the source configurations in the preceding sections have an impulsive 
behavior characterized by the delta function 6(¢ — ¢’) as in Eq. (5.2.15), the 
transient solutions may be obtained from the time-harmonic Green’s functions 
by performing an integration as in Eq. (6.2.12) et seq. As noted in Sec. 5.2c, 
the explicit recovery of the time-dependent result is simplified substantially 
when the time-harmonic solution has the form given in Eqs. (1.6.37) or (1.6.38). 
This is indeed the case for the expressions in Eqs. (24) and (26), so the transient 
response to plane-wave or point-source excitation may be recovered by direct 
application of Eq. (1.6.39) (see also Sec. 5.2c; A in Sec 5.2c and here denotes 
different quantities). 
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Since the time-harmonic plane wave exp [—ikp cos ($ — ¢’)] corresponds 
to the plane-wave pulse d[t — r’ + (p/é) cos ($ — $')], the temporal response 
in the presence of the wedge configuration is given via Eqs. (24) and (1.6.39) 
for arbitrary p, p’, £, 7’ by 


fp, $'; 1) = 5(t — t + 4 cos ($ — $)) UG — |b — 4) 


_ 1 Re Al, $'; i cosh (E(t — #')/a)] y '_ P 
a (t — 2’ — (p/é) U(r - 4), (2a) 


where č is the propagation speed in the medium and A(¢, ¢’; w) is the closed 
form of the function defined in Eq. (6). The first term on the right-hand side 
of Eq. (32) represents the incident plane-wave pulse in the illuminated region 
of Fig. 6.3.1, and the second term yields the diffraction field. Since the incident 
pulse does not reach the edge p = Q until time ¢ = ¢’, no diffraction takes place 
until ¢ > ¢’. The diffracted pulse spreads cylindrically outward from the edge 
and has a behavior characteristic of an equivalent line source at the edge [see 
Eq. (5.4.42)] modified by the amplitude factor Re A. Additional physical im- 
plications are discussed in connection with examples in Secs. 6.4 and 6.5 (see 
Fig. 6.4.5). When A(@, ¢’; w) has pole singularities in addition to the one at 
w = n — | — |, other plane-wave pulse contributions, descriptive of the 
reflected field of geometrical optics, arise [see remarks following Eq. (8) and 
Sec. 6.5). 

For excitation by an impulsive point source, the Green’s function G (r, r' 
t,t’), which satisfies Eq. (6.2.13) for arbitrary r, r’, £, ¢’, is obtained via Eq. (26) 
and the procedure following Eq. (1.6.37): 

Gary ary = Me Ava- ld — $'l) 
č Red i I 
T on PERE PU (- E 5) (33) 
where f = cosh™! {[é*(s — ¢’)? — p* — p° — (z — 2')*]/2pp’}, and / is defined 
in Eq. (30b). The interpretation of this result is analogous to the above [see 
Fig. 6.4.3 and Eq. (5.4.14b), and also the remarks concerning additional con- 
tributions arising from A]. 

The two-dimensional Green’s function in Eq. (8) does not exhibit the struc- 
ture specified in Eg. (1.6.37), so the formulas in Sec 5.2c cannot be applied 
directly (note the different meaning of A in Sec.5.2c). It is possible, however, to 
achieve the desired format after certain preliminary manipulations. Upon let- 
ting k — is/é, where s is positive and ¢ is the speed of light in the exterior 
medium, and recalling that 


HO (iz) = Ze 2K, (2), (34) 


where K,(z) is the modified Bessel function, one obtains 
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Gip, p) = E Khs =P) um — $ ph + 10,09, 85) 
with 
Keo: 8) = gaf Ko MPF PEF Upp cos w) AG, gw) dw. (36) 


The Laplace inversion of the first term on the right-hand side of Eq. (35) is 
given in Eq. (5.4.42). To transform the second term into a representation as in 
Eq. (1.6.34), introduce 


Kix) = | gard x >0, (37) 
to obtain 
Ko. 8:8) =” dw 0, gw f cand, (38) 
»P; A? J — joo »Y, vi Je — fre 3 
where 


Sf=f(B) =s + PF 2pp cosh p >0, f= —iw. (38a) 


The desired formulation results upon interchange of the order of integrations 
which, in Eq. (38), cover the range f ($) < ét < œ and —œ < P< œ. If 
the f integration is performed first, one has —y(t) < B < y(t), y(t) = cosh~'! 
[čr — p* — p°)/2pp'], while f(0) < čt < œ. Thus 


KP, P’; s) = |e" Olt) at, (39) 

where 
0, čt < (P + pf’), (40a) 
O=) pe _AG SSID) ap, e> (p+p). (40b) 


ån? ~y (r) T — f? Jë 


The line-source Green’s function satisfying Eq. (6.2.11) is therefore given for 
arbitrary p, p'r, rt' by 


-PEE S J 
Gp, Ptt) = 5 (t — t’) sap a pe Ae — i-o) 


5 u(r plo e’) 


Č 


A physical interpretation of this result, whose form is more complicated than 
that for the plane-wave or point-source excitation, is provided in connection 
with Fig. 6.4.2. It should again be recalled that additional contributions repre- 
sentative of reflected field constituents may be present in Egs. (32), (33) and 
(41), as noted already in connection with Eq. (32). 
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The preceding results simplify substantially for observation times near the 
time of arrival of the first response [i.e., for values of (¢ — r’) which annul the 
arguments of the various Heaviside unit functions in Eqs. (32), (33), or (41)}. 
One observes by inspection that the values of G in Eqs. (32) and (33) near the 
time of arrival of the diffracted wavefront are ascertained directly upon replace- 
ment of A[¢, $’;Q] by A[¢, $'; 0], whereas the corresponding result in Eq. 
(41) requires a reduction of the integral as y(r — t’)-»0. The reader may 
verify that the expressions obtained in this manner agree with those predicted 
from the time-harmonic high-frequency asymptotic formulas in Egs. (15), (24) 
and (26), after relations (1.6.45) and (1.6.47) have been invoked. 


6.4 PERFECTLY ABSORBING WEDGE 


A wedge configuration analyzed most simply by the angular transmission 
analysis is the “perfectly absorbing” wedge defined by the condition that all 
angularly propagating waves are absorbed completely at the wedge faces; the 
“black screen” investigated by Sommerfeld' belongs to this category, although 
his analysis differs from the one carried out here. While this boundary condi- 
tion is not easily phrased as a relation between the total electric and magnetic 
fields at the reflectionless wedge surfaces ġ = 0 and $ = ọ, its specification in 
terms of a mode propagating along the ¢ direction is elementary: g(¢, $’; 2) 
must comprise only outgoing waves from the source location ¢ = ¢’. Thus, 
the angular Green’s function defined in Eg. (6.2.7) is given by Eq. (3.4.55); 
the reflectionless condition on the wedge faces is the same for E modes and H 
modes, so no distinction need be made. With g3 = g.., one has 

elzid-9'l 


g(, 6’; H) = ip’ Im p> 0. (1) 


It is observed from the structure of the Green’s function that the condition of 
perfect absorption (matched condition) at ġ = Q, 9, is equivalent to regarding 
the $ space as being infinitely extended (hence the subscript o0), and to impos- 
ing a radiation condition at |$] = oo. For the analogous result pertaining to 
bilaterally unbounded transmission along a rectilinear coordinate, see Eq. (5. 
4.7), with j —> —i. The behavior of g- in Eq. (1) evidently conforms with that 
in Eq. (6.3.2), and substitution into Eq. (6.3.6) permits the closed-form evalua- 
tion of A(¢, ¢'; w): 


A(d, ¢': w) =| ia (1 = etre wri l-h) du (2a) 


=a ppl wt atip TFW (29) 
Unlike the integral representation in Eq. (2a), the result in Eq. (2b) is defined 
for all values of |@ — $'|, and its analytic structure in w reveals the presence of 
a simple pole at w, = x — |$ — ¢'| as specified in Eq. (6.3.7). The second pole 
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at w = —(x + |É — ¢’|) never crosses the imaginary axis in the complex w 
plane, so the solutions given in Sec.6.3 apply without modification. 


6.4a Time-harmonic Line-source Excitation 


When the perfectly absorbing wedge is excited by a line source of electric 
current (Fig. 6.4.1) having a density prescribed by 


J(r, t) = Ilp — p')e~'”"Zo, (3a) 
or by a line source of magnetic current with 
M(r, 1) = Vo(p — p'e- z, (3b) 


the electromagnetic fields E,, H, H, and H, E,, E; excited by the electric 
and magnetic currents, respectively, can be derived from a two-dimensional 
scalar Green’s function (see Eqs. (6.2.1) and (6.2.2)]. Since the boundary con- 
ditions on the perfectly absorbing wedge faces are the same in the two cases, 
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FIG. 6.4.1. Line-source excitation of a perfectly absorbing wedge. 


the E- mode and H- mode Green's functions are identical and shall be denoted 
by G..(p, p’), which satisfies the inhomogeneous wave equation 
l ð 0 1 @ 2 n _ Op — p’) — 

(| apap t papt E)E 0) = PSP — 9) A 
in the domain 0 < (p, p’) < œ, —oo < ($, 6’) < œ, subject to boundedness 
at p = 0 and a radiation condition at p — co, |¢| —» oo. The subscript oo de- 
notes the solution for the angularly unbounded domain —oo < ¢ < œ. The 
solution in the geometric-optical shadow region |6 — ¢'|> n is given via Eqs. 
(6.3.3) and (1) by 
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Gulp, p) = $ T (l= erer- HO p)HO (kp) dy, (5) 


whereas the result obtained from Egs. (6.3.8) and (2) is valid for all jọ — ¢$'I. 
For kp È 1, kp’ >> 1, but with |$ — $'| Æ% z, one has the asymptotic approx- 
imation given in Eq. (6.3.15), 

Ga ~ GL + Gt, (6) 


Go, = $ HP] — PUE — l$ — #'D, (6a) 


GE = —2A(g, $'; O)C(kp)C(kp’) = —i Alh, $'; 0 (6b) 


a ra 


} l 
A(Q, 9’; 0) = =x + Ts 6c 
Oi) = ppt aF = 
whereas for arbitrary |$ — ¢’|, one must add to Eq. (6) the transition function 
from Eq. (6.3.20): 


ellklp+p ‘)+n/4} 


GLCP, p’) = RG FO- ed sgn (x — |6 — $'|), (7) 


where 
Blots o» 


and F(¢) is defined in Eq. (6.3.18). U(a) denotes the Heaviside unit function 
and C(a) is defined in Eq. (6.3.1 5a). 


Discussion 


The ĠG?, term represents the incident field in the illuminated region |f — $'| 
< n, whereas the term G4, furnishes to O(1/kp), O(1/+/kp’) the diffraction 
field exterior to the transition region surrounding the light-shadow boundary 
[see Eq. (9) for a calculation of higher-order terms]. The diffracted contribu- 
tion associated with the factor C(kp) can be interpreted as an outgoing cylin- 
drical wave that emanates from the edge and has an angular distribution given 
by —2A(¢, $’; 0). This wave is excited by the cylindrical wave incident from 
the source and the factor C(kp’) yields precisely the strength of the incident 
wave at the wedge apex. The process can be schematized clearly through the 
use of diffracted rays (see Sec 1.7d). In Fig. 6.4.1, the incident field is repre- 
sented by rays emanating radially from the source, with the strength of the field 
along an incident ray given by 

oe! (klop +a) 


i (1) — oli) ~ — 9'|) = . 

g Ho (kip — e'l) ~ Ciklo — P) = 7 7a 
The incident rays exist everywhere in the illuminated region |ġ — ¢'| < z. 
Upon striking the wedge surface, an incident ray is completely absorbed, so no 


reflected rays exist. The ray striking the edge, however, is scattered in al} di- 
rections and gives rise to the spectrum of diffracted rays. The field amplitude 
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along a diffracted ray excited by an incident ray (local plane wave) of unit 
amplitude is given by —2A(¢, 9’; 0)C(kp) as noted from Eq. (6.3.28b). In the 
present case, the field along the incident ray striking the edge has an amplitude 
C(kp’) whence this factor appears in Eq. (6b). This simple ray-optical interpre- 
tation breaks down in the transition region |6 — $’| = x, where the amplitude 
factor of the local plane wave varies rapidly, and the more complicated descrip- 
tion involving G‘, must be employed [see Fig. 6.4.4 and Eq. (6.3.19) concern- 
ing the extent of the transition region}. 

Attention may again be called to the above-noted absence of a geometric- 
ally reflected wave contribution and also to the lack of dependence of G. on 
the wedge angle ġ = g in Fig. 6.4.1. This is a direct consequence of the wedge 
boundary condition that all “angularly propagating waves” are completely ab- 
sorbed. Because of this condition of angular matching, the location of the 
wedge faces is of no importance; the matched condition is disturbed only near 
the apex p = 0, whence diffraction phenomena arise from this region. While 
the physical realizability of this type of absorber is questionable, it provides a 
useful and simple mathematical model for the study of diffraction by absorb- 
ing structures and can give physical insight into diffraction effects encountered 
in physically more meaningful, but mathematically more complicated configur- 
ations. 


Higher-order terms in the asymptotic expansion 


The result given in Eq. (6b) represents to O(1 /»/kp), O(1/«/kp’) the asymp- 
totic solution for G.. ~ G4 in the shadow region. To obtain higher-order 
terms in the asymptotic representation of the diffraction field, it is convenient 
to proceed directly from Eq. (5) and to substitute for the Hankel functions the 
complete expansions 


a kp-ur/2 -nj$ (4, m) 
H (kp) ~ Var oe / E T Aa kp> |u|, (8a) 
(u, m) = = 9 = 99 f= = 9) (4,0) = 1, (8b) 


and similarly for H (kp'). Inversion of the orders of summation and integra- 
tion yields the following asymptotic series for G$: 


d / , Tans o’) 
G2(p, p’) ~ C(kp)C{kp’) pe 2 , (—2ikpy"( —2ikpy”’ (9) 
where 
Ln, $’) = —2if (em z i a m)(ķ, n) di, lp = ¢'| >n (9a) 


and C(a) = (8%a)~'”” exp (ia -+ in/4). Use of the asymptotic approximation (8) 
for all values of # in the integral of Eq. (5) involves an exponentially small 
error that can be neglected [see discussion preceding Eq. (6.3.22)], and termwise 
integration of the resulting asymptotic series is permitted. 
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Since 
l 
(u, m) = He — 4 — mim — u, m — 1), (10) 


and a multiplicative factor 4? in the integrand of Eq. (9a) can be replaced by 
the differentiation —0d*/d¢*? when ¢ + ¢’, there exists among the diffraction 
coefficients J,,, the recursion relation 


ie = Lalm -im m=l, re (lla) 
where 
La(@) = — Z| sp + mom — 1) + 4], (11b) 


Application of the operator L,(¢) on Im, increases by unity the index n. Thus, 
the higher-order diffraction coefficients can be derived from Zw by successive 
application of L,(#) and L,($), and, by comparing Eqs. (2a) and (9a) with 
m = n = 0, one observes that 


I — — Ie = —2 EN 2 

In(, $') = —2A(9, $'; 0) a——G| aT eT (12) 
While the above derivation is subject to the restriction |¢ — ¢’| > n, it is 
noted from Eq. (6.3.8) that the diffraction integral exhibits the same functional 
dependence A(¢, ¢’; w) for all values of jọ — ¢'|. Hence, the asymptotic ex- 
pansion (9) for G2, is actually valid for a// $, 6’ outside the transition region 
ld — ¢'| = 7, provided that the Zm, are represented in closed form via Eas. (11) 
and (12), and not in terms of the integral formula (9a), which converges only 
when |ġ — ¢'| > x. Evidently, the lowest-order result C(kp)C(kp’) IlG, $°) 

agrees with the one in Eq. (6b) derived by an alternative method. 


6.4b Impulsive Line-source Excitation 
When the fine source in Fig. 6.4.1 has an impulsive time behavior 
characterized by d(¢ — t’), the fields are derivable from the Green’s function 
G..(p, p’; t, t’), which is defined by 
1go o i P | d?\ 5 keari 
(TI F PIF < aga) -0P P57, t') 
aan y 56 — $61 — 1°), (13) 


subject to boundedness at p = 0, and quiescence for t < ¢’. The solution is 
given in Eq. (6.3.41) upon substitution of A(¢, 6’; if) from Eq. (2b). For 
observation times ¢ = ?' + (p + p’)/é, the second term in Eq. (6.3.41), to be 


denoted by G4, may be simplified as follows [see also remarks following Eq. 


(6.3.41)}: 
Ĝi, aâ 9; y(r aon pls ete), (14a) 
4n pp’ Č 
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and furnishes the behavior of the diffraction field in the vicinity of the dif- 
fracted wavefront. In contrast, near the incident wavefront where ¢ = t' + 
Ip — p’|/é, the first term in Eq. (6.3.41) yields 


A e ] 


ow C 
Ge ~ InJ 2p — p| Vel — r) — jp — p'| 
x Ulna — i$ — #'DU(t — e — PEN, (14b) 


whence it is observed that the field discontinuity across a wavefront is weak- 
ened by diffraction. 

As noted already, the first term on the right-hand side of Eq. (6.3.41) re- 
presents the response in the absence of the wedge and exists only outside the 
shadow region of Fig. 6.4.1; it constitutes the geometric-optical contribution. 
The second term represents a cylindrically spreading diffracted pulse which 
exists in the entire region exterior to the wedge and reaches the observation 
point P(p, $) at time £t — t' = (P + p’)/é, i.e., after a time interval required to 
travel both the distance fp’ from the source point to the edge and the distance 
p from the edge to the observation point. In view of the “absorbing” wedge 
faces, there is no reflected- pulse contribution. The incident and diffracted wave 
fronts are sketched in Fig. 6.4.2. The normals to the wavefronts, the rays, are 
equivalent to those sketched in Fig. 6.4.1. 


Incident front 


Reflected front 


Diffracted front 


FIG. 6.4.2 Diffraction of cylindrical pulse by a wedge (omit re- 
flected front for perfectly absorbing case). The incident front is 
centered at the source, the reflected front at the source image 
with respect to the horizontal wedge face, and the diffracted front 
is centered at the edge. 
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6.4c Time-harmonic Point-source Excitation 


The electromagnetic fields radiated by a z-directed element of electric 
current 


Sir, t) = J°(r — retz (15a) 
or magnetic current 
M(r, t) = Mer — r'e-'z, (15b) 


in the presence of a perfectly absorbing wedge can be ascertained via the dis- 
cussion in Sec. 6.2a from a scalar Green’s function that satisfies the equation 


ld fi 1 0? g? 2 N — ôl p — p’) ? 1 
(Dap + pap t ga t HG r = -Ee — pe z) 
(16) 


in the domain 0 < (p, p’) < 00, —œ < ($, $’) < œ, —00 < (z, 2’) < o0, 
subject to the boundary conditions 


Gə finite at p = 0; radiation condition at p— œ, @—> +00, z> +o. 
(16a) 


From Eqs. (6.2.10), (6.3.1), and (6.4.1), the following representation applies in 
the geometric-optical shadow region |6 — ġ'| > n (see Fig. 6.3.1): 


Galt t) = ef” af WC — eH PSE CHE OP) 


elule-o'l 


C(s-4r’) 
ar du, (17) 


whereas for arbitrary observation points, the alternative formulation in Eq. 
(6.3.26) is appropriate, with A(¢, $'; w) taken from Eq. (2b). 

For large values of kp and kp’ the asymptotic approximation for G(r, T’) 
is given in Eqs. (6.3.30), with A(@, $’; 0) substituted from Eq. (2b). The three 
constituents in Eq. (6.3.30) have direct physical interpretations. G?, in Eq. 
(6.3.30a) represents the incident spherical wave in the illuminated region (1.¢., 
the region wherein the source point r’ is visible from the observation point r); 
since the perfectly absorbing wedge faces do not give rise to a reflected field, 
G2, furnishes the entire geometric-optical contribution. GZ in Eq. (6.3.30b) 
provides the diffraction field exterior to the transition region |@ — ¢'| = 2 sur- 
rounding the light-shadow boundary. Viewed in terms of geometrical rays, an 
incident ray striking the edge gives rise to a cone of diffracted rays, with the 
cone angle & equal to the angle between the incident ray and the edge as shown 
in Fig. 6.4.3. The length parameter / appearing in the exponential exp (ikl) 
expresses precisely the phase increment for a local plane-wave field following 
the trajectory (/, + h) between the source and observation points, in accord 
with the ray-optical interpretation. For observation points lying near the 
shadow boundary |$ — ¢’| = z, the transition function Gi in Eq. (6.3.30c) is 
effective and assures the continuity of the total field G.. 
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FIG. 6.4.3 Diffracted rays caused by an incident spherical wave. 


6.4d Impulsive Point-Source Excitation 


When the point source has the impulsive temporal behavior ô(t — t’), the 
relevant scalar Green’s function is defined by the equation 


1o 0, 1P, Ë TMA, wy 
(zapr + pap t da agp) erer) 


— -AP = Pag — plz — zô — 1), (18) 


in the domain 0< (P, p') < co, —œ < ($, $’) < œ, — < (z, z’) < 00, — 20 
<(4, t) < œ, subject to finiteness at p = 0, and to quiescence when ¢ < t’. 
In an angular transmission representation, the solution for G., in the shadow 
region |6 — ¢'|>7 is given by (22)"'(2.. G(r, r')exp[—i@(r — t’)]dw, with 
the time-harmonic Green’s function G.. taken from Eq. (17) [see Eq. (6.2.14)]. 
Alternatively, and more directly, one has the closed form solution for arbitrary 
r,r’,7,¢’ in Eq, (6.3.33), the first term of which represents the incident spherical 
pulse in the illuminated region while the second term [with use of Eq. (2b)} 
represents the diffraction field G?.. In this instance, the diffracted wavefront 
reaches the observation point along a ray path /, that strikes the edge and is 
reflected therefrom along /, at the incidence angle. The diffracted rays, perpen- 
dicular to the wavefront, lie on a cone as shown in Fig. 6.4.3. 


6.4e Time-harmonic Plane-wave Excitation 


By moving the line source in Fig. 6.4.1 to infinity along the direction ¢’, 
one may derive the result for plane-wave incidence, with the incident wave, 
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when properly normalized, given by exp [—ikp cos ($ — 6’) — swt]. The cor- 
responding wave function 1..(p, $’) for the perfectly absorbing wedge satisfies 
the homogeneous wave equation 


2 
(prh t pap t Eip =0 (19) 
in the domain 0 < p < œ, — < ($, $') < 00, subject to boundedness at 
p = 0, and a radiation condition on the scattered portion iz, (p, 6’) at (p, 19i) — 
co. In the shadow region |6 — ¢'] > z, the solution may be derived from Eq. 
(5) via the replacement of H” (kp') by the first term of its asymptotic expan- 
sion in Eq. (8a) and use of the normalization condition in Eg. (5.4.30b), 


J ef ka’ tna) =$ l, (20) 


CERIS N 2nk p' 


to furnish an incident plane wave of unit amplitude. Thus, 


tial, $') = 4 i (1 — eemeialle-el-HO(kpy du, l$ — P| > n. 
(21) 


Alternatively, the representation in Eq. (6.3.24) may be employed for arbitrary 
P, $, $', with A(d, 6’ ; w) substituted from Eq. (2b). 

For kp `> 1, an asymptotic form of the solution, ü. ~ 42 + ut + úh, is 
given in Eg. (6.3.28), with A(¢, ¢’ ; 0) taken from Eq. (2b). “2 in Eq. (6.3. 
28a) represents the plane wave incident along the direction ¢'; because of 
the presence of the wedge (Fig. 6.4.4), its domain of existence is the region 
I$ — 6'| < 7, the illuminated region deduced from simple geometric-optical con- 
siderations. 44, in Eq. (6.3.28b) can be interpreted as an outgoing cylindrical 
wave that appears to emanate from the edge p = 0; because of the cylindrical 
“spreading coefficient,” the cylindrical wave is smaller then the incident-wave 
contribution by a factor O(1/./kp). The cylindrical wave contributes both in 
the illuminated and shadow regions and represents the diffraction effects almost 
everywhere ; this simple description of the diffraction field fails in the vicinity 
of the shadow boundary |¢ — ¢’| = x, where the cylindrical-wave amplitude 
diverges like 1 /(x — |ġ — ¢']). In this geometric-optical transition region, whose 
width may be characterized as in Eq. (6.3.19), the transition function 4. in Eq. 
(6.3.28c) assumes importance. These considerations are schematized in Fig. 6. 
4.4, 

Higher-order terms in the asymptotic expansion for the diffracted wave uc, 
may be derived as for the line-source problem. In fact, it is found that w%, is 
given by the right-hand side of Eq. (9) provided that C(kp’) = 1 and only the 


terms Imo m= 0,1, 2,---, are retained. Closed-form expressions for Tm, are 
derived via Eqs. (11) and (12), and the resulting form of ú$, is valid for all 
lo — | # x. 


Results for oblique incidence with respect to the z axis follow directly from 


Eq. (6.2.18). 
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FIG, 6.4.4 Geometrical interpretation of asymplotic field solution 
for an incident plane wave. 


6.4f Impulsive Plane-wave Excitation 


When the incident field has the form of a plane-wave pulse d[¢ — ¢’ 


+ (p/é) cos ($ — ¢’)}, the wave function uP, $' ;1,t') for the perfectly ab- 
sorbing wedge satisfies the time-dependent wave equation, 


lo o 1 ¢ 1 d?\2 
KA J eee t. 1 2 

(> dp Ip poe =a ga) Bal, $ st, 2") 0, (2 ) 
in the domain 0 < p < œ, —œ <(¢ġ, ġ') < œ, — oœ < (t, 2’) < œ, subject 
to boundedness at p = 0, and quiescence for t < t’. č is the propagation speed 
in the medium. 


~ 
Incident front TÒN + 


Diffracted front 


FIG. 6.4.5 Diffraction of plane-wave-pulse by a perfectly absorbing 
wedge. 
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The solution for arbitrary (p, 1) is given in Eq. (6.3.32), with A(¢, ¢’ ; w) 
taken from Eq. (2b), and its physical interpretation for z’ = 0 is seen from Fig. 
6.4.5. Diffraction does not take place until observation times ¢ > O since the 
incident pulse does not reach the edge until z = 0. Absence of a reflected pulse 
is attributed to the perfectly absorbing wedge faces. 


6.5 PERFECTLY CONDUCTING WEDGE AND HALF-PLANE 


6.5a Angular Transmission Representation 


When the wedge faces at ġ = 0, 9 in Fig. 6.4.1 are perfectly conducting, 
it is necessary to distinguish between the boundary conditions satisfied by the £ 
and H mode potential fuunctions in Secs. 5.2 and 6.2 (see Reference 2 for a 
listing of various results and literature citations). For the Æ modes with respect 
to z (i.e., H, = 0), the potential functions vanish on the wedge faces, whereas 
for the H modes (with E, = 0), the normal derivatives vanish [see Eqs. (2.3. 
36a) and (2.3.37a)]. In terms of the one-dimensional! angular Green’s functions 
satisfying Eq. (6.2.7), these requirements imply that 


g$. p; a) =Oatd=—0,9, for E-mode case, (la) 
TAG $'; 4) =0atġ=0,p, for H-mode case, (1b) 


where the ‘ and ” superscripts have been introduced to distinguish the two situ- 
ations. In Eq. (6.2.7), p has been replaced by y as in Sec. 6.3, and the subscript 
$ has been deleted. Solutions may be given in the closed forms of Eqs. (3.4. 
51), 


ud dr. — Sin HO sin ulo — $5) 

g (4, $ , 4) E u sin Ley 9 (2a) 
n Ps — COS Lub cos ulg = $.) 

a", > aos hte aa (2b) 


where ¢.. and $, denote the lesser and greater, respectively, of the angle coor- 
dinates ¢ and ¢’. Alternatively, in terms of a series representation involving im- 
ages in an infinitely extended ġ space [Eq. (3.4.59)], 


ae 4 i = È grt ose È gop- Hw) (3) 
£ ($. ; #) EE E AES 

where g. denotes the Green’s function in Eq. (6.4.1). Substitution of these ex- 

pressions into Eq. (6.3.3), or its counterparts derived from Eqs. (6.2.10), (6.2. 

12), and (6.2.14), provides the solution for the multidimensional scalar Green's 

functions in the geometrical-optica! shadow region. 

To obtain an angular transmission representation for the Green’s functions 
valid everywhere, it is necessary to evaluate the function A(¢, ¢' ; w) defined in 
Eq. (6.3.6). Substitution of Eq. (3) into Eq. (6.3.6), interchange of the order 
of summation and integration, and use of Eq. (6.4.2b) yields 
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E modes, 


A(p, $' ; w) = Blo, $' ; w) F BO, —$'; w), for H moda, (4) 


where B = B, + B, with 


B, (9, $' ; w) = È- F [w = ( = D) + Zn)’ $ < $'. (5) 


This series can be summed into a closed form via the representation for the 
cotangent function, 
ee ae ee a 

The last expression in Eq. (6) has the same form as the series in Eq. (5); while 
it diverges as written there, the series obtained by grouping together terms with 
+n, i.e., [(x — mm)! + (x + mm)~'], does converge and yields the first equality 
in Eq. (6). The series in Eq. (5) is to be understood in this sense, and it is as- 
sumed that the images have been grouped so as to yield a convergent result. Thus, 


Ba = Fo E Fw @- on], (7) 


and B can be expressed compactly by use of the formula 


2 sin 2a (8) 


cot (a + $) + cot (a — P) = — aTa 


An analogous expression may be derived for ¢ > ¢’. 

When these results are substituted into Eqs. (6.3.8), (6.3.24), or (6.3.26), 
one obtains expressions for the various Green’s functions at arbitrary observation 
points, In addition to the pole singularity of A(¢, ¢’ ; w) at z — |ġ — ¢'|, which 
has been accounted for explicitly in Sec. 6.3, attention must be given to possible 
residue contributions from other poles, to be considered subsequently [see re- 
marks following Eq. (6.3.8)]}. Since the functions multiplying A(¢, $’ ; w) in the 
diffraction integrals are even functions of w and the integration interval is sym- 
metrical about w = 0, these integrals are affected only by the even part (in w) 
of A or B. The result is therefore unchanged if w in B, and (or) B, is replaced 
by —w, and one may construct a variety of functions B(¢, ¢’ ; w), giving rise 
to the same diffraction integral (i.e., having the same even part).t Several 
representations derived in the literature by alternative methods of analysis are 
given below. From Eqgs. (7) and (8), one obtains directly 


t. pA LS 1 xe l 
A = G50 OCE b+ D 


while replacement of w by —w in B, yields! 


a sin [(z/Ẹ) (x — w)] 
BO”) =F GEOR slo macer O 


Or, upon writing 28,(w) = B,(w) + B(—w), 


+ These remarks apply also to Sec, 6.4. 
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B, = Z sin [(2/9) (z + $ — a 
29 cos (zw/p) — cos [(x/p) (x + J o 
whence’ 


7 sin [(n/9) (x + 6 — $] 
BO. 8's) = A EA OO 


sin [(z/9) (x — $+ $] 
+ Gos (nw/p) — cos [(z/p) (z — 9+ mi 179) 


These representations for B are, of course, equal only in connection with the 
diffraction integrals. It is noted that the contributing part of B is an even func- 
tion of ¢ — ¢’, so this quantity can be replaced by |ġ — ¢’|. 

The pole singularities of A(¢, ¢’ ; w) in the complex w plane are made evi- 
dent by the series representation in Eq. (5). When |¢ — ¢’| > 2 and 0< 
($, 6’) < p, none of the poles crosses the integration path along the imaginary 
axis in the complex w plane, so no residue contributions appear; as in Eq. 
(6.3.5), this condition corresponds to observation points located in the geo- 
metrical shadow region of Fig. 6.4.1 and can be satisfied only for wedge angles 
g > 7. However, when the angular interval between the observation point 
coordinate ¢ and the coordinate ¢’ of the source point or ¢}, ¢! of an image 
point is less than +2, a relevant pole singularity traverses the integration path 
and gives rise to a residue term. Thus, the first term on the right-hand side of 
Eq. (6.3.8) is now replaced by the finite sums 


Gp, p) = DHS KRG UCH — l$ — 451) 


F E a HERE UH — 16 — $a), (10) 


where n = 0, +1,...,0< (6, ’) < p. The upper and lower sign in Eq. (10) 
applies to the E modes and H modes, respectively, and 


$, = 2np + $', $n = 2np — $', R(X) = Vp? + p° — 2pp'cos ($ — a). 


(10a) 


R(a) represents the distance from the observation point (p, $) to a (real or im- 
age) source point at (p’, a). A similar modification occurs in Eqs. (6.3.24) and 
(6.3.26) pertaining to plane-wave and point-source excitation, respectively. The 
term corresponding to ¢) = ¢’ in Eq. (10) represents the incident wave in the 
illuminated region, whereas the other terms represent exactly the singly and 
multiply reflected waves predicted on the basis of geometrical optics. It is ev- 
ident that many reflections are possible for small wedge angles p, whereas, when 
g > xz, a maximum of three terms remains in the series : ġo, ĝi, $i. These con- 
clusions are schematized in Fig. 6.5.1, from which it is observed that an ob- 
servation point P in a trough region ø < z may be reached by the direct ray 
a, two singly reflected rays b, doubly reflected rays c, etc., each of which is 
represented by a term in Eq. (10), with the F signs accounting for the reflec- 
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or" 
Source a, YY 
> / 27 -y 


Gf? 

Y 

-A 
(a) Trough (y < 7) (b) Wedge (y > zr) bA 


FIG, 6.5.1 Geometric-optical contributions. 


tion coefficients — l and + l for E modes and H modes, respectively, at a perfect 
conductor. In the wedge-shaped region ọ > 7, on the other hand, there is at 
most one singly reflected ray that contributes only when the observation point 
lies in the shaded region, whereas no reflected contribution arises for other ob- 
servation-point locations. The Heaviside unit functions in Eq. (10) provide for 
these limited domains of existence of a particular geometric-optical ray species. 

One observes from Eq. (9a) that B =0 when ọ = z/n, where n is any 
positive integer. Hence, the diffraction integrals vanish identically, and the 
line-source excited field is representable exact/y in closed form by its image 
contributions in Eq. (10), with analogous conclusions applicable to plane-wave 
or point-source excitation. 


6.5b Radial Transmission Representation 


While the angular transmission representation discussed in Sec. 6.5a is useful 
for the calculation of the quasi-optic field in the range of large kp and kp’, it 
is inappropriate when either the source point or the observation point lies near 
the edge (Xp’ or kp small). In this parameter range, it is useful to employ a 
radial transmission formulation, which involves a one-dimensional Green's func- 
tion g,(p, p’ ; 4) in the radial domain, and eigenfunctions ®,(¢) in the angular 
domain. The two-dimensional Green’s function G(p, p’) corresponding to exci- 
tation by a time-harmonic line source is now represented by (see Sec. 3.3c) 


G(p, p’) = È D ($O), p's A) (11) 


which formulation is alternative to the one given in Eq. (6.2.8), and may be 
derived therefrom by passing to the complex yz plane and deforming contours 
as in Sec. 3.3c. The orthonormal angular eigenfunctions are listed in Eqs. 
(3.2.47) and (3.2.48), and the radial Green's function g, is given in Eq. 
(3.4.93). Thus,’ 


G'(p, p’) = > J,(kP<)Hi? (kp>) sin up sing’, =p = 2, A2) 
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and 
G(0, p) = FF WkPAHP (kps) + T È JAkP)HE kp») cos up cos up’ 


(13) 
Since J,(kp.) ~ (kp</4)", U>> kp, the series converges rapidly and can be 
used for numerical evaluation when either the source point or the observation 
point is located near the edge. In particular, the behavior of G' and G" near 
the edge is given by 


G! œ (kp)/", G" œ constant + O[(kp)”"], as p— 0. (14) 


One may verify that the electromagnetic fields derived from Eqs. (12) and (13) 
satisfy the edge conditions in Eq. (1.5.37). 

In view of the remarks made in connection with Eq. (6.2.5), one may 
derive the corresponding representations for the three-dimensiona! Green’s func- 
tions G'(r, r') and G’'(r, r’) from Faqs. (12) and (13) upon 
replacing k by v k? — (* and performing the operation (1/27) |7 dget“, 

(15) 
with Im Vk — C? > 0. 

By letting p’ — oo, one may derive from Eqs. (12) and (13) the result for 
excitation by an incident plane wave exp [—ikpcos(¢ — $')]. Since J,(kp.) 
decays when u > kp., the contributing range of the series is bounded in 4, and 
negligible error is introduced through use of the asymptotic approximation in 
Eq. (6.3.12) for all relevant yu as kp, — œo. Imposition of the normalization 
condition Eq. (5.4.30b) yields the following expressions for the wavefunctions: 

mn 


u'(p, $^) = z > J (kp) sin ud sin ude"? y= 9? (16a) 
m=1 
aep, g’) = & [inlkp) + 2 È JAkp) cos ph cos upiever}. (16b) 
Results for oblique incidence are obtained at once via Eq. (6.2.18). 


6.5c Time-harmonle Line-source Excitation 


The electromagnetic fields excited by a line source of electric or magnetic 
currents may be inferred from the scalar E-and H-mode Green’s functions 
G'(p, p’) and G’(p, p’), respectively, as in Eqs (6.2.16) and (6.2.2b).? These 
Green’s functions satisfy in the domain 0 < (P, p’) < œ, 0 < ($, ġ') <@ the 
wave equation (6.2.3), subject to the boundary conditions 


G=o0 Lo ad=09, (17) 


boundedness at p = 0, and a radiation condition at p-> oo. For arbitrary values 
of (p,9’), the solution is given in a radial transmission representation by Eqs. 
(12) and (13), and in an angular transmission representation by Eq. (6.3.8), 
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subject to the modifications in Eqs. (4) and (10). When the wedge angle g > z, 
only three terms contribute to the geometric-optical series in Eq. (10), and one 
obtains the result 


G(p, p’) = Gp, p’) + (p, 9’), (18) 


where 


Gp, p’) = LHP AREO)NUG — |b — $) 
F -7 HPIKRC PUG — $ — 4 


+ EHP TRRQg — OUR — 29 — $ — P). (18a) 


U(x) is the Heaviside unit function defined in Eq. (6.3.8) and G, is the dif- 
fraction integral 


GP p) = gf HPEOIBO, H: w) F BG, 4; w)ldw. (18b) 


The upper sign is appropriate to the E-mode Green’s function G’, while the 
lower sign yields the H-mode Green’s function G”. R is defined in Eq. (10a), 
various forms for B are given in Egs. (9), and 
X = (P + p” + 2pp' cos wy’. 
When kp > I, kp’ © 1, but with I$ — $'i, (6 + $), (20 — ġ — $') Ha, 
one has the asymptotic approximation 
G ~ G? + G4, (19) 
with G° taken from Eq. (18a) [which may be simplified for large arguments 
by use of Eq. (6.3.12)], and G°? obtained as in Eq. (6.3.15): 
G4 = —2C(kp)C{kp')[B(d, 4’; 0) + BY, — 9’; 0)] 
— jetk (e+e) (si =) | I 
= e n — 1 |) a Ss 
4k pp’9 9! Lcos ((x/p)($ — $')] — cos (x’/p) 
l l for E modes, 19a 
F sae E na) P H modes. C1 
For arbitrary ġ and $’, the following transition functions must be added to 
Eq. (19): 
G'(p, p') = Gi(o; 2’, $’) F Gulp; a, —$') F Gio; 9’, 29 — $), 
E modes, 
for 77 modes, (20) 


where G‘(p; p’, $’) is given in Eq. (6.4.7), it being recalled that Gi.(; 2’, $’) 
is to be so used that ¢ — 0 implies that z — {6 — ¢'/| 4 0. 
Discussion 


The physical interpretation of the result in Eg. (19) in terms of geometric- 
optical and diffraction effects proceeds as for the perfectly absorbing wedge in 
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Sec. 6.4a. As in Fig. 6.4.1, the diffracted contribution G* is in the form of 
a cylindrical wave emanating from the edge and penetrating all the various 
geometric-optical domains. Owing to the perfect reflectivity of the wedge faces 
in the present case, the geometric-optical field G° includes not only the incident 
field in the illuminated region but also the fields reflected from the sides of 
the wedge, which latter contributions have already been analyzed in connection 
with Fig. 6.5.1. The diffracted field amplitude in Eq. (19a) diverges on the 
shadow boundary |¢ — ¢’| = x and also on the lines ġ = x — ¢', $ = (29 — $' 
— x) which bound the domain of existence of the waves reflected according 
to geometrical optics from the wedge faces at ¢ = 0 and ¢ = p, respectively 
[see Fig. 7.4.5(a) for a plot of the diffracted field variation}. Continuity of G 
through these transition regions is assured by use of the transition functions in 
Eq. (20), only one of which is relevant at a time since these functions are 
negligibly small outside their particular transition domain. As noted from Eq. 
(5), the behavior of B(¢, $’; w) near w, = z — |$ — Pilorw, = z — |$ — ĝi, 
where ¢, and ġ/ are the image locations in Eq. (10a), is of the same form as 
for the previously investigated case w, = z — |$ — ¢’|. The relevant transition 
functions may therefore be inferred directly from the infinite angular space 
problem in Sec. 6.4, with one transition function corresponding to each image 
solution. For a restricted range of observation angles 0 < ¢ < 9, only a limited 
number of these may become contributory [see Eq. (10)}. In connection with 
the field values on the boundaries of the various geometric-optical domains, 
see Eq. (6.3.21) and its analogue for the reflected waves. 

Higher-order terms in the asymptotic expansion for G? may be derived by 
considerations analogous to those in Eqs. (6.4.9) et seq., starting from Eqs. (2) 
and (6.3.3). 


6.5d Impulsive Line-source Excitatlon 


When the line source has the impulsive time dependence (t — 1’), the fields 
are derivable from the Green’s function G(p, 9’; ¢, ¢’), which satisfies the differ- 
ential equation (6.4.13), subject to the stated boundary conditions, with the 
modification for the ¢ domain given Eq. (17).? The result for arbitrary p, p’, t, 
t', may be taken directly from Eq. (6.3.41), with A(¢, $’; if) inserted from 
Eqs. (4) and (9b), and additional terms included to account for the reflected 
fields corresponding to Eq. (10): 

R 1 ? U(n i: lp aos DUC eia [R(p,)/c}) 
VA) WW 
GO, p ) 2 i 2n/(t — CY — [R02 
y Un — | — DUU = #' — [RN 
anv (t — r} — [R$] 


a _ a 
At} coor OE — TY — FE 
x [Re BG, $'; iB) F Re BY, -P:i u(i e -—24F), Qn) 


where the upper and lower signs refer to the E- and H-mode cases, respectively; 
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the various definitions in Eq. (10a) apply, f (8) = (P + p° + 2pp cosh B)'”, 
M = (et — )* — p* — pj /2pp’, and, from Eqs. (9), with y = ($ — 9’), 


Re B(g, 9’; iB) = 


(z/g) [cos (zy /p) cosh (x8 /p) — cos (x*/g)] sin (x*/9) 
cosh? (~'/p) + cos’ (xy/p) — sin’ (x*/g) — 2 cos’(x*/g) cos (n/p) cosh (78/9) 
(21a) 
When the wedge angle g > z, only the terms with ¢¥, 9}, $; contribute. The 
physical interpretation of this result is discussed in connection with Fig. 6. 4, 2. 


For angles 9 = (z/n), n = 1,2,..., one has B= 0, and the geometrical optics 
portion of the solution is exact. 


6.5e Time-harmonic Point-source Excitation 


The fields excited by a longitudinal electric or magnetic dipole as in Eas. 
(6.4.15) may be inferred from the scalar E-mode Green’s function G(r, r’) and 
the scalar H-mode Green’s function G’(r, r’), respectively, which satisfy Eq. 
(6.4.16) in the domain 0 < (p, P’) < 0,0 < ($, ġ') < p, —œ < (z, 2’) < 00, 
subject to the boundary conditions 


dG" 
C = 0, =0 atdO=0,9, 22 
ry $ p (22) 


boundedness at p = 0, and a radiation condition at r — oo. 
For arbitrary values of r and r’, solutions are given in a radial transmission 
representation by {see Eqs (12), (13), and (15)] 


Ger) = Ff a È end VR — © pe) 


x H®(/k? — {Ç paje- e up ar ua’ i, for cna (23) 
os Ud cos Lp’ H modes, 

where €,, = l, m = 0, while €,, = 2, m > 1, and y = mn/g. The integration 
path proceeds as in Fig. 5.3.6a, with Im v k? — ¢? > 0. In an angular trans- 
mission representation, the solution for arbitrary r and r’ is given by Eq. (6.3. 
26), provided that A(¢, ¢’ ; w) is taken from Eqs. (4) and (9), and that addi- 
tional geometric-optical constituents analogous to those in Eq. (10) are included. 
Thus, 

G(r, r’) = G(r, r') + Gr, r’), (24) 


where G° is the geometric-optical contribution, 


Gr) = Ee Ue — 6 oD F Ze — 6 AD) 
E modes, (24a) 
ji H modes, 


and |r — ri] = V R9) + @ — 2’), |r — el = A Rag’) + (z — z}, with R 
defined in Eq. (10a). The function G, is given in the integral form 
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E modes, 


H modes, 
(24b) 


GE) = — gal” BOG sw) FBG, g wld, for 


where y = [p? + p° + (z — 2’)? + 2pp’ cos w]?. 
When kp and kp’ are large, G(r, r’) has the asymptotic approximation 
G(r, r') ~ G(r, r') + Gr, r’) + G(r, r’), (25) 
where G° is given in Eq. (24a), G4 is the diffracted contribution in Eq. (6.3. 
30b), 


e! thi+n/4) . g 


G= — pink 
x = l AN a PON F a 2 | 
cos [(x/9)(¢ — $’) -- cos (x*/p) ' cos{(x/9X> + $')] — cos (x*/p) 


E modes, 


for 25 
H modes, 78) 
and G' is the transition function, 
ka E modes, 
Gir; p', g, z) = LIGA; p', $h z') F GAE ; p', 62), for 
H modes. 
(250) 


GLir ; p', ¢’, 2’) is given in Eq. (6.3.30c), and / is defined in Eq. (6.3.30b) (see 
also Fig. 6.4.3 for a physical interpretation). For wedge angles ọ > x, only the 
contributions from ¢, = ¢’, $, = —¢! and $= = 2p — ¢’ are relevant in Eqs. 
(24a) and (25b). G' is negligible except for observation points in transition re- 
gions defined by jọ — $;] =x or |$ — AEEA 


6.5f Impulsive Point-source Excitation 


When the point source has the temporal behavior ô(: — t'), the fields can 
be derived from the scalar Green's functions G ‘ar, rst, 0) and G “rr ste’) 
corresponding to the E and H-mode cases, respectively. They satisfy Eq. (6.4. 
18) in the domain 0 < (J, p')< œ, 0< ($, 9) <p, —œ < (z, 2/) < œ, 
—oo < (t, t’) < œ, subject to the stated boundary conditions, with the modi- 
fication for the ¢ domain as in Eq. (22). The solution for arbitrary r, r’, t, t is 
taken from Eq. (6.3.33), with the inclusion of reflected geometric-optical con- 
tributions: 


G(r, fr ; 1,1) = » {oe el U(x — Id — $5) 


~¢ Ot i — lr — B/C) Oo Ñ 
pa He AL ua — 18 — 8D) 


č [Re B(g, ¢' ; iB) F Re BG, —9' ; iP) y u(r— — =), 
ta ~ psih $ 


pp’ sinh 
E modes, (26) 


for 
H modes, 
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where r}, &%, /, P are defined in Eqs. (24a), (6.3.30b), and (6.3.33), respectively, 
and Re B is taken from Eq. (21a). 

6.5g Time-harmonic Plane-wave Excitation 

When a plane wave exp [—ikp cos (¢ — $') — iwt] is incident on the per- 
fectly conducting wedge from the direction ¢’, the corresponding wave func- 
tion (p, $’) satisfies Eq. (6.4.19) in the domain 0 < p< œ, 0< ($, $) <Q, 
subject to boundedness at p = 0, a radiation condition on the scattered portion 
at p — co, and to 


a'(p, $’) = 0, ge =0 at$=0,9. (27) 


The E-mode function ù’ is relevant when the electric vector in the incident 
field is parallel to the z axis, whereas the H-mode function 4” applies to mag- 
netic-field polarization paralled to z.” 

In a radial transmission representation, the solution is given by Eqs. (16), 
whereas in an angular transmission representation, the solution follows from 
Eq. (6. 3. 24) provided that one includes geometric-optical reflected contribu- 


tions as in Eq. (10) and inserts A(¢, ¢’; w) from Eqs. (4) and (9): 
ü(p, $) = 3° (p, $') + a, (p, $’), (28) 
where &° is the geometric-optical field 
ü’ (p, G’) = e~e 9 Ua — |b — o) Fen eo Un — o — $') 
F entrent2r- 4-9 Un — (29 — $ — $')), (28a) 


while ŭ, is the diffraction integral 
—į roe 
Bl G) = sr] e IBO, G's w) F BCG, —G'; w]dw. (28b) 


The upper and lower signs correspond to the E- and H-mode wavefunctions, 
respectively, and the formula in Eq. (28a) is valid when ọ > z; for arbitrary 
values of p, additional terms as in Eq. (10) are required. 

For large values of kp, the following asymptotic approximation applies: 


GCP, O) ~ up, o) + ap, o) + alp, $’), (29) 


where, for g > x, ù’ is given in Eq. (28a), while the diffracted field 17° is ob- 
tained directly from Eq. (19a) subject to the normalization in Eq. (6.4.20) 
[see also Eqs. (6.3.28)): 


el kptnl 4), / nt. n? 


u(p, 9) = —ovike "F 
l l 
i EDK — $')] — cos(x?/9) 4 cos[(%/p)(p + $’)] — cos(x?/ zl 


(29a) 
In the transition regions surrounding the shadow boundary |¢ — ¢'| = x or the 


reflected wave boundaries $ = 7z — $, $ = 29 = Q — %, one must employ the 
appropriate transition function Contained in 
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E modes, 
(p, $) = uh(p, ġ') F ah.(p, —¢’) F alp, 29 — $'), for ane 


(29b) 
H modes, 


with w!.(p, 6’) given in Eq. (6.3.28c). 

The physical interpretation of the asymptotic result is analogous to that in 
Fig. 6.4.4, provided that the reflected-wave contribution in 4 is included. 

For oblique incidence, the solution follows from an application of Eq. (6. 
2.18). 


6.5h Impulsive Plane-wave Excitation 


When the incident field is in the form of the plane-wave pulse [t — ¢’ -+ 
(p/é) cos (@ — ¢’)}, the wavefunctions u'(p, g’; rt, t) and 2'(9, $; t, t') corre- 
sponding to the E- and H-mode cases, respectively, satisfy the wave equation 
(6.4.22) in the domain 0 < p < œ, 0< ($, $9) <p, —œ < (t, 1) < œ, 
subject to the stated boundary conditions, with modifications for the ¢ domain 
as in Eq. (27). The solution for arbitrary p, $’, t, ¢’ is given by Eqs. (6.3.32) 
and (4), provided that geometric-optical reflected wave contributions are 
included: 


ip, pin r) = Sft — e + Loos — olua — 16 — g) 
F ôli -t4 E- cos ($ + p) |U —$—$') 


F öli — r + 2 cos(2p — $ — 4) Ula — (2p — 6 — o) 


_t Ur —t' — pfé) hes —@':I 
n/t — t)? — TOAN POER REER R 


E modes, 
for (30) 
H modes, 


where $ = cosh“! [č(t — ¢’)/p], Re B is given in Eq. (2la), and it has been 
assumed that y > x. The physical interpretation of this result is the same as in 
Fig. 6.4.5, with inclusion of the reflected-wave fronts. 


6.5i Special Case: the Half-plane 


Although the formulas in the preceding sections apply for all wedge angles 
0 < ọ < 2z, simplifications occur for certain special values of g. It has already 
been noted that when ọ = n/n, n= 1, 2..., the geometrical optics field 
derived by the theory of images provides the exact solution. Another important 
special case is provided by ọ = 2x, in which instance the wedge degenerates 
into a half-plane. While this obstacle configuration still gives rise to diffraction, 
many of the previously derived solutions can be reduced to a simpler form.? 4 
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Time-harmonic line-source excitation 

When ọ = 22, the diffraction integral in Eq. (18b) can be reduced to a more 
elegant form derived first by MacDonald.* Instead of dealing directly with Eq. 
(18b), it is preferable to start from the pulse solution in Eq. (39) and to recover 
therefrom the time-harmonic result upon multiplication by exp (—imr’) and 
integration over rt’ from — oo to +o, Since 


—ta’ 


os . x 
Q = J. Uf? T f) (či)? wS R?( Ñ dt 
t-f e~e" I 
7 C (Ef)? — R2( ‘) dt ’ B real, (31) 


where f = ¢ — rt’, the change of variable ¢7 = R(¢’) cosh x, with R(¢’) defined 
in Eq. (10a), yields 
= I -fot 7 {KR (p’) cosh x i | éB | =a v, 
Q = Fs e fe dx, č = cosh R@) k k = (31a) 
If 8 = R(¢')/é, one has €’ = 0, and the resulting integral is recognized as [see 
Eq. (6.3.22), with æ = 0] 


J elk R(6'ensh = dy — m HP [RR($’)). (32) 


Upon omitting the common time factor exp (—iwt), one finds the desired ex- 
pression for the steady-state Green's function (ġ' < 2): 


G(p, p’) = I(p; p’, o) F Ko: p, —¢’), (33) 


where 
Kp; ', 9") = -g BP IKR U — i — $1) 
-gena — 16 — g) f erroan dx, 
Z aP P l , 
The upper sign in Eq. (33) refers to the E-mode case while the lower sign refers 
to the H-mode case. In view of Eq. (32), Eq. (33a) can also be written as 


Nop, g= gf eed pgi (34) 


so the result for G(p, p’) can be expressed solely in terms of the integral of 
exp [ikR(ġ$') cosh x]. 

A series representation of the solution may be obtained from Egs. (12) 
and (13) with y = m/2. 


impulsive line-source excitation 


When g = 2x, the integral appearing in Eq. (21) can be expressed in closed 
form? because of the simplification 
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Re B(g, ¢’; if) = SS W/2) cone 2) p= (35) 


Introduction into the integral in Eq. (21) of the successive changes of variable 


cosh B= 1+ 0%, cosh Sap suf de. (36a) 


v= bsin y, p= y Ee, (36b) 


yields, with ê = ¢ — l’, 


E RE cos (y 2) x/2 
Db, 8/32) = -h a (37) 


where D(@, 9’; i) denotes the contribution to the integral in Eq. (21) arising 
from the Re B(¢, ¢’; if) term. The integral in Eq. (37) can be evaluated in 
closed form, 


and 


cos (y/2) č l 


DiG, oD = ~~ Pop a 
aa cos & (38) 


where sgn x = + 1, x 2 0, and R(¢’) is defined in a (10a). Thus, Eq. (21) 
furnishes the following form for the half-plane Green’s function, 


(P, p 9) R(¢’) ] 
REP Eure — 16 — enoli - 229] e 


č 1 R( —ġ') l 
ae ete) sgn (x — |b — $) = sen (x — $ — ¢') 
Rui - i J (ei — RXO') tJe R(—¢') +], 7) 


with ê = ¢ — ¢’. In view of the symmetry of the half-plane configuration, it has 
been assumed without loss of generality that ¢’ < x. The various geometric 
optical regions entering into Eq. (39) are illustrated in Fig. 6.4.2. The result 
in Eq. (39) demonstrates again how diffraction weakens the singularity that 
exists across the incident wavefront; the diffracted field is, in fact, finite, except 
along the geometric-optical boundary lines. 


Time-harmonic point-source excitation 


The diffraction integral in Eq. (24b) can be reduced to a simpler form in- 
volving a finite integration of the Hankel function which replaces the expo- 
nential function in Eq. (31a).‘* In the series representation in Eq. (23), put 
u = m/2. 
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Impulsive point-source excitation 


The result is given in Eq. (26), with the simplified form from Eq. (35), and 
with only the ¢, = ¢’, 6, = —¢’ terms included (for ¢’ < 2). 


Time-harmonic plane-wave excitation 

When 9 = 2x, the diffraction integral in Eq. (28b) can be reduced to the 
Fresnel-integral type of function F(¢) defined in Eq. (6.3.18).'* One notes from 
Eq. (9b) that 


B(¢, $’; w) = 


2(cos 


cos (w/2) = 
W p a 2n, (40) 


D re 7) 
whence the resulting integral in Eq. (28b) can be simplified by the change of 
variable cos w = 1 + i$, — oa < S$ < œ, Le., 


S= a/ 2 e”^ sin > w Sa e7 sec. (41) 


Thus, 
I 1 —f Ba kp cos w ł 
(ob) = sa] ee BO, 5 w) dw 
‘ A 
=- dem ler pa Tem cob E, (4) 


which can be expressed alternatively in terms of the error-function complement 
[see Eqs. (4.4.5a) and (4.4.14) ; the fraction 1/(s — b) in the integrand of Eq. 
(42) can be replaced by 5/(s* — b?) because of the symmetrical integration in- 
terval]. Hence, for $’ < x but for arbitrary p, one finds that the wavefunction 
in Eq. (33) reduces to 


ü(p, ¢’) = e~ ike cosip-e’) U(x ea lp a ¢'|) F eke cos (p+ 9’) U(x ETE $ p $’) 
ere FED spn (r — |p — o) t etr Ea sgn (a — 6 g), (43) 


for i modes, where 


oo 


F(¢) = -mene f e`“ dx, i2 = Vrp|cos 45E] (43a) 


(I-Ne 


By an asymptotic evalution of the function F(é) as in Eq. (6.3.18a), one may 
derive the results in Eq. (29), with pọ = 27. 
A harmonic-series form of the solution is given in Eqs. (16), with “ = m/2. 


Impulsive plane-wave excitation 


The solution is given by Eq. (30), simplified through use of Eq. (35). 
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6.6 WEDGE WITH VARIABLE IMPEDANCE WALLS 


In an angular transmission representation, the description of the perfectly 
absorbing and perfectly conducting wedge configurations has given rise, respec- 
tively, to the simple boundary conditions in Eqs. (6.4.1) and (6.5.1), imposed 
on the angular characteristic Green’s function g(¢, ¢’ ; 4) in Eq. (6.2.7). More 
general than either of these is the linear homogeneous boundary condition 


B= F iaag TEM (1) 


where a, and a, are arbitrary constants. The perfectly absorbing wedge result 
follows from the identification a, , = 4, whereas in the perfectly conducting case, 
@,, = œ and a, , = 0 for the E-mode and H-mode problems, respectively.t 

If the one-dimensional characteristic Green’s function 9(¢, $’ ; u) 18 to be 
utilized to synthesize a multidimensional Green’s function, it follows that the 
latter must satisfy on the wedge faces ¢ = 0, p boundary conditions of the same 
type as in Eq.(1). This requirement can be interpreted in terms of a surface 
impedance Z,, as will be demonstrated for the time-harmonic line source exci- 
tations in Eqs. (6.2.1a) or (6.2.2a). For the electric line current in Eq. (6.2.1a), 
the electromagnetic fields are derived as in Eq. (6.2.1b) from a scalar Green’s 
function G(p, p’) which satisfies the two-dimensional wave equation (6.2.3). 
The boundary condition 


5 = F ia,.G TEP (2) 
can thus be rephrased as 
E, = FZa:H, at $= PA (E-mode case), (3) 
where 
Zaa = (22 (3a) 
1,2 


are the surface impedances on the wedge faces at ġ = 0, p, respectively; ¢ is the 
wave impedance in the unbounded exterior medium, and k is the wavenumber. 
Alternatively, for the magnetic current excitation in Eq. (6.2.2a), the electro- 
magnetic fields may be derived from the same scalar Green's function, provided 
that in view of (see Eq. (6.2.2b)] 


E,=+Zy,H, at $= 4 (H-mode case), (4) 
the surface impedances are related to a, , as follows: 
Zana = ORS. (4a) 


t It is recalled that E and H modes distinguish solutions with H,=0 and £E, = 0, 
respectively. Also, denotes a scparation parameter and is not to be confused with the 
same Symbol employed elsewhere for the permeability. The time dependence is exp(—iof). 
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Thus, to ensure constancy of the parameters a, required for separability of the 
boundary condition in Eq. (2), the surface impedances increase linearly with p 
for the E-mode problem [Eq. (3a)] but decrease inversely with p for the H- 
mode problem [Eq. (4a)}, with Re a, > 0 fora passive surface impedance. It 
is of interest to observe that in view of Eqs. (2)-(4), diffraction by a constant 
impedance wedge cannot be solved by the separation of variables procedure 
and therefore requires more sophisticated mathematical techniques than the 
variable impedance problems described above. 

While the angular characteristic Green’s function g satisfying Eqs. (1) and 
(6.2.7) (with p — y) can readily be constructed for arbitrary values of a, . [see 
Eq. (3.4.51)J, salient features of the electromagnetic field due to the presence 
of a variable surface impedance may be demonstrated by prescribing this 
boundary condition on one surface only. The other wedge face is assumed to 
be either perfectly absorbing (Sec. 6.6a) or perfectly conducting (Sec. 6.65). 


6.6a One Perfectly Absorbing and One Variable Impedance Wa!! 


Representation emphasizing quasi-optic properties 


When the wedge face at ¢ = 0 has a surface impedance Z, (E-mode prob- 
lem) or admittance 1/Z, (H-mode problem) which increases linearly away 
from the edge p = 0, while the wedge face at ¢ = 9 is perfectly absorbing, the 
relevant angular characteristic Green's function satisfies the differential equation 
(6.2.7) (with p = 4), the boundary condition (1) at ġ = 0, and a “no refiection’”’ 
condition at ¢ = 9; the latter is equivalent to extending the ¢ domain to + 00 
and requiring a radiation condition. The solution is given by [see Eq. (3.4.51), 


with T = 0] 


glo, $; u) = gb, $; m + Tgh, —¢' ; a). (5) 
with 
gab, 0 m) =, my20, 


where g.. in Eq. (6.4.1) is the Green’s function for the bilaterally unbounded 
angular space, while 


Fn — u4 — a, > 

(uw) oa +u+a, Im HZ 0, (Sa) 
is the refiection coefficient at 6 = O [note that c, in Eq. (3.4.53) corresponds 
to —a,]. This result can be interpreted in terms of the response to the source 
at ¢’ and a single weighted image at —¢/ on a bilaterally unbounded angular 
transmission line. 

The two-dimensional Green’s function corresponding to excitation by a line 

source as in Fig. 6.3.1 may be obtained by substitution of Eq. (5) into Eq. (6. 
3.3): 
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G(p, p) = G.(p, p’) 
too — 
+f Hd = mA DAO KP FW, — 85 du. 6) 


When Eq. (6.3.8), with A(¢, $’ ; w) taken from Eq. (6.4.2b), is employed for 
the perfectly absorbing wedge Green’s function G..(p, p’), this result is valid 
for arbitrary | — ¢'|, but the integral in Eq. (6) converges only for ¢ + ¢/ > 
x [see discussion following Eq. (6.3.3)]. To obtain a representation valid at all 
observation angles, we proceed as in Sec. 6.3 and utilize Eq, (6.3.4) to find for 
the second term on the right-hand side of Eq. (6): 


W, = gal dw HPR we — eT We, —8's wd, (1) 
laa 0 


which, upon use of the identity 


f = u— 4, = ] me _2a, , g 
(o) H+ a, H+ a, (8) 

can be expressed as 

ae 
W, = Gp; P, 0) +f” BPOW, dw, (9) 
where 
= —ía, T bu fw-n) — of2un ($+ ¢’) du 

W= 3 f erten] — etmeni SE (9a) 


= GRIN +o +g ma) Nw HoHo aa) (90) 


N is defined as 


E f oa jä du = w e7** 
N(a, a,) = f, er E = f, rho (10a) 
= e-a E (—iga,), (10b) 


where E, is the exponential integral 
E(y)={ dx 10c 
(y) f pe . (10c) 


While the integral representation in Eq. (10a) requires Re œ > 0 and ia, non- 
positive, the exponential integral formulation in Eq. (10b) is also valid when 
Rea < 0, since £,(y) is a regular function of y in the complex y plane cut 
along the negative real axis; E,(y)~ —I1n y as y-~0, so a branch-point sin- 
gularity is located at y= 0. The integral W, in Eq. (9b) has branch-point 
singularities at w,, = 7 — (@ + ¢’) and at w, = xz + ($ + $’). Therefore, as 
$ + $' decreases through z, the branch point at w,, moves across the integration 
path, and the value of W, differs from that given in Eq. (9b) by the branch-cut 
contribution, as shown in Fig. 6.6.1. Thus, for arbitrary values of ¢, @’ one has: 
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G(p, p’) = G.(p, P) + G..(p; p', —$') 
— i HEIN +o + — ma) — Nw +O +9 +m alaw 


-Un o pf, HOD +6 +o a, adw, (11) 


where the representations (6.3.8), with Fq. (6.4.2b), are to be employed for 
G.., and where N is expressed as in Eq. (10b). The first two terms on the right- 
hand side of Eq. (1!) represent the Green’s function for a perfectly reflecting 
surface at @ = 0, while the remaining contributions constitute correction terms 


FIG. 6.6.1 Contours of integration in the complex w plane when 
btp <ar. 


that account for the presence of the surface impedance Z,. The branch cut 
surrounded by P, in Fig. 6.6.1 has been chosen so that Im(kx) > 0 along P, 
(see Fig. 6.3.2). The above solution, derived from an angular transmission 
formulation, is directly suited to a study of the field behavior when k is large. 


Asymptotic evaluation 


To effect an asymptotic evaluation of the integrals in Eq. (11) for large 
values of k, we proceed as in Sec. 6.3 and replace Hi” (kx) by its asymptotic 
expression (6.3.12). The first integral has the same form as in Eq. (6.3.8) and 
yields by comparison with Eq. (6.3.15) the asymptotic result 


g! 1n/4) 


4ia, [Mo + ¢' — z,a,) — MO + O + 2,a,)\C(kp)C(kp’), C(x) = LT oan’ 
(12a) 


with N defined in Eq. (10b). Since exp (iky) decays along P,, the major con- 
tribution to the second integral arises from the vicinity of the branch point 
w, = x — ($ + 9’). Upon approximating x(w) by R + (pp’/R)(cosw — 
cos w,), R = %(w,) [see Eq. (6.3.160)], one finds 


EN tk (pp!/R)coyw 


Q=+ | HEPKEN dw ~C(kR)e e Ndw. (12b) 


Pi 
To simplify the integral in Eq. (12b), it is convenient to introduce the change 
of variable w = w, — iz, whence 
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Q= | et Nw — wya,)dw =i[ eso N(—iz,a)dz, (13) 
P: Ps’ 


where the contour P, encloses in the positive sense the branch cut along the 
positive real z axis. Since the exponential integral possesses the series rep- 
resentation? 


E) = —y Iny- EEZ, y = 0.5772, (14) 


its multivaluedness is contained in the In y term, which alone contributes to the 
integral over the contour P;. Upon recalling that In ze?" = In z + i2z, one may 
reduce Eq. (13) to 


Q: = 2 |” eer ta w, =x — ($ + 6) > 0. (15) 


An approximate evaluation of Q, for large positive æ can be carried out by 
approximating cos(w, — iz)=~cos w, + iz sin w,, whence 


2n ia cos w, 
~ anm Fa R 
Thus, 
on = 7 7 
On ORR) PRG Fa R= VP p — apco G + g). 


(17) 


Upon substituting these results into Fq. (11) and employing Eq. (6.4.6) for 
the asymptotic representation of G., one obtains‘ 


G(p, p')~G%p, p’) + Gp, p’), (18) 


where the geometric-optical field is given by 
Ge = 5 HS (kip — p)UG — i — 4") 

+ CRIT “PP sin + p) [Ue — 6 — $9. (18a) 
with T(z) defined in Eq. (5a) and C(x) = (8%x)-*? exp (ix + in/4). The dif- 
fracted field is 

G4 = C(kp)C{kp'\{—2A(g, $’; 0) — 2A, — 4’; 0) 
+ 4ia,[M(o + $' — 2, a) — N+ $ + 2, a), (18b) 
with 
(18c) 


l l 
9, 0) = , 
AG, O50 = zept are oi 
and N taken from Eq. (10b). When a, = 0, then F = 1, and a,M(a, a,) — 0, 
so G reduces to 


G(p, P') = G..(p; P'O) + Galp: p’, — O’), (19) 


the correct solution for the perfectly conducting (zero impedance) case corre- 
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sponding to magnetic current excitation [see Eq. (4a)}. When a, -»00, then 
Į — —1 and’ 
er SS m 3% 
~ — oS — 00, =, 0 
Thus, 


4ia,[M(, a,) — N(B, a,)] = —4 È = 7! $ o(<), 1a,[-»00, (21) 


and G reduces to the expression in Eq. (19), with the plus sign on the right- 
hand side replaced by minus. The resulting formula accounts correctly for a 
perfect conductor in the case of electric current excitation [see Eq. (3a)}. The 
exponential integral in Eq. (10b) permits the detailed calculation of the diffrac- 
tion effect for any finite surface impedance of the form specified in Eqs. (3a) or 
(4a). The physical interpretation of the diffracted-wave contribution G? is as 
shown in Fig. 6.4.1. It may be noted that the quasi-optic field solution in Eq. 
(18) does not exhibit explicitly a term that can be identified as a surface wave, 
the existence of which on the variable impedance boundary is discussed in 
connection with Eq. (28). In contrast to a surface wave on a constant impedance 
plane (Sec. 5.7), its contribution in the present instance is contained in the 
diffraction field function G°. 

When a, is very small, the surface impedance changes rapidly from a value 
of zero at p = O to large values at small but finite distances from the edge 
[see Eq. (3a)}. Since the last term inside the braces in Eq. (18b) can be 
neglected in this case, the diffraction field given by the first two terms is the 
same as for an infinite impedance wedge. This result emphasizes the fact that 
the diffraction effects are influenced not merely by the surface properties at the 
edge but also in its vicinity, and that the geometric-optical concepts of localized 
reflection or diffraction can be employed only when the surface properties do 
not vary rapidly over a distance equal to the local wavelength. The case of slow 
variation obtains when a, is large, and in this instance (as noted above) the 
diffraction field is essentially the same as for a zero impedance wedge, thereby 
justifying the use of the local reflection principle. 

The field contribution G° comprises the direct wave and a reflected wave 
that appears to originate from an image source located at (p’, —¢’). Hence, the 
reflected wave reaches the observation point via a ray path leaving the surface 
at the incident angle 6 as shown in Fig. 6.6.2. The reflected-wave amplitude is 


given by 
Tiesin + oy] = EREE, GMP (a) 


From geometrical optics one expects an incident ray to be reflected at the spec- 
ular angle, with the reflected-ray amplitude given by the plane-wave reflection 
coefficient determined from the properties of the surface at the point of reflec- 
tion. For the present case of a variable surface impedance Z,(p), the geometric- 
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o=—9 


FIG. 6.6.2 Reflected rays and geometric-optica!l domains. 


optical reflection coefficient T° ata point p = (x, 0) is determined via the 
expression [see Eqs. (2.4.3), (2.2.)5c), and (2.2.15d)} 


_Zx) — Csind ; 
=, E Z (x) F Usin ð’ H-mode case, (23a) 


Z,(x) — C/sin ô : 

Z (x) + Usin 6 E-mode case, (23b) 
where 6 is the angle of incidence measured from the surface ¢ = 0, and ¢ is 
the wave impedance in the medium. 


To show that T in Eq. (22) is identical with Tr’, we note first that r does 
not vary along a reflected ray, i.e., 


spe sin ($ + $') = constant along a reflected ray. (24) 


This follows from the equation of a reflected ray, p sin y = const. (see Fig. 
6.6.2), and from the law of sines applied to the triangle OPQ’: p’ sin ($ + 9’) 

= R sin y. From the law of sines applied to the triangle OQS, where S is the 
point of reflection R, = 0, one has, furthermore: R, sin (z — 4) = p’ sin ¢’, so 


kop sin(@6+¢’)=kpsind at g=0. (24a) 

Thus, Eq. (22) can be rewritten as 
- _ kxsind — a, 24b 
= anb ap oy) 


which reduces via Eqs. (3a) and (4a) to Eqs. (23a) and (23b). Because of the 
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dependence of T on x, a group of parallel reflected rays (6 = constant) does 
not define a uniform plane-wave front. 

Equations (18) are not applicable in the transition regions surrounding the 
shadow boundary |¢ — ¢’| = x and the reflected-wave boundary (¢ + ¢’) = 
x, Since the dependence on |¢ — ¢’| is contained entirely in the term G.,(p, p’) 
in Eq. (11), the transition across the shadow boundary is described also in this 
case by the function G‘, in Eq. (6.4.7). This leads to the important conclusion, 
already verified in Secs. 6.4 and 6.5, that the light-shadow transition behavior 
is independent of the physical composition of the wedge, and that to a lowest 
order in the asymptotic representation, the strength of the field on the shadow 
boundary is one half that of the incident field. The behavior across the reflect- 
ed-wave boundary does, however, depend on the physical properties of the 
reflecting surface, Although we do not discuss here the reflected-wave transi- 
tion function for the variable impedance surface with finite a,, the limiting 
cases a, = 0, œ, are covered via the results in Sec, 6.5. 

From the similarity of the formal solutions in Eqs. (6) and (6.3.3), it is noted 
that the procedure described in conjunction with Eq. (6.4.9) can also be em- 
ployed in the present case to derive higher-order terms in the asymptotic 
expansion of G°. The higher-order coefficients In, ($, ġ') are derivable by 
differentiation from the lowest-order function J,o(¢, ¢’) in Eq. (18b). In a con- 
sistent evaluation of G toa higher order in 1/k (k >> 1) the branch-cut integral 
in Eq. (11) must be evaluated more carefully, since diffraction effects in the 
illuminated region arise not only from the edge but also from !ocal variations 
of the surface impedance. 


Representation emphasizing guided-wave properties: surface wave 


In the analysis of radiation in the presence of an infinite plane surface with 
constant surface impedance Z, (see Sec. 5.7), it is noted that an electric (mag- 
netic) line current paralle! to the boundary will excite a surface wave if Z, is 
capacitive (inductive), The guiding properties of the surface become evident 
in a most direct manner if one chooses a modal formulation in which the trans- 
mission axis is parallel to the surface. To explore these properties of the variable 
impedance surface in the wedge configuration, it is to be expected that a radia] 
transmission representation will prove most fruitful. Such a representation, 
involving explicitly the radia! characteristic Green’s function g, in Eq. (3.4.93) 
with t = k?, is given formally in Eq. (6.5.11), and can be derived from the 
angular transmission formulation (6.3.3) by deforming the integration path 
around the singularities of g(¢, ¢’; 4). As noted in Eq. (3.4.55), g.. is represented 
discontinuously across the positive real u axis, on which lies the continuous 
spectrum of eigenvalues associated with the infinitely extended angular domain. 
Since the initial integration path can be chosen to run along the entire imagi- 
nary 4 axis [see Eq. (6.3.!)], all other singularities of g(¢, $’; 4) located in the 
right half of the complex u plane contribute to the representation in terms of 
the angular mode spectrum, hence it is pertinent to examine the analytic prop- 
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erties of the reflection coefficient Fu) in Eq. (5). Since from Eq. (Sa), 


Tin) = Z8 
(x) TE when Im uz > 0, (25a) 
and 
Tu) =—4= 4% when Imu <0 (25b) 
—[H+ a, ” 


and Rea, > 0 for a passive surface impedance [see Eqs. (3a) and (4a)}, one 


notes that Teu) has no singularities in the first quadrant of the complex y plane. 
However, a simple pole singularity exists in the fourth quadrant at 


Hp = 4, provided that Im a, < 0. (26) 


The restriction Im a, < 0 implies that Im Z, > 0 (capacitive) for the electric 
current excitation and Im Z, < 0 (inductive) for the magnetic current excitation 
[note the time dependence exp (—iwt)]. Thus, the pole singularity of T(z) 
contributes what will be identified as a surface wave under conditions analogous 
to those encountered with a constant impedance surface. 

The desired representation is now obtained directly, via Eqs. (3.4.93) (with 
t= k?, À = pè), (6.3.1a), and (6.2.8), 


Gp) = | whke dH pG sw) dy, N 


with 2(¢, $'; 4) inserted from Eq. (5). The integration path can be closed by 
addition of quarter-circles at |u| — oo in the first and fourth quadrants because 
of the decaying behavior of J,(kp.)H{"(kp;) therein [see Eqs. (6.A12) and 
(6.A16)]. Application of Cauchy’s theorem transforms Eq. (27) into® 


G(p, p) = ~za +99 J. (kp) HS (kp,)U(—Im a,) + G,(p, 9’), (28) 
where 

ze if aig-e’) -mt-4) 1 He 4a suog) 

G.=4 j dul e +e er d 


i f T a e090) JAk p) HP (kp) 
~~ By 


= a dylent- + B= Signo | Fyi(kpe)H ik.) (28a) 
=r, i 


While Eq. (27) is subject to the restrictions |p — $’| > z, ($ + $') > a, these 
conditions can be removed after contour deformation. G, contains the contri- 
bution from the continuous spectrum in the ¢ domain, while the first term in 
Eq. (28) arises from a discrete spectral component representative of a surface 
wave. 
The surface wave on this variable impedance boundary possesses certain 
interesting properties that distinguish it from its counterpart on a constant 
impedance surface. Since Im a, < 0, the field decays exponentially away from 
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the @ = 0 plane along any circular arc centered at the apex. As p — oo, the 
Hankel function can be represented by its asymptotic approximation, whence 
the surface-wave contribution G, varies like (1/»/kp) exp (ikp — ia) [i.e., an 
outgoing cylindrical wave whose angular intensity decays like exp (—|Im a,|$)]. 
Thus, energy is radiated into the surrounding medium—a consequence of the 
non-constancy of the surface impedance. Because its far-field dependence is 
O(1//kp), the surface-wave contribution is not readily distinguished from the 
ordinary radiation field, which shows the same radial decay [Eq. (18b)]. How- 
ever, the surface-wave field is orthogonal to the field in the continuous spec- 
trum, as one may verify on multiplying G, by exp (—a,) and integrating 
over $ between $ = 0 and ¢ = oo. Hence, the surface wave can be excited 
in pure form by a source distribution that matches its angular variation 
exp (—ia,¢). This property is of interest in connection with radiation from 
variable impedance surface-wave antennas.” While the orthogonality statement 
requires for its exact validity an infinite angular interval, the exponential decay 
of the surface-wave field permits the effective truncation of the interval at some 
finite ġ = g. 

As p— 0, one finds G, ~ (kp)" = (kp)®*” exp [i(Im a, In kp)]. Thus, 
iG,| — 0, and the associated electromagnetic fields satisfy the edge condition 
in Eq. (1.5.37). The phase is seen to fluctuate violently near the edge. 


6.6b Two Variable-Impedance Walls 


If the boundary conditions at the wedge faces ¢ = 0 and ¢ = @ are speci- 
fied by a surface impedance of the type indicated in Eqs. (3a) or (4a), the 
two-dimensional Green’s function G(p, p’) satisfies the corresponding boundary 
condition (2), The associated angular characteristic Green's function 2(¢, $’; 44) 
is given in Closed form in Eq. (3.4.51), or in terms of an image representation 
in Eq. (3.4.57). Substitution of Eq. (3.4.57) into Eq. (6.3.3) yields an integral 
representation for G(p, p’) valid in the geometrical shadow region [6 — $’| >x. 
To obtain a representation valid everywhere, it is necessary to treat separately 
those image contributions that characterize geometrical reflections from the 
wedge faces (see also Sec. 6.5). If g > xz, only two image terms fall into this 
category: the image located at —¢’ which has already been treated in Eq. (11), 
and the image at 29 — @’ for which an analogous representation is employed. 
The response from the source in the infinitely extended angular region is repre- 
sented as in Eq. (6.3.8), with Eq. (6.4.2b), and the resulting formulation then 
applies to all observation points. 

In the asymptotic evaluation for large values of k, one obtains a geometric- 
optical field contribution as in Eq. (18a), with the addition of a similar term 
to account for possible reflections from the wedge face at 6 = g; the physical 
interpretation is shown in Fig. 6.6.2. The diffracted-wave contribution arising 
from the true source and from each of the image sources in the infinite angular 
region has been shown to have the same functional form, as a function of $ 
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and ¢’, for arbitrary locations of source and observations points [see Eq. (18b)]. 
An integral representation of the angular diffraction function in the shadow 
region | — ġ'| > 7 is obtained upon substituting Eq. (3.4.51) (with j —> —i) 
into Eq. (6.3.3) and following the procedure leading to Eq. (6.4.9), whence! 


G%X(p, p’) ~ Clkp)Ckp’)loold, Q’), (29) 
where C(x) = (87x)! exp (ix -+ i2/4), and 


Teal, $) = —4 |7 e — ugh. pidu, = 1S—G'| > 2. (28a) 


If the integral in Eq. (29a) can be evaluated in closed form, the resulting func- 
tion Ioo(¢, $’) is valid for all ¢, ¢’. Higher-order terms in the asymptotic ex- 
pansion can be constructed from Jo) as in Eq. (6.4.9). 

A representation emphasizing the guiding properties of the wedge surface 
can be constructed by considerations analogous to those leading to Eq. (28). 
Since g(¢, $’; u) in Eq. (3.4.51) is an even function of u, its only singularities 
in the complex u plane are poles, whence the angular spectrum is discrete. 
From the integral representation (27), one may express G asa series of residues 
arising from the poles of g, after closing the contour at infinity in the right half 
of the complex y plane. The result is listed below for the special case a, = 0, 
a, = i ja,| (ie., the wedge face at @ = ọ is perfectly reflecting while the surface 
impedance at ¢ = 0 is purely imaginary). Under these circumstances, the per- 
tinent pole singularities separate into two sets: a discretely infinite number on 
the positive real yz axis, and a single pole on the negative imaginary y axis; the 
latter pole approaches the imaginary axis from the fourth quadrant and is 
therefore included in the residue evaluation. The result is found to be™!? [see 


Eqs, (3.4.62)] 
Gip, p) = Zb mle — #) cosh e — G) 5. (kp)HOMkP,) 


I + agnt no 
n z > aie 8) em SO skp dP kp) (30) 
= aa Q 


where the eigenvalues ¢ and y are the positive solutions of the transcendental 
equations 


cot (Šp) = — coth (np) = p (30a) 


The series representation in Eq. (30) is rapidly convergent when either the 
source point or the observation point is located near the apex. 

When |a,| — 0, then 7 — 0 and the & equation in (30a) reduces to sin ¢@ 
= 0, so € = mm/ọ, m = 1,2,...;3 moreover, one can show from Eq. (30a) 
that 9°@/Ja,| —> 1, (1/|a,|) sin? Ep + 0. Thus, G(p, p’) reduces properly to the 
expression in Eq. (6.5.13). 

The first term in Eq. (30) represents a surface wave in which the field 
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intensity decays away from the surface ¢ = 0. This becomes particularly evi- 
dent when |a,| is large so that y = |a,|. The surface-wave contribution then 
is approximately equal to that in Eq. (28), the interpretation of which was 
discussed in detail. 


6.7 DIFFRACTION BY A CIRCULAR CYLINDER 


6.7a Line-source Excitation 


The circular cylinder results from the configuration in Fig. 6.1.1 on elimina- 
tion of the angular boundaries at ¢ = 0,g. For the z-independent problem of 
excitation by a line source parallel to the cylinder axis, the region exterior to 
the cylinder may be viewed as a radial waveguide with propagation along the 
p coordinate, or as an angular waveguide with propagation along the ¢ coordi- 
nate (see Sec. 3.3c). While both formulations are treated in this section, special 
attention is given to the angular transmission representation which, as noted in 
Sec. 6.1, is well suited to the study of high-frequency phenomena. The various 
geometric optical domains depicted in Fig. 6.7.1 are characterized by different 
behavior of the high-frequency field. We shall explore in detail the asymptotic 
form of the field in the illuminated and shadow zones, and interpret the 
solution in ray-optical terms. Not discussed herein are the more complicated 
transition phenomena occurring in the shaded regions surrounding the shadow 
boundaries in Fig. 6.7.1 (see, however, References 11-14; Reference 14(a) has 
a representative bibliography). 


uminated 
region 
a“ cael 
m 
~a 
Source ~~. 
(o.o) 


FIG. 6.7.1 Geometric-optical domains in cylinder diffraction prob- 
lem. 
Alternative representations of the formal! solution 


Diffraction problems in the region exterior to the impenetrable cylinder in 
Fig. 6.7.1 can be analyzed in the same manner as problems of diffraction by a 
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wedge, In the angular transmission analysis, the only formal difference stems 
from the change in the angular waveguide cross section of the wedge from 
O< p< œtoa <p < os, with appropriate boundary conditions satisfied at 
p =a. As for the wedge, the simplest angular transmission problem is one 
wherein the angular region is infinitely extended; this artificial configuration 
can be made “physical” by placing at a convenient plane an “angularly 
matched” surface which absorbs completely all angularly propagating modes. 
If the surface is located at |p — ¢$'] = z as in Fig. 6.7.1 (i.e., deep in the 
geometrical shadow), the difference between this auxiliary field solution and 
the true solution in a periodic ¢ domain (or, equivalently, in a region with a 
perfectly reflecting termination at |6 — ¢’| = z, as in Figs. 3.4.12 and 3.4.13) 
arises from multiple reflections. In the quasi-optic range ka>> 1, where the 
cylinder radius is large compared to the wavelength of the incident radiation, 
the field in the shadow region is small, and reflections from a perturbing surface 
deep in the shadow have only a small effect. Hence, one expects the infinite 
angular space solution to yield a good approximation to the diffraction field at 
high frequencies—a conjecture substantiated by detailed analysis. If the cylinder 
radius is small compared to the wavelength (ka < 1), there is no well-defined 
shadow region, and the angular transmission approach offers no advantage. 
Instead, a radial transmission analysis is fruitful, with the cylinder representing 
a reflecting surface for radially propagating waves. We present here primarily 
the formal analysis, which permits the construction of the desired solution with 
a minimal effort; when appropriate, reference is made to the technical liter- 
ature for additional details. 

The above-mentioned alternative representations of the solution for the 
two-dimensional line-source Green’s function G(p,p’), can be constructed 
directly from Sec. 3.3c. The Green’s function satisfies the equation 

| ð 1 @ ry. Op— p) ; 
(rapra t gag t ECO = MAS P56— 9) D 
in the domain a < (p, p’) < œ, 0 < (¢, $’) < 22, subject to a radiation con- 
dition at p — oo, and to the following condition on the cylinder surface: 


x = —ikCG at p=a, Č = constant. (2) 


This condition is interpretable in terms of a surface impedance Z, at p = a. 
For excitation by a line source of electric currents (E-mode case), one has, from 
Eq. (6.2.1b) [for an exp (—iq@t) variation], 


0G 
= E, = iwplG H, = —Il-+, 3a 
E E, IMUiG, $ op ( ) 


whence, at p = a, 


E=Z'H, Z= ž, pe (°. (3b) 
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For a magnetic line current (H-mode case), by duality, 
E, = —Z!H„, Z! =C6. (4) 
Passivity requirements are met if Re C > 0. The special case of a perfectly 
conducting cylinder is obtained when Z, — 0, i.e., C — 0 or oo for the H- and 
E-mode cases, respectively. 
The radial characteristic Green’s function and completeness relation are 
given in Egs. (3.4.97) and (3.4.98): 


BP, P, A) = Fl kp) + HPko) HPko) u= VT, (5) 
where f(u) is a radial reflection coefficient, 


_ UH) 


b(n) = Ji(ka) + iCJ,(ka), d(u) = H,” (ka) + ICH!" (ka), (Sa) 


and the prime on J, and H‘ denotes the derivative with respect to the argu- 
ment. Also, 


p'5(p— pt) = riy HOHY kp) © 
K» <-d( y) N , 
where the 4, are defined by 
d(u,) = 0. (6a) 
For the angular domain, one has, from Eq. (3.4.51c), with the subscript on ge 
suppressed, 


—cos fz — | — g'i 
s(¢, ¢'; 4) = 2A sin fn (7a) 
È aed, 2mm + $’), (7b) 


where fi = V Â and £0(9, 9; A) is the characteristic Green’s function for the 
infinite angular space: 


guth, 0; A) = E | mA>o. (To) 
The completeness relation is [from Eq. (3.2.50c)] 
Ap- p) =5. È emer, (8) 


Alternative modal representations for the two-dimensional Green’s function 
G(p, p’) are constructed directly from the z-independent version of Eqs. (3.3.37) 
and (3.3.38b). In particular, one has the contour-integral representation 


Gp. P= -i cua, FPP? A's ABO, O's Au dy, (9) 
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where the contours C, and C, are shown in Fig. 6.7.2. The contour remains 

open about the pole at u = 0, whence the principal value of the integral! is 

taken at that point. Since the integrand in Eq. (9) is an odd function of u, the 

contour C, can be reflected about the origin into the contour C;, and 

f = . In terms of the image representation in Eq. (7b), Eq.(9) be- 
Circe Critic's 

comes 


Gp) = E Gul Ph Pa = (P's bn), ba = g +2, (10a) 
where, in view of Eq. (7c), 

Galp, Be) = ae | gP, p's A)etl* Fit dy (10b) 

Since the integrand in Eq. (10b) has no singularities on the real y axis, the in- 


tegration can be taken from y = —oo to u = œ. Because g, is an even func- 
tion of 4, replacement of u by (— 4) yields the same integrand except for the 


FIG, 6.7.2. Paths of integration and singularities in the complex u 
plane. 


occurrence of —]ġ — ¢’|. Hence, the absolute value is of no consequence and 
ib — ¢’| can be replaced by $ — ¢’. G~ and g, can therefore be interpreted as 
Fourier transform pairs in the infinitely extended angular space. The n = 0 
term in Eq. (10a) represents the Green's function for the configuration in Fig. 
6.7.) and yields the dominant contribution in the quasi-optic range ka > J, 
as shown below. When n + 0, a rapidly convergent representation for large ka 
is obtained by closing the integration path by an infinite semicircle in the upper 
half of the u plane and evaluating the integral in terms of the residues at the 
poles of g,. Thus, the following representation, rapidly convergent for large ka 
as shown below, but valid for any cylinder radius, is suitable for all values of 


ld — d'|<z: 
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G(p, p’) = à 5 8AP, p'; Aye? Fl du 


5,2 eee (11) 
n=- Mp u 


where uw = ./A; the prime on the sum over n denotes omission of the n = 0 
term, and the sum represents the contribution, from the images in the infinite 
angular space, which restores the required periodicity along the boundary 
-pl =z. 

Employing the angular eigenfunctions of Eq. (8), one obtains the radial 
transmission k 


Gpp = +3 ero- 1 Tk.) z a HPko) HPP) 2) 


Á pose 


22 LHP (Kp — p'|) + Gp. p’), (13a) 


G ,(p, p) = Z Er > eltle- ©) HY (kp) Hi (kp). (13b) 
Since b(n)/d(n) — 0 as a — 0, the contribution from the J,(Kp.) term in the 
series is recognized as the free-space Green’s function G, whose closed-form re- 
sult is given in Eq. (5.4.25). The remaining series representation for the 
scattered field G, converges rapidly when ka is small and can therefore be 
used for numerical evaluation of the diffraction effects of a small cylinder. 

The preceding remarks concerning the convergence properties of the 
image representation in Eq. (11) will now be justified. Although the discussion 
can be carried out for arbitrary values of the surface impedance Z,,’* we as- 
sume for convenience that C = oo in Eq. (5a), so 


b(n) > J(ka)i, du) > H!" (ka)iČ. (14) 


Convergence of the integral representation for G. in Eq. (10b) is established 
upon noting from Eqs. (6.A12) and (6.A 16) that g, behaves for u -»co like 


n L(Y + ome. (V ] as 


Since both p./p. and a?/pp' are less than unity, g, tends to zero exponential- 
ly as y —> œ. [Note: A” = exp (u In A).] The same applies as u —>— œo, since 
8, is an even function of 4. Equation (15) actually remains valid along an in- 
finite semicircle in the yw plane extending to the right of the lines on which the 
zeros of H," (ka) are located [see Fig. 6.7.2; also curves C, in Fig. 6.A1(a)]. 
If the integration path is closed by the addition of the path segments C, and 
C, in Fig. 6.7.2, one assesses the behavior of the integrand in Eq. (10b) on C, 
directly from Eq. (15). Since Re p>0, Im w>O on C, both g, and 
exp (iuo — |) Converge exponentially as |u| —»0oo, and there is no con- 
tribution to the integral unless p = p’, $ = $.. The contribution from C, is 
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examined conveniently by introducing a change of variable from yu to — 4, 
thereby furnishing an integral over the contour C,. While the angularly de- 
pendent term exp (—iu|¢ — ¢,}) still converges exponentially when ¢ + ¢,, g, 
in Eq. (15) converges exponentially when Re yu > 0, p + 9’, but diverges over 
the path segment lying to the left of the negative imaginary y axis on G. 


However, if y = |ule, and y = —(2/2) — €,0 < € <1, each term in the 
integrand of Eq. (10b) has a magnitude characterized by 
| Ate "e| = elalielinal—o} 0< A< |, (ISa) 


where, from Eq. (6.A21),€ < 2[2 In(2|y] /eka)]~ (see Sec. 6.A 5 for a discussion 
of the behavior of y,). Hence, if p #0, the expression in Eq. (15) decays as 
| u\—2œ, and there is no contribution to the integral from the path segment 
C, provided that ¢ = ġ,. The latter restriction affects only the n = 0 term 
and eliminates observation along the source location angle ¢ = ¢’. 

One notes from the above discussion that, for ¢ = ¢’, the contour defor- 
mation can be carried out for all the G..(p, p.) terms, and the resulting integral 
can be evaluated in terms of the residues at the complex zeros 4, of H (ka) 
in the first quadrant of the u plane. Hence, one may write an expression for 
G(p, p’) as in Eq. (11), wherein the integral is omitted and the series over n 
includes the n = O term. While the resulting series converges for all |6 — $7) 
+ 0, the Hp ! series associated with the n = 0 term converges rapidly only when 
ld — $'| > $, where the angle $ = y, + y, is as determined in Eq. (18). When 
lp — ġ'| < ¢, initial terms in the series increase exponentially, and the series is 
therefore unsuitable for numerical evaluation. 

We verify first the convergence of the “residue series” over 4, for arbitrary 
n. From Egs. A as |u,| — 00, 


Jka) = 4-H (ka) ~ Oe FF) Ç = laht (16a) 
y Hi (ka)| ~ o (Ba), (16b) 


; J z \n(p/a) 

nean ~ of eo [cP 
While H (kp), Hi? (kp') diverge as ¢ — 00, the decay of exp (—C l — ġa!) 
assures Convergence for all n as long as $ + ġ, (i.e., 6 = ¢'). To assess the 
rapidity of convergence of the residue series, we examine the initial terms in 
the expansion (for a more detailed discussion of the convergence properties, see 
Reference 14). Since H® (ka) and (0/du,)H!"(ka) do not have an exponential 
dependence [see Eqs. (6.424) and (6.A26)], it suffices to focus attention on the 
remaining terms in Eq. (11). For large ka, the lowest values of uw, are Ol[ka 
+ a(ka)'], a = constant, Im @ > 0 [see Eq. (6.A35)]; if kp, kp’ > Olka + 
a(ka)?}, the Hankel functions of argument kp, kp’ can be approximated by 


(16c) 


t Here, Ç should not be confused with the same symbol used elsewhere for wave im- 
pedance, 
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their Debye asymptotic representations in Eq. (6.A1). The exponential depend- 
ence of the summand in Eq. (11) is, therefore, 


Hip (kp) Ape (kp je™!t -23 ~ exp {iL (kpP — Æ + V(KeY — ul) 
x exp {in,[ 16 — gil — cos fs — cose |}. a7) 


Since 4, = ka(! + A), with Im A > 0 and increasing for successive terms in 
the series, one may verify that the exponential decays if 


(18) 


81> m+ me n=, p= 


The residue series — physical interpretation 


The condition (18) has a simple physical interpretation, as seen from Fig. 
6.7.3. For n = 0, the condition requires that the source point Q be invisible 


ws 
SE 


; Nt +7 = 1O-¢ 
Ly 


FIG. 6.7.3 Geometrical interpretation of field in shadow region. 


from the observation point P (i.e., the observation point lies in the geometrical 
shadow region behind the cylinder). The decay in Eq. (17) is proportional to 
exp [—(Im 4, )y3], where y, is the angle subtended at the origin by the points 
of tangency of the lines L, and L, from the source and observation points to 
the cylinder surface. Equation (17) can be written as 


elk (Lit Lit bag xeke Xo = Im Hp (19) 
a 

so each term in the residue series for n = 0 may be interpreted as being as- 
sociated with an incident wave which strikes the cylinder at a glancing angle, 
travels along the cylinder surface, and sheds energy continually during its pro- 
gress; due to the leakage of energy, the wave amplitude decays according to 
the factor exp (—7,L,). The associated interpretation in terms of geometrical 
rays is also evident from Fig. 6.7.3. Because the wave “creeps” along the cylin- 
der surface, it has been termed “creeping wave,"’* and its ray description “creep- 
ing ray.’ The creeping rays, launched by a glancing incident ray, represent 
the diffraction effects and provide the means of guiding energy into the geome- 
trical shadow region. Each 4, has its own creeping ray; however, because of 
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the increasing imaginary part of successive 4, only the lowest are of impor- 
tance. Since the creeping-ray amplitude decays exponentially, whereas that on 
a diffracted ray due to an edge decays algebraically [see Eq. (6.3.15)], the 
shadow behind a gently curved object is darker than that behind a pointed 
structure. 

Fach of the image terms n + 0 in the series solution (J 1) is also easily in- 
terpreted via the creeping-ray picture. Suppose that 0 < (¢ — ¢') < xz. Since 
$, = $' + 2nn, one has | — ġ,| = 2|n|z + (6 — ġ') or 2mm — ($ — $’) 
when 1 < Oand n > 0, respectively. Thus, an n < O image term represents a 
ray that is launched by the glancing ray L, and reaches the observation point 
P after having encircled the cylinder n times. The n > O image terms are 
launched by the alternative glancing ray Li. The n = | term describes the ray 
traveling along path (L; + Li + L;); in general, the mth term describes a ray 
that is launched by an incident ray along L; and reaches the observation point 
P after having encircled the cylinder (n — 1) times. Because of the exponential 
decay, proportional to the length of travel of a ray on the cylinder surface, 
only the nearest image terms are of importance. Since |¢ — $/| > (2|n| — 1)z 
for all |@ — ¢'] < z when n + 0, and (y, + yp.) < z in Fig. 6.7.3, one notes 
that the residue-series representation is rapidly convergent and that the image 
terms in the infinitely extended angular space contribute only to the diffraction 
effects of the cylinder. 

If |6 — $’|] < y, + 7,, the observation point P is located in the illuminated 
region and the creeping-ray contribution arising from the n = 0 term disap- 
pears. The residue series corresponding to the n = 0 term is no longer rapidly 
convergent, and it is more appropriate to represent the contribution G..(p, p’) 
in terms of the integral in Eq. (11). From a saddle-point evaluation (carried 
out below) it is found that the G..(p, p’) term furnishes in the illuminated region 
precisely the geometric optical (incident wave and reflected wave) field, In the 
transition region between the illuminated and shadow regions (Fig. 6.7.1), a 
more detailed treatment of the integral is required (see remarks below). It is 
to be emphasized, however, that all peometric-optical, transition, and dominant 
diffraction effects are contained in the n = O term; in the illuminated or shadow 
regions the image terms contribute only the higher-order diffraction effects. 
For example, if 0< ġ — $ < y, + ya the n = | image term yields the creep- 
ing ray launched along L; and emerging along L; in Fig. 6.7.4, while the 
n = —1 image term yields the creeping ray launched along L, and emerging 
along L;. 

Equation (!1), derived directly via the image concept in an infinitely ex- 
tended angular domain, may be compared with an alternative representation"® 
that utilizes Eq. (9) and also aims at a formulation useful in the illuminated or 
shadow regions. A residue series for the shadow region can be obtained with- 
out difficulry from Eq. (9) by contour deformation and residue evaluation. 
Equation (9) is not directly suitable, however, for application of the saddle- 
point method to field evaluation in the illuminated region; a difficulty arises 
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FIG. 6.7.4 Geometrical interpretation of field in illuminated region. 


because the resulting saddle points lie on the real u axis, where the singular- 
ities of g at the zeros of sin zt introduce rapid fluctuations. To cope with this 
complication, one may introduce the decomposition 


cos {u [z — [$ — $'|}} = e+" cos ud — ġ') F ie!'*-*' sin yn, = Imp 2 0, 
(20) 


which, when substituted into Eq. (9), permits the contribution from the first 
term to be evaluated in terms of a rapidly convergent residue series for all 0 < 
id — $’| <2. The second term contributes precisely the integral in Eq. (11), 
whose integrand has no singularities on the real axis and can therefore be eva- 
luated accurately by the saddle-point method, as shown below. The image 
approach, leading directly to Eq. (11), avoids the necessity for the two separate 
representations mentioned above. 


Hluminated region— geometric-optical field 


As noted above, to evaluate the contribution from G..(p, p’) when the 
observation point lies in the illuminated region, it is convenient to retain the 
integral representation in Eq. (11) and to seek an asymptotic evaluation by the 
saddle-point method. For simplicity, it is assumed again that Č = oo {see Eq. 
(14)], so f(u) = —J,(ka)/H!" (ka) in Eq. (5); the calculation for other values 
of Č proceeds in a similar manner. Since ka, kp, and kp’ are large quantities, 
it is suggestive to represent the cylinder functions in the integrand by their 
Debye asymptotic approximations in Eqs. (6.A 1)-(6.A7) and to look for pos- 
sible stationary points in the resulting exponent. If real saddle points exist, the 
corresponding asymptotic approximation will yield a field that propagates 
without exponential decay; admissible complex saddle points lead to attenuating 
solutions that characterize the fields in the shadow region where the rapidly 
convergent residue series provides an alternative method of calculation. Real 
saddle points should therefore occur only when the observation point lies in 
the illuminated region; this Conjecture is confirmed by the analysis. 

It is preferable to write the integral in the form'® 


G..(p, P) = G2(p, p') + G2(p, p’), (21) 
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where 
GU = -y | e90 HD kp HI kp.) dy, (21a) 
C 
2) — i tul$-$') gri) (9) , HP (ka) 
Gg g fe H," (kp)H;” (kp VET (kg) (21b) 


where the integration path C proceeds as shown in Fig. 6.7.5. As noted pre- 


FIG. 6.7.5 Integration path for saddle-point evaluation in the 
complex u plane. 


viously, this path deformation is permissible and the combined integrand of 
G. decays in the upper half of the complex yu plane. Attention is therefore 
centered on the path segment in the vicinity of the real axis where the Debye 
approximation for the cylinder functions may be used [Egs. (6.A1)-(6.A7)]. 
The resulting expression for G! is then as follows: 


a i I ’ 
Gv ~ a.) [Kpisin pkp ein Bye A a 
where 
Wi = uId — ġ'| + kp.(sin $, — B, cos B,) — kp<(sin $, — B, cos B,), (22a) 
B, = cos“! -E B: = cos"! A (22b) 


kp.’ kp.’ 


and the restriction 0 < Re 8, < z must be imposed [Eq. (6.A4b)]. The saddle 
points 4, of y ,(4) are determined from dy,/du = 0: 


cos" (2+) — cos- (E) + 16 — | =0; (23) 


also, one finds that 


y| l = l <0 
dut |, p,sinf,,  kp-sin Ba, ‘ 


where £,, and £,, denote the values of 8, and £, corresponding to 4,. 
The saddle-point condition (23) admits of the physical interpretation shown 
in Fig. 6.7.6(a). Since B,, and $, must be positive in view of the restriction 


(24) 
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(a) Direct ray (b) Reflected ray 


FIG, 6.7.6 Physical interpretation of saddle-point condition. 


following Eq. (22b), one observes that a real solution is possible only when 
lp — ġ'| < 2/2. The integration path is readily deformed through the saddle 
point at uw, = kp. cos B,, = kp. cos B,, and leaves the saddle point at a —45° 
angle [see Eq. (24), which follows from £,, > $a); it may be noted that the 
poles in Fig. 6.7.5 do not occur in the integrand of Eq. (2!a). Use of Eq. 
(4.2.la) and reference to Fig. 6.7.6(a) then leads directly to the expression 


Eo efkle-pl+inis j n 25 
EENET when |¢ — ¢'| < =, (25) 


which result represents the asymptotic form of the free-space Green’s function 
(see Eqs. (5.4.36) and (5.4.37)]. The integral G® therefore furnishes the inci- 
dent (direct) field in the region |6 — ¢'| < 2/2 and yields a negligibly small 
contribution when |¢ — ¢’| > 2/2. 

The integral G! in Eq. (21!b) is treated in the same manner, subject to the 
recognition that the asymptotic approximation for H}? (ka) is dependent on 
whether u < ka or u > ka. In the latter instance, H (ka) ~ —H® (ka) 
(see Eqs. (6.A1) and (6.A6)], and the resulting integrand resembles that in Eq. 
(21a). By proceeding as before, one finds that the saddle-point condition is 
now given by 


By, + Ba = 19 — 9’, H, = kp. cos B,, = kp..cos B,, > ka, (26) 


and admits of a graphical interpretation as in Fig. 6.7.6(a) provided that 
|d — $'| > 2/2. It is also noted that the restriction u,/k > a defines those 
rays which connect P and Q without touching the cylinder, thereby restricting 
the validity of Eq. (26) (for real #,) to the illuminated region. The second 
derivative of the phase function y(z,) is now positive, so the path through the 
saddle point #, > ka proceeds as in the right-hand portion of Fig. 6.7.5. The 
contribution of this saddle point to G2’ is found to be the same as in Eq. (25), 
with |ġ — ¢’| > 2/2, so the two results together furnish the incident field in 
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the entire illuminated region; the analysis actually excludes information along 
the line |ġ — ¢’| = 2/2, although the solution remains valid there. 

When yu < ka, the Debye approximation may be employed for all the 
Hankel functions in the integrand of Eq. (21b): 


~ i J ies 
ucka in| Teplain B,)kp'(sin TEE dy, (27) 
where 


W: = u|$ — $'| + kp(sin $, — B, cos B,) + kp'(sin B, — P: cos Ba) 
—2ka(sin f, — B; cos f;), (27a) 
u = kp cos B, = kp’ cos f, = kacos B;. 
The saddle-point condition dy,/du = 0 now reads 
Bi, + Bo, — 283, = lG — $'}, (28) 


and may be interpreted graphically as in Fig. 6.7.6(b). [d’y./du’],, is found 
to be negative, so the steepest-descent path traverses the saddle point at 4, < 
ka in the manner shown in the left-hand portion of Fig. 6.7.5. Equation 
(4.2.1b), together with parameters defined in Fig. 6.7.6(b), then yields the 
reflected-wave contribution, 


Ge elk ee ene 
z H< ka = Qa 27k 2L, L + (L, + L’ ja COs i (29) 


where L, and L; are the ray trajectories in Fig. 6.7.6(b), 0, is the angle of in- 
cidence, and it has been recognized that 


kL, = kp' sin fọ — kasin f,,, kL; = kp sin B,, — ka sin B,,, 
sin f, = cos 0.. 


Equation (29) may be shown to represent exactly the reflected field predicted 
from geometrical optics, so we verify again the validity of the geometrical-optics 
method in the range of large k. For finite values of C, Eq. (29) must be multi- 
plied by the reflection coefficient of a plane interface appropriate to a plane 
wave incident at the angle @,. 

These simple expressions become invalid when the observation point ap- 
proaches the light-shadow boundary, in which instance yu, —> ka. One observes 
from Fig. 6.7.5 that this condition corresponds to a coalescence of two saddle 
points near the sequence of poles, therefore requiring a more sophisticated 
asymptotic evaluation of the integral. Moreover, it is then no longer possible to 
approximate H;!:""(ka) by the Debye formulas which are valid when | x, — ka| 
> Of[(ka)'“]; one requires instead the uniform approximation in terms of 
Airy functions [Eq. (6.429)}. Details of the asymptotic field evaluation in this 
instance may be found in the literature.’"""* However, some simple observations 
may be made concerning the angular extent of the transition zone separating 
the illuminated and shadow regions. Since yu, = kacos f,,, the condition 
|u, — ka| > Of(ka)'?] may be restated as (1 — cos B,,) = (1 — sin @,) > 
O{(ka)**], or 0, < (7/2) — O[(ka)~]. The geometric-optical formula com- 


Ge 
fons] 


(29a) 
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prising the direct field and the reflected field in Eq. (29) is therefore valid only 
when 0, = (z/2) — 6, where ĝ is an angle of O[(ka)~'7]. Similarly, by examin- 
ing the exponent in Eq. (19), one finds that the residue series terms in the 
shadow region decay according to exp (—y, Im 4), where Im 4, is proportional 
to (ka)"?. The series therefore converges rapidly only when y, > ô and then 
permits the physical interpretation of the diffracted field in the shadow in terms 
of the rays sketched in Fig. 6.7.3.A simple ray-optical description of the field 
in the illuminated and shadow regions, respectively, applies therefore only ex- 
terior to the transition zones shown shaded in Fig. 6.7.1. 


6.7b Point-source Excitation 


The line-source Green’s functions obtained in Sec. 6.7a may be employed 
directly for the construction of the three-dimensional Green’s functions descrip- 
tive of the fields excited by a longitudinal electric or magnetic current element 
exterior to a perfectly conducting cylinder [see Fig. (6.7.7)]. As described in 


G 


FIG. 6.7.7 Point-source excitation. 


Sec. 6.2, one replaces k by v k? — Ç? in the line source result, and then performs 
the operation (1/27) |Z. d% exp [if(z — z’)]. From these considerations, we 
construct at once the following alternative representations corresponding to the 
radial transmission, angular transmission, and general contour integral repre- 
sentations discussed in Sec. 3.3c'": 


i S j tnl- ptu- _ b(n) (1) l 
$ f ertene [Jip — ARH (hep) 


87 no- 
x HP (kp), (30a) 
I ~ s t (3-3 b(u ) i 1 lp 19-9: 
— > dl DS een) p H? (k p)H? (k p) e99 
G(r, r’) = ee ees gga) i ' 
’ = Hu , 
(30b) 


82 Csa du E d EATON | (kp) T oH) HP (kyp-)| 


du) 
x Hi" (kep,) RH 16 — e, (30c) 
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where k; = vV k? — (?, with Im k, > 0, and ¢$/ is defined in Eq. (10a). Since 
the cylinder is assumed to be perfectly conducting, one puts C = œœ in Eq. 
(5a) for the E-mode case with respect to z (electric current element) and C = 
0 for the H-mode case (magnetic current element). It is to be emphasized that 
the replacement k — k; is also to be made in the functions b(z) and d(x). 

Other representations may be derived from the above by deforming the 
integration path in the complex ¢ plane about the branch-point singularities of 
k¿. The results then correspond to a z-transmission formulation, one of which 
is given by 


G(r, r') = 5z D ert-t 
n= — 00 


x [dan tne’) -AHP He (ny GI) 


where k, = Vk? — n?, with Im k, > 0. The derivation is left as an exercise 
for the reader. 

Equation (31) is useful for the derivation of results pertaining to vector 
point sources with arbitrary orientation. We recall from Sec. 2.3c [see also 
Eqs. (5.2.1)] that the fields may in this case be derived from the potential func- 
tions /(r, r’) and S”'(r, r’), which, in a 2-transmission representation, differ 
from G(r, r’) and G(r, r’) only through the presence of the factors 1/k and 
1/ki2, respectively. In the cylindrical waveguide, k, = ku = [see Eq. 
(3.2.46b)], so the formula for S is obtained by dividing the integrand in Eq. 
(31) by 47. For a proper interpretation of this result, the reader should refer to 
the remarks following Eq. (5.2.10). 


6.8 FIELDS IN SPHERICAL REGIONS 


6.8a Introduction 


The generic configuration for separable field representations in a spherical 


coordinate system comprises a combination of spheres, circular cones, and 
planes as shown in Fig. 6.8.1 (see also Fig. 2.7.1). Although only single 
spherical and conical surfaces are shown, regions contained between two con- 
centric spheres and two coaxial cones can also be accommodated. Certain 
physical attributes of fields in the presence of opaque spherical boundaries (¢.g., 
shadowing effects) are analogous to those discussed in Secs. 6.1 and 6.7 for 
cylindrical scatterers, while other characteristics are strongly affected by the 
different properties of the cylindrical and spherical coordinates (e.g., scattering 
by an edge at p = O and by a tip at r = 0). The intent in this section is to 
obtain alternative representations for fields in spherical regions and to contrast 
them with analogous results for cylindrical regions. Because of the formal 
similarity of field representations utilizing radially or angularly guided waves 
in cylindrical and spherical coordinates, alternative modal expansions of fields 
or their potentials can be written down at once (Sec. 6.8b). To illustrate some 
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FIG. 6.8.1 Configuration accommodated by a spherical coordinate 
sysiem. 


fundamenta! differences between scattering in two and three dimensions, field 
solutions for a perfectly conducting cone are evaluated asymptotically in the 
high-frequency limit to yield the field diffracted by a conical tip (Sec. 6.8c). 
For asymptotic results on the thoroughly investigated problem of scattering by 
a Sphere (see Reference !1) and for additional results on the cone, as well as 
for a representative bibliography, the reader may wish to consult References 
18-20. 


6.8b Alternative Field Representations 


Free space 


The fields radiated by arbitrarily prescribed source distributions in an un- 
bounded homogeneous medium may be derived by differentiation from the scalar 
Green’s function G, = [4a|r — r'|} exp{—jk|r — r'|] [see Eq. (5.4.2b)].t 
A radial transmission representation for G, follows from Eqs. (2.6.11) with 
CYir,r') = Zr, 7)/f taken from Eq. (2.7.11), and the mode functions inserted 
from Eqs. (3.4.79a) and (3.2.50): 
e-Jklr-e | 
4z\r — r’) 
ae oe e n+ 1)(n — m)! 

já4nkrr'm=o nam (n + m)! 
x cos m($ — $')P2(cos 0)Pr(cos O')i,(kr a (krs), (1) 


G,(r, r’) = 


t In this section, the time dependence is exp (+ jut). For exp(—iwt) dependence, 
replace j by —i and AS? by AL”, 
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where €,, = |, m = 0, and €,, = 2, m >J. When the source is located on the 
z axis, 0’ = 0, and since P,(1) = 1, only the m = 0 term contributes. Thus, 


G(r, r') = È (2n + I)P,(cos 0Yalkre)hi” (kr)  @' =0, (2a) 


E : 


and when the source point is at the origin, only the n = 0 term remains [see 


Eq. (2.7.4c)}: 
G(r, r') = P r=0. (2b) 


The spherical Bessel functions of integral order » may be expressed in terms of 
a finite number of trigonometric functions: 


jx) = sin x, f(x) = = — cosx, jx) = (à — l )sin x— 2 cos x, (3a) 
m(x) = —cosx, n(x)= —sin x — — 


n(x) = (1 Š 3) 00s x = 2 sin x. (3b) 
Thus, Aj?(x) = jexp(—Jx), so Eq. (2b) yields directly the closed-form ex- 
pression for G,. One confirms the earlier observation (Sec. 2.7a) that the 
spherical (radial) transmission-line analysis leads to a rapidly convergent re- 
presentation for the radiated fields when the sources are confined to a small 
region about the origin. In particular, a scalar point source at the origin excites 
only a single spherical mode. 

While the fields radiated by an electric or magnetic current element may 
be calculated by differentiating the closed-form expression for G,, it is instruc- 
tive to derive the result directly from the radial transmission representation. If 
the dipole is chosen to lie on the z axis, the fields are azimuthally symmetrical 
and Eq. (2a) is applicable. With J? and M? denoting the respective dipole 
strengths, the azimuthal field components, E, for a magnetic and H, for an 
electric dipole, may then be derived from Eqs. (2.6.4) and (2.6.11) as 


H, 
“H a EOG a 

nl 7 de I 2 >» (2n + 1)PXcos @) j (kre)hi (kr). (4) 
if —_ 


since P! = (d/d6)P, and P} = 0. As r' — 0, only the n = | term contributes 
[see Eq. (2.7.4c)] and the result is 


l 0G — k sin 0 2) (2) _ _p-lkr € -Jk 4a 
7 Ole Pie (kr), hy" (kr) = —e TJ a . (4a) 


Thus, while the a = 0 mode is the lowest mode in the scalar problem, the vec- 
tor dependence of the source changes this to n = I. 
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Expressions for Y’/rr' and S''/rr’ in Eqs. (2.6.9) are obtained by includ- 
ing the factor [n(n -+ 1)]-' in the summand of Eq. (J)and excluding the term 
n= 0. 


The sphere 


When a source distribution is located exterior to a perfectly conducting 
sphere, the electromagnetic field may be derived from the scalar functions G’, 
G” or S’, S”, whose radial transmission representations are obtained from 
those in free space on replacing the modal Green’s function in Eq. (2.7.11) by 
those in Eqs. (2.7.12). For example, if the excitation is from a vertical (radial) 
electric dipole and the coordinate system is oriented so that the source lies on the 
z axis, then only G’ is required for the calculation of the field, and is given via 
Eqs. (2.7.12), (3.4.67), (3.3.43), (3.4.101), and (2a), in the following alternative 
forms, with Aika) = 0: 


G(r, r) — > = > (2n + 1)P(cos OAP Kn (kr) de 


G(r, r’) = (Sa) 

Tr E a aaee Eos OP RNAI kr") (5b) 
with an intermediate contour integral representation also possible [see Eq. 
(3.3.43c)]. The conversion of Eq. (5a) into Eq. (5b) is known as the Watson 
transformation;?' the original treatment did not, however, utilize the charac- 
teristic Green's function concept. 

Equation (5a) expresses the Green’s function for the sphere as a correction 
on the free-space result, and is rapidly convergent when ka is small. Alterna- 
tively, for large ka, the “residue series” (5b) is suitable for a field calculation 
in the geometrical shadow region. Since £ = O(ka) (see Sec. 6.A5), one may 
employ the asymptotic approximation (3.4.66b) for the Legendre function pro- 
vided that @ % 0, z. The resulting series then has the same form as in the prob- 
lem of scattering by a circular cylinder (Sec. 6.7a), and the same analysis may 
be employed to deduce the fields in various geometric-optical domains. The 
physical interpretation of the behavior of the various field constituents is also 
directly analogous, due cognizance being given to the three-dimensional, but 
rotationally symmetric, character of the ray structure in the present instance 
(see Figs. 6.7.3 and 6.7.4), Simple ray pictures fail along the axis 9 = 0, z where 
P,(—cos @) cannot be approximated in terms of exponentials; the failure may 
be explained physically since the creeping rays all intersect along this axis, 
thereby forming a caustic of the creeping-ray system. As in the cylinder prob- 
lem, it is convenient to extend the @ domain to — co and + oo, and to represent 
the angular characteristic Green’s functions g, and g4 in terms of images in this 
infinitely extended space. This representation is easily achieved when the 
Legendre functions may be approximated by their trigonometric forms (i.c., 
for sufficiently large v), but may also be phrased for arbitrary v by introducing 
the “traveling-wave” Legendre functions in Eq. (3.4.71). 
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If the electric current element on the z axis is transverse (for example, J° = 
6,J°, with @ = ¢’ = 0) then the Hertz potentials IT’ and II” may be derived 
from SY’ and S” in Eqs. (2.6.9) as follows: 


° IT’ ‘yy J? g? ? t 
jJ@er (r, r ) = Fi I Or’ S (r, r ), (6a) 
We, e) = — Fe, e’) (6b) 
i r’ sin 8’ og’ nen 


witb the limiting operation @’, 6’ — 0 to be carried out after the differentiations 
have been performed. The radial transmission representation for Y’/rr’ has the 
same form as the right-hand side of Eq. (1), provided that one replaces the ra- 
dial function in Eq. (2.7.11) by that in Eq. (2.7.12b), includes a factor (n + 1)~! 
en`! in the summand, and excludes the n = O term in the series. In view of 
the relations listed in Eq. (3.4.79d), only the m = 1 term remains after the limit 
8’ = 0 has been invoked. Thus, 


ma on _ Je o (—cos d & (2n + 1) 
joerl'(r, r’) = a | Ree, are Ty Cos) 


x [ikre — fa hP kro alkro}, a) 
and similarly for II”, 


H sa —sing < (2n + 1) 
riT(r, r’) r 2 aati) 7) Px(cos 8) 


x [Jslkre) — BD hP kro |Am(krs)}, (70) 
which expressions are now inserted into Eq. (2.6.4). As before, the result sepa- 
rates into the free-space field, which may be evaluated in closed form, and a 
contribution accounting for the effect of the sphere, with the latter rapidly 
convergent when ka is small. 

Alternative representations for the functions inside the braces in Eqs. (7) 
may again be obtained by utilizing the characteristic Green’s functions, By re- 
ferring to Eq. (3.3.43a) with g = m = 1, one may write 

Pie e) a a CEO 
where C, surrounds the singularities of gy = gg [Eq. (3.4.67)] on the positive 
real axis in the positive sense, but excludes the singularities of g; [Eq. (2.7.12b)], 
and the pole at the origin. This contour may now be deformed about the poles 
of g’, thereby yielding a residue-series representation which converges rapidly 
in the shadow region of the sphere when ka >> 1. Analogous considerations 
may be applied to 2”. 

By moving the transverse dipole to infinity along the z axis, one may derive 
the result for an incident plane wave with electric field E,,, = Xo exp (jkz). 
This is achieved by letting r’ — 00, replacing 4?(kr’) by its asymptotic form, 
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and setting 


—japs°e kr en 
Anr’ 


Results for a dielectric sphere may be obtained by inserting the appropriate 
radial characteristic Green’s functions (see Fig. 2.7.4). 
The cone 

When the scatterer is a perfectly conducting semiinfinite coneas in Fig. 6.8.2, 
the angular functions in Eqs (3.4.68), (3.4.69), (3.4.80)-(3.4.83), and the radial 


Z 


Source 


FIG, 6.8.2 Conical obstacle (æ = 6) — 7/2 — 6’). 


functions in Eqs (2.7.11), and (3.4.100) are appropriate. The Green’s function 
G’ may thus be written in the following alternative forms [see Eqs. (3.3.43)}'?: 


j 5 _ # (p+ m+ 1) 
Ah 2, En COS mo $') 2(2p + ore eat me) 
Y P; ”(—cos 8,)P; (cos 0’) 
[sin (p — m)x](0/dp)P, "(cos 8.) 
x j(kr. an )P, "(cos 0), (9a) 
EE re'G (e,r) + a> Bik, 2 €,, cos MO — $’) 
x È falker dh? (kr -)g6(8, 0"; mi; A) dà, (9b) 


rr'G (tr, t’) — aE: H €„ cos m$ — D +1) 
Tv + m + 1) ae cos 94) 
X TO — m + I)sin(v — m)x P7 ”(cos0,) 
x A? (kr)h?) (kr')P-™(cos 8)P7 "(cos 8’) dy, (9c) 


where v = p are the positive zeros of P; ”(cosĝ,), à = wiv + 1)(i.e., v = 
À + 1/4 — 1/2), €n = 1, m = 0, and €,, = 2, m > 1. G; represents the free- 
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space Green's function (Eq. (1)] and g,, denotes the second term in Eq. (3.4.68), 
which expresses the perturbation introduced by the conical surface. The con- 
tour C, in the complex À plane, which surrounds the real zeros 2, = p(p + 1) 
of g, in the positive sense, has been deformed about the singularities of g, (branch 
point at A = —1/4, with branch cut drawn along negative real axis) to achieve 
the 6-transmission representation in Eq. (9c) [see also Eq. (6.3.3); in the final 
reduction, we have utilized the fact that A? A? and g,, are even functions of 
v + 1/2]. Analogous representations may be written for the H-mode Green’s 
function G” on replacing P; ”™(+cos 95) by (d/d0,)P;™( + cos 0,),22 and for ' 
and Z” on including the term l/p(p + 1) in Eq. (9a). In the latter instance, 
the angular transmission representation is found to be?? 


Fie) = Qe, e) + File, e’), (10) 
where Y, = S' — SF, and 


O'(r, rc’) = Tr > Em cos m(@ — $’) [27] (Residue at A = 0)], (10a) 
/ N — —I - _ A ae ae 
Piece) = gg E emcosm(G- Pf POL I, (10b) 


{ ] denoting the integrand in Eq. (9c). The corresponding expression for 7 
differs only in that P7”(+cos 8.) is replaced by (d/d0,)P, "( +cos 0). One may 
show via Egs. (3.4.65) and (3.4.66a) that 


Q = Q" = J ilk a (kr) È cosmo — 


2 2 


It may also be verified from substitution into Eqs. (2.6.10) that the m = 0 term 
in Eq. (10c) does not contribute to the electromagnetic fields calculated from 
F' and S”, so it need be of no further concern. 

By employing the large-p approximations for the functions in Eq. (9a) [see 
Eqs. (2.7.4) and (3.4.66)], one may show that the radial transmission represent- 
ation converges everywhere, but converges rapidly only when either the source 
or the observation point is located near the cone tip (kr or kr’ small; see Sec. 
6.5c). This formulation is useful to check that the “tip condition” [Eq. (1.5.39)] 
delimiting the permissible growth of the fields near the tip singularity is satisfied. 
The series may be employed, for example, for the calculation of the currents 
induced near the cone tip by an incident plane wave (one replaces A! (kr. ) by 
its asymptotic approximation for r’ —> co, and renormalizes) or for the evalua- 
tion of the radiation pattern due to sources placed near the tip, subject however 
to the availability of the eigenvalues p. When kr and kr’ are large, series re- 
presentations of the type (9a) are inconvenient for calculation since the terms 
decay in magnitude only when p is larger than kr.. It is then more suitable to 
employ the integral representation in Eq. (9c) which exhibits the perturbation 
effect of the cone explicitly. Since the representation theorem involves the 


xX ftan L 0’ tan? ESS + (m = 0) term. (10c) 
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Kontorovich-Lebedev transform, which applies only to a limited class of func- 
tions, it is necessary to impose restrictions that assure the convergence of the 
integral. The considerations are directly analogous to those encountered in the 
wedge problem [see the discussion following Eq. (6.3.3)], and furnish the conclu- 
sion that the contour deformation leading from Eq. (9b) to Eq. (9c) is permis- 
sible provided that @ + 0’ < 20, — x. As in the case of the wedge, the angles 
ð satisfying this restriction define a region that excludes rays reflected specul- 
arly at the cone surface (i.e., the domain @ > @ + 2m in Fig. 6.8.2). In its 
domain of validity, the second term in Eq. (9c) may therefore be expected to 
represent the diffraction effect that accounts for the deviation of the high-fre- 
quency field from that predicted by geometrical optics, 


6.8c The Cone—Diffracted Field at High Frequencies 


Asymptotic expansion 

In the high-frequency range where kr and kr’ are large, the integral in Eq. 
(9c) may be evaluated asymptotically by the procedure described in Sec. 6.4a. 
and leads to the following result for G; = G’ — G, when (0 + 6’) < 20, — 2:5 


; ye i elkintr) ~ A, 0’: db, $) 
Gt) ~ Grae ae B= Bikey (11) 


where the coefficients A’, are given by 


A= > Em COS n(o — pf xe*"(ix, n)go, ax, (Ila) 


ge K;™(cos 0)K, "(cos 6’)T(ix + m + 4) Kz7(— cos 0.) (11b) 
ie 2 (— l) 'coshax Tix —m +4) Kz™(cos 9.) ` 
In these equations, the variable x = — i(y + 1/2) has been introduced, as well 
as Mehler’s notation 
K+(cos 0) = P#,-2,;,(cos @) (IIc) 


for the Legendre function of order ix — 4, not to be confused with the modi- 
fied Bessel function, denoted elsewhere by K,. Also, 
(ix, n) = Not $y + + Debt bt an DI 
= = fe thtanin—Diinn—D, n=1,2,..., (Iid) 
with (ix, 0) = 1. While it is straightforward to write an expansion for large 
but arbitrary kr and kr’ as in Sec. 6.4a, Eq. (11) is restricted to kr’ >> kr; i.e., 
the asymptotic series in Eq. (6.4.8a) has been employed for A‘ (kr), whereas 
h!" (kr') has been represented by its leading term [see Eqs. (5.4.6) for passing 
to the limit of plane-wave incidence]. The dominant contribution, 


g jetit r’) ; l 
G: ~ Fag 48, 8: 4, $’), (12) 


{For the high-frequency calculation in this section the time dependence is exp (— iot). 
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is, however, correct to O(1/kr) and O(1/kr') regardless of whether r > r' or 
r<r’, 

In the analogous expression G7 for the H-mode case, the last factor in Eq. 
(11b) involves the derivatives of the Mehler function with respect to @,, and 
the corresponding expansion coefficients are 4%(0, 0’; ġ, ’). Similarly, for the 
functions SY; and 7, the integral in Eq. (10b) may be expanded asymptotical- 
ly and one finds 


B0, 8'; $, $) 


F'(r, r')~ a elkirte’) > = Tkr , (13) 
where 
=: < _ df © xn (ix, n) A 
= p? €,, COS m(o $ )| xe xt [8 ax. (13a) 


The analogous result for J” has expansion coefficients B” that contain g; 
instead of go, In view of Eq. (IId) and the differential equation for the 
Mehler functions, 


[10 )- im sin? 8 — (} + x)| K x "(COS 0) = 0, L(é) = ag sin 04, (14) 
one may verify that 
C, =— L [PVV + nln — D] Caa  n=1,2,..., (15a) 


where C, stands for any of the coefficients A’, A7, B}, BZ, and r°V,-,V is defined 
in Eq. (2.6.2). Thus, all the coefficients may be obtained recursively from a 
knowledge of the n = 0 term. Moreover, in view of Eq. (14), the A, may be 
derived from tbe B, via 


PY, NB, = An n=0,1,2,.... (15b) 


The field derived from Eq. (12) for a radial electric dipole, or from Eqs. (10) 
and (13) (and their equivalent for S”) for an arbitrarily oriented source, has a 
simple physical interpretation. The phase at the observation point P corresponds 
to a wave that has traveled from the source to the cone tip along the radius 
vector r’ and then from the tip to P along the radius vector r. The dependence 
on r and r’ in Eq. (12) shows that both the incoming and the outgoing waves 
are spherical waves, that the incoming wave is centered at 7 while the scat- 
tered wave is centered at the tip, and that the scattered wave has an angular 
dependence specified by the “diffraction coefficient” A,. This process admits of 
a pictorial representation in terms of diffracted rays as shown in Fig. 6.8.3, the 
total field comprising free space and diffracted contributions. These observa- 
tions apply in the region @ < 0. that excludes the geometric-optical rays re- 
flected from the side of the cone. The formulation of the problem in the region 
8, > 0 > 0, is considerably more involved, since the integrals in Eqs. (9c) and 
(10b) are then no longer convergent. As in the similar analysis of the wedge 
problem (Secs. 6.3a and 6.5c), it is necessary to subtract the geometrically re- 
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FIG. 6.8.3 Interpretation of high-frequency diffracted field. 


flected fields before a convergent integral representation for the remainder can 
be obtained. Although this procedure is relatively straightforward for the 
wedge where the plane sides give rise to a reflected field which is of the same 
type as the incident field, the curved boundary of the cone destroys this simple 
feature and complicates the analysis. A study of this has been carried out for 
fields with simple azimuthal behavior'®* [excited by a ring source centered 
on the axis and phased according to exp (im@)], and it is found that the 
functional form of the diffraction coefficients A‘, A” or Bi, BY is the same 
throughout the entire region 0 < Ô < @,, although their above-described 
integral representation is valid only when 6 < 0.. Thus, if it is possible to 
evaluate the integral, the resulting function of 0, 0’, ¢, 6’ is expected to apply 
everywhere. The extraction of the geometric-optical contribution is facilitated 
by formulating the angular transmission line problem in terms of images in an 
infinitely extended 0 space as in Eq. (3.4.74). It should be emphasized that the 
simple characterization of the high-frequency field in terms of contributions 
from direct, reflected, and diffracted rays is invalid in transition regions bound- 
ing the domain of existence of the reflected rays. 


Approximation for small cone angles 


While the evaluation of the diffraction coefficients must generally be carried 
out numerically,'***, approximate results may be derived for cones having 
small apex angles. In this range, 9, = x, and the Legendre functions involving 
6, may be approximated by elementary forms. Since F(a, b;c:0) = l, one 
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finds from Eqs. (3.4.65) that for g — 0, 


Pz” (cos g) “mra (EY m = 0, (16a) 
ae I (m) á 
Pr™(— cos 9) ~ (1+m +y) muon > =o) mæl, (16b) 
whereas?‘ 
P(—cosg) ~ E ng, (m=0) (16c) 
Also, 
d ea | m-i 
ag (cos g) ~ Tmn) (2) ’ m > 1, (17a) 


d p-m — Ti +m) 2\ mti 
dq” (— 0089) ~ arra nre lG) s mai, (17b) 


and the expressions for mm = 0 may be obtained from Eqs. (16a) and (16b) via 
the formula 


5 P (cos p) = P\(cos gy) = — wv + 1)P7'(cos g). (17c) 

Thus, as 9, — x, 

PAT cos ĝo) T CSC YN 

P(cos@,)  2in[(x — 6,)/2) 

P; ™(— cos 0.) a Re 2m 

“P="(cos Â) Of(z — 8.)}"], m>}, (18a) 
and 
d nm T(m — VEU + m + vy) /x — bA?” 
gerot [rete ay (a) o mal (18b) 

r i av(v + 1) (x — 8,\? _ 

gecs | POET), m= = 


When the m = 0 term contributes to the field, a lowest-order approximation 
in z — @, therefore involves only the m = 0 term for the E modes, but the 
m = 0 and m = I terms for the H modes. 

After these approximations have been substituted into Eqs. (I 1a), (13), and 
their counterparts for A’, BY there remain certain integrals that may be 
evaluated in closed form;!*?’ 


_ (”_ tanh ax i = l 

la a X oha x Kx(cos 6)K,(cos 8’) dx = acos 0 + cos 6" 6+ py (19a) 
A tanh zx ; _ 2 © sin @ sin 0’ 

h = 2 ox K x(c0s 8) K: (cos 8’) dx = ete T (19b) 


_ (> _tanh zx K!(cos 6)K'(cos 6’) tan (8/2) tan (0°/2) 
ie Í, “Cosh ax (x? + 1/4) ae n(cos 0 + cos 8’) ’ a 
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2 1 + cos 8 cos & 

z (cos @ + cos @’)” 
(19d) 


all results being subject to the restriction 6 + @’ < z, It is then found that the 
n = 0 diffraction coefficients are given by 


_ {~ Utanh zx 2 j _ 
I, = f x BND ZX (1/4 + x*)K,(cos 8)K „(cos 8") dx = 


7 l. I TR a IE S 
Að, 8 ’ $, $’) ae 2(cos 0 + cos ANln[(z 7 6.72"! T o(1)}, (20a) 


F i ROER z— @, f teose oos 64 2sin b sinf cost — $) 
Ay(8, 8"; 6, $) = 2x (Z5) (cos ae Cos "3 | 
x[1 + o(1)), (20b) 
where o(1) denotes terms which vanish as 9, —> z. Thus, one has for the scat- 


tered portion of the scalar Green’s functions G; and G? when 0, = 7 and 
6+ 60 <20, — R,” 


j TO ie {(r+r’) l 
G(r) ~ — a kr Heos 8 F cos Gini — 03/2)’ (21a) 
Gir, r') ~ jee 2 


x [I + cos 9 cos 6’ + 2sin O sin 6’ cos( — $')] Ey. (21b) 


which results may be employed for the calculation of the fields due to a radial 
electric or magnetic dipole. The restriction ® + 6’ < 280, — x is retained in 
view of the observations following Eqs. (10), although the approximation 0, = 7% 
has relaxed the convergence condition to (@ + 8’) < a. 
When the source is a transverse electric dipole, for example, J° = $° J9, the 
electric field may be determined from Eqs. (2.6.4) and (2.6.9) as follows: 
<a | a ne a 
Jo “Ndr? sin 8’ Or’ 06’ — iwe 
+6 (- g? g? S' ion & "\ 
\r Or 00 sin O Or’ 06’ —iwe rsin 906 06" 
l æ 0? S' iou 0 r) > 
F bol; sin 8 drog sin 6'dr'dd’ —iwe + r 08o ae (22) 
Since 0/d¢’ appears in all terms involving S’, the ¢’-independent m = 0 term 
in Eq. (13) does not contribute. The dominant contribution to .Y/ for a small- 
angle cone is then found from the m = | term in the diffraction coefficient B, 


B48, 0"; $, 8") Ines ~ —2n (5%)? tan (8/2) tan (C/D cos (h — $'), (23a) 


whereas to the same order of approximation in xz — @,, both the m = 0 and 
m = l terms contribute to By and yield 


B00. 6"; 6, p) = 2(E 5-2) pt — BOO 4.4") Incr (230) 


710 Fields in Cylindrical and Spherical Regions Ch. 6 


The distant scattered field may now be obtained by substituting Eqs. (23) into 
Eq. (13) and its counterpart for ’' and recalling Eq. (10). The result simplifies 
substantially when the source lies on the axis, so 6’ = 0. By moving the dipole 
to infinity and normalizing as in the paragraph following Eq. (8), one finds for 
the total electric field in the region 9 < (20, — x) due toa plane wave incident 
parallel to the cone axis 


es -the ic : ek in — ON 4 8 

E = x,e7 + (0, cos ¢ Pa sin p- ( z ) sects, (24) 

which result is valid in the region 6 < 28, — 2. While the exact diffraction 

coefficient diverges on the reflected wave boundary 0 = 29, — z, the appro- 

ximate evaluation for 9, = x has shifted the divergence to 6 = xz. Along the 

cone axis Ê = 0, Eq. (24) reduces to 
[ey ee aye" 

E xole i( 5 ae (24a) 

For arbitrary cone angles in the range 2/2 < 6, < x, the integrals in Eqs. 

(tla), (13a), etc., cannot be evaluated in closed form; numerically computed 

curves are available and have been presented in References 19 and 25. It is 

found that the fields calculated from these curves are Well approximated by the 

physical optics expression; moreover, for wide-angle cones 6, = 2/2, one may 

derive approximate closed-form results. These aspects are illustrated in the 
Problems section at the end of this chapter. 


APPENDIX 6A. ASYMPTOTIC FORMULAS FOR H'")(z) AND H'?)(z) 


For many of the problems discussed in the text, it has been necessary to 
utilize asymptotic expressions for Bessel functions of large complex argument 
z or order v. The pertinent formulas, listed in this appendix, comprise two dif- 
ferent sets: (1) for the range |v/2| >> 1 or |v»/2] < 1, and (2) for the range jv/2! 
æ 1, Expressions for (1) were derived by Debye”*; those for (2) are due pri- 
marily to Langer” and Olver*(see also Reference 31). 


6A.$ Large, Unequal Order and Argument 


If the argument and order are not approximately equal [more precisely, if 
lv — z| > Oll”), three different asymptotic representations for HP® (z) 
suffice to cover the entire complex plane divided as in Fig. 6A.1. 

For H(z), one has 


Region I 
HI 2 —tn/é pft (sin yoy CON < A,A in + (1/2yje- te? 
Hy)(z) ~ 4j rainy eme"! ) 2 ER ae (A1) 
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Im r 


C4 
yp=armz<wn/2 
(a) For HG2) (b) For H(z) 
FIG. 6A.1 Various regions in the complex v plane. 
Region II 
i 2 R'A p—it la = 3 > AX i(n F (1 2)j\er"? 
il) a Saar (4 (ain y—y cos 7) 
H? (2) V xz sin tl . l x, [(z sin WB (A) 
Region H} 
2 . E A, [n -+ (1/2)? 
(1) a ee injo- isiin y +{2n- y) car yl 
HPD ~ — a] arany ONE rn CAD 
In these formulas, I(x) is the gamma function, with 
COS y = =, larg z| < 2/2, (A4a) 
and y is restricted so that 
0 < Rey <2. (A4b) 


The first few of the expansion coefficients A, are 
A=1, A=} + Scotty, A, = poy + sra cot?y + ASS cory. (Adc) 
For H(z), one has 
Region IV 


2 a/o 14 {Bin y—-y Cony eT fn T oF, 2) )) 
HP (z) ~ V zz sin 3° eae i [(z sin y)/2]° (A5) 


Region V 


a a —tnl4 gis (ain y~7 cos A TIn + (I 2)\er 4 
H2(z)~ — y iz sin) eft Gin y~7 cos y) = ae (A6) 
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Region VI 


{ 2 2 ere = AT {in + (1/2)]e m? 
(2) AL vias fn/4pi3(sl (2n-y) cos y} An 
Hy(2) mz sin y Sees ada 2 ((zsiny)/2)/" (A7) 


Equations (A4) apply here as well. The zeros of H!” (z) for large v, z lie on 
the curves C, and C, which form a partial boundary of regions III and II, re- 
spectively. To obtain an expression for H{"(z) near or on C,, one adds Eqs. 
(Al) and (A3), while the sum of Eqs. (AI) and (A2) is appropriate for a rep- 
resentation of H!(z) near or on C}. This addition is required since in the 
above formulas, in which the exponential terms assume large magnitude, a 
further contribution of exponentially small magnitude has been omitted. Near 
C, or C,, however, the magnitude of the exponential terms approaches unity, 
and both contributions must be taken into account. Similar considerations apply 
to the representation of H(z) in the vicinity of the contours C, and C, in Fig. 
6.A.1(b). The slope of C,,, at v= Fz is defined by the angle $, = (xz + arg z)/3, 
while the corresponding angle for C,, is $} = (z — arg z)/3 [see Eq. (A35)]. 
As |v| —> œc along the curves, both |Re v} and |Jm y| increase but the growth of 
Im v| is more rapid than that of |Re v|, whence |arg y| —» 2/2 [see Eqs. (A21) 
and the discussion following Eq. (A44) for the behavior along C}. 

On the line arg (v/z) = 0, |v| > |z|, formulas (A1) and (A6) apply for 
H and H? , respectively, with y = iô, ô > 0. On the line [arg (v/z)| = 2, 
|v| > |z|, the appropriate formulas are (3) and (5), with y = z + iô, ô > 0. 

Formulas for 

Iz) = [H (z) + AP (z)] (A8) 


can be obtained by addition from the above, except in those cases when 
H(z) ~ —H(z), in which instance the Bessel function has a behavior char- 
acterized by an exponentially small contribution. Thus, when v and z are large 
and positive and v > z, J,(z) is represented asymptotically by the real function 


Jz) ~ 4S(— iô), 6>0, (A9) 
where S(y) denotes the expression on the right-hand side of Eq. (A}). 
6A.2 Large Argument 


When z is large and |z| >>| v| (i.e. y — 2/2), formulas (1) and (5) can be 
replaced by the simpler expressions 


(Nis) n 2 jir-ven-ay © _(V n) —z < alez< 2n, A1Qa) 
H\(z) Ve 2 z < arg z ( 
(2. araa A A) 
Wir) n ltz- Ue /2— x74) — 2a < argz< 2, (A 10b) 
H (2) az. 2 (2y s 
where 
(v, n = a = Ca — 9 t = (n= iy) = 1. (A106) 
i 27*n! 


A formula for J,(z) is obtained from Eq. (A8). 
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6A.3 Large Order 


When v is large and |v|>>]z|, the results in Sec. Al may likewise be 
simplified; cos y is now very large and can be approximated by its dominant 
exponential. Suppose that y = ič, Reg >0, so that 2v/z = 2cos y = exp (¢) = 
—2i sin y. Then, from the n = 0 term in Eq. (A}), 


HIM 2) ~ of sapere tte = mini 2 (2Y". (A11) 


Since y = i ln (2v/z) = i ìn |2v/z| — arg(v/z), one notes from Eq. (A4b) that 
the validity of Eq. (A11) is restricted to that portion of region I in Fig. A l(a), 
in which —z < arg (v/z) < 0. Expressions appropriate to other portions of 
the complex v plane, obtained in a similar manner, are summarized below, and 
apply in the range |arg (v/z)| < z: 


a aay 2 (2) i arg (>) 0, in region J, (Al 2a) 


nv\ez 
. | 2 {2v\" ' 3 
(1) a a mei paad 
H(z) if A2) ; in region H, (A12b) 
mat 2 sam (22) e . 
Rd z in region II. (AI2c) 
garena j 2 (2) z arg (+) z0 in region IV, (AlI3a) 
mv\ez/ ’ Z i 
HË (z) ~ if = (22) in region V,  (A13b) 
v nay ez ’ ? 
— | 2 gira (2v\"" in regi 
on (=) i in region VI. (A13c) 


These formulas are continuous across the lines arg (v/z) = 0 and farg (v/z| = zx, 
and may therefore be employed also on these boundaries. The continuity across 
the line arg (v/z) = 0 is evident. To show the equality of Eqs. (A12a) and 
(A12c) on the line arg (v/z) = +2, it is noted that the values of v in regions I 
and JII are related there via vı = ve’. Similar considerations apply to Egs. 
(Al3a) and (A13c). The factors (2v/ez)** approach unit magnitude near the 
curves C, and C,, while |(2ve*'"/ez)"| —» | near the curves C, In the vicinity 
of any of these contours, the pertinent expressions for H‘"-® are given by the 
formulas valid on either side. 

The asymptotic formula for the Bessel function is obtained directly from 
the power-series expansion 


Jz) = $ D21" (A14) 


acon! T(y +n-+ 1)’ 
upon substitution of the large-argument expression for the gamma function, 


Civ + a)~a/ 2x (2) v, M>, largy| <z, &>0. (AIS) 
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Thus, 


Tr 
La~ a a > larg v| < z. (A16) 


Equations (A12) and (A13) could also have been derived from Eq. (A16) and 
the formula 


HOD(z) = A ETN, (z) (A17) 


To assess the magnitude of the factor (2v/ez)*", we let 
v= e, C= |v| æ, (Al8a) 


to obtain 


20) "| = = exp E y In Z- sin y (w — arg 2)|}. (A18b) 
This term grows faster than exponentially whenever + cos y > 0, decays when- 
ever +cosy < 0, and assumes unit magnitude only when |y| — 2/2 [see Eq. 
(A21)]. Hence, the Hankel functions grow faster than exponentially as |v} > co 
everywhere except when |y|—» 2/2. In the latter range (i.e., near the curves 
C\.2,3,4) the simple expressions in Eqs. (A12) and (A13) must be modified as 
mentioned above, and a study of the resulting formulas reveals that for |v| — 
oo, H!” (z) is small in the region between the curves C, and C, but large outside 
this region, while H(z) is small in the region between the curves C, and C, 
but large outside this region. J,(z) in Eq. (A16) decays to the right of the 
curves C, and C, but increases elsewhere. On the imaginary axis, for z positive 
real, 


HP (2), A(z) ~ OLE et}, H(z) Ofer], we = EZ, (Al9a) 


H” (z) ~ O[C- e]; H(z), JAZ) ~ OLGE], = —5. (A19) 


Because of its bearing on the cylinder diffraction problem in the text, we 
now consider behavior of H''(z), (0/dz)H!)(z), (@/dv)H!?(z), and J,(z) on 
the curve C, as well as that of H!"(»), y # z. In the vicinity of C,, the asymp- 
totic approximation of H!” (z) comprises the sum of Eqs.(A12a) and (A 12b); 


wo VEE] aa 


Each term inside the brackets takes on unit magnitude when 


a EZ nis 
= = — = -r = —e" ’ A21 

yag o ô S sate o =a (a21 
where z is assumed to be positive real for convenience. Equation (A21) actually 
defines the distant portions of the curve C, on which the zeros of H,'’(z) are 
located since Eq. (A20) can vanish only when each of the exponential terms 
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has the same magnitude. One observes from a comparison of Eqs. (A19) and 
(A21) that all functions vary extremely rapidly as |y| — 2/2. 

Since the distant zeros of H‘”(y), y positive and unequal to z, also have 
ly| — 2/2, the representation of H‘"(y) near C, likewise comprises the two 
terms in Eq.(A20). On C,, 


2¢ Z ana _ A2in(z/y) us 
bin = din(Zem) = FSD + 5. (A22a) 
SO 
2v\ "| (x In (z/y) 
(=) | = exp EATA oy 


Thus, one or the other of the terms in Eq. (A20) (with z replaced by y) domi- 
nates when z > y or z < y, respectively, and one finds for any positive y, 


W 2 -n [éz In (z/y)| ee 
| HS (y)|~ Jelg mes | on C; as 4 : (A23) 


Upon differentiating Eq. (A20) with respect to vy, noting that |(2v/ez)*"| is 
O(1) on C, and that the terms in the brackets of Eq. (A20) must cancel at the 
zeros of H(z), one finds that 


2 HP ~0 (fee), (A24) 
along C, and at the zeros of H3"(z). Similarly, 
Z Hoet), (A25) 


and, also, 


JA)~0( Fe), He) o(p). LRA (A26) 


along C, and at the zeros of H(z). 
Since 


HY? (z) — e=" FC.2 (7), (A27) 


the zeros of H‘? (z) are disposed symmetrically with respect to the origin in the 
complex y plane as indicated by the curves C,, C, and C;, C,. One may also 
verify that the locus of the zeros of (@/dz)H‘"(z) behaves in a manner similar 
to C, aS v — œ. 


6A.4 Large and Almost Equal Order and Argument 


When v = z, then y +0 in the Debye expansions in Eqs. (Al)-(A7) and 
the resulting expressions become invalid. In this range the Hankel functions 
can be approximated by Airy functions that provide the means of passing 
smoothly from the region |v — z| > O(|v|'?), wherein the Debye formulas 
are valid, to the region [vy — z| < O(|v|'”’). The expressions below have been 
obtained by Olver.” 
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If an arbitrary complex number t is defined by the relation 
z= vV +4 m”, (A28) 


then H? (z) has the asymptotic expansion as v -> oc, 


HEY (2) ~ Zs lAi(— 2t) F i Bi(—2'2)] 540o A (1) 
+3, “TAi(— 20t) F i Bi'(—2'2)] Ž BD, (A29) 
where the first few coefficients are 
Aol ee Ae —apGt ta 
By, = 0, B; = n A -Iy jd (A29a) 


The expansion for H” (z) is valid when —2/2 < argv < ae while that for 
H}(z) applies when — 32/2 < argv < 2/2. For values of y outside these 
ranges, one may employ Eq. (A27). Ai(x), Bi(x) and Ai’(x), Bi'(x), denote the 
Airy functions and their x derivatives, respectively (see Chapter 4, Appendix B). 
To identify the n = O term in Eq. (A29) with the similar result in Eq. (4.5.33), 
one observes from Eq. (4.5.35a) that y in these equations is given approxi- 
mately by 

n œ= 218¢272), Zo, (A30) 


Expressions for the derivatives (d/dz)H'!')(z) = H,” (2) are obtained by dif- 
ferentiation of the asymptotic series for H"? (z). The Airy functions and their 
zeros are tabulated in Reference 32. 


6A.5 The Zeros of H” (z), H,""(z), and Related Results 


From the results in the preceding section, it is noted that the zeros of 
H‘? (z) or Hy?(z) when v = z, |z| large, are given in first approximation by 
the zeros of the appropriate Airy function combinations or their derivatives, 

Since the Airy differential equation 

@ 4 aAa) o A3I 

(j: $ a) Bi( 2) 7 on 
is also solved by vø Z,.,(30**), where Z,,;(x) is any Bessel function of order 
+ and argument x, one finds from a comparison of the large-o asymptotic solu- 
tion for the function 4,(—@) [see Eqs. (4.2.51)] and the Hankel function of 
order 1/3 that 


A —o) = Ai(—o) — i Bi(—o) = e^, [ H9 (263?) 
a — 2¢e-'"Ai(—oe ~n). (A32) 


Although it is more convenient to deal directly with the Airy function formu- 
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lation [see Eqs. (A39)], many investigations in the literature have utilized the 
-order Bessel functions; for this reason, both treatments are included. Upon 
introducing the change of variable 

2 gilt = getn, (A33) 


(1) 


and employing Eq. (A17), one may show that the zeros E of H (če) are 
identical with those of the equation 
J sles) + Ji j3(€ ») = 0, (A34) 
which are real. With o = 2!'”t, t = (z — v)v""3, and z fixed, the zeros +¢, 
of H(z) are given via Eqs. (A29), (A33), and (A34) by 
Ep ~ zt DNNE ezO, HWP) =0, &,>0. (A35) 
To a first approximation, the zeros of H(z) coincide with those of 
Ai( —2'?2) = A\(—@), which, in view of the formula 


Sp EH Pe = CHS (Ee) (A36) 


applied to 4 = 4, and Eqs. (A17), (A32), and (A33), can be seen to be deriva- 
ble from the purely real zeros 7, of the equation 
Jalie) = J-a3(fp) = 0. (A37) 
If +n, denotes the zeros of H7"''(z) in the complex v plane, then 
n, ~ z+ NgĀ, PCI, A(z) = 0, ñ, > 0. (A38) 
If z is positive real, the zeros of H!” (z) and H‘ (z) are given by the complex 
conjugates of ¢, and 17,, respectively. 
The zeros č, and #, can also be expressed as zeros of the Airy function 
Ai(—«) or of its derivative. From Eqs. (4.2.32) and (4.2.34) one may verify 
that 


A,(—ae'"3) = —2¢™? Ai(—@), oe (30), (A39a) 
A,( — ae!) = e'*34,(—«), A, (x) = Ai(x) + i Bi(x), (A39b) 
whence the č , also satisfy the equation 
Ai(—@,)=0, &, = (36,)*", (A40) 
while for the #,, 
Ai(—B,)=90. B, = G”. (A41) 


&, and ĝ, are tabulated in reference 32. The first few zeros are 
@, = 2.3381, &, = 4.0879, &, = 5.5205, 
B, = 1.0188, Å, = 3.2482, Ď,= 4.8201. 
One also verifies from Eqs. (A29) that 


, ere 2 2/3 7 i 
PHD u Haa) ~ ($) A= 2r), (A42a) 


(A4la) 
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fa, ’ 
oH) X -ZHI =(1- z) Hea) + -HY'%(2), (A42b) 
with the last equality resulting from the Bessel differential equation. 

The preceding expressions are the lowest-order asymptotic approximations 
and can be improved by developing the pertinent quantities in asymptotic series 
involving inverse powers of z. Such expansions have been obtained by a num- 
ber of investigators; including the second terms in the expansions, one finds'*?? 


1/3 2/3 92 i 
po (G EAE Ath noaee am 


vada 


z z\'3 2 a 2) | R EE 
nme (Ge (2) (t+ ah) +f ee 


amami ~ ts) meat EG) Bt] (A43b) 
2 


(A44a) 


] | l 2\23 
CEAL ETLI S ~ TO ae + ¢a(=) + od eae) 


where for the first few values of p, 
Ai(—f,) = +0.5356, Ai(—f,) = —0.4190, Ai(—f,) = 40.3804, 
Ai(—@,) = +0.7012, Ai(—é&,) = —0.8031, Ai(—4&,) = 4+0.8652. 
(A44c) 


The preceding discussion has dealt with the zeros of HS':)(z) and H{"-?)(z) 
in the complex v plane when the large parameter z is specified and v œz. It 
can be shown, however, that the magnitude of the Zeros is always greater than 
Z, SO €, and y, in Eqs. (A35) and (A38) do indeed constitute the first zeros of 
H(z) and H’ (z), respectively. These zeros lie on a straight line which, for 
real z, departs into the first quadrant at an angle of 60° from the point v = z 
(see Fig.6.A.1). They are of the first order and infinite in number, but their value 
as |¢,|—» co or |,| — œ is no longer given by the equations above; instead, 
they are derived from the representations in Eqs. (A12), which are appropriate 
to the range |v| — œ. One finds that arg 4, — 1/2 [see Eq. (A21)}, whence, 
as indicated in Fig. 6A.1, the locus of zeros bends toward the vertical direction 


as |,|] > 20. 
APPENDIX 6B. 
MISCELLANEOUS FORMULAS INVOLVING CYLINDER FUNCTIONS 


The product of two modified Hankel functions of imaginary argument can 
be represented as’ 


K,,(a)K,,(b) = 4 f 7 K,(/a* + È + 2ab cosh x)e*" dx, y real, (Bl) 
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where a and b are assumed to be positive and the square root is positive. 
Because of the asymptotic behavior of K,(|y}) ~ Iyl? exp(—ly]), Ly] -> 2, 
the integrand decays faster than exponentially as |x| — oo. The integral 
remains convergent when a and b are imaginary since | H (væ 4- f cosh x)| 
~ exp (—|x|/4) as |x] — oo, with a, B real. Upon employing the formula 


K,( =i) = Fem Hire), (B2) 
one obtains, from Eq. (B1), 
HPOHPIM = E| HPE E FF Beqcosh xe" dx, (B3) 


where € and y and the square root are assumed positive. 
The Hankel function of arbitrary order 44 and argument x can be repre- 
sented by the Sommerfeld integral, 
-lote 
H (x) — Lf efx 209 p'u (w-n/2) dw, (B4) 
(xe 
with € chosen so that the integral converges. For positive real x and arbitrary 
u, one has 0 < € < z. If u is imaginary, one may verify that 
fa-¢ 
lim elTc iain ais) ya, (B5) 
a~o v jo 
so the integration path may be deformed into the imaginary axis. Thus, for 
real v and positive x, 


~ [00 
HiP(x) — S eft "os p7 v(m: ni2) dw. (B6) 


PROBLEMS 


1. Show that the high-frequency asymptotic solution for the time-harmonic point 
source Green's function for a wedge, comprising the geometric optical contribu- 
tion in Eq. (6.3.30a) and the diffracted contribution in Eq. (6.3.30b), can be 
constructed from the corresponding plane wave results in Eqs. (6.3.28a) and 
(6.3.28b) On application of the ray optical method discussed in Sec. 1.7d. 


2. Derive the time-harmonic electromagnetic fields described by the scalar line 
source Green's functions for a perfectly conducting wedge [see Eqs. (6.5.12) and 
(6.5.13)} and show that the fields satisfy the edge condition of Eq. (1.5.37). 
Repeat the calculation for the fields excited by an axial electric or magnetic 
dipole source [see Eq. (6.5.23)]. 


3, Expand the time-dependent point source Green's functions for a perfectly con- 
ducting wedge, as given in Eq. (6.5.26), in powers of (t — 1’) — (L/c), where 
t =l" + L/e denotes the time of arrival of the wavefronts and L is an appro- 
priate distance parameter, tO obtain series of the form (1.7.81). Show that on 
use in Eq. (1.7.80) of the leading expansion coefficients, One may construct the 
time-harmonic high-frequency asymptotic result in Eqs. (6.5.24a) and (6.5.25a). 
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4. Use the procedure delailed in connection with Eq. (6.4.9) to derive higher order 
terms in the asymptotic expansion Of the diffracted part of the Green’s function 
for a wedge with a linearly varying surface impedance |see Eqs. (6.6.6) and 
(6.6.18b)]. 


5. A distribution of magnetic currents 
M(p) = ZM reta 3 1 opi, (1) 


with M, = constant, is located on the @ = 0 face of a perfectly conducting 
wedge and simulates radiation from an array Of axial line sources progressively 
phased in the p direction ; the second wedge face is located at 6 = g. The ra- 
diated magnetic field H = H, is parallel to the edge (z axis) and is given by: 


Hp) = ik fE f” 1Gp, POMON o dp’ 2) 


where G’(p, p’) is the H-mode Green’s function in Sec. 6.5c, whose asymptotic 
form for large p is given in Egs. (6.5.19) and (6.5.20). Show that for p -» oo, 
ki, > 1, and g > %, the magnetic field in Eq. (2) is given for arbitrary $ by: 


HAP) ~ ikha] E Me EE AE, kB) + BE KB) + CEL ON, O) 


where 
‘2 (yit - 8a!) — pl2lys'-45,") 
A(é, k, ?) = 2 i2(y; = Un es $) 

a noone asine eb My U(x me $), 2 = l, = lis 
(3a) 

LR nT Oo 

B, k 0) = ipn p [cosp — cos 0/7 /Al, 
x fe?" F(y)) = e*r"F(y,)), (3b) 
= = ne Sanne ye = Y: 
AE, kd) = sgn (r — Darr gp e [F0 — pro] 

— "| F6) — Dray}, (3c) 


Yi = 4 C ii Ôi 2 = Akh 


yi — ô} = BE — k cosd) = PO? — ÔN. 


Po 


2 


-2 -az f” x? 3d 
PON Sar ange dx. ( ) 


Show that A(é, k, ġ) represents the angular pattern function when the source 
distribution is contained in an infinite plane, that the effect of the edge outside 
the iransition region ¢ = 7 is given by B(Č, k, $), and that the entire expression 
(3) is required to yield the field behavior in the transition domain. More pre- 
cisely, note that the exterior of the transition region is defined by 6, > | and 
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that since C is 0(0;7), it can be neglected in this range. Verify the evaluation of 
the following integrals, required for calculation of the result in Eq. (3): 


i= [awe /Elenr(V® er VB). 


i= f dp ee FIBA p) =U, + I, (5) 
where 


z iy 


eel ~ -a e ern 2 BSE 
=f aper S dre = , Ta SB b), (Sa) 


(1L-NBVd s 
7 =f, apere | pave Oe ae (Sb) 
with 
S(y) = F n et paoa— 2p, (6) 
For the evaluation of 17, interchange the order of integration and obtain: 
2 (I-)BVG zii (1x!/28°) T 
l; = WEJ a-DAVa k dpe 
=~ ey IKBE) ~ SBE) 
J-A = ee ih le Spt oO 
| Fa ggg! S evda) S(B/6b)), ô=1+ ap 2p (7) 
whence 
SS ia - ab ae a aa 
n= gle [FOV 5) - Fe (V9) | - en [BV a) — FoF (/%) I 


(8) 


. A perfectly conducting half-plane occupying the region y < 0 in the z= 0 
plane is illuminated by a plane wave incident at an angle 9, with respect to the 
z axis (Fig. P6.1). The incident wave is polarized so that its electric vector is 
parallel to the edge whence, due to translational symmetry along x, the total 
electric feld E has only an x component. 

(a) Show that on use of Eq. (5.4.26a) and the equivalence theorem leading to Eq. 
(1.5.33), the secondary field E, produced by the induced currents on the half- 
plane can be expressed for a time-dependence exp (—iwr) as 


E(B) = -SE f Hedi — BDI’, 8 = 02) (9) 


where the x-directed currents J(y’) flow on both sides of the screen. Show that 
the requirement E = 0 on the screen, where 


E= E, + E, E, = ek (rcos 8 + y sin Bo) (10) 


is the total electric field, also satisfies the edge condition (1.5.37), and derive on 
substitution of Eq. (9) an integral equation for the induced currents J(y) (see 
also Problem 11 of Chapter 1). While the integral equation can be solved by 
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the Wiener-Hopf technique,t utilize the physica) optics approximation for the 
evaluation of the scattered field, and assume that the induced currents are the 
same as for an infinite plane at z = 0. Thus, on the illuminated side z = —0, 


Ky) Z 2Ay,l1_0 == 2k cos ĝo sirs singa 


(11) 
while on the dark side z = +0, one takes J(y) = 0. For k large, and observa- 
tion points § sufficiently far from the screen, use the asymptotic form for H4” 
[see Eq. (5.3.13b) to show that 


E, = — Sk cos Boe { = a ee sin Doll ay (12) 


(b) Evaluate the integral in Eq. (12) by the saddle-point method. Show that 
there is a saddle point y‘ located at 


y4 =y — lz} tan Oy (13) 


Interpret the saddle-point condition as shown in Fig. P6.) and relate to the 


X 
sfer, 
65 ~eg 
“ins ~ Wg 
Ga ~ 7h 
Wy e 
g` 0 
LE aS al 0 ; 
EIE excep = ee — =e bas Sa 2) 
Bo 
<i Fo 
> 1 
Incident Hal f-plane 
wave 


FIG. P6.1 Physical configuration and interpretation of saddle 
point condition. 


geometric optical properties of the field; note in particular the role played by 
iz] in Eq. (13) (the induced current distribution radiates symmetrically). Verify 
that the integration path can be deformed through the saddle point as shown in 
Fig. P6.2, provided that —90 < y, < 0. Use the asymptotic formula in Eq. 
(4.2.20) to obtain the approximate value of the integral in Eq. (12), comprising 
contributions from tbe saddle point, when relevant, and from the endpoint 
vy’ = 0. Show that the saddle-point contribution E,, is given by 


E,,~ — elizi cos ory ste gn || a o(+)|, (14a) 


+B. Noble, Methods Based on the Wiener-Hopf Technique for the Solution of Partial 
Differential Equations, Pergamon Press, New York (1958), Chapter 2. 
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Im y‘ 


Valley 


FIG. P6.2 Deformed integration path in y’-plane. 


while the endpoint contribution £,, ts 


— cos 8, | (x) | ; _ y» = y 
Ex sin@ — sin ĝo ./2nkp LEOIR sin = 4 = ye + zt 
(14b) 


Add the incident field E, to the secondary field £,, + E, and interpret the 
result in ray-optical terms. Comment particularly on the role of the saddle point 
y, and the endpoint y’ = 0 in selecting those portions of the induced current 
distribution that are principally responsible for establishing the field at a given 
observation point (y, z). Compare with the ray-optical construction in Fig. 1.7.8, 
with n, = n, [the factor exp (ikonRs)/ Rs; in Eq. (1.7.6448) should be set equal to 
unity for an incident plane wave}. When y; — 0, improve the asymptotic evalua- 
tion by use of the uniform approximation in Sec. 4.6a. 

(c) Compare the results of part (b) with the asymptotic approximation of the 
exact solution (Eq. (6.5.29), with @ = 22]. Comment on why the geometric- 
optical portion of the field in part (b) is given correctly whereas the diffracted 
portion is not. Show from the exact field solution in Eq. (6.5.43) that the induced 
currents are given exactly by: 


Jy’) a Si {2 cos o etky'sin Oa + 2 i A eKr - 9/46} 


- sin vi — 2f 2 Ee le aC] — xe] (15) 
where Q[(t — č] = S(E) in Eq. (6) and 
E = TKY cos È, p = -0 (15a) 


The first term in Eq. (15) is the physical optics approximation in Eq. (11); the 
second represents a rigorous correction and contains the contributions from the 
illuminated and the dark sides of the half-plane. Show that the correction is 
appreciable only near the edge [see Fig. 4.4.3(a)], and relate this observation to 
the validity, or not, of the results in Eas. (14a) and (14b). 

(d) Obtain an improved expression for the diffracted field E,z by substituting 
Eq. (15) into Eq. (9) and using the asymptotic approximation for the Hankel 
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function as before. Note that the endpoint contribution due to the physical 
optics term in Eq. (15) yields Eq. (14). Show that the correction E; to E, arising 
from the first term inside the large square brackets in Eq. (15) is given by 


i — el k+ ins) Me) sin ( '/2) : o ; 
iY 2 2 F = = i 
mg iene? a Eee C8) 


where it has been noted that If — §’| = p — y’ sin O + O(y”) near y’ = 0, 
whence the calculation involves evaluation of the integral 


i 0 ELUN E P 
= Jy Y FN EO F sinb rey) 


Note that calculation of the correction Ey due to the last term in the large 
square brackets in Eq. (15) requires consideration of the integral 
0 0 
l, = f exp [—ik() + sin Ay’ — (26710 dy’ = Í explik(sin 0, — sin 0)y’ JQ dy’ 
(17a) 


= l 
~~ ik(sin 8, — sin 8) 


Use integration by parts, and Q(0) = ./2 /2, dQ/dë = —(1 — i) exp (2ič?), to 
obtain 


f of exp {ik(sin 8, — sin 8)y’] dy’. (17b) 


1 Jt eisd k o f en te(t+ala dy ; 
lL = v= — ua » (17 
7 ik(sin ĝ, — sin 5 | 2 Sa 2 Jay dy'}, (170) 
and evaluate via Eq. (16a). Show that the resulting contribution Ef is obtained 
as 
pr n eter sl) cosb [i _ 1+ sin a) (18) 
1 Jaink (nO, —sin®). isni 


The total diffracted field E,2 is comprised of the sum of Ej, E}, and the physical 
optics formula in Eq. (14b). Show that the resulting expression agrees with the 
exact formula in Eq. (6.5.29), with @ = 22. 


7. (a) A perfectly conducting wedge formed of the two intersecting half-planes 
$ = 0 and ¢ = g is a “separable” configuration in either a cylindrical or spheri- 
cal coordinate system. When the wedge is excited by a current element that lies 
on a straight line passing through the apex at point A, show that the analysis is 
simplified in spherical coordinates since the element is then radial with respect 
to an origin chosen at A. [Note that fields due to radial current elements can be 
derived from a single spherical potential function as in Eqs. (2.6.11.).] Discuss 
bow this simplification may be utilized for non-axially oriented tangential mag- 
netic current elements located on one of the wedge faces, and for excitation by 
small slot radiators represented by such elements. 

(b) Using spherical coordinates, show that the H mode Green’s f unction 
G(r, r’) is given in a radial transmission representation by [exp(—/@r) de- 
pendence]: 


G"(r,0') = Ton? 2, Em cos pÈ cos pp’ f,(r, r’; 8, 8’) (19a) 


where 
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Sr, r 8, 6’) = > {2(n + p) + 1) Ret 2p FY) p-e (cos 8) 


P=? (cos 8’) jn. (kr<) AW (kr) 5 (19b) 


p = (mn7/), €o = }, and Em = 2, m > l. Use this Green's function to derive 
the fields radiated by a magnetic current element located on one of the wedge 
faces. The orientation of the element ts arbitrary as long as it is not parallel to 
the edge. Show that the edge condition is satisfied [see Eq. (1.5.39)]. Repeat for 
the E-mode Green's function G(r, r’). 

(c) Derive from Eqs. (19) the result for a plane wave of unit amplitude incident 
from (0’, $’) (Let r’ — 00, use the asymptotic form for hi! (kr’), and replace 
[exp (ikr’)]/4ar’ by unity) ; 


u” (r; 8’, ¢’) = s È Em cos pe cos pọ’ en tenit f (r, 0: 0’) (20a) 
where 
Jar, 0; 8’) = 2 {2(n + p) + yeas ARŁU 


- P-P (cos 8’) jns o(kr)e !™. (20b) 


at+p 


Pz? (cos 8) 


By using an analysis in cylindrical coordinates, show that u” is also given by 
[see Eqs. (6.5.16b) and (6.2.18)) : 


u‘; 0, o’) = poa 2 Em cos pọ cos p'e~‘?":? J (kr sin @ sin 0^). 


(21) 
Compare Eqs. (20) and (21) to deduce the addition theorem 
J,(kr sin @ sin Oe~ ir cose cose — f (r, 0; 0). (22) 


Consider the series 
S = 2S), (23) 


where the index V, is assumed to be given by the simple zeros of a certain 
transcendental function g({¥); i.e., 


g(¥,)=0, p=1,2,3,.... (24) 


For example, if v, = 1,2,3,..., the appropriate function is g(v) = sin vx. 
Assume that f(v) and g(v) are analytic functions almost everywhere in the 
complex v plane. 

(a) Show that S can be expressed in terms of the contour integral 


s= sot wee a (25) 


where C is a contour which encloses in the positive sense the zeros V,, p = |, 2, 
., of g(v), but no other singularities of the integrand. 

(b) Apply Eqs. (23) and (25) to the cylinder Green's function representation in 

Eq. (6.7.12) and derive a contour integra! representation. Show that the integrand 

so obtained does not decay as v — co in the complex plane, thereby preventing 

path deformations leading to an alternative representation. Modify the integrand 
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by adding a function y(v) which has no singularities inside C (i.e., it does not 
alter the value of S) but is so chosen that the resulting integrand decays at in- 
finity. Carrying out a path deformation about the singularities of f(v), derive 
the residue series representation in Eq. (6.7.11). Compare this approach with 
the one in the text utilizing the characteristic Green's functions. Which ts more 
direct? (The above-described procedure is usually referred to as the Warson 
transformation, after G. N. Watsont who used this technique in connection 
with the problem of diffraction by a sphere.) 


9. Derive the three-dimensional cylinder Green’s function in Eq. (6.7.31) 
directly by treating the configuration tn Fig. 6.7.7 as a uniform waveguide 
along z, with the transverse mode functions given in Egs. (3.4.99). 


10. Multiply Eqs. (6.7.30a) and (6.7.31) by exp (imọ), m = integer, and integrate 
over 0’, to derive alternative representations for the Green’s function for a 
cylinder excited by a ring source with radius p’ > a and having a phase varia- 
tion exp(inth). Referring to Sec. 5.9c, compare the result with the two-dimen- 
sional Green's function for the variable medium described in Eq. (5.9.1) [see 


Eq. (5.9.9), etc.]. 


11. In the configuration in Fig. 6.7.7. assume that either the source point or the 
observation point is located far from the cylinder surface. 
(a) Evaluate the integral in Eq. (6.7.30a) asymptotically by the method of saddle 
points to derive the E-mode result (for kp; sin 8, > 1 and an e-!! depen- 
dence): 


ikr oo 
Gr, r) ~ EEZ F ey cos n(Ø — Grerimitenterceore, 
> n=0 


J,(ka sin 9.) 
H (ka sin 6, 


where z», rs, 9; stand for z, r, 0 when p> p’, and for zi, r’, & when p < p. 
The converse holds for z<, r<, 0<. r, 0 are spherical polar coordinates defined 
as follows: r> cos, = Z>, r, sin Ô, = p>, etc., and E, = l, n = Ô, €En = 2, n 
+ 0. Derive an analogous expression for the H-mode Green's function G(r, r’). 
Evaluate the electromagnetic field components when the source is a longitudinal 
electric or magnetic dipole [see Eqs. (5.2.1)}. 

(b) By moving the source to infinity, specialize Eq. (26) to the case of plane- 
wave incidence and show that if the incident field is derived from the wave 
function 


‘IJ (kr< sin 8 sin 8’) — H"(kr< sin @ sin 0^}, (26) 


ui. = exp [— ikr sin 8 sin & cos (¢ — $) — ikr cos 0 cos 89, = (27) 


the corresponding expression for the total wave function is u’ = Utne + ui, where 


, ce Wy nein Jn ka sin 6’ 
u = —e~tkreosdcos 6 È €n cos nth — $ ye ial Hints sin A 


- H\V(kr sin @ sin 9’). (28) 
Derive the corresponding result for the H-mode wave function u”(r, r’). By a 
tG. N. Watson, “Diffraction of electric waves by the earth,” Proc. Roy. Soc. 


(London), A95 (1919), pp. 83--S9. See also H. Bremmer, Terrestrial Radio Waves, Elsevier 
Publishing Co., New York (1949), Chapter. 3. 
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12. 


13. 


suitable superposition of E- and H-mode constituents, derive the fields due to 
an arbitrarily polarized incident plane wave. 
(c) Specialize the H-mode analogue of Eq. (26) to the case where the source is 
located on the cylinder and show that the H-mode radiated far field may be 
derived from 

e't" VieW tke cas@ e e~fan/2 


G'E O = Fa ha sin® Ayer O aasin O 


Use this result to derive expressions for the fields radiated by an axial slot in 
the cylinder, assuming that the electric field in the slot has only an E, com- 
ponent which is specified (this excitation is equivalent to a distribution of axial 
magnetic currents M = Es X Po on the smooth cylinder surface). 


Repeat Problem 11, starting from the representation for G(r, r^) in Eq. (6.7.30b). 
Show that an alternative expression for G”(r, r^) in Eq. (29) is 


G" , elke thr’ cos 8 
r r As —— e” £ cos 
( , ) 4r 


, y Hip (kasin 8) H (ka sin 8) cos iu, (n — 16 — Pile"? 
2 (9/ðu)H' "(ka sin 8)|,, sin 2,7 ' 


where H'P(ka sin 8) = 0. Discuss the convergence properties of this series. 
Show that for ka sin Ô > 1, the series converges rapidly in the shadow region 
16 — $'| > 72/2; give a simplified form of the summand in this instance. Show 
that the field in the shadow region may be interpreted as arising from a Creep- 
ing ray that leaves the source point along a helical trajectory on the cylinder 
surface and then departs tangentially toward the distant observation point P 
(see Fig. P6.3). 


(30) 


Helical 


path z 
Source LA 


To P 


To P 


FIG. P6.3 Creeping rays on a cylinder (oblique propagation). 


It was shown that for line-source excitation, the residue series in Eq. (6.7.11) 
resulting from the angular transmission analysis converges provided that $ + $ 
[include the integral in Eq. (6.7.11) as the n = 0 term in the sum; see remarks 
preceding Eq. (6.7.16)]. Derive the result for plane-wave incidence by letting 
p’ — œ, thereby replacing H ‘"(kp’) by its asymptotic form [see Eq. (5.3.13)]. 
Show that the resulting series now converges only in the shadow region. 


14. A line source of magnetic currents is located at (p’, Q’) in a cylindrical coordi- 
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nate system centered at the apex of a perfectly conducting wedge. The wedge 
faces are described by the half-planes @ = 0 and $ = g. From Egs. (6.3.3) and 
(6.5.2b), the magnetic field H, is proportiona! to the scalar Green’s function 
(e-i! dependence) 


Gp. p) = FP] WKH MK EM P udu, G 


where p and p’ may be interchanged, 


eel, $5 u) = (SHE cos leo.) (31a) 
and “P” denotes that the principal value of the integral is taken at y = 0. 
(a) Assume that an aperture of infinite Jength parallel to the edge is located on 
the wedge face @ = 0, and that the electric field in the aperture has only a com- 
ponent E, which is specified. Utilizing Eq. (31), derive an expression for the 
magnetic field in the shadow region, (Note that the aperture field is given equi- 
valently in terms of a magnetic current distribution M = E x @ on the un- 
perforated wedge.) 
(b) If the aperture occupies the entire wedge face and the electric field is assumed 
to have the progressive phase dependence 


E, =°, Imé>0, (32) 
use the formulast 


vo : _ de ten’? sin u [(72/2) — 7] 
| upaye ap = = eee cosysingm | FREAI <1, (33a) 


oe : P ely 
[ose et dp’ = > Reu>-t, (33b) 


with y = sin- '(€/k), to show that the magnetic field H, is now proportional to 


S(p) = ae J (kp) e~{#"/2 sin (7/2) pe 7) cos L(g $) du (34a) 


sin #7 sin UP 
a l ioo : e'# cos JMG — $) 
2k cos y ae Hy (ke) in up A we 


Show that these integrals converge in the region È > (72/2) — Re y so that Eqs. 
(34) are valid in this extended domain. For real y, interpret this region as the 
geometric-optical shadow region for the source distribution in Eq. (32) extend- 
ing over a semi-infinite interval (cf. Problem 28 of Chapter } for the radiation 
characteristics of a progressively phased sheet current). 

(c) Show that the integral in Eq. (34a) may be evaluated in terms of the residues 
at the poles of the integrand in the right half of the y plane, leading to the 


resultt, § 


+W. Magnus and F. Oberhettinger, Formulas and Theorems for the Special Functions 
of Mathematical Physics, Chelsea Pub. Co., New York (1954), pp. 131, 133. 

łG. D. Malyuzinec, “Radiation of sound by vibrating boundaries of an arbitrary 
wedge,” Acoustical Journal (USSR), 1 (1955), p. 144. 

SL. B. Felsen, “Radiation from source distributions covering one face of a perfectly 
conducting wedge,” JEEE Trans, on Antennas and Propagation AP-12 (1964), p. 653. 
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IS 


Sip) = ote Jo(k p) + ie P cos vo J (kp) cos (V/ 2) 


_ 2 F cos (2n — vee ) 7, (kD), v= (35) 


k &, sin(2n— 
This formula is useful for the calculation of the field near the origin. 
(d) By using the integral representation (5.4.36c) for H (kp) and following 
the procedure leading to Eq. (6.3.8), show that Eq. (34b) can be transformed 
into (for g > x) 


S(p) = Z <- ye cos unary-»-ny |B —y— $] 


CSA eee a tkp cos w sin [(z/gw $ } paa 7/2) d 
T 29% cos 5f m Â cos [(z/@\w + Y — 2/2) — cos (n/p) 
(36) 


where U(x) is the Heaviside unit function. This result is valid for all angles in 
the interval 0 < $ < g. Identify the first term as the geometric-optical field and 
the second as the diffraction field. Calculate the radiation field by evaluating 
the diffraction integral asymptotically for large values of kp and for all values 
of $. Interpret the asymptotic field formula in ray-optical terms. 


This problem deals with alternative representations for the z-independent two- 
dimensional Green’s functions and for the three-dimensional Green’s functions 
G(r, r), G(r, 7’), S(r, 0’), Sr, r^) for the (perfectly conducting) tipped wedge 
configuration shown in Fig. 6.1.1. 

(a) Since the radia) characteristic Green’s function in Eq. (3.4.97) consists of 
two parts, one of which represents the result in the absence of the cylindrical 
boundary while the other accounts for the presence of the boundary, show that 
the total Green's functions obtained by the radia! transmission formulation may 
be separated aS follows: the Green's function for the untipped wedge plus a 
correction term due to the cylinder. Show that this representation is useful when 
the cylinder radius is small. 

(b) Repeat the preceding considerations for the angular transmission formula- 
tion by resorting to the image superposition in the infinite angular space (see 
Eq. (6.7.10), modified in accord with Eq. (3.4.57)). Show that the resulting rep- 
resentation comprises the Green’s function for the cylinder configuration in 
Fig. 6.7.1, plus correction terms due to the presence of the wedge faces at $ = 0, 
gy. Show that this representation is useful when the cylinder radius is large and 
both wedge faces are invisible from the source. Derive an asymptotic approxi- 
mation for the fields, following the procedure in Sec. 6.7. 

(c) When the cylinder radius is large and one of the wedge faces is visible from 
the source, show from an asymptotic evaluation by the saddle-point method that 
the dominant contribution to the scattered field in the illuminated region may 
be interpreted as Corresponding to geometric-optical rays arising from reflection 
at the cylinder only, from reflection at the wedge face only, and from multiple 
reflections as shown in Fig. P6.4. Construct the field amplitude and phase along 
a multiply reflected ray directly from geometrical optics and compare with the 
asymptotic solution. 

(d) Repeat the analysis in (c) when both wedge faces are visible from the source. 
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FIG. P6.4 Maultipty reflected rays on a cylindrically tipped wedge. 


A cone defined by the surface 9 = 9, is tipped by a sphere at r = a, all surfaces 
being perfectly conducting. Derive alternative representations for the Green's 
functions for this configuration. In particular, obtain a radial transmission 
formulation wherein the cone Green’s function appears explicitly, with the effect 
of the sphere occurring as a perturbation, and an angular transmission formula- 
tion wherein the sphere Green's function appears explicitly, with the conical 
portions of the surface contained as a perturbation. Discuss the convergence 
properties of these representations (see also Problem 15 for the analogous con- 
figuration in cylindrical geometry) and show that the radial transmission result 
is convenient for small! spherical tips and arbitrary cones while the angular trans- 
mission result is useful for large tips and narrow angle cones. 


A cylinder with radius a is excited by a line source of magnetic currents of unit 
strength directed parallel to the cylinder axis at a location @ = @’, p = p’ > a. 
The boundary conditions on the cylinder are specified in terms of the angularly 
dependent surface impedance 


2d) = -E = z EU + acos- db) a p=a. (37) 


Z denotes a normalized reference impedance, .///€ is the impedance of free 
space, & is a real constant descriptive of the modulation amplitude, p = 2%a/L 
is an integer, with L denoting the spatial period of the impedance modulation, 
and @, is a pbase reference. For a passive structure, it is required that Re Z>0, 
and an exp (—/@1) dependence is implied. 

(a) Show that the only component of magnetic field is given by H, = iweG 
where the scalar Green's function G(p, p^) satisfies the inhomogeneous wave 
equation 


(vy? + k*)G(p, p) = —d(p — p’), (38) 
subject to 


0G 

0p 
and a radiation condition at p — co, By assuming a representation in terms of 
angular eigenfunctions, 


= —ikZ[i + & cosp(ġ — $G atp=a, (38a) 
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GIP, P) = zz È e™6-0A(p, p"; n) (39) 


Kp, Pin) = TÈ Uk p<) + AMH PKP AHP p>), (39a) 


show that this series represents the formal solution provided that the coefficients 
A(n) satisfy the inhomogeneous second-order difference equationt 


iza [c,(n, p Aln + p) -+ cln, — p)A(n — p)] + d(n)Aln) = ca(n), (40) 


where 
eae Hi) (ka)H\) (kp’) 
— pip ?d'- do) a+ n+ 
ci(n, Pp) eP Hi (kp’) (40a) 
d(n) = Hi(ka) + iZH (ka), (40b) 
(1) / 
c(n) = —b(n) — isa eee apne ere or 
Jn- pl Kay? (kp) -isr 
p n lpió'- do) 
+ HRD as 
bin) = J’(ka) + iZJ,(ka). (40d) 
(b) To solve Eq. (40), assume that A(n) has the power series expansion 
A(n) = 2 fin, mya, (41) 
where & is a small parameter. Show that 
— — Xn) 
Sin, 0) a d(n)' (41a) 


_  _2/(tka) e'P (e460) H kp) e iP (O'~ bo! HiL (KP) 

ce d(n)H OP) | d(n + p) = dn — p) | ate) 
and that the coefficients f(n, m), m => 2, may be derived recursively from a knowl- 
edge of f(n + p, m — t). 
(c) To O(a), derive an alternative expression for G(p, p’) analogous to the one 
in Eq.(6.7.11). Discuss its convergence properties. Simplify the resulting formulas 
by passing to the limit of plane-wave incidence (p — 00), Show that the domi- 
nant characteristics of the high frequency field (ka > 1) are determined for 
plane wave incidence by the integrals 


G(p, p’) = GP, P’) + %G,(p, p) + Ola?) (42) 


where 


Go = = eiuld-o'l -iun/2 [skp uss a HKP) | du (42a) 


pertains to the constant impedance cylinder, and 


tL. B. Felsen and C. J. Marcinkowski, “ Diffraction by a cylinder with a variable surf- 
ace impedance, “Proc. Roy. Soc. (London), A267(1962), pp. 329-350. 
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G, = Gp) + G(—p), (42b) 
r Z ea ga, [2 ert a b> DH 
G\(p) = nka! PID’ ~$o- (n/2)} a ee) ae du. (42c) 


18. This problem is concerned with the asymptotic evaluation and physical inter- 
pretation of the Green’s function for a cylinder with periodically varying surface 
impedance. 

(a) From a saddle-point evaluation of the integrals in Eqs. (42a) and (42c), show 
that the field in the illuminated region of the cylinder is given by the asymptotic 
approximation:f 


G = etke con 6-6) 4G (43) 


G, ~ A(0)T'oD(O)e** 
+ afAo( PIE (pD pje” + Ag — py (— pD(— pie": | + O(a), 


(44) 
where for n = 0, +1}, 
Ag(np) = e7 (#2 60s 10: m), (44a) 
= l _ cos [6,(np)] 
DD = Tree =P =F dpd a = “AO 
Sosh, — Z. = —Z cos 9, p)e'? 9+0 

Pos cos8, t MOS Fees OCD F cos Oey Z 
(44c) 

The relation between (np) and 6,(np) is given by the “grating law” 
sin [9,(np)| = sin (8,(np)] + ae 6,20. (44d) 


The parameters 9,, 0,, and s denote the angles of incidence, reflection, and the 
distance along a reflected ray from the cylinder surface to the observation point, 
respectively, as shown in Fig. P6.5; depending on the incident ray in question, 
one defines 6, = +0,. Interpret the first term in Eq. (44) as a specularly reflected 
ray (0, = 8,) on a cylinder with constant surface impedance Z (cf. Eq. (6.7.29), 
with L, > œo and subsequent normalization to plane-wave incidence}, and the 
second and third terms as first-order reflected “grating rays.” Show that the 
divergence coefficient D(np) follows from a conservation-of-energy argument 
applied to an incident- and refiected-ray tube for the general case where the 
angles of incidence and reflection are not equal (cf. Problems 30 and 32 of 
Chapter 1). Discuss the symmetry properties of the field in Eq. (44) for 6’ = ġo 
and @’ + $o. Discuss the behavior of the reflected grating rays and delimit their 
domains of existence relative to the cylindrical boundary. 

(b) When the surface impedance varies slowly [(p/ka) < 1], show that the three 
reflected rays corresponding ton = 0, +1 in Eq. (44d) have only slightly differ- 
ent trajectories which intersect at the observation point P and originate from 
three closely adjacent points on the cylinder surface, two of these being equidi- 
stant from the specular reflection point. Show that the contribution from the 


4C. J. Marcinkowski and L. B. Felsen, “On the geometrical optics of curved surf- 
aces with periodic impedance properties,” J. Res. NBS, 66D (1962), pp. 699-705. 
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06 0,< 1/2 
—2/2<8, <7]? 


FIG. P6.5 Ray structure for a cylinder with variable surface 
impedance. 


three reflected rays may be combined into a single specularly reflected ray as 
in the first term in Eq. (44) provided that I", is replaced by the local reflec- 
tion coefficient I’, at the point of reflection ¢: 


T“ = cos 0, — Zy uje VUIE | (44e) 
cos 8, + Z(ġ)/ v M/E 


with Ž(ġ) given in Eq. (37). Interpret this result as validating the simple geo- 
metric-optical construction of the field in terms of the local parameters on the 
surface near the reflection point [cf. Eqs. (6.6.23)]. 


19. A line source of electric current is located exterior to a perfectly conducting 
cylinder whose surface is described by the equation p = a +- b cos pb, where p 
is an tnteger.t If b is a small parameter, show that the solution to this problem 
can be obtained as a special case of the one in Problem 17. 


20. Starting from the relations in Eq. (6.8.16), and from? 
d d 
= ~g — pane Sa | — 
Wi, P-4 (cos 8o) = cos (v — q)n 70, P-*—cos ĝo) 


sin(v — q) d p- _Tw-¢tbd py } 
a sin qn on ge, E cos 8a) CEFET Fa F ijd, P?( cos Ay) ` 
(45) 


show that when Os = 7, the solutions of (d/d8,)P5 “(cos 8,) = 0 are given ap- 
proximately by: 


prgtk— [(2q +n +1) F: ao (46) 


Vl + ara + nTa 2 
where n = 0, 1, 2,... and I(x) is the gamma function. 


+P, C. Clemmow and Y. H. Weston, “Diffraction of a plane wave by an almost cir- 
cular cylinder,” Proc. Roy. Soc. (London), A264 (1961), p. 246. 

{E. W. Hobson, The Theory of Spherical and Ellipsoldal Harmonics, Cambridge Univ. 
Press (1931), p. 407. 
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Repeat to obtain the solutions of P>*(cos ĝo) = 0. 
When @, = 7/2, obtain approximate values of the zeros from the asymptotic 
formula in Eq. (3.4.66b). 


2t. Construct the H-mode Green's function G’‘(r, r’) for a perfectly conducting 
semiinfinite cone in a representation corresponding to Eq. (6.8.9a), and pass to 
the special case of axial plane-wave back-scattering (r’ — œo with subsequent 
normalization, and 8,6’ — 0) [use an exp (--i@s) dependence]. Replace the 
function j,(kr) by its Sommerfeld integra! 


jolkr) = san) E | exp (ikr cos w + ilp + (/2)lw ~ (0/2) dw, (47) 


where P is the path shown in Fig. P6.6. Interchange the order of summation 


FIG. P6.6 Integration paths. 


and integration (justify this) to obtain the representationt 


G” = eln'4 | f erT wdw ; (48) 


where 


Do 


T(w) = zz csc? > eliwnns2 


_ o (d/d8o)P,(—cos bolp + (1/2)} ytor im w-m > (48a) 
D (sin p073 pdo P, (cos 8.) 
and (d/d0.)P (cos 0o) = 0, i 
For an approximate evaluation when @, = 7/2, use the asymptotic f ormula 
(3.4.66b) to determine the zeros p and also to replace the Legendre functions, 
to show that 


T(w) = 3; È (P d: di aiw- pa (x +a)a B + (49) 
and write for this geometric series its closed form exhibiting double poles at 
w = Mand w = n — 204. Upon substituting the closed-form expression for T(w) 
into Eq. (48), show that the contour can be deformed into the steepest-descent 
paths P, and P, through the saddle points at w = 0 and w = 7, respectively. 
From an asymptotic evaluation for large kr (see Sec. 4.2d), show that 


tL. B. Felsen, “Back-scattering from wide-angle and narrow-angle cones,” J. Applied 
Physics 26 (1955), p. 138. 
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Go oes e-ihr — 3 3e" rue) 2 dé Č small ’ ($0a) 


= 


en + 79, — ICE Eee “RATER: 
where € = »/kz\cos ol, 05 = 2/2, and F(é) = ayie |” pet D 


22. Repeat the calculation in Problem 2t for an x-directed electric current element 
on the z axis which ts then moved to infinity. Show that the total electric field 
on the z axis is given by 


E, A% g-i*: + UNET a (51) 


where & and F(Ë) are defined in Problem 21. 

23. The discussion in Problems 21 and 22 has dealt with the case 9, = (7/2) -+ Ô, 
where Ô is small and positive. How must the result in Eqs. (50) be modified 
when Ô < 0? [Note the location of the poles of 7(w).] Explain in terms of ray 
focusing along the cone axis. 


(50b) 


24. A uniform plane wave with electric field E = exp(—ikz) is incident along the 
axis of a perfectly conducting semiinfinite cone described by the equation @ = 
ĝ, > 2/2. Approximate the induced current distribution on the cone by the 
physical optics value J = 2Hiq, X Qo, where Hinc is the incident magnetic field 
and Q, is the normal unit vector directed into the cone surface. Calculate the 
electric field E, due to this induced current distribution at a distant observation 
point on the z axis and show that it yields 

rol kI 
Boa ic tan’(m — Oy) . (52) 
Since the result agrees well with that obtained by a more accurate calculation 
when @, = 2/2 (see Problems 20 and 21) or 0, = Z [see Eq. (6.8.24a)], is the 
use of the physical optics approximation justified in the present instance? Ex- 
plain, paying attention to the presence of the cone tip. 


25. A semiinfinite cone is attached to a semiinfinite plane in the manner shown in 
Fig. P6.7, and all surfaces are assumed to be perfectly conducting. This con- 
figuration is excited by a ring source centered on the z axis. If the intensity varia- 
tion along the ring source is proportional to sin (¢/2), show that the E mode 
Green's function G’(r, r’) ts given by: 


G’(r,r’) = jet sin £ G (P, p’), p = (r, 9), (53) 


where G’(p, 9’) is the two-dimensional wedge Green's function in Eqs. (6.5.12) 
or (6.5.18), with (r, 0) interpreted as cylindrical coordinates and the wedge faces 
situated at 8 = 0, ĝo. 
(Note: P; ‘(cos 0) = [./2 sin [(v -+ 1/2)0)}/{[v + (1/2)]/7 sin 8}.) 
26. (a) Employ the formulas [see Part (b) and Problem 5 of Chapter 4] 
lim wP (cos 8) = J,(v8) , (54a) 


0-0 
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@=0,2n 
Ring source 
Half-plane 
Cone 
FIG. P6.7? Cone-tipped half-plane. 
and 

9P I — 

tim VPs (cos 0) = Fiet" H, (v8) (54b) 

AE sin VZ arR y ZO 


in Eq. (3.4.71) to show that 
iim Eag, 8) = 1H!» (0) : argé +0. (54c) 
9-0. 


Combine this result with Eqs. (3.4. He to obtain an asymptotic approximation 
valid for smali and large values of 8 


Ei ME 0) ~ E-a pe <n Hy (EQ) , |E| 007, (55) 
(b) Use Eqs. (54a), (6.A17), and the formula 


sin Vl p sin(y — ga iy — qa +!) 
P-%(—cos 8) = zin P; (cos 0) — EE a robe) a [j cos 0), (56) 


to derive Eq. Pe 


When the cone angle 6) = 7 and source and observation points are located far 
from the tip and near the cone surface, a conical obstacle appears locally like 
the surface of a cylinder (see Fig. P6.8). Show that in order to explore the 
transition from the scattering problem for the cone to that for the circular 
cylinder, one may imagine the origin to be pulled to infinity, with some selected 
point, say P, serving as a fulcrum. Define the following limiting quantities : 


lim r(z — 8) = p = tim r(x — 8) (57) 
b-a D-n. 


and similarly for p’ (with O — 0^). Show that the radius a of the resulting 
cylinder is obtained by letting O or 0’ equal 4, and (r, ~ re) > |z — z'| = 
|Z — Z’ |, where Z is measured from a new origin located near p = 0 or p’=0 
on the z axis. 
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FIG. P6.8 Transition from cone to cylinder. 


Show that in consequence of the above transition, the radial characteristic 
Green's function in Eq. (2.7.11) is replaced by that in Eq. (2.7.10) {with the 
switch to an exp (—i@r) dependence], 


g > sgae (kroAh Okr) ; (58) 
since no reflections occur from the distant cone tip (assume a slightly dissipative 
medium). Since this modified g, is an even function of v + (1/2), asis ge in 
Eq. (3.4.68), show that the lower portion of the integration path in Eq. (6.8.9b) 
(with go inserted instead of gs,, and the G; term omitted) may be reflected into 
the third quadrant of the complex v plane, whence the resulting contour integral 
representation involves a path passing above the entire real y -axis. 

Use the asymptotic formulas for the cylinder functions (Sec. 6.Al) to 
show that 


i » SED F 
g, > Lapli Im/k? —-@>0, (59) 


— 6 \z— 2‘) 
2 Jk? — ĉi ? 
where € = t/a, and the change of variable 


i= em, & = csc Âa, 6, —> 2, (59a) 


has been introduced. Also show via Eqs. (54) and (57), etc., that 


10,0" l E 
618, 8; ms vv + > [Jatt p- Hp.) — HPOH PEP pase, | 


Imé>0, (60) 


and derive a similar result for the H mode case, gg. Compare with the cylinder 
Green’s function in Eq. (6.7.30a). 

28. Show that the electromagnetic fields derived from the scalar functions in Eqs. 
(6.8.9) and (6.8.10) satisfy the “tip condition” as r > 0 [see Eq. (1.5.39)}. 
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T. Fields in Uniaxially Anisotropic Regions 


7.1 INTRODUCTION 


The present and following chapters deal with the effects of anisotropy in 
a medium. Under suitable restrictions, macroscopic electromagnetic properties 
of physical media—including solid-state crystals, magnetized ferrites, magneto- 
plasmas, and artificial dielectrics—may be described in terms of a dyadic 
permittivity € and (or) permeability p. Plane waves in such media have been 
studied for some time in connection with the propagation of visible light in 
crystals,':? the propagation of radio waves in the ionosphere,’* and the propa- 
gation of microwaves in ferrite-loaded waveguides.’ More recently, problems 
of radiation from stationary or moving sources, and of diffraction by objects, 
in an anisotropic medium have gained in importance. To understand electro- 
magnetic propagation in a medium whose characteristics are a function of the 
propagation direction, it is useful to consider first the simplest type of aniso- 
tropy—the uniaxial. In this case, the constitutive parameters may be described 
in an appropriate coordinate system by a diagonal dyadic with two identical 
(transverse) elements that differ from the remaining (longitudinal!) element. 
Physical media representable in this manner include uniaxial crystals, and 
plasmas or ferrites in a strong external magnetic field. The formulation and 
solution of radiation and diffraction problems in uniaxial regions, and the 
physical interpretation of the results, constitutes the substance of the present 
chapter. Problems in such media may sometimes be reduced to equivalent 
ones in isotropic regions, thereby facilitating the analysis. In the more compli- 
cated case of gyrotropic media, characterized by non-diagonal € and (or) Ņ 
dyadics, no such simplification is generally possible; gyrotropic effects are 
treated in Chapter 8. 

As in the isotropic case, propagation in anisotropic media can be de- 
scribed in terms of guided waves or modes, but there are characteristic 
differences. To elucidate these differences, let us first consider unbounded homo- 
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geneous media. In an unbounded isotropic non-spatially-dispersivet medium, 
modes with transverse field dependence exp [i(k, - p — wt)] propagate along 
the guiding direction z with wavenumbers +x(k,, œ); for given k,, œw, there 
are two such mode types (E and H), yielding four waves with the same isotropic 
wavenumbers +x, +x independently of the choice of guiding direction (see 
Sec. 1.4 and Sec. 7.2). In an unbounded anisotropic, non-spatially-dispersive 
medium, guided waves with the same transverse field dependence likewise 
exist; there are again four possible waves for each k,, w, but the wavenumbers 
along the guiding direction are not in general negatives of one another. How- 
ever, for the special case of a uniaxial medium, wherein the guiding axis z is 
chosen along the uniaxial direction, the four waves for given k,,@ separate 
into two types with wavenumbers +x’, +x” (x’ + k"). Furthermore, the 
characteristic impedance properties of these wave types afe similar to those 
for an isotropic medium and lead to similar uncoupled transmission line de- 
scriptions, Modes remain uncoupled even in the presence of uniaxially aniso- 
tropic, planar stratification, or boundaries along z provided that all regions have 
z as the uniaxial direction. However, mode coupling is introduced in general 
by boundaries or stratification oblique to the uniaxial direction. 

To illustrate these remarks, we consider the dispersion equations relating 
the longitudinal and transverse wavenumbers x and k, of a plane wave in a 
homogeneous anisotropic medium. If the electric field is taken as E(r) = 
E exp (ik - r — iwt), with E denoting a constant amplitude and polarization, 
then on eliminating H(r) from the source-free form of Eqs. (1.5.4la), one has 


. Je 
[kx kx 1) 4+ $e] E= o, ee = =, = =. (1) 
C €o 


in a medium with scalar permeability £ and dyadic permittivity €. In a uni- 
axial medium, € has the form 


e= L6 T ZoZo€,, l, =1— ZoZo. (2) 


The parameters €, = €, and €, = €,(1 — w?/qm’) are representative of a cold 
plasma under the influence of an infinitely strong axial magnetic field [see Eqs. 
(1.5.20), with œw, = oo}. Substituting Eq. (2) into Eq. (1) and taking the dot 
product with z,,k,, and z, X k, respectively, where k, = k — ZK, one obtains 
the three equations: 


(Se, i k) E, za K(E, -k,) = 0, (3a) 
kirË, + (Se; — x) (B+ k) = 0, (3b) 
(Se — e) Œ,- za x k) = 0. (3c) 


tina non-spatially-dispersive medium, the dielectric constant and permeability are 
independent of the spatial derivative Operator V, or in a (k, œw) basis, of the wavevector k. 
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When £, = 0, Eqs. (3a) and (3b) yield E, - k, = 0, whence, from Eq. (3c), 
the only non-vanishing electric-field component is parallel to z, x k, provided 
that the plane-wave field obeys the dispersion equation 


= ke, k= 


z (4) 
Thus, the uniaxial medium can support plane waves with the electric field 
polarized perpendicular both to the z axis and to the wavevector k along 
which the equiphase surfaces advance (H modes with respect to z); one notes 
from Eq. (4) that these waves are propagated as in an isotropic medium with 
effective permittivity €,. The latter behavior follows from the transverse iso- 
tropy of the € dyadic in Eq. (2) and from the ineffectiveness of the longitudinal 
dependence of € for transverse-electric waves. 

When £, + 0, E, -k, #0 but E, - (z x k) =0, Eas. (3a) and (3b) 
describe waves with electric-field polarization orthogonal to that discussed 
above provided that x and k, satisfy the dispersion equation 
€, 


E 


2 k? — L2g' 
Kt + r koe, €= (5) 
One may verify from the relation H = (iwu)"!V x E that H, = 0, whence 
these waves are E modes with respect to z. Since from Eq. (5), x? + k} = k? 
is not constant, E-mode waves display anisotropic behavior. The dependence 
of x on k, expressed in Eqs. (4) and (5), 


K=k' =,/kie — (=) for E modes, (6a) 


K = K" = yke — kt for H modes, (6b) 


indicates that, in contrast with isotropic media, E and H modes in a uniaxially 
anisotropic region are propagated with different phase speeds unless &, = 0. 
Further insight into propagation characteristics in a uniaxial medium is 
gained from a study of the wavenumber surfaces traced out, for real x and K,, 
by the endpoints of the wavevector k in Eqs. (4) and (5), If the medium is a 
plasma with €; = 1, the wavenumber surface for H modes is a sphere with 
radius k, as in vacuum. For the E modes, two distinct situations arise, de- 
pending on whether in Eq. (5), € = 1 — (w2/w”) is positive or negative. As 
shown in Fig. 7.1.1, when € > 0, the endpoints of the vector k lie on an el- 
lipsoid, and when € < 0 on a hyperboloid, of revolution about the z axis. 
As noted in Sec. 1.6, the direction of energy transport [i.e., the direction of 
the group velocity vector v,, or of the time-averaged Poynting vector Š = 
Re (E x H*)] in a plane wave with wavevector k, coincides with that of the 
normal to the surface at the point k; to ascertain the directions of k, v, or S 
in the (p, z) coordinate space, the p and z axes are superposed on the k, and K 
axes, respectively. While k and v, are parallel for H modes, propagating as in 
vacuum, their directions differ for the E modes; this situation is depicted in 
Fig. 7.1.1, where @ and @ are the angles between the positive z axis and k and 


Sec. 7.1 Introduction 743 


Hf modes 
H modes 6 = tan` VTE 


(a) € > 0 (b)e<0 


FIG. 7.1.1 Wavenumber surfaces for a uniaxially anisotropic 
plasma. 


v,, respectively. One observes that E- mode plane waves propagate in all space 
directions when € > 0, but when € < 0 their group velocity (or ray) vectors 
are confined to the interior of the conical regions |tan 6] < tan 6, = 1/./|e|. 
The limiting angle 8, is defined by the perpendicular to the asymptote for the 
wavenumber surface in Fig. 7.1.1(b), and since the asymptote makes an angle 
Ê = tan" a/e] with the z axis, the above expression for 6. follows. For ray 
directions 0. < 6 < x — @,, k is complex and the wave is exponentially 
damped. Thus, plane-wave propagation for € < 0 is confined to certain angular 
domains in space, and if the medium is excited by a point source, it is to be 
expected that the energy is confined to regions supporting “real rays.” This 
conclusion is confirmed by the analysis in Sec. 7.3. For € > 0 in Fig. 7.1.1(a), 
the p and z components of E- mode k and v, vectors have the same algebraic 
sign, and hence describe a propagation mechanism similar to that in an iso- 
tropic medium. This is not true for the strongly anisotropic, open-branched 
E-mode surface in Fig. 7.1.1(b). Opposite signs of corresponding wavevector 
and group velocity components imply “backward” wave characteristics (1.e., 
oppositely directed phase and energy propagation). 

Because of the simple form of the dispersion equation, the relation between 
the angles 0 and Î is determined readily. Since the slope of the k versus 6 plot 
with respect to the x axis is given by dk,/dxk, the slope of the normal to the 
curve is —dx/dk,, which is evaluated from Eq. (5) as 


tan 0 = Doo ek g N (7) 


When € < 0, 6 and @ are measured from opposite sides of the z axis as in Fig. 
7.1.1(b). 

One observes from Fig. 7.1.1 that because of the rotational symmetry of 
the wavenumber surfaces with respect to the z axis, the two values of x’ or K” 
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corresponding to given k,, œ are negatives of one another, with positive and 
negative x distinguishing waves carrying energy along the + zand —z directions, 
respectively. As shown in Sec. 7.2. this feature permits the network represen- 
tation of the propagation process in a manner similar to that employed for 
isotropic media, even in the presence of perfectly conducting waveguide 
boundaries parallel to z and of stratification along z. One finds that the H-mode 
portion of the field is the same as in an isotropic region while the £-mode 
portion can be deduced from the isotropic solution by a simple scaling of 
coordinates. These procedures are illustrated in Sec. 7.3, wherein are constructed 
explicit results for various sources in an unbounded uniaxially anisotropic region. 
In the discussion, emphasis is placed on the physical interpretation of field 
behavior, especially on the use of ray techniques and on the resolution of the 
“infinity catastrophe” for radiation from point sources in a medium with an 
open-branched wavenumber surface. 

When, as is sometimes necessary, the (p,2) coordinate system is rotated 
with respect to the principal axes of the E-mode dispersion surfaces, the two 
solutions x4(k,, œ) and x;(k,, œ) are no longer related by x; = — «x; (see Fig. 
7.5.2). This lack of reflection symmetry with respect to the new z direction 
precludes a network formulation of the field problem since a conventional 
transmission-line representation requires identical propagation constants for 
waves traveling in opposite directions. Rotated coordinates are introduced to de- 
scribe planar boundaries or interfaces obliquely oriented with respect to the 
uniaxial direction. Such boundaries introduce coupling between E and H 
modes, and the associated field problem must be attacked by the more general 
techniques presented in Chapter 8 for arbitrary anisotropy. Simplifications 
occur for two-dimensional problems wherein the excitation is a magnetic line 
current perpendicular to the uniaxial direction but parallel to planar or cylin- 
drical boundary surfaces; only E modes are required in this case. When the 
boundaries are perfectly conducting, or have a special surface impedance, 
coordinate scaling may be used to relate the uniaxial medium solutions to cor- 
responding isotropic ones. As shown in Sec. 7.4, uniaxial media exhibit pecu- 
liarly anisotropic phenomena such as non-specular reflection of rays, producing 
distorted imaging of a line source field in a perfectly reflecting plane. Diffrac- 
tion by a half-plane is an example exhibiting the influence of anisotropy on 
edge diffraction patterns. 

When an oblique interface separates a uniaxial from an isotropic medium, 
coordinate scaling does not simplify ihe two-dimensional field problem in the 
manner noted above. It is then necessary to employ a representation in terms 
of non-reflection symmetric plane-wave modes x, = —K}. Section 7.5 contains 
a formulation of this problem, and a detailed asymptotic evaluation of the 
radiation field that exhibits effects of anisotropy on reflected, refracted, and 
diffracted (lateral) wave constituents in both the uniaxial and isotropic medium. 
Although the media in the present chapter are uniaxial, an interpretation in- 
volving rays and wavenumber surfaces permits inferences to be drawn for more 
general anisotropy. 
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7.2 NETWORK FORMULATION OF FIELD PROBLEM 


7.2a Derivation of the Transmission-Line Equations 


Consider a uniform waveguide region (Fig. 7.2.1) bounded (if at all) by a 
perfectly conducting surface whose generators are parallel to the z-axis of a 
cylindrical coordinate system. The medium filling the region is characterized 


FIG. 7.2.1 Optic axis and waveguide boundaries. 


by a permittivity dyadic € = e(z) and a permeability dyadic p = p(z) (i.e., the 
medium properties may vary along the z direction; if the region is comprised 
of homogeneous layers, the z axis is oriented perpendicular to the layer inter- 
faces), The dyadics are assumed to have the special form appropriate to unia- 
xial anisotropy,'? with the “optic axis” parallel to z: 


a(z) = 1,æ,(2) F ZpZ9%,(Z), (1) 


where I, is the unit dyadic in the transverse (to z) vector space, Z is a unit 
vector along the positive z axis, and & represents either € or p. 

Upon following the same procedure as for the isotropic problem in Sec. 
2.2a, one may reduce the Maxwell field equations [with an exp (— iwt) depend- 
ence], 


V x E(r) = fwp(z) - H(r) — M(r), (2a) 
V x Hir) = —iwe(z)- E(r) + J(r), (2b) 


to their equivalent form for the transverse (to z) components E, and H,, 


-E = —IML, fa, + uag . (H, x Zo) + M, x Zos k? = Ww? U, E, (3a) 
. 1 


~ Gh = ioe [i + Ape 
In these equations, E, H, J, and M denote the vector electric field, magnetic 
field, applied electric current density, and applied magnetic current density, 
respectively. The equivalent transverse source currents M,, and J,, are given 
by 


l e(z% X E) + Zz, x Je k? = w'u,€,. (3b) 
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_ V xX Zod, V, x 2M, 
M.. a M, T E J, = J, = agi (3c) 


where the subscripts ¢ and z distinguish transverse and longitudinal compo- 
nents. From a knowledge of E, and H,, one determines E, and H, via the rela- 
tions 


E, = 


l 
— jwt. [V, j (H, x Zo) E J.J, H, = -øg lV. s (Zo x E,) e M,}. 
(4) 


On the perfectly conducting transverse boundaries s of the region, the tangen- 
tial components of the total electric field are required to vanish, whence, if J, 
is assumed to vanish on s, 


vx E, =0=V,-(H, xz) ons, (5) 


where v is a unit vector normal to s. If the region is unbounded in the trans- 
verse domain, a radiation condition is imposed at infinity. The boundary con- 
ditions at the z termini of the region are left unspecified for the moment. 

As in Chapter 2, to satisfy Eqs. (3)-(5), one seeks a representation for E, 
and H, in terms of solutions of the source-free field equations in the given 
region. By virtue of the symmetry of the region with respect to the z coordi- 
nate, the transverse part of a source-free electric and magnetic field solution 
can be expressed in the form V,(z) e({p) and J,(z)h(p), respectively, where e, 
and h, are transverse vector functions of the transverse vector coordinate p 
only. In view of the homogeneity of the configuration in the cross-sectional 
domain and the simple form of Eqs. (3a) and (3b), the transverse eigenvalue 
problem (characterized by the operator V,V,) is the same as for the corre- 
sponding isotropic case, whence the set of eigenfunctions can be similarly 
decomposed into E and H modes relative to the z direction (see Sec. 8.2 for 
formulation of the eigenvalue problem). Hence (see Eqs. (2.2.8)] 


E(r) = X Viz elp) + 2, Viz) ep), (6a) 
Hr) = X L2) htp) + bp), h; = % x e, (6b) 
J,(r) = 2 i;(z) e(p) + 2 i (2) e; (p), (6c) 
M,.(r) = 2 v(z) hi(p) + 2 v, (z) b; (P), (6d) 


where the single and double primes denote E-mode and H-mode quantities, 
respectively. The vector-mode functions e’, e;’, hy, h, identical with those for 
isotropic waveguide regions, satisfy Eqs. (2.2.10) and the orthogonality condi- 
tions (2.2.1 1b). The source “voltages” v, and “currents” i, being known, it is 
desired to find the modal ‘‘voltages” V, and “currents” Z, 

Substitution of Eqs. (6a-6d) into Eqs. (3a) and (3b) yields via Eqs. (2.2.10) 
the transmission line equations for the modal amplitudes V, and J, (note: V, + e; 
=V,-h/=0in S): 
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-7 = —ik(z)Z(2)L(z) + v2), (7a) 
-UD = IK {QY(V 2) +i) YD = zy (7b) 


where, for the Æ modes, the propagation constant x, and the characteristic 
impedance Z, are defined as 


__| _ KQ) —  /€,(2) ke 
a= Gaye Neg ee 
while, for the H modes, 
7 — Q4(2) — [u2 Ea ER. 8b 
Z, (z) = rG Ea Ki (z) = Uz u,(2) 2( ) it ( ) 


It should be noted that the characteristic impedances for the uniaxial and 
isotropic cases are different, and more importantly, the propagation wavenum- 
bers A; Æ K; are anisotropic (see Sec. 7.1). The voltage and current source 
terms », and į; are given in terms of the specified applied sources J and M as 
[see Eqs. (2.2.14)} 


v= | Mus h? dS = fM. hy dS + Zif J. e* dS, (9a) 
i = | Ju- ef dS =| J- etdS+Y?Ĵ M: hz as, (9b) 
S S S 
where 
Yh; T n N, hi, = 0, (9c) 
e = Z, a e, = 0. (9d) 


From a network viewpoint, V, and J, are the voltage and current on a source- 
excited transmission line, and their solution caa be inferred by network 
techniques. 

If € and p are discontinuous at z = z,, the required continuity of E, and 
H, in Eqs. (6a) and (6b) implies the continuity of V, and J,, in view of the 
invariability along z of the transverse vector-mode functions. Hence, the modal 
network representation for this discontinuous case comprises a simple junction 
of the two transmission lines representative of the regions z < z, and z > Z,, 
respectively, 

The real power carried in the ith mode along the positive z direction is 
given by 


Š, = Re f Vie) x (Lh,)* - z, dS = Re(V,1"), (10a) 


where all quantities are root mean square and use has been made of the or- 
thogonality condition (2.2.!1b). If the region is homogeneous, lossless, extends 
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FIG, 7.2.2 Network problems for the determination of the modal 
Green's functions, 


to z = oo, and if all sources are contained in the space z < 2), each modal 
field in z > zy comprises a traveling wave oc exp (ix,z) which propagates with- 
out reflection toward z = oo, In this case, the transmission-line equations, or 
the network representation in Fig. 7.2.2, yield J, = Y,V,, whence 


S. = Y|V,), Z > Z» K;, real. (10b) 
Equation (10b) is relevant only for the propagating modes (x, real) since 5,, = 0 
when x, Is imaginary. In view of the assumption that al! sources are confined 


in z < z,, power must be carried toward z = co and S,, must be positive. This 
radiation condition implies that 


Y,>0 when X, is real and positive, (10c) 
and serves to specify the multivalued propagation constants x, and K; (similar 
conclusions are reached for waves carrying power to z = —oco). Thus, for a 
propagating mode, 

Kk, 2 Oife,20 and K; 2 0 if u, 2 0. (10d) 


Negative values of €, or u, may still admit propagating modes. If (€,/¢,) and 
k? are both negative, x; is real for all values of k/, and there is no E-mode 
cutoff; dual considerations apply to H modes. It should be noted that in con- 
trast to wave propagation in isotropic media, it is possible to have a phase vari- 
ation exp (—ix,|z) (i.e., phase progressing in the — z direction) associated with 
power flow in the +z direction. This observation emphasizes the importance 
of phrasing the radiation condition in anisotropic media in terms of outward 
power flow rather than in terms of “outgoing waves”. The latter condition, 
implying phase propagation away from the source region, is equivalent to the 
(energy) radiation condition in isotropic, but not in anisotropic, media. In this 
connection, it may be noted that because of the mode orthogonality properties 
(2.2.1 1b), the total real power 5, in a lossless medium is given by $, = Do, San 
with only the propagating modes included. If each of the S,, satisfies the radi- 
ation condition, so does the total power S,. If x, is imaginary (non-propagating 
wave), the requirement of boundedness at infinity, in conjunction with the 
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assumed dependence exp (ix,z), implies that Im x, > 0, thereby specifying the 
multivalued functions in Eqs. (8) for all values of the transverse wavenumbers 
ku 

If the inhomogeneous medium is thought to be comprised of a series of 
thin homogeneous layers, the above conditions must be satisfied for each con- 
stituent traveling wave carrying power in the positive z direction and are there- 
fore stil! applicable. 


7.2b Formulation in Terms of Potential Functions 


Instead of evaluating the electromagnetic fields via Eqs. (6a) and (6b) and 
(4), it is frequently convenient to deal with scalar potential functions from 
which the vector fields are derived by differentiation. The desired formulation 
is achieved upon noting as in Eqs. (2.3.1) that the vector-mode functions can 
be derived from scalar-mode functions ®, and y,, or, more conveniently, from 
the scalar potential functions J’(r) and V(r) of Eqs. (2.3.4). After proceeding 
as in Sec. 2.3, one derives the — of Eqs, (2.3.38):° 


E(r) = — 5, Qe) — L, V” (r), (1 Ja) 


ae —iwe,(z) 


H(r) = L,” (r) — QV"), (11b) 


om i@y,(z) 


where L, and Q, are the vector differential operators 


= ð 7, %2) z2— __ a,(z) = 2 
Q. = = a ae ee fa I | Vize 


L =V x z,= — X V. (llc) 
In Eq. (lic), & stands for either € or u. Equations (lla) and (11b) are valid 
at any source-free point z [i.e., any point at which uz) = i(z) = 0]. One 
‘verifies that the E-mode potential function /'(r) satisfies at any source-free 
point z the wave equation [see Eqs. (2.3.44)}: 


JAD G2 + Vi + ki) |) = 0, ke) = tw (2), (02) 


d | ð 
Gr — zia 
Zi = elz) y TOLT (12b) 
while, for the H-mode potential function V”'(r), 
pe Ela GA + V4 Kitz) V") =0, kz) = œu (ze (z) (120) 
One notes from Eqs. (2.3.36a) and (2.3.37a) that on the perfectly conducting 
transverse boundaries s of the region, /’ and V” satisfy the boundary conditions 
oV''(r) 
Ov 


I'(r) = 0, =0 ons. (12d) 
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71.2¢ The Dyadic Green’s Functions 


General case 


For waveguide regions filled with the uniaxially anisotropic medium speci- 
fied in Eq. (1), the dyadic Green’s functions are derived by following the steps 
leading to Eqs. (2.3.40). Let Y(z,z’) and T(z, z') denote the current and 
voltage, respectively, observed at z due to excitation at z’ by a unit strength 


voltage generator »(z') = — l, and let Z/(z, z’) and T/(z, z’) denote the voltage 
and current, respectively, observed at z due to excitation at z’ by a unit-strength 
current generator i(z')= — I (see Fig. 7.2.2). Then the E-mode current J/(z, z’) 


and H-mode voltage V/'(z, z') due to the simultaneous presence of v,(z’) and 
i(z') are given by Egs. (2.3.19) and (2.3.20) provided that é and u are replaced 
by €,z’) and u(z'), respectively, and that j — —/ to account for the time de- 
pendence exp (—iwr) in the present discussion. Instead of Eq. (2.3.39), one 
now obtains 


lre, r) = —L, Wir, r). M? — ane mete Sir, ry I’, (13a) 
PE) = Li Siler) I a Er M, (130) 

where the scalar functions S4 and YY have the modal representations 
Flr, t) = E ga YAZ, 2) OP) O70 (130) 
Salt, r’) = E pa Zitz, z') y (pw: (p). (13d) 


The prime on the operators L; and Q; [see Eq. (1 1c)] denotes that all variables 
are replaced by their primed values. In deriving Eqs. (13a) and (13b) it is 
assumed that differentiation and summation operations can be freely inter- 
changed, leading to the appearance of the factor 1/k2 in the summands of S4 
and £4, In this connection, the remarks made in connection with Eq. (2.3.24) 
are pertinent. 

The dyadic Green's functions defined in Eqs. (2.3.26) are then found to be 
given 


ZE) = =O Oe, Flee) + LL File, (laa) 
Yr, r) = LiL, Sr, r’) — i mei LH r’), (14b) 
TAr) = -R M Iar, r) — Li ween Silt), (4o) 
F(t, r') = L, 2, ay In r) + farts hi Pr). (14d) 


Sir, r’) = Sir, r) and Sir, r’) = Fir’, r), so the dyadic Green’s functions 
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satisfy the usual reciprocity conditions (2.3.28); this is a consequence of the 
symmetrical tensors € = € and p = j, which characterize the medium [see Eq. 
(1) and Sec. 1.5b]. The modal Green’s functions Y7(z, z’) and Z;(z, z') satisfy 
via Eqs. (7a) and (7b) the second-order differential equations 
[Di + K?(z)] Yz, 2’) = iwe(z')0(z — z’), (1Sa) 
[DZ + K”(2)} Zi(z, z’) = iwp,(z')o(z — 7’), (15b) 
where the differential operator D} is defined in Eq. (12b), with the partial deri- 
vatives replaced by total derivatives. Hence, one verifies from Egs. (13c), (13d), 
and (2.3.43) that 


V2 Fir, r’) = iwe,(z')G"(r, r'), VP? Silir, vr’) = iwun, (zG (r, r’), (16) 
where G’ and G” are scalar three-dimensional Green’s functions that solve the 
inhomogeneous wave equation 


Ee a B+ Vi+ k(2)] G'(r, r) = —dr—r'), ke =w me, (17a) 


hie É 2 +V + kx) G”(r,r') = —ôr — r’) ki=w'y,€. (17b) 
From the modal representations [see Eqs. (!3c), (13d), and (16)] 
2 Vi(z, z’) Op) O7(p'), (18a) 


G'(r, r’) = ime ne i 


G(r, r’) = ——_ È 2(z, zw p)yi(p’). (18b) 


io, a? 

one recognizes that G’ and G” satisfy on the transverse boundaries s of the 
region the boundary conditions 

G’ = 0, 0G" /dv=0 ons. (19) 

Concerning the boundary conditions in the z domain, a radiation condition 

is imposed on Y;(z, 2’) and Z/(z, z’) if the region extends to infinity along z. 

If two media characterized by €,(z), p,(z) and €,(z), #:(z), respectively, are 

joined at the plane z = z,, the required continuity of E, and H, implies that of 

the modal voltages and currents. Since Y;(z, z’) represents a current, and 

(1/x: Y1)(a/dz)Yi(z, z) = (1 /ae,)(a/dz) Y"(z, z’) represents a voltage,f one notes 
from Eq. (18a) that, for z, Æ 2’, 


1 dG’ E 
G' and —— TOLA are continuous at z= Z, (20a) 
while, from dual considerations, 


G” and wD og" are continuous at ee ae (20b) 


i / / j ; , 
tWe recall the meaning Of Y,(z) and Y,(z, z’), which denote, respectively, the modal 
characteristic admittance and the current response to unit voltage excitation, 
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If the region is terminated at z = z, in a surface with constant impedance 
T, i.e, E = ZH, x 2, at z = z, one has, from Eqs. (6a) and (6b), V,(z,) = 
21 (2,), whence from Eqs. (18a), (18b), (7a) and (7b), 
Te = iene) 2G, 
ati =, 20c 
0G" _ iwp) çr ' oy 
Z X i 
For the above-stated boundary conditions, G' and G” in the waveguide region 
are uniquely determined by Eqs. (17), (19), and (20); Eqs. (18) constitute their 
solution in terms of a z-transmission modal representation. These remarks 
apply also to Yj and Si. It is noted that the E and H modes are not coupled 
by these boundary conditions. 


Longitudinal sources 

If the current elements J° and M? in Eqs. (2.3.26) are longitudinal, i.e., 
J° =2J°, M? = z,M”, substantial simplification results in Eqs. (14) since 
Zo © L; = Oand z, - QL = —[4,(z’)/a,(z')] V. Hence, in view of Eq. (16), 


? J? , 1 a , 

E(r, r’) = oa — M’L.G'(r, r’), (21a) 
NV. ye ? A— : H ! 

H(r, r) = J°L, G(r, r’) DLO Q G” (r, r’). (21b) 


Piecewise constant media 
If €,,€,, Ha and u, are constant, then 42 — @?/0z?. Upon introducing the 


change of variable 
€ 
= fee 2 
4 Af > A (22) 


one may write the expression inside the brackets in Eq. (17a) as V? -+ k?, where 
V? = V? + 0?/dt*. If (€,/€,) is positive real, Ç can be interpreted as a real coor- 
dinate, whence the modified Eq. (17a) represents a Green's function problem 
in a homogeneous isotropic (p, Ç) space characterized by a wavenumber k; = 
w/u,€,-°" Consider the isotropic Green’s function defined by the equation 


(V? + kG (pF; p’, 6’) = —O(p — poe — g’); (23) 
then the anisotropic Green's function G’ is given in terms of G; as [note: 0(ax) 


= (1/|at})d(x)] 
’ -q’ 7’) — re, , €, PE £ ! À 24 
G'(p. z; p', z’) VÉ Gi (my fn z') (24) 
The boundary conditions on G; are inferred from those on G’ in Eqs. (19) and 
(20). If €,/€, is not positive real, one may still derive G’ from the isotropic 
Green’s function G; if the resulting function can be continued analytically into 
the appropriate domain of complex ¢,/€,. 
Dual considerations apply to G” in Eq. (17b). 
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Isotropic media 

For isotropic media with €,(z) = €,(z) = e(z), 4(z) = 4,(2) = a(z), the 
operator Q, in Eq. (11c) reduces to V x V x Za and the results become iden- 
tical with those in Sec. 2.3d. 


7.3 SOURCES IN UNBOUNDED MEDIA 


The results in Sec. 7.2 are now applied to radiation problems in an un- 
bounded homogeneous medium characterized by a uniaxially anisotropic per- 
mittivity € and a scalar permeability 4: 


‘! 0 0 
E = Cali, + 226) €,[/0 1 Of p= le, (1) 
00 € 


where I and 1, = 1 — 27, are the unit dyadic and the dyadic in the domain 
transverse to the optic (z) axis, respectively; Z is a unit vector along z, and €, 
and Zare the constitutive parameters in vacuum. Because H-mode fields in 
this medium behave as in vacuum and E-mode fields can be derived from 
vacuum solutions by coordinate scaling (see Sec. 7.2), the results for fields and 
potentials in the uniaxial medium can be written down directly from corre- 
sponding isotropic solutions in Sec. 5.4. The discussion in this section is there- 
fore concerned with the interpretation of such scaled solutions, with emphasis 
on features of the radiation process typical of an anisotropic environment. In 
this connection, rays and wavenumber surfaces are utilized for relating the 
uniaxial results to radiation characteristics observed in more general aniso- 
tropic media. 

When € > 0, the wavenumber surface is ellipsoidal but resembles the spheri- 
cal surface for isotropic media. The propagation mechanism in this case may 
be regarded as undergoing a continuous distortion in the transition from an 
isotropic to an anisotropic regime. This is not true for € < 0, when the wave- 
number surface is open-branched and thus admits propagating wave solutions 
for arbitrarily large transverse and longitudinal wavenumbers. The partial dif- 
ferential equations descriptive of wave behavior along the open branches are 
hyperbolic, thus permitting the existence of field discontinuities and singulari- 
ties on “characteristic cones” (shadow boundaries) similar to those encountered 
in time-dependent, impulse-excited fields in an isotropic medium. For point- 
and /ime-source excitation, the singularities on the shadow boundaries are so 
Strong as to render the total radiated power infinite, an anomaly referred to in 
the literature as the “infinity catastrophe.” While the infinity indicates the 
inadequacy of the equivalent dielectric description of a cold, lossless plasma 
as in Eq. (1), it is of interest to explore the cause of the infinity and methods 
for its removal, This is done in detail in Secs, 7.3a and 7.3e. 

The presentation begins in Sec. 7.3a with radiation from a time-harmonic 
current element oriented along the optic axis. After a discussion of the closed- 
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form solution, obtained by coordinate scaling of the vacuum fields, attention 
is given to a modal (integral) representation that must be employed under 
more general conditions, when results cannot be expressed in closed form. 
Analytic properties of the integrand, arising especially from saddle points and 
singularities, are related to features observed in the closed-form expressions, 
thereby providing further insight into the radiation mechanism. Sections 7.3b, 
7.3c, and 7.3e deal with other time-harmonic source configurations and Sec. 
7.3d explores the radiation properties of a uniformly moving point charge. 


7.3a Dipoles Oriented Along the Optic Axis 
Time-harmonic electric source current density 
S(r, 0) = N6(r)e~** zy. (2) 


The electromagnetic fields in the uniaxial medium described by Eq. (1) can be 
derived from the scalar E-mode Green’s function G;(r, r’) defined by [see Eq. 
(7.2.17a)] 


e (5 + k3) + vi | Gir, r’) = —d(r — r’), (3a) 
subject to an energy radiation condition at oo. The solution is given by 
gikeN@)|r—r'| 
G(r, r’) = NO r? (3b) 
where 
ko = O~ fo and MO) = /cos?@ + esin? ĝ, (3c) 


with N(0) denoting the ray refractive index. Field components are derived 
via Eqs. (7.2.21) and yield for r’ = 0, in spherical coordinates,’ 


= Ho Ik l cos @ eton ® i 
= €, 2nkaè N?(0) (i  korN j) 


E, =,/2 —ilkgle ane g!kor NiO) 
& mN 


(4a) 


x L + (1 + 26 cos? 8) (- tg, z g| (4b) 


_ —ilk,le sin 0 e*n ® ( i 
He = —— Anr N O) ' + or NON) 
H, = H, = E, = 0, (4d) 
where J is the current in the element and / is an infinitesimal length. For 
arbitrary r’, one replaces r by |r — r'|. The coordinate system, with p = 
r sin , z — z’ = r cos 9, is the same as for the dipole in an isotropic medium 
(Fig. 5.4.1). Provided that one chooses Im N(@) > 0, the results are valid for 
0 < arg é < n (i.e, for the dissipative case Im € > 0 and also for the “hyper- 
bolic” case € < 0, Im € = 0). The radiated power density S in a lossless 


(4c) 
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(a)e>0 (b)e <0(0, = tan! lel!) 


FIG. 7.3.1 Pattern functions: A(@) = sin? 0/N5(6), 


medium is given via Eqs. (4) by 


a [ip lkal? sin? 8 
R [Re(E,H}) Va Ny? Neal (5a) 
lo, N imaginary (5b) 
Še = $, = 0,  Nreal or imaginary (5c) 


Typical shapes of the radiation pattern function A(@) = sin? 0/ N *(0) are shown 
in Fig. 7.3.1. The total radiated power is 


finite, € >Q, (6a) 


P= anv? | 3, sin 0 dð = 
o, €< 0. (6b) 


Discusston 


The solution in Eq. (3b) is derived by a direct application of the coordinate 
scaling in Eg. (7.2.22) to the isotropic free-space Green's function in Eq. 
(5.4.2b) when arg € = 0, with subsequent analytic continuation into the range 
0 < arg € < 2 [see also Eq. (9) et seg.]. When € = 1, Eqs. (4) reduce properly 
to the vacuum fields in Eqs. (5.4.3). 

The simple closed-form solutions in Eqs. (4) and (5) reveal interesting 
features that are characteristic of radiation phenomena in anisotropic regions. 
When € > 0, the effect of anisotropy is primarily to distort, but not to alter 
fundamentally, the equiphase surfaces, radiation patterns, etc., encountered in 
an isotropic environment, whereas negative real values of € yield novel and 
anomalous characteristics. This may be anticipated from the partial differential 
equation (3a), which is elliptic when € > 0 but hyperbolic when € < 0, with 
the consequent appearance of (characteristic) surfaces of singularity in the latter 
instance. Thus, it is no longer sufficient to define the far zone as kyr > 1 as 
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in the isotropic case but instead one must have kyrN(@) >> 1. When € > 0, a 
far zone exists at sufficiently great distance from the source, and the corre- 
sponding radiation field, given by Eqs. (4) with the bracketed expressions equated 
to unity, varies like 1/r and is transverse to r. This is not true when € < 0, 
since M(@) then possesses a zero on the cone 6, = tan7!(|é{~!2), on which all 
the field components have singularities regardless of the value of r. To make 
matters worse, the corresponding radiated power density in Eq. (Sa) behaves 
near 0, like (0. — 9)~*?, which singularity is non-integrable near @. and leads 
to the result in Eq. (6b). Phrased in terms of the radiation resistance R = 
P/\I|*, one concludes that R = œ when € < 0, a behavior found to be exhibited 
also by dipoles in a more general gyrotropic medium with open-branched 
refractive index surfaces (hyperbolic regime; see Sec. 8.3). It must be kept in 
mind, however, that the infinities disappear when a loss mechanism is included 
(€ complex), and that the entire description of a plasma medium by the simple 
tensor in Eq. (1), with € = [! — (@?/q*)], is valid only in the small signal 
approximation, which is clearly violated near @,. It is worth noting that even 
within the framework of the present idealized model, the field singularities 
for € < 0 disappear if the source is distributed and hence characterized by a 
more regular spatial function than the delta function O(r — r’) descriptive of 
the Hertzian dipole element.** This aspect is considered further in Sec. 7.3e. 

One observes from Eq. (5a) that energy flows radially outward from the 
source, thereby confirming the physical mechanism of energy transport along 
rays discussed in Sec. 1.6. Propagating rays exist only in the illuminated region 
wherein M(0) > 0, and no energy is carried into the shadow region N(@) = 
i]N(@)|, where the fields are evanescent. The zones of illumination, [tan 6] < 
tan@. = |e|-'2, and shadow, |tan @| > tan @., are in evidence in Fig. 7.3.1(b). 
In view of the anisotropy, the rays are not normal to the equiphase surfaces 
defined by the equation rN(@) = constant, or 


where z = r cos 0, p = r sin 0, and B is a positive constant. Evidently, the 
surfaces are elliptical when € > 0 and hyperbolic when € < 0, as shown in 
Fig. 7.3.2(a). It is instructive to compare these plots with the wavenumber 
diagrams in Fig. 7.3.2(b), from which one may also deduce directly certain 
salient features of the radiation field (see Sec. 1.6). For example, from the con- 
figuration of normals (rays) that can be drawn to the surfaces in Fig. 7.3.2(b), 
it follows that all space is accessible to radiation when € > 0, whereas only the 
region |tan 0| < |e|~'” is illuminated when € < 0. 


Medal procedure 

While the point-source radiation problem in the infinite, homogeneous, 
uniaxially anisotropic medium can be solved in closed form as in Eq. (3b), no 
such simple solution is possible for partially bounded regions. Instead, one 
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4 
4 Wave normal, k 


p 


9. =tan [ej )/? 


0<e<l e<0 


(a) Equiphase surfaces, wave normals, and rays 


O<e<] e<0 


(b) Wavenumber surfaces 


FIG. 7.3.2 Equiphase and wavenumber surfaces. 


must resort to a modal representation of the fields and then attempt an approx- 
imate evaluation by asymptotic methods. It is instructive to apply this proce- 
dure to an infinite medium problem in order to gain insight into the difficulties 
encountered in the asymptotic evaluation and to establish the accuracy of the 
approximate solution by comparison with the exact one. Because of the sym- 
metry of the fields about the z-axis, a circular waveguide description of the 
transverse cross section is appropriate, and the corresponding mode functions 
are given in Eq. (3.2.78b): 


Dp) = (P) = nee Wisp, O<; kk Lo f dé. (7a) 


Since the region is unbounded along z, one has from a simple network cal- 
culation, 
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Y(z, 2’) = pene, (7b) 
with Z; and x; specified in Eq. (7.2.8a). Upon substituting these results into 
Eq. (7.2.18a) and extending the € integration interval to run from —oo to 
+ oo, one obtains the desired representation [see Eq. (5.4.7a) for the analo- 
gous formulation in an isotropic medium; note the different time dependence 
exp ( jæt)]:t 


Ger) = gel SH, O= eE 8 


The radiation condition, as in Eq. (7.2.10d), requires that x > 0 when real, 
and x = i|x| when imaginary, whence the integration path is the same as in 
Fig. 5.3.6; the branch points are located at č, = +k,./e . and the choice of 
branch cuts assures that Im x > 0 on the entire top Riemann sheet. When 
€ = |, Eq. (8) reduces to the isotropic Green’s-function representation in Eq. 
(5.4.7a). 

It is of interest to point out that the radiation condition on the integrand 
in Eq. (8) may also be imposed from a study of the refractive index curves in 
Fig. 7.3.2(b) (with k, = ¢). The cylindrical waves in the integral representation 
degenerate into plane waves far from the source, and when z > z’, these waves 
must carry energy toward z = + oo. Hence the vectors v, or Š associated with 
these waves must have a component along the +2 direction. From general 
considerations [see Eq. (1.7.53a)] it is known that the angle between the k and 
v, vectors is less than 90°, so the required portions of the dispersion curves in 
Fig. 7.3.2(b) are those for which x > 0. This alternative method of imposing 
the radiation condition through use of the refractive index plots is frequently 
to be preferred in more complicated situations (gyrotropic media) where the 
analytical form of the characteristic admittances Y, is much more involved 
than in the present case. 

When € is positive real, the integral in Eq. (8) evidently converges uni- 
formly and absolutely since Hi'(ép) ~ (Ep)! exp (i€p), —n < arg ¢ < 27, 
and Im x > Oas ¢€ — œ. The case of negative real € is approached unam- 
biguously by assuming losses in the medium, whence 0 < arg € < x. One ob- 
serves from Fig. 5.3.3(b) applied to Im k > 0 that arg ./k2e — € varies from 
(arg €)/2 to 2/2 as č moves from zero to infinity along the real axis. From 
K = €- ke — €*)'?, one has 


O<argK< zags for real €, (9) 


with the lower and upper limits corresponding to ¢ = 0 and č = +œ, res- 
pectively. Thus, for 0 < argé < n, Im x > Q as |] — œ along the real axis 


tFor the calculation of radiated power, a plane-wave representation as in Sec. 1.2¢ may 
be more convenient than the guided-wave representalion employed here. 
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and the convergence of the integral remains unaffected. In consequence, the 
formula in Eq. (8) may be employed over the extended range Im € > 0. 

When arg € = 2, K is positive real along the entire real č axis and the 
integral in Eq. (8) is no longer absolutely, but instead conditionally, convergent, 
Since the derivation of the electromagnetic fields requires the repeated differ- 
entiation of G’, it is desirable to obtain a representation that retains the ex- 
ponential convergence as č — oo. Evidently, such a formulation involves the 
deformation of the integration path into the complex plane. If branch cuts are 
introduced along the lines Re x = 0 (see Fig. 7.3.3), then Re x > 0 on the 
entire top sheet of the two-sheeted ¢ plane. Thus, as č — œ, x ~ +¢€.,/je| for 
Re č = 0, so that in the right half-plane, the exponential dependence in the 
integrand is exp (iF), with Y = ¢p + xz — z'| ~ (p+ |z — 2'|/»/Jel), while 
in the left half-plane, ¥ ~ ¢(p — |z — z'|/./(eé|). Thus, Im ¥ > 0 when 


Imé > 0, as |€] — co with Re € > 0, (10a) 
Im € > 0, Itan 0| > tan 6. 


Imé <0 endl etna fas RI = œ with Reg < 0, (10b) 


where the observation angle @ and the limiting angle 0, are defined in Eqs. (4) 
and in Fig. 7.3.2(b), respectively. A distortion of the endpoints of the inte- 
gration path away from the real č axis according to Eqs. (10) then assures the 
exponential convergence of the integral in Eq. (8) when arg € = n. The dif- 
ferent convergence requirements in Eq. (10b) for |tan 0| S tan @, (i.e., for 
observation points in the illuminated or shadow regions) are already indicative 
of the critical role played by the shadow boundary cone |tan 6| = tan @,. For 
observation points on the shadow boundary, ¥ ~ 0, the integrand behaves 
asymptotically like €-'?, and the integral diverges. 

An asymptotic evaluation of the integral in Eq. (8) can be carried out as 
in Sec. 5.3, except that we prefer to remain in the complex ¢ plane for the 
present analysis, in view of the simple interpretation of the saddle-point con- 
dition via the refractive index plots. The Hankel function is replaced by its 
large argument approximation in Eq. (5.3.13b), and the resulting exponential! 
in the integrand has the previously noted form exp (i¥) = exp [ir(é sin @ + 
k|cos 0|)]. For large values of r, the dominant contribution arises from the 
vicinity of the saddle point €,, which is obtained from a solution of the equation 
(d/dg)[é sin 8 + xicos 0|] = 0, 


dr) __ & _ 
dE Gs 7 EK( s) E =en ál u 3 
This relation is easily solved for €,, 
__ ky€ sin @ _ k,|cos 0| 


with M(@) so defined that arg MO) = —arg x(£,). Equation (11a) is identical 
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with Eq. (7.1.7) if k, = ¢, and therefore has a simple graphical interpretation: 
the real values of ¢,, K(¢,), which define a propagating wave, correspond to 
points on the k versus ĝ plot having a normal inclined to the positive z axis 
at an angle @ (see Fig. 7.3.2). Since the normal to the surface coincides with 
the ray direction, one verifies from the saddle-point condition that the rays 
proceed radially from the source to the observation point. Conversely, the k 
versus @ plots may be employed for the location of the saddle point(s): the 
saddle points ¢, correspond to those surface points that have a normal v di- 
rected along 6, with k « v > 0. As noted in Sec. 1.6, this fundamental condition 
remains valid for propagation problems in more general media where x(č) is 
no longer the simple function specified in Eq. (8). 

The saddle point ¢, lies on the positive real € axis when e€ is positive, on 
the negative real € axis when € < 0 and N(@) > 0, and in the upper half of 
the complex € plane when € < 0 and N(0) is positive imaginary. The two first- 
mentioned conditions could also have been predicted from a study of Figs. 
7.1.1(a) and 7.1.1(b). A closer examination of the expression for €, in Eq. (1 1b) 
for a slightly dissipative medium with 0 < Imé < 1 reveals that the saddle 
point lies slightly above the real € axis when M(@) is essentially real, and lies 
slightly to the left of the imaginary axis, in the interval |@,] > ko/Je], when 
N(@) is essentially imaginary. For positive real €, Eq. (8) is very similar to Eq. 
(5.4.7a), and the asymptotic evaluation of the integral along the steepest-descent 
path through the saddle point proceeds as for a source in vacuum. For negative 
real €, with jtan 0} < tan @,, the endpoints of the integration path are deformed 
into the first and third quadrants of the & plane, as noted in Eqs. (10). Since 


dK — N X0) 
Ma Eao BP (12) 


age 
this quantity is positive in the present instance and represents a measure of the 
curvature K of the refractive index plots via the relation K = (d*x/d&’),, 
-|cos? 0|; both its algebraic sign, and an estimate of its magnitude, may be infer- 
red directly from an inspection of the curves in Fig. 7.1.1. Because d*«/dq{ > 
0, the steepest-descent path (SDP) through the saddle point is inclined at a 
+45° angle with the positive & direction [see Eq. (4.2.5)]. The SDP is defined 
by the equation Re ¥(é) = Re V(Z,) (see Sec. 4.1), so 


Re (xlcos 6] + č sin 0) = ka M(0), kK =al/k2+ = l (13a) 


If the branch cuts from &, = +ik,~|é] are chosen along the straight lines 
Rex = 0, then Rex > 0 on the entire top sheet of the two-sheeted x surface, 
and, as noted earlier, x ~ +&/./Je] as č— co in the half-planes Re ¢ 20. Con- 
sequently, the SDP is asymptotic to the straight lines 


Reč: = €* = + s/jelka [cos 0] F viej sin BJ"; (13b) 


one easily verifies that €> < č, and that the path crosses the imaginary ¢ axis 
below the branch point ¢, = ik,./je]. The SDP therefore takes the form shown 
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in Fig. 7.3.3(a); it passes through the branch cut arising from the Hankel 
function in the integrand of Eq. (8). Since the integrand decays exponentially 
in the first and third quadrants of the complex € plane, the origina! integration 
path may be deformed into the SDP without intercepting any singularities. 

The resulting first-order asymptotic approximation of the integral for 
c€ 2 0, M9) > 0, may be obtained from Eq. (4.2.1b) and yields [see also Eq. 
(1.6.21)] 


iker N10) 


? ’ e 
G(r, r’) oe 4nrN(0)’ 


the same expression as the exact result in Eq. (3). Although Eq. (14) happens 
to agree with the exact formula, it was derived subject to the assumptions that 
the r-independent factors in the integrand of Eq. (8) are slowly varying and 
that x” (č,) Æ 0, č, % 0; the condition č, Æ 0 arises from the replacement of 
the Hankel function by its asymptotic form, valid only when |čp]| >> ! along the 
entire path. One observes from Eq. (12) that «’(¢,) > 0 as M(@) — 0, so the 
validity of the asymptotic expression breaks down as the observation point ap- 
proaches the shadow boundary. In this region, the saddle point moves to €,= 
—oo, where the curvature K of the refractive index diagram tends to zero— 
an indication that difficulties may arise in the asymptotic evaluation. From 
the exact field expressions in Eqs. (4), it is noted that the asymptotic result to 
O(1/r) is meaningful only when r>> 1 implies also kyrM(6)>> 1, and this 
requirement must be imposed here to delimit the range of validity of the first- 
order asypmiptotic formula. Since č, œ k,/N(@), the condition 


rl, N(@) real, (14) 


kèr 
E > | (14a) 


serves to restrict the admissible range of saddle-point locations. These observa- 


€ TPA SDP 
ikov lel 
ltanĝ |< tan, = u 
ea l A Viel (b) | tan 6| > 6, 
(illuminated region) (shadow region) 


FIG, 7.3.3 Steepest-descent paths in the complex ¢ plane. 
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tions will also apply to asymptotic calculations in gyrotropic media (see Sec. 
8.3c) if the refractive index surface contains an open branch. 

If |tan 8| > tan @,, the saddle point lies slightly to the left of the imaginary 
axis and above the branch point at ¢, = iko/Je]. Inthe interval ë = i|E|, |¢| > 
ko/\e|, the propagation constant x is imaginary, and if the branch cuts are 
drawn as before, x = i|x| when arg (Ẹ — €,) = 2/2 while x = —ilx| when 
arg (4 — €,) = — 37/2. Thus, Eq. (13a), with the right-hand side set equal to 
zero, is satisfied along a path SDP that surrounds the branch cut [Fig. 7.3.3(b)]. 
In view of Eqs. (10), the exponential function in the integrand of Eq. (8) decays 
in the upper half of the € plane, so the original integration path may be de- 
formed into the SDP without encountering any singularities. The resulting 
first-order asymptotic evaluation yields 

e ~ ker IN(8)] 


Gur )~ cay NON, (15) 


an expression that represents the analytic continuation of Eq. (14) to positive 
imaginary values of M(@). The asymptotic evaluation therefore confirms the 
previously observed division into illuminated and shadow regions when € < 0, 
but gives no information about the field behavior in the immediate vicinity of 
the shadow boundary. 

For the dissipative case with Im e > 0, the saddle point is located in the 
upper half of the € plane and the resulting asymptotic results are found to be 
the same as in Eq. (14), with Im M(@) > 0. 


Time-harmonic magnetic source current density 
M(r, t) = Vid(r)e~'@*'z,. (16) 
The relevant scalar H-mode Green’s function G/(r, r’) is, in view of Eqs. 
(1) and (7.2.17b), identical with the one in vacuum [see Eq. (3), with MO) = !} 
and the fields derived therefrom are also the same as in vacuum [see Eq. 
(5.4.16) et seq. ]. 


7.3b Dipoles Oriented Transverse to the Optic Axis 


Time-harmonic electric source current density’ 
Jr, £) = Hô(r)e~ “xo. (17) 
A dipole oriented transverse to the optic (z) axis in the uniaxially anisot- 
ropic medium of Eq. (1) excites both E- and H-mode fields which are derivable 
via Eqs. (7.2.14) from the scalar potential functions Sr, r) and SA zr, vr’), 
respectively; these functions satisfy the differential equations [see Eqs. (7.2.16) 
and (7.2.17)} 


fe (= + k) sa v; |v; S(r, r') = €(r — r'), =y; = e, (18a) 
F L” 
(V? + KAW? SAE, r’) = Ar — r’), =A ary (18b) 
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subject to radiation conditions at infinity, with ky = w./y,e,. The H-mode 
potential function in Eq. (18b) is identical with the function S(r, r') defined 
in Eq. (5.4.18) for an unbounded isotropic space with wavenumber k = ky. The 
E-mode potential function may be related to S, via the coordinate scale trans- 
formation € = ze~"? when € is positive real, since from 


(5 pees kže) VS, = E Sp — p'e — 6’), (19) 
it is recognized that 
„(r r') = onpa 
(re) = Se Fp, re P, -). (20) 


provided that ., is evaluated in a medium with wavenumber k = ka €. As 
in Sec. 7.3a, analytic continuation may be invoked to validate the resulting 


function for 0 < arge < 7. 

The electromagnetic fields may now be deduced directly from the isotropic 
medium formulas in Sec. 5.4b. The H-mode constituents are identical with 
those in Sec. 5.4b, whereas the E-mode constituents can be determined from 
their isotropic medium counterparts by applying the above-mentioned scale 
transformation.” The details are left as an exercise for the reader. 


Time-harmonic magnetic source current density 
M(r, t) = Vis(rje- x. (21) 


The fields are derivable via Eqs. (7.2.14) from the scalar functions W, and 
S in Eqs. (18). 


7.3c Linearly Phased Line Currents Oriented Along the Optic Axis 


Time-harmonic electric source current density 
Nír, t) = Iei (pje z. (22) 


Since the current distribution in Fig. 7.3.4 is directed along the optic axis, 

the electromagnetic fields can be derived from a two-dimensional scalar E-mode 
Green’s function (see Sec. 7.2) 
[V? + (kè — ade] Gi(p, p) = -ÂP ph V= V F (23) 
subject to an energy radiation condition at infinity. p is the vector coordinate 
transverse to z and Ky = @,/y,€,. All field components vary like exp (iaz) 
whence 0?/dz? — —a*. The solution is given być 


> AYy(S € Aki — œp) when € > 0, (24a) 


(PP) SS, 
-7 HP(Vjej a — kzp)  whene < 0, (24b) 
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Ray cone 


le'e? 


FIG. 7.3.4 Progressively phased line current, le: a > 0; 
€ — Coll, + ZoZo€), p = Hol. 


with the square roots defined as follows: 
~k —a@>0 when k, >a, Im Vki — a? >0 when k <a, 


(24c) 
a~ — ki >00 whenk, < a, im væ — k< 0 when ko >a. 
The fields are derived from G’, via Eqs. (7.2.14): 
E, = IN ER pias tn, /E Rp), (25a) 
Eg 
z4 _ RI tar DfT) § 
£, = awe, Ho (a € Xp), (2 b) 
H= be E SE € ÈP), (25c) 
E, = H, = H, =9, (25d) 


where & = ./k? — œ. These results apply when 0 < arg € < x, provided 
that Im £ > 0 when & is non-real; for negative real €, one may employ the alter- 
native formulation in Eq. (24b). 

The average radiated power density is given for real € by 


= — |x|? Lo 2 26 
| Re(E, H) = gigy £M ER real, (26a) 
f lo, a/ € R imaginary, (26b) 
= +) = Ole ER jio i a/ € R real or imaginary. (26c) 
S: Re(E, H3) Sak, p a ] ? € r or 8i y 


The radiated power flow direction @ and the wavevector direction 6 with re- 
Spect to the z axis are defined by 


=% -iA j 27 
tnd =o = gy ay = © 10nd, (27) 


where @ is the direction of the wavevector k = Zot + Pos EK. 
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For large values of |v € K]p, Eqs. (25) may be simplified through use of 
the asymptotic formula HY(w) ~ (2/azw)'? exp [i(w — 2/4 — nn/2)}. 


Discussion 

The solution in Eq. (24a) follows directly from the analogous isotropic 
medium result in Eq. (5.4.47), and the formula in Eq. (24b) is deduced there- 
from by analytic continuation via Eq. (24c) and Hq(we") = —H#(w). 

Since the Hankel functions denote propagating wave solutions in a lossless 
medium only when the argument is real, one observes that the source distri- 
bution in Fig. 7.3.4 radiates when 


(a) €>0,k>@ and (b) €<0k, <a. (28) 


These restrictions for cases (a) and (b) imply that the phase speeds along 
the source are larger and smaller, respectively, than the speed of light in vacuum; 
thus, different excitation functions are required to produce radiation when 
€ > Oand € < 0. While, from Eq. (27), the energy propagation vector always 
has an outward radial component in accord with the energy radiation condition, 
the corresponding phase fronts move outward when € > 0 but toward the 
source axis (backward wave) when € < 0, as is observed either from Eq. (27) 
or from Eqs. (24a) and (24b). 

These conclusions may also be arrived at directly from the wavenumber 
surfaces. In view of the translational invariance of the physical configuration 
with respect to the z axis, the radiated fields (i.e., the local plane-wave fields 
at a large distance from the axis) are characterized by the dependence exp 
(iaz) impressed along the source. a therefore assumes for the relevant wave 
constituents the role of the longitudinal wavenumber x, and one observes from 
Fig. 7.3.5 that propagation (i.e., intersection of the plane x = aand the wave- 
number surface) occurs for a < ka when € > 0 and for a > k, when € < 0. 


No radiation 


(a)! >ée>0 (b)E<0 


FIG. 7.3.5 Interpretalion via wavenumber surfaces. 
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Evidently, when $, > 0, as required by the radiation condition, the transverse 
wavenumber k, > 0 for € > 0, but k, < 0 for € < 0, thereby confirming the 
conclusions reached earlier; in discussing the local plane-wave behavior of the 
far field, k, may be regarded as a rectilinear wavenumber, thereby making nega- 
tive values of k, meaningful. Since the wavenumber surfaces are symmetric 
about the source axis, the rays along S defined by the intersection with the 
k =a plane emerge from the source at the constant angle @ = tan`’ [|K}/ 
(a»/Jel)), so the ray configuration forms a right circular cone (Fig. 7.3.4). This 
symmetry is destroyed when the source axis is inclined with respect to the 
optic axis in the medium. 


Time-harmonic magnetic source current density 
Mír, 1) = Vel@?d(p)e-!" 75, (29) 
The source configuration excites only H modes, so the fields are identical 
with those in vacuum (Sec. 5.4d). 


7.3d Point Charge in Uniform Straight Motion Along the Optic Axis 
The source current density is given by 
I(r, t) = qvd(z — vt)d(p)2o, (30) 


where g is the charge and v = constant is the particle speed (see Fig. 7.3.6). On 
introducing the Fourier transform 


Or,0) = | e Ĝlr, i) di, (31a) 
one finds for the source function 
J(r, w) = ge" d(p)z,, (31b) 


which is the same harmonic source as in Eq. (22), with J = g,a = w/v. With 

this identification, the fields follow from Eqs. (25), and the radial harmonic 

power density is given from Eq. (26a) by 

(p = 1) kov o/b? 
8a p 

where 8 = v/c and k, = w/c, with c denoting the speed of light in vacuum. 


S(r, @) = >, pK, (32) 


FIG. 7.3.6 Point charge moving along optic axis. Constitutive 
parameters: € = €9(1, + Zozo€), p = 14o. 
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Since $ < |, it follows that k, < æ (= k,/B) and radiation takes place only 
for negative values of € [see Eq. (28)]. The total energy radiated per unit 
length along the trajectory is obtained from Eq. (5.2.30) as 


W= =f S(r, w)» 227p dw. (33) 


In general, this result cannot be evaluated unless the frequency dependence of 
€ is stated. If, as is the case for certain plasmas, € = | — œ}/%? is negative 
only for @ < @,, the upper integration limit is @,, whence’ 


— Chw; (1 
W = TOE (pr — 1). (34) 
This result implies somewhat surprisingly that slower moving particles radiate 
more strongly than those in rapid motion, a behavior quite different from that 
encountered in isotropic dielectrics (Sec. 5.4e). It must, of course, be kept in 
mind that the particle speed is assumed uniform in the above calculation, a 
condition incompatible with the non-negligible deceleration that accompanies 
substantial radiation. 

The basic features of the radiation process may again be inferred directly 
from the wavenumber plots in Fig. 7.3.5. From Eq. (31b), the relevant wave 
constituents excited by the particle have a = w/v = ky/B > kg, sono radiation 
occurs for € > 0 in Fig. 7.3.5(a). When € < 0, the sketch in Fig. 7.3.5(b) 
implies that radiation is of the backward-wave type, with phase progression 
toward the particle trajectory. The graph illustrates also the basic ‘Cerenkov 
coherence condition,” which states that in a small frequency interval about o, 
the particle excites those waves whose wavevector component along the trajec- 
tory matches the spectral component @/v. 


7.3e Line Currents Oriented Perpendicular to the Optic Axis 
Magnetic source current density 
M(r, 1) = Vl — Pee xa, (35) 


With the line current oriented as in Fig. 7.3.7, the electromagnetic fields 
can be derived from the two-dimensional scalar E-mode Green’s function 
G'A, 6’) that satisfies the differential equation 


(z — 2’) 
(y —y') 
Line current 


FIG. 7.3.7 Line Current transverse to optic axis; 
€ = €o(1, + Zoe), H = Hol. 


168 Fields in Uniaxially Anisotropic Regions Ch, 7 


(Z pt Ja + 13) G3, pA = 50-6), Bo, (36) 


subject to an energy radiation condition at infinity. The solution for 0 < arg € 
< n is given by 


= ra J € Hy {ka RN(Q)], N(~) = vcot g + €sin?g, (37) 
where ky = OV pe R = Vy — yY + (2 — zF, and Im Mo) > 0. The 


field components are derived from G; as follows: 


H, = H = i VG’, S RA a | AY [ky RN(9)), (38a) 
OG’,  ikaa/ €V cos 
= -y _ Ko (1) 
E, = L = Sow EO Noo [k,RN(9)], (38b) 
V 0G’ ikas € Vsin 
E= 1 — eov Er SIN pray 
=- Fy T NE”! [k,RN(9)), (38c) 


In a cylindrical! coordinate system, Eqs. (38b) and (38c) may be combined 
to yield for the field components, 


Eg = E, cos ọ + E,sing = 0, (38e) 
: ikov € V 

E =E oe A = Hov €E F HK RN(Q)). 38f 

9 y COS Q un g ANC) H {ko (9)} (38f) 


The average radiated power density for real € is given by 


i (fog hs iV, Nreal, (39a) 
Še = —Re(E,Ht) = 4 V Ho STRN YQ) _— 
0, N imaginary, (39b) 


S, = S, = 0, (39c) 
and the total radiated power is 
finite, €>0, (40a) 
oo E<Q. (40b) 


an m 

0 3 
Asymptotic expressions for the field components are found from Eqs. (38) by 
replacing the Hankel functions by their large-argument approximation, 


Hw) ~ (2/nw)"? exp [iw — 2/4 — m/2)]. 


Discussion 


The formulation of the field in terms of the Green’s function G7 as in Eqs. 
(38) is accomplished by proceeding directly from the Maxwell field equations 
ubject to the constraint 0/dx = 0. Alternatively, the results may be deduced 
y Simplification of Eqs. (7.2.14), (7.2.16), and (7.2.17) [see also the analogous 
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treatment for the isotropic case, Eqs. (5.4.31)]}. In the derivation of Eqs. (39), 
use is made of the Wronskian for the cylinder functions; it has also been 
recognized for imaginary N, that H{"(iw) = (2/mi) exp (—v7i/2)K,(w), where 
the modified Hankel function X,(w) is real when y and w are real. One ob- 
serves from Eq. (39a) that the source illuminates all regions of space when 
€ > 0, while the region |tan gj > |e|~'? constitutes for € < 0 a shadow region 
wherein the fields are evanescent (N imaginary). On the shadow boundary 
ltang| = tan ø, = |e|"'?, where N = 0, the fields and the radiated power 
density are infinite. The infinities are weaker than those for point-source ex- 
citation [see Eqs. (Sa) and (39a)j but still strong enough to render the total 
radiated power, and therefore the radiation conductance $/|V|?, infinite. 

The interpretation of these results follows also from the wavenumber sur- 
faces. Since the fields are independent of x, the constituent plane waves in the 
far zone are characterized by a vanishing wavenumber € (or &,) along the x 
direction. The only relevant portions of the wavenumber surfaces are there- 
fore the curves obtained by intersection with the k, = 0 plane, and these curves 
are the same as in Fig. 7.3.2(b) if k, is interpreted as the wavenumber k, = 
along the y direction. Since the normals to the wavenumber surface at k, = 0 
lie in the yx plane, the rays (trajectories of energy flow) are perpendicular to 
the x axis and emanate radially from the source, as noted also from Eqs. (39). 
Various aspects discussed in connection with Fig. 7.3.2 therefore remain ap- 
plicable, subject to the identification k, — 4, P — y. 


Removal of the infinity in the radiated power 


It has been found that the fields radiated either by a point source or a line 
source in a uniaxially anisotropic medium characterized by an open-branched 
wavenumber surface exhibit infinities along the shadow boundary @, or 9, = 
tan 'le]~''?, and that the zotal radiated power is also infinite. While we have 
noted in Sec. 7.3a that these singularities disappear for a more realistic des- 
cription of the physical medium, it will now be shown that even within the 
confines of the lossless uniaxially anisotropic model, finite fields and power are 
obtained for a distributed source configuration.***? Although the calculation is 
performed for the two-dimensional case, analogous conclusions apply also to 
the three-dimensiona} field. 

It may be anticipated on physical grounds that a distributed source softens 
the singular point-source field behavior since the presence of neighboring 
elements in the source distribution tends to diffuse the shadow boundary. This 
effect may be observed from a comparison of the point-source and line-source 
results in Eqs. (4), (5), and (38), (39), respectively, since the line-source field 
exhibits a weaker singularity than the point-source field. 

It is convenient to employ an integral representation for G’, analogous to 
that in Eq. (8). The appropriate modal basis involves the plane waves ®,(y) 
= (2n)"'? exp (iny) —œ <4 < œ, and utilization of Eq. (7.2.18a) yields, 
for the magnetic field, 
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x aytinis-a2'] 
H = cf an, k(n) = Jk- £, (41) 


where C includes various constants. The convergence properties of this integral 
are essentially the same as in Eq. (8), and the previous observations apply here 
as well. If the source is distributed in the plane z = z’ with an amplitude 
variation given by f(y’), the corresponding magnetic field H is given by 


entis- 


pA = | 
A =c| S Fm) dy, (42) 


where F(y) is the Fourier transform of the source function f(y’), 
Fin) = | SO dy', (42a) 


and the integration extends over the source region. For a line source, f(y’) = 
d(y"), F(q) = 1, and one recovers Eq. (41). A more regular, distributed source 
has a spectrum F(y) that decays as y —» co and therefore deemphasizes the 
contribution from these regions to the integral in Eq. (42). If the integral is 
then absolutely convergent, although x is real over the entire integration 
interval, the previously noted divergence in the fields (as g — p.) disappears. 
If F(7,), where 7, denotes the saddle point as in Eqs. (11), drops off sufficiently 
rapidly, an asymptotic evaluation of the integral for € < 0 will yield a 
vanishing result as g — g. since the decay of F(y4,) overcomes the growth of 
the earlier asymptotic approximation as 4, — co. 

These considerations may also be applied to the total radiated power. The 
y component of electric field is calculated from Eq. (38b): 


= -C ği ytint(s—s’) ‘ 
É, =z |e F(n)dn, 2>7', (43) 


and the total power flow in the +z direction is then given by 


= _ Jecl | o aa x E UTR ENT EPIS l 44 
S, = Ref aof anf ar e EEF) (4) 


2nICl Re ( IFC 
E = 


In Eq. (44), x’ = k(n’), and evaluation of the y integration in terms of the 
delta function 6(4 — 9’) leads to Eq. (45), which could also have been written 
down directly from Eq. (7.2.10b). If € > 0, the integration extends only over 
the range |y| <k,./e and the integral is finite for all reasonably behaved (77). 
If € < 0, the integration interval is infinite and S, is finite only when 


f IE) dy < o, (46) 
n 


a mild restriction satisfied by most source distributions. For example, if 
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A = constant when —a < y' <a, 
fy) = ; f (47) 
0 when |y] >a, 
then 
F(q) = 2451014 (48) 


n 
and the inequality (46) certainly applies. The total radiated power P is equa! 
to 25, and is calculated by integrating the average power flow density S over 
a surface completely enclosing the source. In the present instance, the surface 
comprises two infinite parallel planes at z = z' 4- A, A > 0, and two segments 
of width 2A located at y = +00. Since the far field decays like 1/,/ R [see 
asymptotic form of Eqs. (38)], the only non-vanishing contribution arises from 
the planes at z = z’ + A, whence P = 25.. 

Thus, finiteness of radiated power in a lossless anisotropic region with an 
open-branched wavenumber surface is achieved when the spatial transform of 
the source distribution decays sufficiently rapidly at infinity, and this general 
conclusion remains valid even for gyrotropic media and for three-dimensional 
configurations although the specific requirements may vary for different situa- 
tions. 


Electric line source current density 
Nír, t) = 15(f — f'e- xo. (49) 
This source configuration excites only H modes with respect to the optic 
axis, and the resulting fields are the same as in vacuum (see Sec. 5.4c). 
Electric dipolar source current density 
S(r, 1) = Ad(p — i’)e7"(y, cos & + 7, sin æ). (50) 


This source arrangement consists of a line distribution of electric current 
elements oriented perpendicular to the line axis z, at an angle æ with respect 
to the y axis (Fig. 7.3.8). 


Equivalent magnetic 
line currents 


FIG. 7.3.8 Electric dipole line current; € = e9(1, + ZoZE), p = Hol. 


772 Fields in Untaxially Anisotropic Regions Ch. 7 


Since 0/dx = 0, the non-vanishing field components are easily shown to be 
H, = H, E,, E, and the Maxwell field equations reduce to 


OF, OE 


os = —IWE, E, F J, e = IWE EE, — J, (51b) 


Upon substituting for 0E,/ðy and dE,/dz from Eq. (51b) into Eq. (51a), one 
obtains the inhomogeneous wave equation 


7 , 1 @ 
( a+ zI + k) H = —4A ({-sin a 5. — cosa $) Oy — y’)ôlz — 2’), 


(52) 


which can be solved in terms of the two-dimensional Green’s function G; in 


Eq. (37): 
H = — 4 (E sina f — cosas) G’, (53) 


with the recognition that d/dy = —d/dy', d/dz = —ð/ðz', in view of the 
dependence of Gi, on y — y' and z — z’. The operator inside the brackets in 
Eq. (53) may be interpreted as v - V’ = v(d/dv), where visa vector with com- 
ponents v, = (1/e) sina, v, = — cosa. Consequently, 


Vv: (y, cosa + Zosin æ) = [(1/e) — 1) sine cosa = v cos B, 
v = /cos*a + (1/e*) sin’ a, (54) 


where £ is the angle between v and the source direction J. 

For non-dissipative media with real €, is a real angle, and in view of Eq. 
(37), the result in Eq. (53) may be interpreted as the field due to two closely 
spaced, oppositely directed magnetic currents—a magnetic “line dipole” di- 
rected along v. In the isotropic case € = 1, vand J are mutually perpendicular, 
and Eq. (53) reduces to Eq. (5.4.39a). In the uniaxial medium, v- J = 0 only 
when the electric dipole direction is parallel or perpendicular to the optic axis 
(% = 0,2/2). A source distribution of the type considered here is induced, for 
example, when a narrow conducting strip centered at f)’ and oriented along & 
is excited by an incident field with H = H.. 


Highly directive, distributed magnetic current Source: 
cos = e Ove!" X,, —a <u <a, (55a) 
’ elsewhere, (55b) 


with the coordinates u and v defined in Fig. 7.3.9. This functional dependence 
of M simulates the excitation due to a progressively phased antenna with a 
tapered amplitude distribution, and is certainly smooth enough to assure 
avoidance of the shadow boundary singularities that arise for the isolated line 


M(r, 1) = 
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Source 
distribution a 


FIG. 7.3.9 Physical configuration; € =€o(1, + zoZo€), p = Hot. 


source when € < 0 (see earlier discussion in this section). When the antenna 
extends over many wavelengths (kaa >> 1), the radiated field is highly directive. 
Such sources find important application in antenna engineering and may be 
realized either by a series of closely spaced individual elements or by a contin- 
uous distribution, as considered here. 

The radiation pattern of this antenna is obtained by integrating the far-field 
form of Eq. (38a), 


— WE E€ e7" el keRN(o)— rk ý i (56) 


H~ 
Iink, RNI) 


over the source region. In this equation, R = ~y? + z? — œ, g is the angle 
between R and the positive z axis, u is a unit vector along u, and k is the 
phase propagation vector corresponding to the ray progressing in the @ direc- 
tion. The resulting magnetic field H, is then given by 


Hr ~ H|s-0F, (57) 
where F is the array factor 
cos [a(¢ — k - up)] (58) 


P= Maa — [ae — k- uy 

Since k - wa = (ZX + yo) > Wa is proportional to 1/N(g), the ratio F/ 
»/ N(g) vanishes as N(g) — 0, so one verifies the regularity of the field near 
the shadow boundary when € < 0. It is recalled from Eq. (11b) that ko RM(9) 
= yy + Kz = k- R since y = k€ sing/N(9), K = k, cos p/N(Q); the relation 
between k and the radius vector R (which is parallel to the group velocity 
vector v,) may also be inferred from Fig. 7.3.2. 

If kaa ®© 1, the array factor has sharp maxima at those angular locations 
for which 


=k. u. (59) 


The corresponding ray angles define the major lobes in the radiation pattern, 
and they may be easily inferred from the k versus ø plot. Evidently, condition 
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(59) selects those values of k whose projection onto the positive u axis has a 
length equal to ¢, the wavenumber of the progressively phased source distri- 
bution in Eq. (55a), The procedure is schematized in Fig. 7.3.10 for the case 


ny 


5” 


FIG. 7.3.10 Directive, distributed source: directions of pattern 
maxima (€ > 0). 


€ < 0, ¢ > 0, and one observes that two values k’ and k” satisfy Eq. (59). The 
corresponding rays 8’ and §” point essentially in the directions of the major 
lobes in the radiation pattern since, except near the shadow boundary, the 
angularly dependent factor 1/4/N(9) in H],-, of Eq.(57) is slowly varying over 
the angular width of a narrow beam and introduces only a small shift in the 
location of the pattern maxima determined from these considerations. Owing 
to the anisotropy, the radiation pattern is asymmetric about the source axis u, 
and the lobe corresponding to S” actually points in the backward direction, 
although the phase of the antenna progresses along +u. The construction in 
Fig. 7.3.10 may also be employed for the inverse problem of determining the 
values of ¢ and the directions u, that yield a pattern maximum along a specified 
angle. 

The above procedure for determining the locations of the pattern maxima 
due to highly directive sources in an anisotropic medium is also useful under 
conditions when the wavenumber surface has a more complicated shape or has 
additional branches. In essence, one looks for the directions of the rays whose 
wavenormal projections on the antenna axis match the wavenumber of the 
phase progression along the source. 

A numerical example (Fig. 7.3.11) illustrates the validity of the preceding 
remarks for a special case in which u, = Zo, € = — l,a = 4A), and ¢ takes on 
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FIG. 7.3.11 Radiation pattern of a highly directive antenna. 


the values (/ky = 1, V 1.25, / 2 ,2. A comparison between the actual magnetic 
field patterns calculated from Eq. (57) and the location of the pattern maxima 
predicted from Eq. (59) shows good agreement when the pattern is sufficiently 
narrow. 
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7.4 DIFFRACTION BY STRUCTURES EMBEDDED IN AN INFINITE, 
HOMOGENEOUS PLASMA 


The calculation of the effect of a perturbing structure on radiation from a 
source distribution is complicated substantially if the surrounding medium is 
anisotropic. Simplifications arise under special conditions; in uniaxially aniso- 
tropic regions, one may distinguish two special classes of diffraction problems 
that are easily reduced via scaling to equivalent problems in an isotropic space. 


7.4a Optic Axis Parallel to Axis of a Perfectly Conducting Cylindrical 
Obstacle 


In the first class of scattering problems, the scattering object is a perfectly 
conducting cylinder of arbitrary cross section (€.g., a circular, elliptic, or para- 
bolic cylinder; a wedge, half-plane, or strip; etc.) excited by an arbitrary source 
configuration, with the cylinder axis oriented parallel to the optic axis of the 
medium. This cylindrical scatterer forms the boundaries of a uniform wave- 
guide region, and the resulting radiation or diffraction problem is then solved 
by the procedure described in Sec. 7.2. From Egs. (7.2.24), the solutions may 
be expressed directly in terms of those for the isotropic case, whence one may 
construct results for a whole class of uniaxial diffraction problems by a simple 
scaling of the axial (z) coordinate in the conventional isotropic expressions. An 
analysis of these results in the limit of short and long wavelengths, valuable in 
providing an insight into some of the diffraction effects encountered in aniso- 
tropic regions, is left as an exercise for the reader. It may be recalled that the 
H-mode constituents of the field are identical with those in the isotropic case, 
and that the coordinate scaling need be applied only to the E-mode consti- 
tuents. 


7.4b Optic Axis Perpendicular to Axis of a Perfectly Conducting Cylindrical 
Obstacle 


Formulation and reduction of the boundary-value problem 


The second class of problems, involving cylindrical scatterers of arbitrary 
cross section oriented perpendicular to the optic axis in the medium, is also 
reducible to equivalent isotropic problems provided that the source distribution 
does not vary along the direction of the cylinder axis. The solutions may in- 
corporate effects caused by a continuous change in direction of the optic (z) 
axis over the obstacle boundary when the latter is curved, whereas in the 
problems of Sec. 7.4a, the optic axis is always parallel to the boundary. 

Let the cylinder axis be parallel to x and let the excitation be comprised 
of a line source of magnetic currents 


Mir, 1) = Vô — Peko = = (V, 2). (1) 


Parenthetically, we note that a line source of electric currents excites only H 
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modes in the direction perpendicular to x; these are not affected by the pres- 
ence of the uniaxially anisotropic medium. The medium is described again by 
the constitutive parameters 
€ = Cll, + Zy%€), B= kl. (2) 
As in the absence of the scatterer, the non-vanishing field components are H, 
= H,E,, E.. On the obstacle surface A specified by the equation A(y, z) = 0, 
the impedance boundary condition 
E.., = ZH (3a) 


is assumed, where Z(y, z) denotes the surface impedance and E.n is the electric 
field component tangential to A. If n represents the direction normal to A 
and « is the angle between the tangent to A and the positive y axis [see 
Fig. 7.4.1(a)], then Eunn =(E,sinw + E,cos@) and the relations £, = 


(a) yz space (b) yz space 


FIG. 7.4.1 Equivalent configurations. 


— (iWEy)"'0H/dz, E, = (iwé,)-'GH/dy, €, = €€» may be used to rewrite Eq. 
(3a) as [see also Eqs. (7.3.38)] 


oH — €cota A = 1WEE, — H on A. (3b) 
In an isotropic medium (€ = 1), the expression on the left-hand side of the 
equation is equal to —csc œ 0OH/dn, and the impedance boundary condition 
then takes the familiar form 0H/dn = ZH on A. This condition does not hold 
in the anisotropic medium, where the normal derivative of H is replaced by 
an “oblique derivative” whose direction may be inferred from considerations 
analogous to those following Eq. (7.3.53). 


The boundary-value problem can now be stated as follows. As in Eqs. 
(7.3.36) and (7.3.38a), the magnetic field H is defined by the differential equa- 
tion 


® 18 oa, ee 
(gt tga t 8) HCP, p') = —iae.VO(p — p’), (4) 
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subject to an energy radiation condition at infinity, and to the boundary con- 
dition (3b) on the obstacle surface A. 

To reduce this boundary-value problem to one in an isotropic medium, it 
is again suggestive to introduce a coordinate scaling transformation that yields 
a Laplacian instead of a differential operator as in Eq. (4). Evidently, either 
the z or y coordinates may be scaled. The former has already been utilized 
(Sec. 7.2) and involves an equivalent isotropic medium with wavenumber 
ko/ € . For the present application, the alternative procedure is employed via 
the definition 


y= Ey, (5) 
which furnishes the Laplacian in jz space, with the medium properties de- 


scribed by the wavenumber k,. The boundary condition in Eq. (3b) becomes, 
accordingly, 


A — cot y Le = ideo V -ZÂ on Á, (6a) 


where Ĥ and G are, respectively, the hee isotropic field solution and 
Green’s function 


A 
A 


AC), z; §, z) = iwe € VGCS, 2; 2’) = H(. ži FF 2, (6b) 


with 
coty = /€ cota, (6c) 
and £ defining the surface 


A(5, 2) = a7 z) =) (6d) 


y is the angle between the tangent to the transformed surface A and the 
positive f axis [see Fig. 7.4.1(b)], and if â denotes the direction of the outward 
normal to A, Eq. (6a) may be written as 


oH = —iwe,ZH ond, (7a) 

where Z is the equivalent surface impedance 
a = sin siny > ira 1/2 7b 
Z =a sin a7 = (sare + € cos? a a my) 


Thus, it is found that the boundary conditions on Af in the equivalent isotropic 
problem involving the medium €, and a scatterer Á are of the conventional 
impedance type, so solutions of diffraction problems in the anisotropic medium 
can be constructed by applying to the customary isotropic Green’s function the 
transformations (5), (6d), and (7b).° 

In view of Eqs. (6d) and (7b), the auxiliary isotropic problem generally in- 
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volves both a different obstacle shapet and surface impedance. The obstacle 
shape is stretched according to Eq. (5), whence a circular cylinder with radius 
a (i.e., A= y? + z? — a = 0) transforms into a elliptic cylinder, A = (f*/e) 
+ z? — qt = 0; a wedge formed by the two half-planes A, = y—zcota, =0, 
A, = y — z cot &% = 0, z > 0, transforms into an equivalent wedge, 4, = ĵ — 
zcoty, = 0, A, = § — z cot y = 0, z > 0; etc. A constant surface impedance 
Z in the yz space generally requires a non-constant surface impedance Z in the 
isotropic space since @ is variable over a curved obstacle contour A, The only 
exceptions occur when 


(a) Z=0 or (b) œ = piecewise constant on A; (8) 


the former condition for a perfectly conducting surface in the yz space trans- 
forms unchanged into the fz space since Z = 0, while the latter condition ap- 
plies to an obstacle contour comprised of plane segments (e.g., an infinite plane, 
half-plane, wedge, or polygon). The validity of the preceding considerations is 
apparent only when € is positive real since the geometrical equivalence between 
the problems sketched in Figs. 7.4.1(a) and (b) does not apply when ./€ has 
an imaginary part. However, if a solution constructed for positive real € can 
be continued analytically into 0 < arg € < z, the result will be valid through- 
out this extended range. 

This procedure is now applied to various examples which illustrate some of 
the diffraction phenomena encountered in anisotropic media. 


7.4c Half-Space Bounded by a Perfect Conductor 


Consider a line source of magnetic current located at (0, z’) in the presence 
of an infinite, perfectly conducting plane inclined at an angle æ with the z=0 
plane as shown in Fig. 7.4.2(a). This boundary is described by the equation 
u = 0, where the uv coordinate system is rotated through the angle œ with 
respect to y and z. The auxiliary problem in the isotropic fz space, involving 
a perfectly conducting plane inclined at the angle y = cot-'(»/ € cot œ), with 
the source location unaltered, may evidently be solved by the method of images. 
The location (f’, z’) of the image point is obtained by reflection, 


i’ = z sin 2y, 2’ = —2' cos 2y, (9) 


and the resulting magnetic field in the half-space u > 0 is given by 
H(y, z; 0, 2’) = Hy, z; 0, z' W, z ee 2), 10 
(y, 2; Q, 2’) AY, 2 ) + HY, z p= ) (10) 


where H, denotes the infinite space solution in Eg. (7.3.38a). 


tThe transformation ê = z/4/ in Sec. 7.2 applied to a cylindrical obstacle oriented 
parallel to the z axis leaves the obstacle shape unchanged. This invariance is not main- 
tained by scaling either z or y in the present configuration oriented perpendicular to the z 
axis. 
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(y’, 2’) 


(a) Physical configuration (b) Auxiliary problem 
FIG. 7.4.2 Half-space bounded by a perfect conductor (0 < € < 1). 


It is of interest to determine the image location in the uv coordinate space 
which is natural to the description of the bounding plane u = 0. From Eas. 
(5) and (6c), the image location (y’, Z’) in the yz coordinate system is 


z — 2z SiN & Cos a F = ot = pS A — € cos’ 
€A, ’ ECA: i 
€A, = sin? a + € cos? g; (11) 


the corresponding point (i’, 0’) relative to the uv coordinates is obtained via 
the relations 


u’ = Z' cosa — jy’ sina, b' = y’ cosa + Zz’ sina, (12) 
and yields 
—f ! =f ! Au’ ` 
u = —u', Y =v — P €A, = 2(€ — l)sing cosa, (13) 
2 


Thus, the perturbation fields due to the presence of the perfectly reflecting 
plane in Fig. 7.4.2(a) may be rigorously accounted for in terms of an image 
source that is, however, displaced from the mirror-image location (— wu’, v’) by 
the distance — A,u’/A, measured parallel to plane.* The image location coin- 
cides with the conventional one only when € = |! (isotropic case) or when 
a = 0, 2/2 (optic axis parallel or perpendicular to boundary); in the latter in- 
stance, the analysis in Sec. 7.4a shows that the mirror-image construction holds 
for arbitrary source distributions, as in isotropic regions. Although the solution 
(10) was obtained on the assumption € > 0, it may be continued analytically 
into the range 0 < arg € < 7 and holds in particular when € < 0. 

The image displacement has interesting consequences which arise also in 
media with more general anisotropic properties: it implies the occurrence of 
non-specular reflections at a plane boundary, as schematized in Fig. 7.4.3 for 
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FIG. 7.4.3 Incident and reflected rays when e < 0. 


the case € < 0, with A, > 0. Since € < 0, the propagating plane-wave spec- 
trum issuing from the source and its image is restricted to ray angles ø which 
satisfy the condition |tan ø| < tan p. = | /./Je], where g is measured from the 
positive z axis (see Sec. 7.3e). Consequently, the direct radiation Š, from the 
source illuminates only region A in Fig. 7.4.3, while propagating rays §, from 
the image source (i.e., the rays reflected at the boundary) penetrate both regions 
A and B. The shaded area constitutes the shadow zone in which the fields 
decay, and one observes that the presence of a reflecting boundary enlarges the 
illuminated region. The non-specular character of the reflection is evident from 
the construction and, for the case considered, both the incident and reflected 
rays lie on the same side of the normal to the surface—a phenomenon not en- 
countered in isotropic media. 

The directions of the incident and reflected rays may also be inferred from 
the refractive index diagrams in Fig. 7.1.1, an aspect that is explored further 
in Sec. 7.5b. 


7.4d Half-space Bounded By a Reactive Surface 


We repeat the analysis in the preceding section for the case where the plane 
boundary at u = 0 is assumed to have a constant surface impedance Z + 0.° 
The transformed isotropic problem then involves the plane surface in Fig. 
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7.4.2(b), with a constant surface impedance Ż inferred from Eq. (7b). The solu- 
tion for É can no longer be obtained in closed form by the method of images 
but involves the integral representations in Eqs. (5.7.17) or (5.7.21). For distant 
observation points, the integrals may be evaluated asymptotically and yield the 
result in Eq. (5.7.19) which contains three contributions: the infinite space 
field in the absence of the boundary; the reflected field which appears to arise 
from the mirror-image point, with an angularly dependent amplitude factor 
equal to the plane-wave reflection coefficient of the surface; and a surface- 
wave field that contributes only when the surface impedance is inductive 
(Im Z < 0) and when the observation point lies sufficiently close to the bound- 
ary. Upon transforming these field solutions into the anisotropic y, z space 
(with € > 0), one obtains a far field comprising the above-mentioned three 
constituents. The first two may be interpreted exactly as in Fig. 7.4.3, or rather 
its analogue for € > 0, and yield the incident and reflected rays, with the latter 
weighted by the transformed reflection coefficient. 

The surface-wave contribution merits further attention. If 2 and 6 de- 
note the coordinates parallel and perpendicular, respectively, to the surface in 
the equivalent isotropic problem [see Fig. 7.4.2(b)], then the magnetic field Ê, 
in the surface wave has the behavior [see Eq. (5.7.21)] 


H, = exp (ik, 1 — 2? û — ik,2ô), (14) 


where Im 2 < 0, Re Z > 0, and ô > 0. This solution may be transformed 
into the anisotropic space by noting that ? = f cosy + zsiny, 6 = z cos y — 
ĵ sin y, and applying Eq. (5). The resulting expression is then written in terms 
of the u,v coordinates via y = vcosa — usin &, z = vsing + u cos&, and 
yields the following variation of the surface-wave field H,: 
H, = eei, (15) 
where q and f are the wavenumbers along the u and v directions, respectively, 
q= — -kT B=kwe(A, — Z”), Z = oe. (15a) 
with € assumed positive, and Z and A, defined in Eqs. (7b) and (11). This re- 
lation between g and £ is a direct consequence of the dispersion equation (7.1.5) 
when expressed in terms of the rotated u, v coordinates [see Eq. (7.5.5)]. If the 
surface is purely reactive, then Z’ = —i|Z'|, and the field in both Eqs. (14) and 
(15) decays away from the boundary. However, in the isotropic case, the 
wavenumber in the perpendicular ú direction is purely imaginary, whereas it is 
complex in the anisotropic problem. The constant-phase planes in the aniso- 
tropic medium are therefore inclined with respect to the v direction along the 
boundary. l 
If the field H, does indeed define a surface wave, it must carry energy 1n 
the v direction parallel to the surface. Since 


$ = cosa $ — sina gy 9 = sina È + cosaz, (16) 
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and E, = E,cosa — E,sina, E, = E, sina + E, cos, one obtains from the 
electric-field expressions in Eq. (7.3.38), 


_ i ð A,@ _ | Að ô 
E = galint Saye E7 A Ag a 
where A, and A, are defined in Eqs. (11) and (13), respectively, and 
A, = sin?a + L costa = + NYa). (17a) 
A calculation of the time-averaged Poynting vector for Z’ = —i|Z'| then shows 
that 
S, = —Re(E,,H*?) = 0, (18a) 
C — +) — f 2 
Sp a Re (E,, H+) = ea ’ (18b) 


thereby confirming the surface-wave character of the field in Eq. (15). 


7.4e Wedge and Half-plane 


We consider briefly the problem of diffraction by a perfectly conducting 
wedge, the isotropic version of which, treated in detail in Chapter 6, may be 
transformed according to Eq. (6) to yield a result in the anisotropic space.*:'° 
Any of the various representations listed in Sec. 6.5 may be employed in ap- 
propriate parameter ranges. For source or observation points located near the 
edge, the series in Eq. (6.5.13) is convenient and rapidly convergent, while the 
far field excited by a distant source is calculated best from the asymptotic 
formulas in Eqs. (6.5.19). 

The far-field approximation in the isotropic medium comprises three parts, 
each of which possesses a simple physical interpretation in terms of geometric- 
optical rays: (a) the infinite space field in the absence of the obstacle; (b) the 
reflected field comprising all rays that are reflected specularly from the sides of 
the wedge (Fig. 6.5.1); and (c) the diffracted field which takes the form of an 
inhomogeneous cylindrical wave (radially diverging rays) emanating from the 
wedge apex (see Fig. 6.3.1). This simple description fails in the vicinity of the 
geometrical shadow and reflected-wave boundaries and must be augmented by 
a transition solution, as discussed in Chapter 6. No difficulty arises in trans- 
forming these solutions into the anisotropic medium when € > 0; the wedge 
angle is changed thereby according to the remarks made in the paragraph 
following Eq. (7), and the source location is also affected when y’ = 0. The 
resulting asymptotic field comprises the same contributions as above, and has 
an analogous physical interpretation. The primary field (a) is as in Eq. (7.3.37) 
and exists only in the illuminated region; the shadow boundary is defined 
by the ray that just grazes the apex, as illustrated for the half-plane in Fig. 
7.4.4, As in Fig. 7.4.2, the reflected wave field (b) may be viewed as arising 
from a displaced image source, one for each of the singly and multiply re- 


784 Fields in Uniaxially Anisotropic Regions Ch. 7 


Reflected Sk 
Ln 


m 
ae 


FIG. 7.4.4 Domains of existence of direct and reflected rays. 


flected rays, and its domain of existence is bounded by the ray from the image 
that just grazes the edge. The diffracted field (c) appears to emanate from a 
line source at the edge and reaches all observation points; it is excited by the 
incident ray that grazes the edge, its angular intensity being dependent upon 
the transformed diffraction coefficient as well as on the I / a/ Ng) term arising 
from the asymptotic approximation to Eq. (7.3.37) [see Eq. (19)]. Most im- 
portant in this quasi-optic interpretation of the scattered field is the recognition 
that the rays, and not the wavenormals, enter into the identification of the 
various field constituents—a property that continues to apply in more genera! 
types of anisotropic media. These simple physical ray concepts, in conjunction 
with the image construction, or more generally the refractive index curves (see 
Sec. 1.6), may be employed to derive detailed information about the nature of 
the high-frequency field. 

It is also of interest to take note of the edge condition in the anisotropic 
case. In the isotropic problem, the electric field at a distance f from the edge 
diverges like p’-' as f — 0, where 6 is the exterior angle subtended by the 
wedge. Through the transformation (5), 6 — pM), P = (y? + 2*)'?, and 


6 = cot! (vV € cotg,) — cot! (Vv € cot g), € >0, 


with the angles 9, , specifying the location of the wedge faces in the y, z space. 
The resulting behavior of the electric fields near the edge, O[p'*”~'], may be 
more violent than that observed when the identical structure is embedded in 
an isotropic medium. For example, if g, = 37/2 and —2/2 < p, < 0, then 
5 = (30/2) — cot! (€ cotg;). For O<€ <1, cot! (vV E coto) < Pn 
so ô > 5, = 37/2 + {g,|, with 5, denoting the exterior wedge angle. In an 
isotropic medium the electric field near the edge behaves like p“ -’ and there- 
fore grows less rapidly than p”’?~'. 
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When € is complex or negative real, the solutions are obtained from those 
for positive € by analytic continuation. Since the scaling procedure (Eq. (6c)] 
then transforms real into complex angles, questions of interpretation arise which 
have been clarified for the special case of a perfectly conducting half plane.’? 
It is found that for € 2 0, the incident and reflected fields in their domains of 
existence are the same as for an infinitely extended plane, with the reflected field 
derivable from an image source as in Fig. 7.4.3. The boundary of the domain 
of existence of the incident field (shadow boundary) is still given by the ray 
that grazes the edge regardless of whether the field along this ray is propagat- 
ing or evanescent; a similar statement applies to the boundary of the domain 
of existence of the reflected rays (Fig. 7.4.4). The diffracted field H, obtained 
by application of coordinate scaling to the isotropic-medium formula in Eq. 
(6.5.19a) yields the asymptotic result: 


H, ~ [VO(BIILS(G, P Q(B), B= gph E= gph (19) 
where V is the strength of the magnetic line current [Eq. (1)], while 


A _ WE € 2 el ho8’ Nig) -Inik 19 
ae 4 V kod NG) Sa 
is the magnetic field at the edge of the half-plane, generated by a line current 
of unit strength at f’ [asymptotic form of Eq. (7.3.38)]; Q(ĝ) is the field at the 
observation point ĝ generated by a virtual line current of unit strength at the 
edge, and f(9, 9’, Qo) is the pattern function associated with the edge-diffracted 
field: 


! — 1 S(O, P)fi(G', Go) 
Sopp = SAGs Po) + SQ’, Po)’ (120) 


where 


E rE LEU 
Si(Y; Po) No) Ni) 


— €SIN Qasin Ø + COS Po COS Q 
SAY; Qo) Nip INg) i 


and Mg) = cos? g + € sin? g. In these formulas, which remain valid for posi- 
tive or negative € provided that Im N > 0, the angles g, g', and g, measure, 
respectively, the angular locations of the observation point, source point, and 
half-plane with respect to the optic (z) axis (Fig. 7.4.4). Near the geometrical 
shadow and reflected ray boundaries where /,(9, go) > —/Ji(9', Po), one must 
employ a modified description in terms of Fresnel integrals [see Eq. (6.5.20)]. 
When € < 0, the formula fails along the shadow boundaries M(g.) = 0 and 
No,) = 0 associated with the anisotropy in the medium. 

The factors inside the brackets in Eq. (19) have a direct physical interpre- 
tation; Q() represents the diffracted field due to an incident field having unit 
amplitude at the edge while VQ(f’) accounts for deviations of the incident field 
strength from unity. It follows from these considerations that an incident plane 


(19c) 
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FIG. 7.4.5 Plot of the pattern function f(g, 9’, go) for g’ = 45°, 
po = 75°, and various €. 


wave of the form exp [—i(y,y + x,z)] carrying energy along g’ gives rise to an 
edge diffracted field /O($). The influence of an anisotropic environment on 
the pattern function may be assessed from Fig. 7.4.5, which contains a plot of f 
for (a) € = 1, (b) € = — }, (c) € = —3, with the incidence and half-plane 
angles remaining fixed at g’ = 45° and g = 75°, respectively. g, locates the 
boundary of the reflected waves. Case (a) corresponds to an isotropic medium ; 
since € < 0 in cases (b) and (c), the medium supports propagating fields only 
in the restricted angular domain |tan g| < tang, = |€|~'?, whence the incident 
field is propagating in case (b) but evanescent in case (c). Two shadow zones, 
shown shaded in Fig. 7.4.5, must be distinguished: the first is due to the geo- 
metrical blocking effect of the half-plane, whereas the second, the double- 
wedge-shaped region |tan g| > |e|-'?, arises from anisotropy in the medium. 
Inside the latter region, f describes the angular variation of the evanescent 
field. Evidently, the presence of anisotropy may introduce substantial distortion 
of the isotropic medium pattern which is symmetrical about the half-plane. It 


Sec. 7.5 Radiation from a Homogeneous Plasma Half-Space 787 


LEGEND 


region in 
which the 
field is 
evanescent 
(shadow) 
region in 
which 
only the 
diffracted 
field is 
propagating 


evancscent 
ray -o = a E oP eo a 


FIG. 7.4.6 Various wave domains when half-plane is in the shadow 
region of the source in a medium with € = €9(1, + ZoZo€),€ < 0. 


is of interest to observe that although the incident field may be evanescent 
when € < 0 [Mg') imaginary], the diffraction field due to the edge couples to 
propagating waves in the region |tang| < |e|~'* wherein Mg) is real. Thus, 
diffraction may extract real energy from an incident evanescent field, by a 
mechanism somewhat reminiscent of that encountered in the operation of a 
microwave cutoff attenuator or the tunnel effect in quantum mechanics. Figure 
7.4.6 contains a respresentative sketch, wherein the regions illuminated by the 
source and by diffraction are delineated. 


7.5 RADIATION FROM A HOMOGENEOUS PLASMA HALF-SPACE 


To observe radiation phenomena associated with an interface bounding a 
uniaxially anisotropic region, we consider a source embedded in a plasma half- 
space. If the interface is perpendicular to the z axis, the fields excited by 
arbitrary source distributions may be constructed via the simple procedure in 
Sec. 7.2; the equivalent modal network problem is directly analogous to that 
for the isotropic half-space, shown in Figs. 5.5.3 or 5.5.6. The modal descrip- 
tion is in terms of transmission along the z direction, and because of the reflec- 
tion symmetry with respect to the optic axis, longitudinal wavenumbers +x 
exist for the same transverse wavenumber k, or —k, [see Eq. (7.2.8)]. Interface 
effects are similar to those in isotropic regions, and such peculiarly anisotropic 
Phenomena as non-specular reflections do not occur. The latter are present 
when the optic axis is inclined with respect to the interface; hence it is instruc- 
tive to examine a problem of this kind since it is not amenable to a simple 
network treatment, 

Even for ihe 1wo-dimensional cate eerresponding ts oxeitation BYA MARNA- 
tic line source as in Sec. 7.4, when the optic axis is not perpendicular to the 
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interface, coordinate scaling does not facilitate the solution since the originally 
isotropic medium becomes anisotropic in the scaled coordinate frame. Thus, it 
is necessary to resort to a representation in terms of plane-wave modes pro- 
pagating along the direction perpendicular to the interface; owing to the ob- 
liquity of the optic axis in the anisotropic half-spce, these modes do not possess 
reflection symmetry. After formulation of this problem in Sec. 7.5a, attention 
is given in Sec. 7.5b to the reflection and transmission properties of the plane- 
wave modes, and to the interpretation of nonspecular reflection, etc., through 
use of the wavenumber surfaces for the two media. The solution for the line- 
source field, obtained by modal synthesis in Sec. 7.5c, is simplified subsequently 
for distant observation points. In the plasma half-space, the asymptotic evalua- 
tion of the radiation integral by the steepest-descent method yields saddle-point 
and branch-point contributions that can be identified as geometric-optical and 
diffracted (lateral-wave) fields, respectively (Sec. 7.5d). The geometric-optical 
fields are similar to those obtained in Sec. 7.4c for a perfectly conducting 
boundary. As in the isotropic problem discussed in Sec. 5.5, the lateral-wave 
fields are excited by a ray incident at the critical angle. However, their behavior 
is modified substantially by anisotropy, especially when the uniaxial wavenum- 
ber surface is open branched; in this event, lateral rays are refracted backward 
with respect to the incident critical ray. The simple asymptotic calculation pro- 
viding a ray-optical interpretation must be modified for observation points in 
the transition region surrounding the angle of total reflection. This parameter 
regime is characterized by proximity of a saddle point and branch point in 
the representation integral and thus requires use of the uniform asymptotic 
procedure discussed in Sec. 4.4c. 

Fields in the vacuum half-space are evaluated asymptotically in Sec. 7.Se, 
and are found to propagate along refracted rays. When the uniaxial wavenum- 
ber surface is open branched, the family of refracted rays is found to form a 
caustic indicative of a kind of field enhancement or focusing not exhibited in 
an isotropic medium. For observation points near the caustic, modified asymp- 
totic procedures (Secs. 4.5a and 4.5b) must be employed to account for the 
proximity of two or three saddle points in the refracted field integral. The 
chapter concludes in Sec. 7.5f with a brief treatment of radiation from a 
transverse electric dipole source. 


7.5a Formulation of the Problem (Line-source Excitation) 


The physical configuration is shown in Fig. 7.5.1, where the uniaxially aniso- 
tropic half-space occupies the region u < 0, and the region u > 0 is filled with 
an isotropic dielectric of permittivity €,. The uv coordinate system, natural to 
the description of this geometrical configuration, is inclined at an angle « with 
respect to the yz axes along which the medium anisotropy is described most 
directly. On suppressing the exp (—iwt) factor and normalizing the source 
strength, the single component of magnetic field satisfies in the anisotropic 
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FIG. 7.5.1 Physical configuration. 


region ÍI the inhomogeneous wave equation (7.3.36) which, when transformed 
into the uv frame, reads (with €, replaced by €, for generality)" 
g? Ci g? ; ' : 

(Aa + Arg + Aa + k) H: = —iwe, (u — u’) (v — v'), u <0, 
(1) 

and the electric-field components E,, and E, are then determined from Eq. 

(7.4.17). The constants A,,, were defined in Eqs. (7.4.11), (7.4.13), and 

(7.4.17a). In the isotropic region I, characterized by the scalar dielectric con- 

stant €, and permeability 4, the magnetic field H, satisfies the homogeneous 

equation 


g? 0? 2 
(5 + 3, + ks) H, =0, u>0, (2) 
and the corresponding electric fields are 
— | OH, E tae) l ôH, 
Ea = ma dv? PD ian du o 


The solutions in regions I and H are connected by the continuity conditions 
H, = H, E, = E,, at u = 0, and imposition of a radiation condition at infinity 
completes the unique specification of H. 


7.5b Reflection and Transmission of Plane Waves, and the Radiation Condition 


The radiation problem specified in the preceding section is solved most 
naturally by viewing the configuration as a waveguide whose axis is parallel to 
u, with the mode functions taken as plane waves with cross-sectional depend- 
ence exp (ifv), —co < B < oo. Thus, we seek a representation for H, in terms 
of a continuous spectrum of plane waves of the form 


exp (ik - R) = exp [ig(B)u + ißv]. (3) 


Because of their importance in the analysis, these wave solution are subjected 
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to further study. It will be found that the longitudinal wavenumbers g,(8) and 
q,(B) corresponding to a plane wave that carries energy along the +uand —u 
directions, respectively, are not connected by the simple relation g, = —q, 
which applies in regtons with reflection symmetry. Thus, as noted in Sec. 7.1, 
it is no longer possible to schematize propagation phenomena by a bilateral 
transmission line with a given propagation constant g; instead, unidirectional 
transmission lines with different properties are required, one for each forward 
and backward propagating wave. Because of this complication, which is gen- 
erally characteristic of wave propagation in anisotropic media, the traveling-, 
and not the standing-, wave description is the more fundamental; in conse- 
quence, a network representation in terms of transmission lines loses much of 
the appeal it possesses in reflection symmetric problems. 

The plane wave in Eq. (3) satisfies the homogeneous wave equation (1), 
and hence the wavenumbers q and £ are connected by the dispersion equation 


At + AP + Agh = kesken 6€& =%, (4) 


which has the two solutions 


— ZBA, + 2v kA, — (f*/€) _ £ 
qı. B) vA » £23) (5) 
Equation (4) contains the same information as Eq. (7.1.5), but the latter has a 
simpler form since its wavenumbers k, = y and x are expressed with respect 
to the principal axes of the wavenumber surface. A plot of the real solutions 
of Eq. (5) therefore reproduces the curves in Fig. 7.1.1, with g and $ measured 


in the rotated coordinate system shown in Fig. 7.5.2. If the square root in Eq. 


-kve 
5 


(aje >0 (be <0 


FIG. 7.5.2 Wavenumber surfaces. 
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(5) is defined to be positive when real, one observes from Fig. 7.5.2(a) that the 
solution designated as q, defines the shaded portion of the ellipse while q, 
specifies the unshaded portion. Since the outward normals on the qg, branch 
have a component parallel to the +g axis while those on the q, branch have 
a component parallel to the —q axis, plane waves with wave vector k, = 
g,U, + By, carry energy along the +u direction, and those with wave vector 
kı = ql) + By, carry energy along the —u direction. Evidently, q, Æ —4:, 
and q, may be negative or q, positive—another example of a “backward wave” 
with respect to the u axis. Analogous considerations apply when e < 0. 

In the presence of an interface parallel to the v axis, the continuity of the 
tangential field components requires that the incident, reflected, and transmitted 
waves all have the same dependence exp (ifv). If the wave is incident from 
the anisotropic half-space u < 0, then 


H, = gjelle — T( Bye}, u < 0, (6a) 
and 
H, = f(Be'?? ew, qo = vki — P, u > 0, (6b) 


where g(f), gl (f), and A$) represent the amplitudes of the incident, reflected, 
and transmitted (refracted) waves, respectively; gẹ which is positive when 
real, is the conventional longitudinal propagation constant in an isotropic wave- 
guide. Upon imposing the boundary conditions H, = H, and E,, = E,, at 
u = 0, one obtains the expressions for the reflection and transmission coeff- 
cients, 


2€590 + Alq — qı) f 
De NA a a a a] nfz : T=+. 7 
2€,90 — Alqı — qı) g 7) 
In view of the preceding remarks, the plane-wave solutions in Eqs. (6) satisfy 


the energy radiation condition when g,, gz, Of go are real. If these quantities 
are complex, the required decay of the field solutions is assured if 


Img, >0, Img, <0, Imgq,> 0, (8) 


thereby completing the specification of the multivalued propagation constants 
q. If € = 1, the resulting expression for T agrees with that listed in Eq. (5.5.3d) 
for the isotropic half-space problem. 

The ray directions, along which energy is transported in the plane waves 
characterized by the wave vectors k,, k,, and kọ = got + Yo, may be deter- 
mined either analytically or from an inspection of the wavenumber curves in 
Fig. 7.5.2, The values of q, and q, belonging to a specified value of $ are 
obtained directly from the graphs, and the corresponding incident- and reflected- 
tay directions §, and §, in the uv coordinate space are determined by con- 
structing the normals to the curves at the points (q,, 8) and (q,, P), respectively; 
it is recalled from Eq. (1.7.53a) that the angle between k and § is less than 90°. 
Since the dispersion curve for the vacuum region II is the circle described by 
the equation gi + 8? = kĝ, the transmitted ray S, follows the direction of the 
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radius vector at the point on the circle having an abscissa equal to f. This 
‘‘ray-tracing” procedure applies also when the medium has more general an- 
isotropic properties; it is particularly useful in inhomogeneous regions that 
may be approximated by piece-wise constant layers having different refractive 
index diagrams (see Fig. 1.6.7). 

An analytical expression relating the ray angles 9,,¢,, and Øo» which are 
measured from the positive u axis toward the positive v axis and specify the 
directions on the incident, refiected, and refracted rays, respectively, is obtained 
from the analogue of Eq. (7.1.7): 


angs -7 (9a) 


Evaluation of the derivative from Eq. (5) and use of $ = k, sin g, yields 


A, sin Øo 
tan = 
fia 2A, = EA, ECA, — (sin? g)/€’ 120) 


the generalization of the Snell reflection and refraction law for the rays at a 
uniaxially anisotropic interface. Unless A, = 0 (i.e, € = 1. or a = 0, n/2), 
Qı Æ n — Q, so reflection at the interface is generally non-specular. This 
phenomenon has already been encountered in the problem of reflection from 
a perfectly conducting plane, analyzed by a different method in Sec. 7.4c, 
wherein the relation between the incident- and reflected-ray directions has 
been schematized by an image construction. The present discussion also applies 
to an anisotropic half-space bounded by a perfectly conducting plane if the 
current reflection coefficient —T is set equal to unity, thereby assuring that 
E, = 0atu =Q. 

When € < 0, the algebraic signs of p, and Yọ may be opposite, and the as- 
sociated phenomenon is one of backward refraction of the rays with respect to 
the direction perpendicular to the interface (i.e., the refracted and incident 
rays both lie on the same side of the surface normal). This does not apply to 
the wavevectors, since k, = g,u, + By, and k, = qoto + ÊY, both have the 
same tangential component fv, Moreover, if ~/€,A, — (1/é) is real, total 
reflection is possible in the plasma half-space. The angles of total reflection 
are obtained by putting go = +27/2 in the expression for g, in Eq. (9b). 

It is relevant to ascertain possible pole singularities of IT which, if they 
exist, may give rise to the appearance of surface-wave or leaky-wave contribu- 
tions in the radiated field. While the discussion so far has been concerned with 
an anisotropic medium specified by the permittivity parameters €, and €,, and 
an exterior isotropic medium characterized by a different permittivity €o, it 
will now be assumed that the anisotropic medium is a plasma and the exterior 
region is vacuum. In this instance, €, = |. The denominator of the expression 
for I in Eg. (7) then has a simple zero f, when 


kt — BE = ~~ kA, — (83/6). (10) 
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Squaring and solving for $, one finds f, = +k, sina, so /k? — B? is positive 
real, Since the square root on the right-hand side is also defined to be positive 
when real (on the top sheet of the pertinent Riemann surface), 8, cannot be 
a solution of Eq. (10) but annuls instead the numerator in Eq. (7). Thus, 2, 
is a zero of the reflection coefficient and poles do not occur. One observes from 
Fig. 7.5.2 with k, = kọ that a wave with wavenumber f, propagates along the 
direction of the optic (z) axis in the medium, and experiences no reflection at 
the interface since Il = 0. This result may be understood by noting that when 
the transverse permittivities in both media are the same, the region appears 
homogeneous to a wave propagating along the z axis since its electric field has 
only an E, component. 


7.5c Modal Representation of the Solution 


To utilize the plane-wave solutions H, and Ë, in the synthesis of the line 
source fields H, and H,, we assume the representations 


H= F e'f» +t 1 B) dB, u> 0, (11) 


F g( Bye! [e™ < T(B)e™) dB, O>u>ru, (12a) 
H, = a 
f Depen — F(p) dB, u< u <o. (12b) 


The radiation condition has already been satisfied in these formulations since 
the constituent plane waves describing the primary (i.e., I = 0) field in Egs. 
(12) carry energy away from the source region while the reflected and trans- 
mitted waves carry energy away from the interface. Equation (7) gives the 
expression for I’ and the relation between f and g. One may determine the 
incident-wave amplitudes by writing the primary field as 


Hy = | Olu, P) dB, (13) 


substituting this Fourier integral representation into Eq. (1), recalling that 
2nd(v — v') = [7 e*-» dB, and then deriving the differential equation for 
the transform Q(u, B): 


d’ d —i € -igr , 
(4:55 + ibli — AB + kK) = re 6’ Su — u’). (14) 


A solution of this equation that satisfies continuity at u = w and the radiation 

condition is given by (for an alternative procedure utilizing first-order trans- 
mission-line equations, see Sec. 8.2g) 

0 = aelant om’) u `> u', 

ae artani u < 


with the constant a evaluated from the jump condition on the derivative, 


(15) 
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dQ TEN = _ iwe -ifv 
Ar Ju gc e (16) 
Consequently, 
— We -iqu + gau’ + fin’) 
a= ei | RLY (17) 


2n Ag; — q2) 
and a comparison of Eqs. (12), (13), (15), (17) leads to the identification, 


= — WE e- Kaw’ + fv) 
20 = AG =a” 
h( B) = earn (18b) 


thereby completing the integral representation for the primary field whose 
closed-form solution is given in Eq. (7.3.38a). Since each of the constituent 
plane waves in Eqs. (12a) and (11) satisfies the boundary conditions at the 
interface, so does the total magnetic field, whence the integral representations 
in Eqs. (11) and (12) constitute the desired solution; the convergence properties 
of the integrals when € < 0 are discussed in connection with Eq. (7.3.10). The 
multivalued functions g,,, are defined uniquely on the integration path, in 
view of the specifications given in Sec. 7.5b. 


(18a) 


7.5d Asymptotic Evaluation in the Plasma Half-space 


While the infinite space contribution arising from the first term in the in- 
tegrand of Eq. (12a) can be written in the closed form in Eq. (7.3.38a), no 
such simple evaluation is possible for the remaining term. Hence, we employ 
asymptotic methods to derive simple expressions for the fields observed at great 
distances from the source. As noted previously, it will be assumed that k, = 
ko; in addition, A, in Eq. (7.4.11) is restricted to be positive. This evidently 
places no constraint on @ or € when € > 0. For € < 0, however, it is implied 
that tana < vle] [i.e., the g axis in Fig. 7.5.2(b) intersects the branches of the 
hyperbolic dispersion curve]. If A, > 0, the requirements Im q, > 0, Im q, < 0, 
when g is complex, are met by specifying that Im /k? A, — (B?/e) > 0 when 
the radicand is negative; the square root is positive when real. The € > 0 case 
is similar to the previously treated problem of radiation from an isotropic half- 
space (Sec. 5.5) and is therefore not considered in detail. When € < 0, however, 
the analysis contains distinctive features that merit further attention. In this 
instance, the branch points at f, = tkov €A, lie on the imaginary axis; the 
integration path in the complex ĝ plane appears as in Fig. 7.5.3(a), with the 
branch cuts drawn so that the various square roots have positive imaginary 
parts on the entire top sheet of the four-sheeted surface. 

As in the isotropic problems in Sec. 5.5, it is convenient to introduce a new 
variable w via 


p = ksin w, k = kiv €A, > 0, (19) 
so that we have 
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FIG. 7.5.3 Integration paths and singularities in the complex 2 
and w planes (€ < 0). 


pes —kA, sin w + 2(k/~/ € ) cos w (20) 
A, 

For positive €, the integration path in the w plane is then essentially the same 
as P in Fig. 5.3.6(b), while P in Fig. 7.5.3(b) is the corresponding path when 
€ is negative, with € = ife]. In order to cast the reflected-field contribu- 
tion in Eq. (12) into a form that exhibits an exponential dependence 
exp [iy cos (w — w,)], where y and w, do not depend on w, it is useful to define 
the parameter w, via 


— v’) — (A,/2A,)(u — u) (21) 
ju + u'|/ NEA 
The integral representation for the reflected field in region II may then be 
written as 
He Oe f Tiksin were dw, y= Fy +u) (22) 
which is in the familiar form suitable for asymptotic evaluation when y is large. 
The only pertinent singularities in the w plane are branch points located at 
w= sin”! (k,/k). w, + m,n = 0, 1, 2,..., specifies the saddle points of the 
integrand. For positive €, w, is real and the pertinent saddle point is located 
in the interval —x/2 < w, < 2/2, while the pertinent branch points # are 
complex and lie on the lines [Re w| = 2/2. The deformation of P into the 
steepest-descent path through w,, and the subsequent asymptotic evaluation of 
the integral, proceeds therefore as in Sec. 5.3. When € < 0, w, is complex and 
it is convenient to introduce a real parameter 6, 


= j tanh`! 6, — @ — v) — (A;/24,)(u — 4’) 2 
W, I tan lu ac u'll / el A; A, ( 3) 


If —1 < ô< }, then w, = i$, where ġ, is real and varies between —oo and 
+oo; if +ô > 1, then w, = £2/2 + icoth~'6é. Since w, represents the 


tan w, = G 
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saddle point of the integrand in Eq. (22), one must distinguish between the 
cases |6| < 1 and || > 1 in the asymptotic evaluation. For |ô} < 1, y is real, 
and Im cos (w — w,) = sin w, sinh (6, — w,) is positive either when sin w, > 0, 
w; < $n or when sin w, < 0, w, > ¢,, where w, and w, denote the real and 
imaginary parts of w, respectively. Hence, the integral converges exponentially 
along a path such as Ê in Fig. 7.5.3(b). For +6> 1,y = ily], whence 
Im [y cos (w — w,)] > 0 when sin w, 2 0, and the integral converges exponen- 
tially along paths P,, when +6 > 1. 

For an asymptotic evaluation when |p| is large, the integration path P is 
deformed into the steepest-descent path (SDP) through the appropriate saddle 
points. When |d| < 1, the SDP is defined by the requirement Re cos (w — w,) 
= 1, which yields the contour Ê in Fig. 7.5.3(b). P can be deformed into 
P by the addition of path segments P, and (or) P, around the branch-point 
singularities (the branch cuts have been drawn conveniently as shown) and at 
|w,| = co. In view of the preceding discussion concerning the exponential 
decay of the integrand, no contribution accrues from the latter. Thus," 


Hie — foto Iel + Uo +b) + Ub —b)bh l<, (24) 


where 
[= f Faw, K= f, Fdw, AZ |, Fdw, (24a) 


with F representing the integrand in Eq. (22). U(x) = 1, x > 0, and U(x) = 0, 
x < 0, 

When |6| > 1, y is imaginary and the saddle point w, lies on the line w, = 
n/2 for ô > 1, and w, = —2/2 for Ô < —1. The steepest-descent path for 
ô > | is defined by the equation Im cos (w — w,) = 0, which determines the 
line w, = 2/2. Since the integrand in Eq. (22) converges exponentially in the 
strip sinw, > 0, the contour P can be deformed into the path Î, provided 
that the branch-cut integral over P, is included. Thus, for ô > 1, 


H, = eV, tj, h= f, Faw, (25a) 
4n Pi 
while, from analogous considerations for ô < —1, 
Hy = ieee +h), h= f, Faw. (25b) 
4n Pi 


The geometric-optical field 


The asymptotic evaluation of the steepest-descent path integral can now be 
carried out directly, and from the formula in Eq. (4.2.7), one obtains the 
lowest-order approximation, 


€ . -3i2). 26) 
9. in I(k sin ge F Oy ) ( 


H,|spr S o. 
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valid for positive or negative €; if y is imaginary, one takes y = iļy|. This con- 
tribution is subsequently interpreted as the geometric-optical part of the re- 
flected field, and with the asymptotic approximation of the primary field in 
Eq. (7.3.38a), the total geometric-optical field Hı, in the plasma half-space 
may be written as 
meee 0, 4 o(1)) + reesinw) So[1 +0(4)] 
Hi, Be kirrl! + Og) | + Pe sinw E + ol) II. 
(27) 
valid when |x] and |y| are large. The higher-order terms, not shown explicitly, 
may be evaluated by the procedure in Sec. 4.2. Here 


X=k,RMQ), My) = Vcos’ (p — a) + esi? (g — a), (27a) 


while alternative expressions for y are 


_ ko ' i 
Y= a aN) + tan? w, 


12 231-2 
= kven pge + |w— 0) - Aww] P= th, (27) 


EA} 
Lı E ko Rı Mp) = ĝ.Ŭ ga 9,(B,)|u'|. (27c) 
L, = ko R: MQ) = f(v Ha v) B 9.( B,)\ul. (27d) 


R is the distance from the source to the observation point, ø is the angle be- 
tween R and the positive u axis, and Mg) is the ray refractive index {see Eq. 
(7.3.37), where g is measured from the z axis]. L, represents the phase change 
along a ray §, which leaves the source at an angle g, and travels the distance 
R, to the interface, while L, is the phase change along a refiected ray §, which 
travels the distance R, from the interface to the observation point P, with an 
inclination specified by the angle g, (see Fig. 7.5.4). 


FIG. 7.5.4 Physical interpretation of far fields in the plasma (€ > 0): 
geometrical-oplical contribution. 
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When e€ < 0, both the primary and reflected fields are confined to illumi- 
nated regions in which y and y, respectively, are real; the disposition of these 
regions is the same as in the problem of reflection from an infinite, perfectly 
conducting plane (Fig. 7.4.3). Equation (27) fails in the vicinity of the incident 
or refiected field shadow boundaries on which y or y vanishes. The transition 
through the former is accomplished via the exact expression in Eq. (7.3.38a). 
Since the major contribution to the reflected field integral in the vicinity of its 
shadow boundary arises from a saddle point at very large distance from the 
origin, and since Į (k sin w) is a well-behaved function which may be approx- 
imated by F(k sin w,) and removed from the integrand in Eq. (22), the re- 
maining integral may be evaluated exactly in terms of HYX(y). This latter 
expression may be employed in the transition region where y —» 0 and exhibits 
a Singularity similar to that in the primary field. 

Since g, and Q, are precisely the angles required to satisfy the reflection 
law in Eq. (9b), the asymptotic field solution has a simple physical interpreta- 
tion: the field energy leaves the source along radial rays that, many wavelengths 
aways from the source, behave locally like plane waves. These incident rays 
are reflected at the interface, the amplitude and direction of the emerging ray 
being the same as for the corresponding plane wave. The ray amplitudes decay 
in accord with the divergence coefficients |y|~'* or |y|~' that are also explain- 
ed in terms of the energy conserved in a ray tube (see Sec. 1.6b), and the factor 
outside the braces in Eq. (27) has to do with the normalization of the primary 
field. Thus, the first-order asymptotic solution confirms the predictions of 
geometric-optical “ray tracing” in an anisotropic medium. To substantiate this 
interpretation, it is convenient to return to Eqs. (12) and to examine the saddle- 
point condition for the reflected field in the $ plane. If v' = 0 for simplicity, 
the pertinent exponential function is exp [iĝv +- ig,u — iq,u'], and the saddle 
points $, are defined by 


att apd tm | FB a 


In view ‘of relation (9a) between the ray angle and the derivative of q, one 
may write, instead of Eq. (28), 


tan Qı — Jul tang, + i = 0, (29) 


where 
(29a) 


Equation (29) may be interpreted graphically as in Fig. 7.5.4, with tan ọ, = 
õ/lul, tang, = —(v — 0)/|uj. Since $ remains fixed at 8,, Eq. (29a) is evidently 
equivalent to Eq. (9b). Thus, the saddle-point condition (28) selects that value 
of B, for which the incident and reflected ray directions are such that the re- 
flected ray §, passes through the observation point P. The phase variation of 
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the reflected field corresponding to the saddle point f,, y = 8,v + 9,(8,)\u'l — 
qA(B,)\ul, is equivalent to Eq. (27b). 

It is of interest to observe that the image construction for the reflected field, 
rigorously applicable when reflection takes place from a perfect conductor (Sec. 
7.4c), is also valid for the asymptotic field solution in Eq. (27). For verifica- 
tion, it suffices to show that the phase path L, from the source to the interface 
along R, in Fig. 7.5.4 is the same as the phase path L; from the image to the 
interface along R;, provided that the anisotropic medium fills all of space. 
Now, L, is given in Eq. (27c), while 


Li = B,(Bu’ + 8) — ABl = KaR NO). (30) 


But since g, + g, = —ßA,/ A, [see Eq. (5)], one confirms easily that L; = L.. 
In view of the image construction, the region illuminated by the reflected field, 
and the extent of the shadow region, may also be inferred as in Fig. 7.4.3 when 
€ <0. The reader may verify that the directions of incident-reflected ray 
pairs described analytically in Eq. (29) may also be inferred from the wave- 
number surfaces in Fig. 7.5.2. 


The lateral waves 


The branch-cut integrals 7, and /, in Eqs. (24) and (25) yield field contri- 
butions that can be identified as lateral waves. When 1 > € > 0, the branch 
points w = +sin-'(1//€A,) = +sin™' (1/Vsin?a + € cos?a) are complex 
and unless both the source and observation points lic on the interface, the re- 
sulting branch-cut integral is exponentially small, as in the analogous isotropic 
problem discussed in Sec. 5.5e. When € < 0, however, the branch points lie 
On the imaginary axis in Fig. 7.5.3(b) where the exponential term in the inte- 
grand of Eq. (22) is undamped, and their contribution to the field in the plasma 
half-space may be important. In fact, the branch-cut integral contributions are 
found to be dominant in the shadow regions wherein both x and y in Eq. (27) 
are imaginary; their role is more significant here than in the analogous isotro- 
pic case (Fig. 5.5.2), where the geometric-optical fields are always stronger (it 
is recalled that the branch-cut integral is O[(distance)-*?]; however, when 
losses are present, the geometric-optical fields are exponentially damped and 
may then be smaller than the lateral-wave fields). Thus, the branch-cut inte- 
grals for € < 0 merit detailed investigation. Their subsequent physical inter- 
pretation in terms of lateral waves exhibits features quite different from those 
encountered in the isotropic problem.!! 

The asymptotic evaluation of the branch-cut integral 7, in Eq. (24a) may 
be carried out exactly as in Eqs. (5.5.17)-(5.5.22) provided that the saddle 
point does not lie near the branch point (i.e., —¢, æ w|). For |6| < 1, one 
introduces the change of variable 


cos (w — w,) = cos (w + 1) + isè?, —oo < S < 00, (31) 
where P, in Fig. 7.5.3(b) denotes the resulting path on which s is real and in- 
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creases from —oo to +00 along the direction indicated by the arrow. Near 
s = 0, from which region the major contribution to the integral originates when 
>l, 

dw _ 2s J 
d smb, F pay 7 OO? (32a) 


sz vsinh (Q, + Whw +, O<arg(w+0)<2ma, (32b) 


, = 2e"*/4 =f le sinh 2) 
T(k sin w) = 1 + cosh [a] V sinh (6, + W j$ + O(s*). (32c) 


The integral can then be written as 
— pi7 cosh (+ lwi) a dw -ya 
ag i (5 rhe 7: ds, (33) 


and the lowest-order term in the asymptotic approximation for large y arises 
from the s* term ia the power-series expansion of I dw/ds. The resulting 
formula is [see Eq. (4.2.17)] 


-In/4 piy cosh (ø+ 105) 

~ I~ one aang y+ p? ene O =) a 
and the analogous result for /, is the same except for the replacement of ¢, by 
—ġ,. With w, = i tanh`' ĝ, these expressions may be shown to apply as well 

when |ô] > 1. 
For subsequent interpretation,'’ it is useful to employ alternative expressions 
that are derived most simply in terms of the original J variable. Since the 
branch points at w = +/)3¢] correspond to 8 = + ko, one finds that, for v' = 0, 


y cosh (P| + 6,) = kov + 9 £k,)lu'] — a+ Ao) ul; (35) 
it may also be shown that 
„dą 
eo sinh (h E g) = ETEA cosh [o — a Spe + aA, ) 
(36) 


In each of these branch-cut contributions, the transverse wavenumber ĝ re- 
mains fixed at +k, or at — ky, and the various phase increments for different 
observation points are therefore not achieved by varying the ray directions as 
in the geometric-optical field. Because $ = +, corresponds to a ray that 
travels parallel to the interface in the vacuum region, the phenomenon of 
critical refraction may be expected to play a role. It is suggestive to define 
phase increments along the critically refracted ray paths and so let 


' d : 
L (ko) = Ly = [ko tan p, + qi(ko)llu'l, tan p, = -Fl (37a) 
d 
Ldko) = L, = k,(v rT. lu’ tan (r + |u| tan Ys), tan Ds = =a S (37b) 
L (ko) = Ls = — [ko tan gs + 92{ko)\lul. (37c) 


Sec. 7.5 Radiation from a Homogeneous Plasma Half-Space 801 


(a) Dispersion curves 
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(b) Ray paths 


FIG. 7.5.5 Lateral rays (€ < 0). 


L, is the phase change along ray Š, in Fig. 7.5.5(b) which travels from the 
source to the interface at the first critical angle g, [see Eq. (27c), with $, = ko), 
L, is the phase change along ray S, which travels in the vacuum region parallel 
to the interface, and L, is the phase change along ray 5, which travels from 
the interface to the observation point (u, v) in the plasma at the second critical 
angle p, [see Eq. (27d), with $, = ka and ë equal to the value of v at the start- 
ing point of §,]. The directions of §,, §,, and S, may also be inferred from the 
wavenumber diagram in Fig. 7.5.5(a); note the backward refraction since € < 0. 


862 Fields in Uniaxially Anisotropic Regions Ch. 7 


Along the ray path (L, + L, + L,), it is possible to reach different observa- 
tion points by changing the length, but not the direction, of L, or L,, and 
keeping L, fixed. The entire trajectory then corresponds to the constant value 
B, = ky as required, and defines a “lateral wave” on an anisotropic interface 
(see Fig. 5.5.2 for the isotropic case). 

With these definitions, the branch-cut integral contributions H,, to the 
reflected field in the plasma half-space may be written as 


we, e!" s € elt La+ Ls) ila? Lat Ls) ; 
Ha ~ -EE (ag) | ed + SL), 88 


2z 
where U(x) is the Heaviside unit function, and 
L, = Li({— ko), Ly = LA —ko), L; = L—ko), (38a) 
are the phase increments along the lateral ray path corresponding to f, = —k,. 


Thus, the branch-cut integrals may be interpreted as representing the fields 
along lateral rays that propagate parallel to the interface in the vacuum region, 
are excited by a ray incident at the critical angle, and shed energy back into 
the plasma by refraction. In contrast to lateral waves on an isotropic interface, 
it is obServed that backward refraction obtains, as a result of which a certain 
range of observation points may be reached by two [ateral rays. Moreover, the 
lateral rays penetrate the shadow zone, one ray for each of the areas shown 
shaded in Fig. 7.5.5(b), thereby providing a means of transferring energy into 
an otherwise inaccessible region; in this zone, the geometric optical field Hz, in 
Eq. (27) is exponentially small. The magnitude of the lateral ray field varies 
like L7”? or Lý *?, and for distant observation points in the illuminated region, 
this decay with distance is stronger than that of the geometric optical field. 
An exception occurs near the angles of total reflection defined by L, = 0 or 
L, = 0. In their vicinity, Eq. (38) becomes invalid and must be replaced by 
the more precise formula in Eq. (45), which permits the field calculation in or 
near this transition region. 


Fields in the vicinity of the angle of total reflection 


For an asymptotic evaluation of the integral J, in the vicinity of the angle 
of total reflection where ¢, — —|w|, the change of variable introduced in Eq. 
(31) is inappropriate since dw/ds in Eq. (32a) is then not slowly varying near 
s =0. The difficulty arises since the branch point is located near the saddle 
point. It is convenient to employ as a new variable the function? 


= / sin? w inh {el = J 39 
T l + sinh? i} sin þe el A: E< 0, ( ) 


so the branch point w = —w maps into t = 0. The mapping derivative, 


QE aens ae Eaei (40) 
dt (sin w cos w)€] A, 


+The integration variable t here is not to be confused with the function +(s) = 9(z) 
employed in Chapter 4. 
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is now well behaved near t = O, and, for w = —: ss, 


- Tź 
cos w = coshj»] 4/1 — Ery 
2 
=: coshþi| fı e e a a we” z 
i 21 + je}A,) 81 + jel A 


4 
sin w = —i (sinh |¥|)/ 1 — t = —~i sinh pal (1 mc Sia ae 


dw 2r g 
—_— — — O J 
7 (i JA, cosh z)” a eia 


803 


(4{c) 


with the square roots defined to be positive when the radicands are positive. 


(a) w plane 


(b) r plane 


FIG. 7.5.6 Contours and singularities in the w and t planes. 
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The behavior of t, = Ret and t, = Im T in the various sections of the com- 
plex w plane is shown in Fig. 7.5.6(a), whence one infers that the path P, + 
P, maps into the contour C, + C, in Fig. 7.5.6(b). Since 


cos (w — w,) = sinh|w| (cosh 6, VT + eld: — T? + sinh },/] — 7°), 
(42) 
the integrand of J, in Eq. (24a) has saddle points at 
t=O, +1, witht, = s/l — (sinh ¢,/sinh ||)? > 0, (43) 


so there exists on the real 7 axis a confluence of three equally spaced, first- 
order saddle points as ¢, > —|w|. The integrand, which decays away from 
t = Oalong C, a also possesses branch points att = +l and +7 = + coth|w| 
[see Fig. 7.5.6(b)] which are, however, far removed from the saddle-point 
region T = 0, The problem of performing an integration when a saddle point 
and a branch point tend to coalesce has thus been transformed into one of in- 
tegration in the presence of three adjacent saddle points (see Sec. 4.4c). With 
the indicated choice of branch cuts, v~ 1 — T° and ~v coth? |w| — T? have posi- 
tive real parts on the entire top sheet of the four-sheeted Riemann surface, and 
positive (negative) imaginary parts in the second and fourth (first and third) 
quadrants. 

For large y, the dominant contribution to the integral /, arises from the 
vicinity of t= = 0, and since the Saddle-point configuration is similar to the one 
occurring in the integral representation for the parabolic cylinder function, /, 
may be approximated in terms of this function (for related problems in isotropic 
media, see Reference 12). The required analysis has been presented in Sec. 
4.5b, and in terms of the notation employed there, T — z, Q = y, g(t) = 
i cos (w — w,). Since the integration path C, + C, is symmetrical with respect 
tot = 0, and T dw/dt ~ t as t — 0 [see Eq. (41c)], the lowest-order contribu- 
tion arises from the T? term in the power-series expansion of F dw/dt, and the 
corresponding parabolic cylinder function is of order —¥%. From Eqs. (42) and 
(43), 


g(t.) — g(0) = —2i sinh? (e+ H + | ), (44a) 
a(t.) + (0) = 2i cosh? (+ 4) (44b) 


so, from an application of Eq. (4.5.44)!, 


I~ KeA D le"), G= WF sinh ($FP) >0, (45) 


where I, is the simple asymptotic formula in Eq. (34). The terms multiplying 


I, provide a correction that approaches unity when ¢ >> | [see Eq. (66a)]}, and 
compensate for the singularity in Z, when { — 0. Because y is assumed to be 
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large, it is possible to have € >> 1, although ¢, + |ŵ] is small; thus, Eq. (45) 
is required only when ¢, + |W] = O(y~'*), and Eq. (34) suffices for larger 
values of $, + [ŵ]. On the boundary confining the domain of existence of the 
totally reflected waves, € = 0, and use of the formula for D_,;,,(0) [Eq. (4.5.41)] 


yields the result 
2\ 4ra/Tel tanh Jile- e'r 
fd 7 E ma a 


No confusion should arise between the gamma function ['(4) and the same 
symbol I employed elsewhere for the reflection coefficient. The distance de- 
pendence in the branch-cut integral contribution is seen to increase from y`??? 
far from the angle of total reflection to y~** at this angle. 

While the asymptotic evaluation of the integral Z, in Eq. (24a), along the 
steepest-descent path P yields a lowest-order contribution [Eq. (26)] that is not 
affected as $, > —|w|, the higher-order terms are influenced by the proximity 
of the branch point near the saddle point. As ¢, —> —|¥|, one has, with refer- 
ence to Fig. 7.5.6, 


( 7 J ,)Paw = (f. g LE dt, —$, < |W, (47a) 


f wo, Faw = fae rae dr, —$,> wl, (47b) 
where F = T exp [iy cos (w — w,)]. It is convenient to writer = 1 + (T — 4), 
since the contribution from the first term can then be evaluated exactly in 
terms of the Hankel function. For the remaining term, follow the procedure 
above to express the integral over paths C, in terms of D_,,.[¢ exp (—iz/4)]; 
the one over path C, involves D_;,.{—¢ exp (—iz/4)]. Thus,” 


i= 


l= + D (48) 
r Š fe COs (w -= w,) dw ~ [2% oily-ars) + O(y-*?), (48a) 
P ? 
Pee oa cos (w— wy) A —il, 
Ee] Tepee e 
x [D abe") F iD-  —ġ, SW], (48b) 


with J, given in Eq. (45). 

Although 7” is discontinuous across the total reflection boundary ¢, = 
— |j, this is not true of the sum J = J” + J, U(\1#| + ġ,) which occurs in Eq. 
(24). Via the relation 


D, (2) = 27°? [e'"* D sliz) + e7 D yiz), (49) 

one may write 
Í ~ Le "42ST Dy Lem, (50) 
which expression remains valid for —$, 2 |ŵ]. For —¢ >> 1, Eq. (50) may be 
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reduced via the asymptotic formula in Eq. (66a), while for { >> 1, one uses 

Eq. (66b). When applied to the above expressions for / +- F, these asymptotic 

results reduce to those in Eqs. (27) and (38) in the vicinity of —@, = |^. 
7.5e Asymptotic Evaluation in the Vacuum Half-Space 


Ray interpretation of the saddle-point condition—caustic and cusp 


The field solution in the vacuum region u > 0 is given in Eq. (11): 


H, = E] Bem dp, (51) 
where 
us l 
D = a = Ale — ai om 
and 
w(B) = Biv — v) + gou + ilu]. (51b) 


Instead of transforming to the w plane as before, it is preferable to carry out 
the present analysis in the 8 plane. Upon introducing a change of scale via 
B = k, B’, one may write y(B) = k,W(B’) and, if k, is large, the integrand is 
in a form suitable for the application of asymptotic methods. The change to 
the variable J’ will not be carried out but it will be kept in mind that y(f) 
contains a large parameter ko. Thus, the stationary points 8,, obtained from 
dy /dB = 0, are expected to play an important role in the asymptotic approxi- 
mation: 

v = u tang, +- |u’| tang,, when 8 = $, (52) 
where tan g, = —dq,/dB and tan Q, = —dq,/dB = B(ki — B. The solu- 
tion of the latter equation yields 8, = A, sin gØ, and the associated value of 9, 
is then inferred from Eq. (9b), Subsequent discussion is restricted to the espe- 


(u, v) 


Ro 


o 


FIG. 7.5.7 Refracted ray when e€ < 0. 
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cially interesting case € < 0, with A, > 0. Also, for simplicity and without 
loss of generality, »’ has been set equal to zero. 

The important saddle points are those for which y(,) is real since the as- 
sociated field contribution ~ exp [iy(8,)] is then undamped. These real solutions 
correspond to real values of g, and Qa, which represent the angles of incidence 
and refraction, respectively, of a ray that emerges from the plasma into the 
vacuum region (see Sec. 7.5b). The equation of the refracted ray is precisely 
the one given in Eq. (52), and the pertinent ray picture is shown in Fig. 7.5.7. 
One observes from Eq. (9b) (with € < 0 and A, > 0) that 9, and gy, may have 
opposite signs, thereby resulting in backward refraction; an increase in y Causes 
g, to decrease (i.e., |p,| increases since g, < 0 when p, > 0), thus leading to a 
crossing of successive rays. When 9, = 17/2, the corresponding values of Q, 
the angles of critical refraction, are the ones required to launch the lateral 
waves. Jt is shown below (see Fig. 7.5.8) that because of the occurrence of 


Caustic 


FIG. 7.5.8 Refracted ray configuration when e€ < 0. 


backward refraction, a certain region in the vacuum half-space is reached by 
three propagating rays. This region is bounded by a caustic possessing a cusp at 
some distance above the interface. Thus, the straight interface on the homo- 
geneous anisotropic half-space acts like an optical lens that focuses the fields 
radiated into the vacuum'’—a phenomenon quite distinct from focusing in 
isotropic media where inhomogeneities or curved boundaries are required. 
The real saddle-point solutions 8, = k, sin g, of Eq. (52) are best visualized 
from a plot of the ray configuration shown in Fig. 7.5.8. One notes that an 
observation point P(u, v) near the interface may be reached by three rays (e.g., 
by 1, 2, and 3) but that more distant points are met by only a single ray. In the 
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former case, the two rays | and 2 are refracted on the same side of the normal 
ray 4 and have positive angles 9, and 9,, while ray 3 is refracted on the op- 
posite side and has a negative angle 9,3. The picture is reversed when the ob- 
servation point lies on the other side of the normal ray 4 whose equation is 
given by a = 0, or vo = |u'!A;/2A, The ray configuration in the vacuum 
region but not in the plasma is, in fact, symmetrical about the line v = vo. A 
caustic (ray envelope), whose shape is found to be a hypocycloid, separates the 
region of three ray crossings from the exterior region wherein the rays diverge. 
The contact points 4 and B between the caustic and the interface correspond 
to @ = +2/2 and are located at 


~ — |u'l As. 
lel A, Sie "T Za’ (33a) 


the intercept of a ray with the fis v = W Is given by 


v = Uy F 


ER lu'| cos Po 
lel. A, + (sin? %)/le}’ 


and the cusp C corresponds to g, = 0, whence 


u= dor » = Up, at the cusp. (53b) 
2 


To determine the equation of the caustic, the parameter Ø, is eliminated 
between Eq. (52) and the derivative of Eq. (52) with respect to go: 


u _ _W/é| 008" go _ (54a) 
u| (Je{A, + sin? po)” 


After a bit of manipulation, one obtains for 9, > 0 the equation of one branch 
of a hypocycloid,!? 


oy — oF wg H; 
(aA VA Wey Ajai =! = Fel (54b) 


for the other iaei corresponding to P, < 0, v — v is replaced by v — vo. 
It is evident that Eq. (54b) yields correctly the endpoints in Eqs. (53a) and 
(53b). 


Asymptotic field evaluation 
In the evaluation of the integral in Eq. (51) by the saddle-point method, the 
path of integration is deformed into steepest-descent paths traversing the various 
contributing saddle points. The division of the complex 8 plane into “mountain” 
and “valley” regions in the vicinity of each saddle point depends on the second 
derivative of y(): 
wB) = (Plu + gipu’), (55) 


where 


P-o —ki mo ki = > 55 
o= apye 0 a y Bee P= Resin 0 
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Since gg and g; have opposite signs in the important region |B| < ky, where 
both quantities are real, y’(8) may be positive, negative, or zero. If one con- 
siders a ray with a specified angle of refraction, Qo, then as the observation 
point moves along the ray, y’’(B) is positive at the starting point u = 0 since 
gi(8) > 0, but is negative at sufficiently large values of u where the gou term 
dominates. The change in sign occurs at the point of tangency with the caustic 
where w”(8) = 0. An examination of the ray picture in Fig. 7.5.8 reveals that, 
of the three rays reaching a given observation point inside the caustic, two have 
touched the caustic but one has not, and that the angle g, for the latter is in- 
termediate between the other two. Thus, at the three corresponding saddle 
points 8, = i:s, one has w'(B,) < 0, w’(B,) > 0, w’(B,) < 0, while at the 
single real saddle-point exterior to the caustic, w”($,) < 0. The resulting 
steepest-descent paths in the vicinity of the saddle points then have the direc- 
tion along the 45° lines shown in Fig. 7.5.9, and, on the remainder of the path, 


iko V lelA, 


(a) Inside the caustic (b) Outside the caustic 


FIG. 7.5.9 Integration paths for different observation points. 


the magnitude of the integrand in Eq. (51) may be shown to be exponentially 
smaller than at the saddle points. Consequently, the integral may be approxi- 
mated in terms of the contributions arising from the vicinity of the saddle 
points only. The branch cuts associated with 8 = +k, have been so chosen 
that Im gy > 0 on the entire top sheet of the four-sheeted 8 plane. The branch 
cuts arising from q, in Eq. (5) have been drawn so that Re,./ > 0 on the 
top sheet. 

Figure 7.5.9(a) pertains to an observation point P as shown in Fig. 7.5.8, 
while Fig. 7.5,9(b) is relevant when the observation point lies along ray 3 but 
outside the caustic. If the observer moves along ray 3 (i.e., B, is fixed), then 
B, and B, approach one another and coalesce into a double saddle point on the 
Caustic; exterior to the caustic, the saddle points $, and f, are complex and 
the dominant contribution to the integral arises from the vicinity of f; alone. 
While the explicit solution of Eq. (52) for the saddle points J, is somewhat 
involved when wu and v are arbitrary, it is easily obtained when the observation 
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point lies along the normal ray v = vo. In this instance, 
oa a zas { = Ab? i2 = ulel A, 
VA = 0, B. B: ror, koli + ae) ` b — Tu’ (56) 


and one observes that f, and ĝ, are imaginary when u > ai, where 4 = 
|u’|[|€|A}'2)"' is the ordinate at the cusp. Since f, = f, = f, = 0 at the cusp, 
one has w’(0) = w’(0) = w’’"(0) = 0, so a third-order saddle-point evaluation 
is required for the asymptotic approximation. 

The asymptotic formulas for the magnetic field in Eq. (51) may now be 
written down directly." By the ordinary saddle-point procedure [Eq. (4.2.1b)], 
one obtains for observation points inside the caustic, 


H ~ — WE» 2 3 FB) ell As) + tinia) sgn (Fs) (57) 
R i) ~ WBN 


while outside the caustic, 


2 F .) wif.) -in's 
H ~ -oey 2 bdo! (Paina (58) 


where f, = kosin gẹ. Near the caustic, 8, = 8, or $, ~ B,, and the required 
formula must account explicitly for the proximity of two saddle points. When 


B, ~ B, [see Eq. (4.5.7)] 
2 FB) w(Bi)-in 4 
H ~ — — efv(B1) 
we E TR 


= 2 | BDN? Ai 
zwee ings | e Ai(e)F(Bo), (59) 
where Pa = (8, +- 82)/2, with w'(B,) = 0, Ailà) is the Airy function 


n1253 
AW = f ed, AiO) = ETE (59a) 
and 
č = (-3y(B,) — w, (59b) 
with 
č = čje, when y(B,) — y(f2) > 9. (59c) 


The tast relation specifies the choice of the cube root. When —¢ >> |, one may 
employ the asymptotic formula in Eq. (4.2.51), 


. girs 
MO ~ TT" 


to simplify the second expression in Eq. (59). With the relations 


~ë m d | PP B, — Bat, Bo) = | HB, — B, (61a) 


(eo y jete, (60) 


4 


and 
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l _ yl Bo) -13 = | — 2&2 }" 
i 2 | TTT ASIT oe) 
the large- approximation of Eq. (59) reduces to Eq. (57), thereby permit- 
ting the smooth calculation of H as the observation point approaches the left 
branch of the caustic. Analogous considerations apply to the other branch. It is 
implied in these formulas that the region of overlap between Eqs. (57) and (59) 
occurs when B, = B, =~ By, so F(B,) = F(R) = F(fo) and w” (Bi) = w” (B) = 
w”'(Ba) < 0. From Eq. (61a), this restriction is compatible with the require- 
ment —é >> | provided that —w’’(B,) >> 1 (i.e. the wavenumber k, or the 
coordinates u and |z’| must be sufficiently large). For a uniform approximation 
not subject to $, = 8, = Ba one employs the more general result in Eq. (4.5.2). 
The transition through a point on the left branch of the caustic for which 
w'(Bo) = w'(B,) = 0 is followed most directly if the observation point ap- 
proaches along the line 
q: (Bo) 
— (Bo) (62) 
on which w’(B,) = 0 [see Eq. (55)]. On this line, w’(B,) = v + ga Boju -+ 
9;(B,)|u'| is positive when the observation point lies to the right of the caustic, 
w'(B,) = 0 on the caustic, and y'(B,) < 0 after the observation point has pass- 
ed through the caustic. From Eq. (6la), ($, — 8,)* < 0 when y'(B,) < 0, so 
¢ is positive. For ¢ >> 1, the asymptotic approximation in Eq. (4.2.42a) 


u = |u| 


Ai(é) ~ wards eTO (63) 
shows that the field decays exponentially on the “dark” side of the caustic, so 
the resulting contribution is negligible. Thus, Eq. (59) reduces correctly to Eq. 
(58) since, by the same considerations as above, one may find an overlapping 
region for these formulas. 

The simplest description of the field near the cusp is obtained when the 
observation point approaches along the line v = v From Eq. (56), the saddle 
points J, and f, are then located symmetrically with respect to J, = 0, either 
on the real or on the imaginary axis. For real $, ,, the integration path proceeds 
as In Fig. 7.5.9(a) and the three saddle points contribute, while for imaginary 
Bi.» only the saddle point 8, = 0 is significant and the path is similar to the 
one in Fig. 7.5.9(b), with f, replaced by f, at the origin. When u < ú and 
not near the cusp, the asymptotic field solution is the same as in Eq. (57), with 
rays 2 and 4 in Fig. 7.5.8 coincident. Since A£), w(B), and w’(B) are even 
functions of $ on the line v = v, one may rewrite Eq. (57) as 


F(Q) i yar: 2F(B:) tlw! fr) — wid a oe 

H ~ —We 2 g'i" way eiB) -nt , USK, V= Uy. 

Nz (WO Jw Bl 
(64) 


For u sufficiently larger than 4, Eq. (58) applies with 8, = 0 whence the field 
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along the ray v = v, experiences a phase retardation of 90° upon passing 
through the cusp at u = û. These formulas fail as u — ú since y'(0) — 0. 
w'(0) = 0 on v= v and w’(0) vanishes identically so that the first non- 
vanishing derivative is y’’"(0). Hence, the cusp (focal) region is characterized 
by a coalescence of three saddle points. 

_ The formula required for the detailed transition through the focal region 
is 


(65) 


where D_,,(z) is the parabolic cylinder function of order —4, [—y'’"(0)} is 
positive, and arg [w(f,) — y(0)} equals zero or x when u < da and u> id, 
respectively. Use of the oe approximations, 


D.,(z) ~ E ae +0(3 4)| larg z| < 3%, (66a) 
D_(z)~ ers co ere + O[z?-3, 272+], -5 >argz > ST 
(66b) 


reduces Fq. (65) to Eqs. (58) and (64), respectively, thereby permitting the 
complete transition through the cusp. In this reduction, the following approxi- 
mate identities are helpful: 


y'(B,) = —2y"(0), =e} = 12S 2 iB) prow (67) 


and it is assumed that the argument of the parabolic cylinder function may be 
large although f, does not differ greatly from zero (i.e., ky or u and |u'| are 
large). One observes that the field far from the caustic behaves like |y’’|"'”, 
near the caustic like |y”, and near the cusp like |[y’’”’|~'*. Since y con- 
tains a large parameter, these variations illustrate the successive field-strength 
enhancement as the observer approaches the caustic and the focal region. 

The above-described focusing phenomena occur within a confined region 
near the interface and are not in evidence at great distances from the boundary. 
This follows from the ray picture in Fig. 7.5.8 which shows that observation 
points outside the caustic are reached by a single ray only; the corresponding 
far-field solution is given by the single term in Eq. (58). It may also be em- 
phasized that analogous considerations are applicable for media with more 
general anisotropy (e.g., gyrotropic), in which the refractive index curves 
have a more complicated shape than that shown in Fig. 7.5.2 (see Sec, 8.36). 
The transmitted field is generally given by integrals of the type shown in Eq. 
(51), but the functional dependence of the wavenumber q, on B is then specifi- 
ed by a dispersion relation that is usually much more involved than the one In 
Eq. (4). Focusing effects may arise whenever y’’(f) — 0 [see Eq. (55)] (ie. 
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when the real quantities gg and qg; have opposite algebraic signs). The sign of 
q" is related to the curvature of the g(f) versus J curves, so an inspection of 
the refractive index plots reveals the possible existence, or not, of focal regions. 
From these considerations, focusing effects are absent when the uniaxially an- 
isotropic half-space has a refractive index plot as in Fig. 7.5.2(a) since q% and 
q{ then have the same algebraic sign. 


7.5{ Radiation from a Transverse Electric Dipole 


The preceding sections have dealt with the radiation from a line source of 
magnetic current embedded in a uniaxially anisotropic plasma half-space. In 
view of the symmetries inherent in the physical structure for this special form 
of excitation, the electromagnetic field problem has been reducible to a single 
scalar boundary value problem, and a mathematical formulation has been pos- 
sible in terms of E modes only. Since the plasma medium generally has a 
different effect upon the E and H modes, as noted from the two different re- 
fractive index diagrams in Figs. 7.1.1, it is instructive to treat a configuration 
in which both mode types must be considered.’ A transversely directed 
dipole source belongs in this category, and incorporates, furthermore, certain 
three-dimensional aspects that are absent in the line-source excitation. 


FIG. 7.5.10 Three-dimensional problem. 


The physical arrangement is shown in Fig. 7.5.10, where the source distri- 
bution is taken as an electric current element oriented along the y direction, 


S(r, 1) = yoS(r — re", r= (x', y’, z’) = (00,2, 22 <0. (68) 


To simplify the analysis, the interface is now assumed to be coincident with 
the z = 0 plane, corresponding to a = 0 in Fig. 7.5.1. Alternative representa- 
tions for the electromagnetic fields may be written down directly from the 
general results in Sec. 7.2. It is convenient to calculate first the voltage and 
current potentials V(r) and T(r) in Eqs. (7.2.13a) and (7.2.13b) and then to 
compute the fields via Eqs. (7.2.1 1a) and (7.2.11b). To utilize the symmetries 
inherent in excitation by a point source, it is convenient, as in the isotropic 
problem in Sec. 5.5b, to regard the infinite cross section transverse to z aS a 
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cylindrical waveguide, with the scalar mode functions ®, and y, taken from 
Eqs. (3.2.78b), Since the dipole is located on the waveguide axis p’ = 0, the 
resulting integral representations for the functions V; S} and V; S4 may be 
simplified by considerations directly analogous to those employed in Sec. 5.5b, 
and one may easily derive the expressions for the potential functions. For the 
E modes, 


rr) = isina [ AA) Dap, (69) 
where 
eixir] 2 D fje itn z< 0, 
h(B) = ; 6 
and 


(p= BS, w= a-b m= VER, e= (69) 


with the square roots defined to be positive when real, and positive imaginary 
otherwise. The longitudinal dependence in Eq. (69a) is the same as in Eqs. (6a) 
and (6b) if one recalls that «@ = 0 in the present problem, so q, = i,q: = 
—Ki gq = Kj, u = z,u’ = z'. The modal network problem is the same as in 
Fig. 5.5.6, with the characteristic Impedance and propagation constant taken 
from Eq. (7.2.8a). 

For the H modes, the modal parameters xy and Zy are identical inside and 
outside the plasma medium [see Eq. (7.2.8b), with 4, = 4, = Ho, €, = €o], SO 
the corresponding network problem is the same as for an infinite vacuum. The 
potential function V” is then given by 


esr iz- 


V" (r) = — PE cos $ f J Bo) 5 — dB, xy = k, (70) 


which expression may be evaluated in closed form’ via the formula {see Eq. 
(5.4.19) and the first term of Eq. (5.5.31)] 


f JBP) Eo dß = k py [exp (ikolġ]) — exp likov P? + §’)]. (70a) 


Such a simple reduction is not possible for the £-mode integral in Eq. (69). 
The different effect of the plasma medium on the E-mode and H-mode con- 
stituents is clearly evident since Eq. (70), in contrast to Eq. (69), shows no 
dependence on the boundary at z = 0. 

The electromagnetic fields may now be determined from Eqs. (7.2.1 1a) and 
(7.2.11b). Some interesting differences between two-dimensional and three- 
dimensional field solutions, especially in the vicinity of caustics and cusps, may 
be ascertained from an asymptotic analysis in the vacuum half-space, with the 
choice € < 0, To simplify the discussion, we shall consider the magnetic field 
in the plane x = 0 which then has only a single component, H = H,; the field 
components at other points in space exhibit quite a similar behavior, modified 
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by the azimuthal variation sin $ or cos ¢. In the plane x = 0, with z > 0, the 
E-mode contribution H’ is found to be 


1 w n K, d tCxgrtayis t l 
H= z l. zi Gp Bove dp, (71) 
while the closed-form expression for the H-mode portion of the field is’ 
" ikolz > |r" z T 2’ v ” 2 , 

H are as | a EEI ger], r= V y? + (z + [zje (72) 
Since x = 0, one has p = v x? + y? = y. The total magnetic field in the x = 
0 plane is given by H = H’ + H”. 

To facilitate an asymptotic evaluation of the integral in Eq. (71), it is con- 


venient to separate observation points on the z axis (p = 0) from those at large 
distances from this axis. For the former, use of 


d 
FIABP = $ (13) 
leads to 
H = A Kt  Betrir-siir D dB p = 0 (74) 
4nJjo K, + Ky : ’ 


while for the latter, an infinite integral representation is useful [see Eqs. (3.2.68) 
et seq. |: 
EA indo ai “ = HY Bpje"* + n dp. (15) 
In the last expression, the integration path is indented into the upper half of 
the complex 8 plane to avoid the branch-point singularity at 8 = 0. For an 
asymptotic procedure accommodating arbitrary values of p, see Reference 14. 
The asymptotic calculation of H’ in Eq. (75) may now proceed in the usual 
manner with a replacement of the Hankel function by its large-argument ap- 
proximation in Eq. (5.3.13b), provided that the integration path is deformed 
away from the region J = 0. The resulting integrand is identical in form with 
that in Eq. (51), except for a differently defined amplitude function F(£), 
whence the saddle-point configuration is the same as in Sec. 7.5e provided that 
the rectilinear variable v is identified with the radial variable p. A geometrical 
interpretation of the saddle-point condition leads to the ray diagram in Fig. 
7.5.8, modified so that æ = 0, with observation points lying in the region v > 0 
since the radial variable p is always positive. In view of ihe rotational sym- 
metry of the ray system about the p = 0 axis, the caustic in Fig. 7.5.8 is now 
a surface of revolution and the (line) cusp at C in the two-dimensional problem 
becomes a point cusp. Upon noting the angles of inclination 9, of the refract- 
ed rays that pass through an observation point with p > 0 (i.e., v > 0 in Fig. 
7.5.8), and recalling the saddle-point condition B, = ky Sin Pa, one may verify 
that the integration path in Eq. (75) may be deformed into the steepest -descent 
paths through the various saddle points without encountering any of the 


H’ 
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branch-point singularities. The asymptotic approximation of the E-mode con- 
tribution to the field is therefore analogous to that in Eqs. (57) and (58) for 
observation points off the caustic, and to that in Eq. (59) for observation points 
near or on the caustic. Since the previously mentioned Hankel function ap- 
proximation contains a factor g-'*, the three-dimensional field decays properly 
according to (distance)~', in contrast to the (distance)-'? dependence of the 
two-dimensional field in the line-source problem. 

In the preceding considerations, valid for observation points "far" from the 
axis p = 0, the contributing saddle points have not been located near the origin 
of the complex £ plane. If p = 0, however, the integrand of Eq. (74) has the 
saddle points 

l=. b y? zle 
B, = kal era) ’ B, =90 b= a (76) 
as noted from Eg. (56), with a = 0. The asymptotic evaluation of the contri- 
bution H; from f, when 0 < z < 2, where 3 = [z’|/l€| is the coordinate at the 
cusp, proceeds as in the line-source problem and yields 


jh oct 2n AACA WAB-in 4 a , 
Hi ~ aN GB )RIB) + Be VA az + azh 7) 


thereby exhibiting a dependence ~ (distance)"'*. This behavior is explained 
by the observation that points on the axis of the rotationally symmetric ray 
configuration are reached by refracted rays arriving from all angles 0 < $< 2z, 
so the z axis is a caustic of the refracted ray system. Hence, there exists on 
the axis a field enhancement not evident at off-axis points. 

The saddle point 8, = 0 describes a ray that progresses along the z axis 
and represents a conventional field contribution uninfluenced by the axial 
focusing described above. Its decay should therefore be described by the ordi- 
nary inverse distance dependence. In an asymptotic evaluation of the integra) 
in Eq. (74) for this case, one must take account of the vanishing of the ampli- 
tude function g(8) = Bxi[k, + x] at $ = 0. On application of the procedure 
in Sec. 4.2b to the semiinfinite interval 0 < B < 00, the saddle point at 8 = 0 
is transformed via w(B) = y(0) + is? into a saddle point at s = 0, and the 
amplitude function G(s) = g( 8) dB/ds is then expanded in a power series about 

= 0. Since G(0) = Q, the first non-vanishing term arises from G’(0)s, and the 
corresponding integral to be evaluated is f o se~” ds = 4. The first-order asymp- 
totic approximation H; arising from the saddle point at 2, = 0 is then found 
to be 
/ l i #(0) 

H: Te An 2y""(0) e 3 (78) 
and the total E-mode contribution to the magnetic field on the z axis is H’ ~ 
H! + Hi. The difference between the three-dimensional field behavior here and 
the two-dimensional one described previously is to be noted and has been ex- 
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plained in physical terms. Since w”(0) 2 0 when z S 2, one notes a phase re- 
tardation of x along a ray passing through a point cusp. 

Formulas (77) and (78) break down when z = £ because then p, — 0 and 
w"'(0) — 0. In this case, one may employ the more accurate formula derived 
in Sec. 4.5b, which accounts explicitly for the simultaneous presence of three 
closely spaced saddle points. The resulting expression for H’ is” 


| pirt) + wh fd) 2- Ins Sn '6 
H ~ 5 ars Va Plo  VAWB = VON, (79) 


with the square root in the argument of the parabolic cylinder function defined 
as in Eq. (65). By considerations analogous to those carried out for Eq. (65), 
this formula may be reduced to the approximations in Eqs. (77) and (78), pro- 
vided that $, = 0, w(B,) — w(0) >> l, and the combined expressions there- 
fore permit the calculation of H' along the entire positive z axis. 

The E-mode reflected field in the plasma half-space may be evaluated in a 
similar manner, and exhibits a behavior analogous to that in the line-source 
problem if proper account is taken of the equivalence between v and p. 


PROBLEMS 


I. From the E-mode dispersion equation (7.1.5), derive the refractive index n(@), 
and therefore the ray refractive index N(@) in Eq. (7.3.3c), by use of the relations 
N(@) = n(0) cos (9 — 8), tan (0 — 0) = (1/n\(0n/08) (see Fig. 7.1.1 and Problem 
33 of Chapter f). 


2. Apply the coordinate scaling transformation in Eq. (7.2.22) to the integral rep- 
resentation in Eq. (5,4.t2c) for the isotropic free-space Green's function to 
deduce the Green’s function for the unbounded uniaxially anisotropic medium. 
Compare the result with the integral formulation in Eq. (7.3.8) and show that 
the two expressions are equivalent when € > 0. Explain why the expression in 
Eq. (7.3.8) remains valid when 0 < arg € < 2 whereas the integral expression 
obtained by coordinate scating does not. 


3. Show that the Green’s function in Eq. (7.3.14) fot an unbounded uniaxially an- 
isotropic medium can be expressed in the invariant form of Eq. (1.7.56), which 
involves the geometrical properties of the dispersion surface shown in Fig. 7.1.1. 


4. A perfecily conducting cylinder with radius p = a is embedded in an infinite 
homogeneous, uniaxial plasma whose optic axis is parallel to that of the cylinder. 
Time-harmonic excitation is provided by an axial electric dipole located at a dis- 
tance p > a. 

(a) Referring to results in Sec. 6.7 for the cylinder diffraction problem in an iso- 
iropic medium, and employing coordinate scaling Jsee Eq. (7.2.22)), derive ox- 
pressions for the total electromagnetic fields in the uniaxial environment. 

(b) For w, < @ and W, > @, derive approximate field solutions for very small 
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cylinder radius, and compare the results with those for the isotropic case. Discuss 
the physical properties of the scattered field, especially for W < w, (€ < 0), utiliz- 
ing the concept of an equivalent line source (cf. Sec. 7.3c) to represent the effect 
of the induced currents on the cylinder. 


5. A line source of unit strength magnetic currents in a uniaxially anisotropic di- 
electric € is located at Q in the presence of a smoothly curved, perfectly conduct- 
ing cylindrical surface as shown in Fig. P7.!. The optic axis extends along the 


Conducting 
surface § 


SV Radius of curvature 
; of surface at B 
a 
dé 


daa \ on - 0, 


F 


FIG. P7.1 Curved scatterer in anisotropic dielectric. 


y direction (9 = 0). Using the methods of geometrical optics (Sec. 1.7) and refer- 
ring to Fig. P7.1 for definition of distance and angle variables, show that the mag- 
netic field at the observation point P is given by:'° 


H = H, -+ H, (1) 
H, Z Æ € tkeDN(0))—ini4 (la) 


2/ 2tky DN(Os) 


H, = ZOE E [NO sin, — 0) 
2/20 yapan (6, — 4) 


exp {i “NG, 


exp {ikad N0) +d N(92)) — (ix/4)) 
kald + [d msin (0, — O)/sin ( 


TED) + (d d n7 biisin Os 


x 
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where € = yoYo€o + ZoZo€o€, NO) = cos? 0 + € sin? 9, m = (00,/00,), and 
n = (00,/00,), the latter quantities may be evaluated from the ray reflection law 
in Eq. (7.5.9b) (with 9 > 8 + 0, 0s = (2/2) — a). 

Show that this result reduces correctly to the one in Problem 30 of Chapter } 
for a cylindrical surface in an isotropic medium when € = }, and to the infinite 
plane result in Sec. 7.4¢ when b —> oo. 


6. Utilizing the respective Optical path lengths L,2 and Lz: from a source point | to 
an observation point 3 along incident and reflected trajectories, with point 2 lying 
on a plane boundary, show that the ray reflection law in Eq. (7.5.9b) can be de- 
rived by applying Fermat’s principle 


lL + Ln) =0, Le= f j N ds, (2) 


requiring the optical length to be an extremum. Ô denotes the variationa! deriva- 
tive and N the ray refractive index. 


7. A uniform waveguide region is bounded transversely (if at all) by a perfectly 
conducting surface and is filled with an anisotropic dielectric having €, = constant, 
€,(9, z) = arbitrary. The permeability 4, = H, = 4 is constant and isotropic. 
(a) Show that, in this region, H modes can exist and propagate as in an isotropic 
homogeneous medium with wavenumer k = W/HE,. 

(b) Show that E modes exist also and specify the corresponding field problem. 


8. Consider the configuration shown in Fig. P7.2, where a line source of magnetic 
currents is located in the vacuum half-space z > 0 and the field is observed in 


Yj, 


FIG. P7.2 Caustic for source exterior to plasma half-space (|z,| = z'ļe]). 


the uniaxially anisotropic plasma half-space z < 0 described by the dielectric 
tensor E = yoYo€o + ZoZo€o€. 

(a) Show that for €; < 0, the refracted ray system forms a caustic given by the 
equation 


2/3 
= |éj. 


ZV Je avaj” — eA re + |e] 


[E] 


(b) Determine the asymptotic field behavior (for large ko) everywhere in the 
plasma half-space. 
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11. 
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13. 


14. 
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8. Fields in Anisotropic Regions 


8.1 INTRODUCTION 


The descriptive simplicity of wave excitation and propagation in uniaxial 
media no longer obtains in the case of general anisotropic media. As noted in 
Chapter 7, the reduced electromagnetic field equations in a uniaxial medium 
are characterized by a permittivity dyadic € and permeability dyadic p that 
are diagonal in appropriate real coordinate frames. In arbitrary anisotropic 
media, on the other hand, these dyadics cannot be so diagonalized and in a 
real coordinate basis, all matrix (tensor) elements of € and p are in general non- 
vanishing. However, in gyrotropic regions, which possess a symmetry axis 
along, say, the b, direction, the € and p dyadics assume the form 


€e=€, + €, Do bo, M= p, T H, Do Do, (1) 


where €, and p, are in general non-diagonal dyadics transverse to by; for a 
uniaxial medium, €, and p, are of course diagonal. 

In the present chapter we shall consider guided-wave descriptions in 
anisotropic media, with special emphasis on electromagnetic fields in gyrotropic 
regions, Descriptions of general linear fields in anisotropic media can be 
effected either in terms of first-order field equations or, on elimination of non- 
electromagnetic field variables, can be reduced to higher-order equations for 
just the electromagnetic variables. As noted in Sec. 1.5, this reduction process 
implies the introduction of equivalent permittivity and permeability dyadics 
that in general are spatially and temporally dispersive operators containing V and 
0/01. The reduced field formulation frequently leads to analytical complexities 
in tdentification of energy expressions, reciprocity properties, eigenmodes, etc., 
and may even omit non-electromagnetic types of wave phenomena. The first- 
order formulation, in which electromagnetic and non-electromagnetic field 
variables are given equal status, avoids many of these difficulties. Nevertheless, 
because of the widespread use of reduced descriptions in the literature, both 
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first-order and reduced descriptions will be employed in the following. In 
certain cases, for example in the guided-wave descriptions of a cold magneto- 
plasma with non-spatially dispersive parameters, the reduced description is 
adequate and does not give rise to the complexities noted above. 

In the guided-wave description of a homogeneous linear field developed in 
Sec. 1.4, the overall field is represented as a superposition of eigenmodes of the 
form Y, exp (ik, z). The variable z distinguishes the guiding or symmetry axis, 
K, denotes the eigenvalue or mode wavenumber, and the field eigenvector Y, 
depends on the spatial variable p transverse to z and on the time f. Explicitly, 
the overall field representation takes the form (at source-free points) 


(r,t) = 27 4,(0)P.(p, dei" = 2) aq(z)¥.(P, 2), (2) 


where a,(z) distinguishes the amplitude of the ath mode at z. For time har- 
monicity and unbounded cross sections, Y.(p, 1) = Y, exp [i(k, - p — wt)), 
while for bounded cross sections, ‘¥.(p, 1) = ¥.(p) exp (— wz); in either event, 
if the Y, and their orthogonality properties are known, it isa simple matter to 
evaluate the amplitude coefficients a,(z) from a knowledge of the total field Y 
at any reference plane z. In the following sections, the requisite information 
about the mode functions Y, and wavenumbers x, will be ascertained for 
anisotropic media (Sec. 8.2) and gyrotropic media (Secs. 8.2 and 8.3). 

Differences in the nature of wave propagation in isotropic and anisotropic 
regions are revealed by contrasting the transmission line behavior of mode am- 
plitudes @,(z) in such media. In all cases, assuming uniformity along the 
direction z, the z dependence of the a, at source-free points is determined by 
the equations 


Ea, = İK, a,. (3) 
Only for regions reflection symmetric with respect to z, wherein there exists 
for each wave a, a reflected wave with appropriate field symmetry and propa- 
gation wavenumber K_, = —K,, is it possible to develop a conventional trans- 
mission line description in terms of voltage and current amplitudes as we have 
done for isotropic and uniaxial regions. As noted in Sec. 7.1, in the guided- 
wave description of propagation in isotropic (unbounded) regions, one introduces 
a k,,@ basis of modes with an exp [i(k, - p — @t)] dependence and thereby 
reduces the overall field problem to two independent E- and H-mode trans- 
mission-line problems with identical propagation wavenumbers +K, = +, 
= +x, but unequal characteristic impedances +Z, # +Z%. In a uniaxial 
region with transmission direction chosen along the uniaxial axis (i.e., by parallel 
to Zo), the field problem is still reducible (Sec. 7.2) to conventional E- and H- 
mode transmission-line problems, but with the parameters +x, = +x, and 
+Z} = +Z characterizing the direct and reflected waves. However, non- 
conventional transmission-line descriptions (see Sec. 8.2.h) are possible for 
gyrotropic regions, or more generally for any region admitting +K. waves. 
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For a gyrotropic region with transmission along the gyrotropic axis, one finds 
direct and reflected waves with +, = :+øK%. Moreover, the corresponding 
characteristic impedances are not + of one another but rather one has 
Z} and —Z;*; also, one has Z7 and —ZZ*, which are not the same as the 
corresponding primed quantities. For a gyrotropic region with the direction of 
transmission chosen perpendicular to the gyrotropic axis (see Sec. 8.4b), one 
finds similar direct and reflected waves, but the characteristic impedances of 
these waves are not simply related. In the case of a general anisotropic region, 
one has K, # Kẹ (i.e., it is not generally possible to find modes with equal but 
opposite wavenumbers). A schematization of these line descriptions in an 
unbounded electromagnetic region is displayed in Fig. 8.1.1. 


Z’, K Z',K' Z’, K} 
— n a mo C 
E mode E mode E type 
-Z', -K KADRI n d K? 
po EE p eiee 
Z ° K Z A K” Zz", R” Ky 
n cor —— a ee oe a ae a 
H mode H mode H type 
-2"", | -Z"', a —-Z''*, -K } yP K4 
e a —__— oe 
(a) Isotropic (b) Uniaxial (c) Gyrotropic (d) General 
(conventional) (conventional) (non-conventional) anisoiropic 


FIG. 8.1.1 Transmission-line descriptions in unbounded, homo- 
geneous media (Iransmission direction along symmetry direction, if 
any). 


8.2 GUIDED-WAVE REPRESENTATION IN ANISOTROPIC MEDIA 
(REDUCED FORMULATION) 


8.28 Formulation for Arbitrary Media 


As noted in Sec. 8.1, a reduced description of electromagnetic radiation and 
scattering in non-spatially dispersive media involves only the electromagnetic 
fields E and H and employs an equivalent permittivity dyadic € and permea- 
bility dyadic p. For generality, both the permittivity € = €(r,@) and permea- 
bility p = p(r, œ) are assumed r and œ dependent, thereby making the 
discussion applicable to inhomogeneous anisotropic media under steady-state 
conditions. This reduced formulation will be seen as a generalization of pro- 
cedures utilized previously in Chapters 5 and 7 for isotropic and uniaxial 
media. 

In a reduced formulation, the steady-state Maxwell equations in a source- 
excited, inhomogeneous, anisotropic medium can be written in the operator form 
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[omitting the time dependence exp (—iwt)] 
LY (r) = — (r), (la) 


where, as in Sec. 1.4, 


WE —iV x "| E J 
Lo —i , Po , o> f 
l xi op | a p (1b) 


J and M being the equivalent steady-state electric and magnetic current den- 
sities that appear in a reduced description on eliminating dynamical variables. 
To effect a guided-wave representation with z as the transmission direction, 
one decomposes the field operator L into components that depend on either 

V, or 0/0z [V = V, + 2(0/0z)}, 
Le —i(k-*¥), (2a) 


Z 


where 


— — 
iV, xi wp ai Z% x 1 0 i (49) 


In a z-oriented vector basis the dyadics € and p may be represented for a general 
gyroelectric and gyromagnetic medium as 


€ = €, F ZoZoć, Eg Zo€,, + €,, Zo 
p = B, + ZoZyH, + Zoğ., F H., Zo» 


where u, is a transverse dyadic such that u, Z2 = 0 = Z, - u, and U,,, Ù, are 
vectors transverse to Z, u representing either € or p. For a gyrotropic medium 
é,, = 0 = č, and p,, = 0 = i,,; this permits a simplification in the analysis, 
but for the time being we shall continue to treat the general case. 

As in the isotropic case, the longitudinal components E, and H, of electric 
and magnetic fields are derivable from the transverse components E, and H,. 
Thus from Egs. (1) and (2) one derives 


(2c) 


z : = J, 
E, —€, 'e,, (iwe) 'V, x Zo E, A IWE, 
mermo l ; 7 e M, 
H, —(iw@p,)"'V, X Zo — fH: Base H, iùl, 
+MY +0, (3a) 
where it is recalled that V, x Z,- A, = V, + (z X A,) and 
z? 
E Mi 
n : WE, 
Pol l a> |. (3b) 
H a 
iL, 


On elimination of the longitudinal field components from Egs. (1) and (2) via 
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Eqs. (3a), one can obtain defining equations for the transverse wavevector V(r). 
Because of the relative complexity of the resulting transverse equations in the 
general anisotropic case, we shall not exhibit them explicitly (however, see the 
source-free transverse modal equations (6) below). 

To obtain the mode functions characteristic of guided waves propagating 
along z, we seek source-free ( = 0) solutions of Eq. (ta) with the form 


¥.(r) = ‘P.(p)ee", (4a) 
where the ¥,(p) and x, are eigenfunctions and eigenvalues, respectively, and 
r=p-+ zzo The presence of the exp(ix,z) factor implies that medium 
properties are independent of z, a restriction subsequently removed. As in Sec. 
1.4, substitution of Eq. (4a) into the source-free equation (la) yields the 
eigenvalue equation 


KY, = k, TY, (4b) 
subject on the transverse boundary s, if any, to the dyadic impedance condition 
vx E,= 2-H. ons, (4c) 


or in a Sp, Z, basis, 
—s,-E, = Za H, ' S% + 2,,H, * Zo, 
E E Z aH. * So + Za H. * Zo, (4d) 


where the tangential and normal unit vectors S and v, respectively, are related 
by v x 2) = S$. The transverse nature of the electromagnetic field implies that 
the z components of the mode fields are derivable from the transverse com- 
ponents. If one decomposes the mode fields as 


E, = E,, + £,.20, H, = Hi + H,aZo (5) 

and eliminates the longitudinal z components via [see Eq. (3a)], 
—iwu, H, — iop,,-H,, = V, + (% x E), 
—iwe,E,, — ië,- Ea = V,+ (Hy X Zo), 


the eigenvalue equation (4) can be expressed solely in terms of transverse com- 
ponents as (see Sec. 2.2a) 


(5a) 


é,€,, d l . 
co = E ar 70 x A x z| Ea 


£ 


TER x V,— 2 x V, Be. H,, = KH, X Zo 


BauBau l 
o(p — Bubs — a, x VV, X zo|- Hi 


z i| Beez x V, — 29 X v, Žr ` E, =Ke% X En (6) 


which evidently assume a much simpler form in the gyrotropic case €,, = €, 
= fi, = TO == 0. 
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To ascertain orthogonality properties of the mode functions ¥,, one con- 
siders the eigenvalue problem adjoint to Eq. (4), 


KY rY, (7a) 
where the adjoint operators and eigenfunctions are 
pa | we * —1V, x J Pr y Pd 
iV, x1 opt | ea aes LH? | (75) 


subject to the condition on the boundary (if any) 

vx Et = #*- H. (7c) 
The adjoint fields Ei and Hz satisfy the source-free equations in a transposed- 
conjugate (Hermitian adjoint) medium with parameters €* and ji* obtained 
from the original medium by the replacements (~ denotes the transpose and* 
the complex-conjugate operation): 


eE, č, ad (A p, —> Är, jÑ, — Te X —_ Cad (7d) 


In a conventional manner (see Sec. 1.4) one infers from the eigenvalue 
equations (4) and (7) the orthogonality properties 


(P: TY.) = 2N, ôs = (F, TÝ,), (8a) 


where 6,, is the Kronecker symbo! that equals | or 0 depending on whether 
or not K, is equal to K,; N, is the ath-mode normalization constant, and the 


Y, and yy: are transverse eigenvectors with components E,,, H,, and E,,, H}, 
respectively. More specifically, the orthogonality properties (8a) are expressed 
as 


[[ TEs" «Hip X Zo + Hist - zo X Ep] dS = 2N6,5, (8b) 
5 


where the integral is extended over the cross section S transverse to z. As em- 
phasized in Sec. 8.1, in the same waveguide there generally do not exist mode 
solutions with eigenvalues -+K,. and —x,, thereby eliminating the possibility 
of a standing-wave transmission-line description in terms of interfering +x, 
and —K, waves. The latter obtains only for reflection symmetric regions. 

The preceding description, valid for a general uniform electromagnetic 
waveguide, simplifies substantially in special situations. 


8.2b Lossless Regions 


If the anisotropic medium and waveguide boundary (if any) are lossless 
(i.e., reactive), then the constitutive medium parameters are Hermitian: 


€ = E*, B = #*, (P) = Ta (9) 


Under these conditions, it follows from a comparison of Eqs. (2b), (4), and (7) 
that 
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Kak’ and a gar (10a) 


where ¥,. is an eigenvector of the original waveguide with eigenvalue «%. It 
should be noted that eigenvalue problems of the type (4) do not in general 
possess real K, eigenvalues even in the Hermitian case, and furthermore, if x, 
is an eigenvalue, so also is its conjugate K*. For the special case of real eigen- 
values x, one has Vt = ¥,, while for imaginary «,, one has ¥; = —'P,. In 
view of Eq. (10a), the orthogonality relation (8b) for a lossless region takes the 
form 


ff [E . H,» X Zo + Hk. + % x E,]dS = 0 If ey Ht Ky. (10b) 
AY 


The appearance of x, in the orthogonality statement is due to the fact that x,, 
rather than x* of Eq. 7(a), distinguishes the eigenvector ‘¥;* = Y*. appearing 


in Eq. (10b). 
8.2c Lossy (Symmetric) Regions 


If the anisotropic medium and waveguide boundary (if any) are dissipative 
but symmetric, then the constitutive parameters are described by symmetric 
dyadics: 


e=@ p=f, #F=¢Y. (11) 
For these conditions, comparison of Eqs. (2b), (4), and (7) reveals that 
K* = AK*A and Y: = AF, (12a) 
where 
A=A' =| A AL = —TA,. 
0 —Ii 


AY*, is an eigenvector of the original waveguide with eigenvalue —x,; it is 
derivable from ¥, on replacing K, by —K,., taking the complex conjugate of 
the field components, and reversing the sign of H,. The orthogonality relation 
(8b) now becomes 


Í [E, . < Hig X Zy — H, Za x E,yldS=0 if —K,#K,. (12b) 
S 
It should be observed in this case that if x, is an eigenvalue, so also is —K,. 
However, a conventional transmission-line description is generally not possible 
since via Eq. (12a), ¥, and ¥_, are not related as in the conventional reflection 
symmetric case; differences arise because the characteristic wave impedances 
are complex quantities in the dissipative case. 


8.2d Transverse Anisotropy (Reflection Symmetry) 


If the medium is gyrotropic, so that the anisotropy is confined to a plane 
transverse to z, then 
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é,, = En = fi, = 8, = Pa ff, 0, (13) 


and the region is said to be reflection symmetric with respect to a plane trans- 
verse to z. To examine the symmetry properties of ¥ vectors in such regions, 
it is convenient to introduce the reflection operator R defined byt 


R k — ZoZo 0 l h RY | E, az E, Zo | 13 
= nce => - 
0 -L+unj "~ -H +H) O 


If Eq. (13) is satisfied, then RK = KR, RIF = —TR, and hence if Y, isa mode 
solution of Eq. (4) corresponding to K,, then RY, is a mode solution with 
eigenvalue —x,. Similarly, if ‘Yi has eigenvalue x*, then RY; has eigenvalue 
—xK*. Thus, one infers from Eq. (8a) the orthogonality statements 


(¥:,0¥,) = 0 if Ka Æ Kg, 
(Y+, TRY) = 0 = (RV:,¥,) if Ka Æ —Kzg, 
and therefore, on addition, 
(PTY, + RY) = 0 = (WE + RYTY) ifi, (14a) 
which reads, in component form, 


ji Hy" + Z X Ep dS = 0 = \) Et*-Hyx%dS  ifx2 r} (14b) 


It should be noted that the orthogonality statements (14) do not distinguish 
between + modes. 
For the lossless (Hermitian) case, in view of Eq. (10a), Eqs. (14b) become 


[[Ht-+ za x EpdS=0 if et KR (15) 
AY 


For the lossy symmetric case, in view of Eq. (12a), Eqs. (14b) take the form 


f| Hae + zox BydS= 0 if eh + x}, (16) 
AY 


8.2e Isotropic Regions 
In the case of an isotropic medium and waveguide boundary (if any), 
e=1le p= ly, Z = Z (2% + %%), (17) 


where €, u, and Z are scalars, and sọ is defined in Eq. (4d). In the lossless 
case, wherein €, 4, and i are real, the orthogonality statement (15) again ob- 
tains, whereas in the lossy case, wherein these parameters are complex, Eq. 
(16) is applicable. 


th is also possible to define a reflection operator that is the negative of the one in Eq. 
(13a). 
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8.2f Regions with E- and H-mode Decompositions 


The total fields corresponding to the transverse eigenfunctions E,, and H, 
generally have both longitudinal components £,, and H,,. To explore the pos- 
sibility of separating such eigenfields into E modes and H modes with respect 
to the z direction, one may investigate whether Eqs. (6) can be satisfied when 
either H,, = 0 or E,, = 0, respectively. The z components of the field are 
specified in terms of E,, and H,, by Eqs. (Sa); these equations, together with 
Eqs. (6), hold little promise for achieving the indicated simplification in the 
general case. In an isotropically filled waveguide, however, Eqs. (6) become 


l l 
Ka E; = ohg + zV ra v. : (H, x Zo), (18a) 
— l l e 
Ka H, — o Le + yZ] (Zo x Ea)» (18b) 


where on the isotropic guide walls of impedance Z [see Eq. (17)] and unit 
normal v, 


vx En = ZH. on s. (1 8c) 
For an E mode, Eq. (Sa) implies V, - (z, x E,,) = 0, and Eq. (18b) yields 
K, Hu = WEZ, X En, (19a) 
whereas for an H mode, with V, - (H,, X Ze) = 0, 
K, E,. = @HH,, X Zo (19b) 


Thus, the requirement £,, = 0 or H,, = 0 forces the vectors E,, and H,, to 
be mutually perpendicular. 

It is convenient to consider how boundary impedance and medium inhomo- 
geneity individually affect separability of the modal field into £ and H modes. 
The impedance boundary condition (18c) implies that 


—S Ea = 2H,,, Zs Ha = E, Ons, (20) 


SO a tangential component of H,, on the boundary generates a longitudinal 
component £,,, while a tangential component of E,, on the boundary generates 
a longitudinal component H,,. Thus, even if an E-mode field is capable of 
existing in the waveguide medium, its transverse tangential electric component 
on the boundary couples to the longitudinal magnetic field, thereby destroying 
the E-mode character unless Z = 0 or oo. Analogous remarks apply to the H 
modes. A waveguide bounded by a wall with finite surface impedance there- 
fore does not generally admit separate E- and H-mode fields, although such 
a decomposition may be possible for special symmetries. For example, in the 
presence of E-mode excitation which does not generate transverse electric field 
components parallel to the boundary, no H-mode coupling is required. 

A transversely inhomogeneous medium filling the waveguide cross section 
also prohibits in general the separate existence of E and H modes. This may 
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be verified by examination of the boundary conditions across an interface § 
which separates two cross-sectional regions characterized by constant constitu- 
tive parameters H, €, and H €E, respectively. If §, and ¥, denote transverse 
unit vectors parallel and perpendicular to §, respectively, with P, xX Zo = So, 
then the boundary conditions on § require that 


Vo x Fai = Vo x E.2, €,Vo Ei = €2Vo : Ezz (2la) 
v X Ha = Vo X Haz Hi Vo © Har = 47o > Haz. (21b) 


Imposition of the E-mode condition V,+z) x E., = 0, with x, H,, = W€z, X E,,, 
in regions | and 2 permits the last of Eqs. (21b) to be written as 


Hy €1 So ° Ea = Hz €2So g Baz (22) 


which is incompatible with the first of Eqs. (2la) unless “,€, = 4,€2 oF 
So : E,, = 0. An analogous result is obtained for the H modes. Thus, a de- 
composition into E and H modes is generally impossible when the local propa- 
gation speed c = | /+/ye has a transverse variation, unless special symmetries 
eliminate the existence of tangential tansverse field components. 

It is evident from the preceding discussion that E and H modes may exist 
individually in a homogeneously filled cross section bounded by perfectly con- 
ducting walls. Upon introducing the characteristic admittance by renormalizing 
H,, according to H,, = Y,h, and setting E,, = e,, one obtains for the £ modes 
[see Eqs. (18) and (19)], 

h, =z X en Y=, VV, e, = (R — Ke, = wue, (23a) 
and, for the H modes, 
K 
e. = h, X Zo, z ou’ V.Y, E h, = — (k? T Kz )h.. (23b) 


The normalized mode set e,, h, is identical with that defined in Eqs. (2.2.10). 
In a uniaxially anisotropic medium with 


€ = 1,€, + ZoZof sy p = Í, g, “ie Zo Zo Hr, (24) 

the eigenvalue problem in Eqs. (6) reduces to 
Ka Zax = olle T àv, a v, | = h, X Zo (25a) 

w 'E, 
K, Yab, = Ofke, + ga Viz- Ve] > Zo X Ce (25b) 


These equations are almost identical with Eqs. (18a) and (18c) and the same 
considerations lead to the conclusion that a field decomposition into E and H 
modes is possible when the cross section is filled homogeneously and is bounded 
by a perfectly conducting wall. The resulting normalized mode set has been 
employed in Sec. 7.2. 
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8.2g Modal Representations for the Reduced Electromagnetic Field 


The mode functions described in Secs. 8.2a through 8.2f may be employed 
to represent the electromagnetic field excited by arbitrary source configurations 
in various types of uniform waveguides. In abstract notation, the steady-state 
problem posed in Eqs. (1) and (2) may be solved for the transverse field P(r) 
of Eq. (3b) by utilizing the complete set of transverse modes F(p) defined in 
Fq. (8a) [see also Eqs. (4b) and (7a)], 


W(t) = E a,(z)¥.(0), (26a) 


where the summationt is to be extended over all &, which distinguish the 
eigenvalues x, of both the forward and backward travelling modes of ampli- 
tudes a,(z). An exp (—/@t) dependence is implied. On adding to the transverse 
field representation (26a) the associated longitudinal field components, defined 
in terms of the transverse fields Ý and Y, by Eqs. (3) and (5a), one obtains 
even at source points the total field representation 


Hr) = Da,(2)¥.(0) — 8,(0), (26b) 


where ¥ and Y, are complete wavevectors of the excited and modal fields, 
respectively, and @,, defined in Eq. (3b), is related to the source wavevector. 
To determine the modal amplitudes a,(z), we first observe from the orthogo- 
nality property (8b) and from (26b) that a, = (2N,)7'(Wi, TY), a result that 
is independent of @,. Transformation of the field equations (la) and (2a) by 
multiplication with the adjoint mode function ‘¥{(p) and integration over the 
transverse waveguide cross section then yields as the defining equation for the 
a,(z) [we recall from Eq. (7a) that (WS, KV) = (Kt Yt, Y) = («tT * Pt, Y) 
= 2N,K,4,): 


ds, eats 
(7 z ik, )a(2) = b,(z), (27) 
where the source amplitude b, is given by? 
„= (2N,) CE, ®), (28a) 


= RNY SSII EE + JEN +M,- H: + M,Hi}dS (28b) 


On integration of the second and fourth terms in Eq. (28b) by parts (assuming 
that J, vanishes on the guide walls), one can write 


ba = (2N.)' [| (i. + Ez" + Me, + Hi’) ds, (29a) 


tIn the present abstract notation, $, implies both an integration over k, and a sum over 
« 


eigenvalues for each k,, œw [see the time-harmonic analogue of Eq. (31)). 
tTreatment of excitation by arbijirary sources may be simplified by use of Green’s 
functions. The transmission equations then assume the form given in Eq. (1.4.15). 
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J, _ Bu, . 


6 A 
(29b) 


J,, and M,, are equivalent transverse current densities characteristic of a field 
description in terms of transverse fields only. 

Alternative to the abstract procedure in Eqs. (26) and (27), one may obtain 
a field representation by first eliminating the longitudinal field components 
from Eqs. (1) and (2), and thereby derive explicit equations for the transverse 
field components (see Sec. 2.2a). The resulting transverse field equations re- 
semble Eqs. (6), with ix, replaced by d/dz, and contain the equivalent trans- 
verse currents J,, and M,, defined in Eq. (29b) [see Eqs. (2.2.4) and (2.2.5) for 
the special case of homogeneous isotropic regions bounded by lossless walls]. 
The explicit modal representation of the transverse fields now becomes 


E(t) = Lap H) = E a,(2)H,,(9)- (30) 


Substitution of these expansions into the transverse fields equations, recalling 
Egs. (6) and the orthogonality property (10b), then yields the above transmis- 
sion-line equation (27) for the modal amplitudes @2,(z). Since there are generally 
no Solutions admitting both x, and — K, in the same region, the transmission 
lines representative of Eq. (27) are unilateral and propagate waves in one di- 
rection only. Because of this restriction, the conventional transmission-line 
procedure is of limited value in this general formulation. 

As noted in Eq. (26b), to represent the toral fields in a region containing 
sources, it is necessary to stipulate at each point r not only the total modal 
fields E, = E, + £,,2, and H, = H, + H,,% but also the longitudinal 
source currents J, and M, in order to obtain a complete representation. This 
lack of vector completeness for the total fields is to be anticipated since the 
eigenvalue problem refers only to the transverse space. 


J. =J, — — V, X TA hE M,, =M, + -LV, x 
I i@ 


8.2h Nou-Conventional Transmission-Line Descriptions 


The radiation of energy from a source in an unbounded, homogeneous, and 
stationary medium may be described in terms of a set of guided modes carrying 
energy away from the source. A complete set of such modes (see Sec. 1.4) 
comprises waves carrying energy both away from and toward the source, but 
only the former are excited in an unbounded medium. A boundary surface 
scatters the radiated waves, and the description of this scattering process re- 
quires in general the sophisticated analytical techniques of diffraction theory. 
However, if the boundary surface and the medium are appropriately simple, the 
scattering description may be effected by relatively simple transmission-line 
methods. These methods have been discussed in Sec. 2.4 for the simple case of 
an isotropic medium. In the present section, we develop similar but less con- 
ventional transmission-line methods for certain choices of transmission direction 
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in appropriate gyrotropic media and thereby introduce a more general form of 
transmission-line theory. 

Representation of a linear field in terms of a complete set of characteristic 
guided waves reduces an overall field description to a simple determination of 
wave amplitudes. In spatially homogeneous and stationary regions, each am- 
plitude is determined by an ordinary differential equation and may be shown 
(see Sec. 1.4) to have a simple exponential dependence on distance along the 
guide direction. In unbounded regions, each wave amplitude is uncoupled 
from the other amplitudes and hence separately evaluable; the amplitude of a 
wave at any point ts finite if the wave in question carries energy away from a 
source, or zero if the energy transport is toward a source. The presence of a 
boundary surface generally introduces coupling among the waves traveling to- 
ward or from sources and thereby makes any one amplitude dependent on the 
amplitudes of other waves. For boundary surfaces of arbitrary shape, all waves 
are coupled at the boundary; consequently, the evaluation of wave amplitudes 
may be prohibitively difficult, thus vitiating the utilityofa guided-mode represen- 
tation. However, for regions with media and boundaries of suitable symmetry, 
the wave coupling introduced by boundary surfaces may be simple and readily 
taken into account. In the present section we shall analyze mode coupling 
caused by plane-parallel boundaries in stratified gyrotropic media. This analysis 
can always be performed in terms of the traveling waves defined in Sec. 1.4. 
For guiding structures containing isotropic media and guide walls, not only 
traveling-wave (scattering) but also the standing-wave (impedance) descriptions 
of conventional transmission-line analysis can be employed, as has been indi- 
cated in Sec. 2.4. In more general anisotropic structures admitting +x waves, 
a simple but less conventional transmission-line analysis may still be possible. 

For simplicity, we shall limit the discussion to reduced electromagnetic 
field descriptions in homogeneous media with non spatially dispersive € and p 
parameters. As shown in Sec. 1.4, a general field in a transversely unbounded 
region may be represented as 


-an dk, dw 
ae s (kip — at) t 
Wor, = |f] E alkin 0; DP ereo TiS (31) 
where for the special case of a reduced electromagnetic description 
E(r, t) 
Y(r, 1) — S 
Aa Pi A 


If the medium is Hermitian, i.e., the field operator K = K’ (see Sec. 8.2b), 
then the eigenvectors Y, and their adjoints Y¿ are representable as 


Y, = ee + = y- = Y.. mie F = (32) 
h, + h, h,. + h,a- 


where e., h, and e,,,h,, are mode vectors transverse and parallel to z for the 
eigenvalue K,, while the adjoint eigenvectors e,., h,. and e,,.,h,,. are the cor- 
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responding mode vectors with eigenvalue x3. The orthogonality property 
(1.4.4c) of the Y, implies that in polarization space, 


(TY., Y,) = Zes ° hy. x Zy +- Zieh, 3 Zo x e*. = 2N, Ô, p. (33) 


Since the normalization of ¥, and Y¥,. is arbitrary, it is convenient to choose 
the mode parameters Z, and Z,. so as to effect 


ech X 25 = 1 and h, > Zo X ef. = | (34) 
whence the normalization constant is 
2N, = Z, + Zr. (35) 


In view of Eq. (35) and the orthogonality properties of the complete wave- 
vector ¥, exp [i(k, - p — œwt)], one infers, just as in Eq. (1.4.6b), that the 
guided-wave amplitude a,(k,, @; z) is related to the fields E(r, 1) and H(r, t) on 
the plane z by 


a,(k,, @; z) = sw f f f [E - hf. x Zo + Z*H + zo X ež. Je- t*e-o dp dt, (36) 


where, for prescribed k,, w and non-spatially dispersive medium parameters, 
the polarization index & distinguishes only four waves,t conforming to the four 
possible transverse (to z) components of the two vectors E and H. In source- 
free regions, the z dependence of the a, follows from Eq. (27) as 


(4 = ix, )a, (k, W; z) = 0. (37) 


In a homogeneous isotropic or anisotropic Hermitian medium, the relation 
(36) between the total fields E and H and the wave amplitude a,(k,, œ; z) is 
valid at any plane z. Let us consider the coupling effects introduced by the 
presence of a planar boundary surface at z perpendicular to the guiding direc- 
tion Zo. If the planar boundary is spatially homogeneous and non-time-varying, 
only modes of the same k,, @ will be coupled at this boundary surface to the 
wave of amplitude a,(k,, @; z). As noted above, there are four such modal 
waves with given k,,@. Hence, if Y(z) = Y(k,, w; z) denotes the k,, @ com- 
ponent of the total field ‘Y(r, ¢) at the plane z, then on omission of the k,, œ 
arguments, Eq. (31) implies that 


Y(z) =A 2 a,(z)Y,, (38) 


where for the reduced electromagnetic field description (in non spatially dis- 
persive media), « distinguishes four possible waves. A basic analytical problem 
is that of ascertaining the interdependence among the a,(z) caused by a planar 
boundary surface at some plane Zp. 

In particular, we examine the coupling among the wave amplitudes a, for 
Hermitian media that admit waves with wavenumbers (eigenvalues) +4, and 
transverse-mode vectors e, = e_,,h, = h_,. Such media are more general than 


+The secular determinant for x, = X.(K,, w) is of fourth degree for non spatially dis- 
persive e and yp. 
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the reflection symmetric regions described in Sec. 8.2d. For prescribed k,, w, 
one then finds two distinctive pairs of waves with wavenumberst +x, and 
+x’. Accordingly, for each k,,@, one can represent the transverse fields 
E,(z), H,(z) at z by Eqs. (32) and (38) as 

E,(z) = Vi(zjen + Vi(z)er, 


p (39a) 
H(z) = 1,(z)h; + [3(2)hz, 
where for both the ’ and ” waves, V, and /, are given by 
V.(z2) = Z,4,(z) + Z_,a_,(2), 
(z) (z) (z) (39b) 


[,(2) = a,(z) + a_,(z). 

In general, the “characteristic impedance” parameters Z, and Z_, are not 
simply related (see Sec. 8.4b), whereas in conventional transmission-line 
descriptions, one recalls that Z_, = —Z,. Since it is assumed that e, = e..,, 
h, == h_,, one can derive from the orthogonality property (33) and the normal- 
ization in Eq. (34) the additional orthogonality properties (in polarization 
space) 

ey b h:. x Zo = Og hs ‘ Zo Xx ež. = Ô 4; (40) 


for mode vectors e,, h, distinguished by xż. It should be noted, as in Sec. 2.2, 
that the transverse-vector-mode functions e, exp [i(k, + p — wt)), h, exp [i(k, + p 
— @t)] determine a complete set of eigenvectors in the p,7 and transverse 
vector (polarization) space. These vectors are distinguished by eigenvalues x? 
and are to be contrasted with the eigenvectors Y, exp [i(k, - p — @r)] whose 
eigenvalues are K,. Accordingly, the mode summation for e,, h, mode vectors, 
as employed in Chapters 2 and 3, ranges only over positive values of the index 
&, whereas for the ‘¥,-mode vectors the mode summation comprises +& values. 

One can infer from Eqs. (36) and (40) the following relation between the 
“traveling-wave” amplitudes a, and the “voltage” and “current” amplitudes 
V. and Í, at z: 


a.(2) = yyy [Va(2) + Zi- LD], 
l (41) 
a_,(z) = ÎN [V,(z) Zah), 


where, since the voltage and current amplitudes are associated with x}, there 

is no distinction between +4 subscripts for these quantities. In transmission- 

line analyses one customarily introduces, looking in the direction of increasing 

z, a (voltage) “reflection coefficient” T(z) and a “terminal impedance” Z,(z) 
defined by 

~a(Z)N_ V (z) 

T(z) = 2-8) a Z (2) = a 42 

D= TNn” Ge: u 

tNote that the notation x, = Ka, K% = Kg could also be used to distinguish these 

modes. 
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to characterize coupling introduced between the +a waves. From Eqs. (41), 
one then derives the relation 
Zaz) + Z“. 


L = 2O F Ze 


(43a) 


and its converse, 


2 SL + Z&T.(z) 
Z,(z) = fori (43b) 
Equations (43) are to be contrasted with the conventional transmission-line 
relations 


_ Z,(z) — Z. Z.A(z)__1+T7,(2) 

T.(2) E Z,(2) F Za VA E | — T(z (44) 
as derived in Eqs. (2.4.12) for a medium wherein —N_, = N, and —Z*,.= 
Z*. = fa 

If the impedance Z,(z’) is known at some terminal plane z = 7’, as occurs 
if boundary conditions on this plane are given, then in order to calculate the 
field at some other plane z, it is necessary to ascertain the reflection coefficient 
T.(z) or Z,(z) thereon. To this end, one first evaluates I, (7) from the known 
Z.(z) by Eq. (43a) applied at z = z’. Since, in a source-free region, the 
traveling-wave amplitudes at z and 7’ are related in accordance with Eq. (37) 
by 

a,(3) = a,(2 jemat- 
then, from Eq. (42), one finds that 
P,(2) = P(2’e ee (45) 


is the desired reflection coefficient at z. To find the corresponding relation 
between the impedances at z and z’, one substitutes Eqs. (45) and (43a) into 
Eq. (43b) and obtains 


—2Z%.2Z*,. — i[(Z3. — Z*,.) cotK,(z — 7) + (ZR. + Z*-Za(2') 


Z.(2) = 22.2) + Zi + Zt — ZE — Zie) cot Kz Z) 


(46) 
For a conventional transmission line, wherein —Z*,. = Z*. = Z,, Eq. (46) 
reduces to [see Eq. (2.4.10) with j — —i] 


Z.(2) _ Ze — iZ,(z!) cot Ka(Z — 2’) (47) 
Z.  2,(z) — iZ, covk,(z — 2) 


For the non-reflection symmetric media under consideration, Eqs. (45) and (46) 
provide the basis for a general transmission-line analysis of the coupling of 
waves by a planar boundary surface at 7’. 

For prescribed k,,@, the average electromagnetic power density in the 
positive z direction can be calculated from the real part of the complex Poynt- 
ing vector, 
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P, = Re [E(2) - H(z)* x 2). (48) 


For this purpose one requires, in addition to the field representations (38) and 
(39a), a representation in terms of adjoint wavevectors (for Hermitian media) 


¥(z) = L a(i = Qo a,-(z)¥.. (49) 


and correspondingly, by Eq. (32), 
E,(z) = Vidz ei. + Vz) e., 


(50a) 
H(z) = 1.2) hh. + 17.(2) b7., 
where, for both the ’ and ” modes, 
V AZ) = Zra Z_asâ-..(Z), 
(2) a,(z) + a_,(Z) (50b) 


I,-(Z) = a,-(z) + a@_,-(Z). 


In view of the orthonormality properties (40), one then finds on substitution 
of Eqs. (39a) and (50a) into (48) the average power relation 


1 = Re 2, V.(2)Iz.(z) = Re 2 Vi-(z)l.(2), (51) 


where, in the impedance description, the mode sum must be only over the +. @ 
modes. For the special case of propagating modes in isotropic media, wherein 
Vas = Va 1a. = 1,, Eq. (51) reduces to the conventional relation 


P, = Re L V .(z)1%(2). 


The transmission-line analysis outlined above is applicable in reflection 
symmetric Hermitian media (i.e., media admitting +, waves for which 
e, = e_,,h, =—h.,,e,- = e, h,e =h_,.). Such conditions are fulfilled in 
non-dissipative gyrotropic media, but in general Z} + Z. and e, Æ e, 
h, + h,.. In gyrotropic media with the gyrotropic axis parallel to the trans- 
mission direction, one finds that Z%. = Z,, but e, Æ €., h, #h,.; thus the 
transmission-line relations (43) and (46) become conventional but the power 
relation (51) does not (see Sec. 8.3). In gyrotropic media with axis perpen- 
dicular to z, one can find modes with e, = e.s, b, = h,. but Z%. + Z,, hence 
requiring the general transmission-line relations (46). 


8.3 GUIDED WAVES IN A COLD MAGNETOPLASMA (GUIDE AXIS PARALLEL 
TO GYROTROPIC AXIS) 


8.3a Evaluation of the Mode Functions 


The guided-wave considerations of the preceding section on anisotropic 
media will now be specialized to the case of a gyrotropic medium wherein the 
guide and gyrotropic axes are parallel. The steady-state wavevectors ¥, de- 
scriptive of guided modes in such a medium will be exhibited explicitly, and 
their application to the theory of radiation from time-harmonic sources will be 
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illustrated. As noted in Sec. 8.2, representation of radiated fields may be 
phrased either in terms of “first-order” Y vectors incorporating all electro- 
magnetic and dynamical field variables, or in terms of “reduced” Y vectors 
displaying only electromagnetic variables. 

Guided waves in a homogeneous gyrotropic medium, such as a collisionless 
cold magnetoplasma, are described by wavevectors of the form YW ,(r, 1) = 
Y, exp [j(@t — k - r)],t where the mode suffix a denotes both the polarization 
index & and the periodicities, œ, k,; kK, = k — ZK, is the transverse wavenumber. 
In polarization space, for prescribed w, k,, the Y, satisfy the eigenvalue problem 
[see Eq. (8.2.2)] 

LY, = 0 = j(K — K., D)Y., (la) 


where K and [ are Hermitian operators and x, is the eigenvalue. The Y, 
possess the orthogonality properties [see Eqs. (8.2.8a)] 


(P+, TW,) = 2N, ô., = (Vt, TY, (1b) 


for the non-dissipative case, as observed in Sec, 8.2b, the adjoint wavevector 
Y+ = Y, fork, = Kk and Y: = Y,. for complex x.. Although these proper- 
ties can be inferred a priori from the general form of the operator L indicated 
in Eq. (la), one must know the specific structure of L to evaluate explicitly 
the various components of ‘Y,. 

For a magnetoplasma fluid in which only electrons are mobile, the first- 
order form of L is displayed in Eq. (1.1.68) and the reduced form in Eqs. (8.2.1) 
and (8.2.2); in the fir.’ order description, the components of ¥ are given by 
Y — (E, H, p, y), whereas in the reduced description, ‘¥ — (E, H). The elimi- 
nation of the dynamical variables p and v, the electron pressure and average 
velocity, respectively, is characteristic of the reduced description. If, in addition, 
the magnetic field H is eliminated from the source-free plasma field equations, 
the resulting equation for the electric field E(r, /) may be written in the form 


g (v, $) ` E(r, 1) = 0; (2) 


it may be noted that the dyadic “admittance” operator Y is the inverse of the 
electric component G,, of the plasma Green's function defined in Eq. (1.1.57). 

Although solution of Eq. (2) is desired in a k, @ basis, we shall find the 
solution in a k, œ basis with k = k, + Kz. In a k, œ basis (wherein V = — jk 
and 0/dr = jw, see Sec. 1.2), the admittance operator Y for a gyrotropic 
medium with permittivity € and permeability p = #1 is given by 


Vik, w) = joe e +D], kk = poto (3a) 
0 
where, for the gyrotropic axis in the direction bo, 


= = €1, — jé&,b, X 1, + 631, (3b) 
9 


tNote that the time dependence in Sec. 8.3 is chosen to be exp (+ jaf). 
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1, = b,b and 1, = 1 — bobo are unit dyadics longitudinal and transverse to 
b,, the unit vector defining the direction of the gyrotropic axis [in Eqs. (3), 
primes used elsewhere in this text to denote normalization with respect to €, 
are omitted for simplicity]. For the special case of a cold collisionless magneto- 
plasma 
2 2 2 

e =l Gees a=- o o &= 1-22, (4) 
where, as derived in Eqs. (1.5.20)-(1.5.22), the quantities w, and w, are the 
electron plasma and cyclotron angular frequencies, respectively. 

To determine explicitly the eigenvalues x, and eigenvectors ¥,, it is 
generally more convenient to solve a reduced equation of the form (2) rather 
than the original eigenvalue problem (1). As was shown in Sec. 1.4, and noted 
in connection with Eq. (la), in a homogeneous transversely unbounded region 
with guide axis along Zo there exists a set of guided modes of the form 
Y (r, :) = Y, exp [jot — k-r)], with k = k, + 4,2. Accordingly, since 
E,(r, 1) = E, exp [j(@¢ — k - r)], one infers from Eq. (2) that 

Y (k, w). E, = 0, (5a) 
and hence a non-vanishing mode field E, exists for those x = x, that for pre- 
scribed w, k, satisfy the secular equation 


det Y (k, w) = 0. (5b) 


To within a normalization constant, the mode fields E, corresponding to the 
K, are then derivable from Eq. (2). The remaining mode fields, for either the 
first-order or reduced descriptions, follow from E, and the source-free plasma 
field equations (1.1.54) as 


_kxek, 
. = w fly , 
l 
eop ki — k4)1 + kk] - E., 6 
y auma ) ] (6) 
— Po a 
p= k- v.. 


For a cold plasma wherein pọ = 0, it is evident that p, = 0. Thus, for pre- 
scribed w,k,, where k = k, + 2p, the orthogonality property derivable from 
Eq. (8.2.8b) in a cold plasma can be expected to have the form 


E;*-H, X z+ Hi*- 7 x Ep = 2N, Ôa p (7) 


with the adjoint components identifiable as Et = E. Hi = H, for real K., 
and as Et = E,., H} = H,. for complex x,; it should be recalled from Eq. 
(8.2.10a) that E,-, H,- are components of the mode with eigenvalue xł. For 
modes with different w,k,, the orthogonality statement (7) also requires inte- 
gration over both the cross section and time as in Eq. (1.4.2b). 

The considerations in Eqs. (4)-(6), which are independent of the relative 
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orientation of guide and gyrotropic axes, will now be specialized to the case 
wherein the guide axis is parallel to the static magnetic field impressed on the 
plasma. As a vector basis we choose the right-handed set of unit vectors 
Zo, Kios Zo X Keo = K, determined by the guide axis z, and the transverse unit 
vector kw, the latter defined by the decomposition k = Kz, + k,k,. In this 
basis, one represents the mode electric field as 


E = E,Z + EKko + Erko, ko = Z X Ko, (8) 
and, furthermore, 
1, = ZoZo, 


k x (k x 1) = —k}?ZZo — KK gk — k* kiokio + KK,(Zokig + KoZo). 


Thus, for the cold plasma defined by the permittivity parameters in Eq. (4), 
the defining equation (5a) for E may be represented as 


k? Kk, 
O-H B a | 
2 
joe) S% 6S ja TE | =0 (9) 
0 0 
2 2 
0 — Je, €, E SLE Ey. 


The corresponding secular equation (5b) then yields for the eigenvalues x the 
dispersion equationt’ 
K + [(1 + Ek? — 261K” + Elk? — 1)(k? — €) = 90, (10) 
where we have employed the normalized quantities (for €; > 0)1 
K = — k= ke gel g est G = —. (10a) 
mR Es = RENE one 1 g?’ a 7N 
K' versus k; plots of the dispersion equation (10) in various w ranges appear in 
Fig. 8.3.2. 
For prescribed w and k,, there are four eigenvalues x,, given by the solu- 
tion of the quartic equation (10) as 


K, = V6, — (+ DK?/2) £ Aflei — 1)/2) (11) 
with 
A = vk + 1 EEE — IF sen (Ei !). (lla) 


For spatially dispersive €, additional roots are possible. The sign of the dis- 
criminant A has been chosen to facilitate subsequent discussion of the analytic 
properties of the mode functions in the k, plane. For each eigenvalue x, in 
Eq. (11), one finds on substitution into Eq. (9) that the corresponding mode 
electric-field components are related by 


+When e, < 0, the normalization of x and k, is with respect lo Ky4//é,|. In Eq. (10), 
one then replaces x’ by jx’ and k; by jki. 
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E kr, E,- €f 
Ep ET Ippe (12a) 


whence, from Eq. (6), the corresponding mode magnetic ae is given by 


H = ott Enzo — Ga ko + 75 kes (12b) 
the parameters 
Z, = PR k), z% = SE (12c) 


reduce to the characteristic E- and H-mode impedances in the isotropic case 
€, = 0, ci = l [see Eqs. (2.2.15c) and (2.2.15d)]. Disregarding the velocity 
components of the x, mode, which are readily evaluated from Eqs. (6) and 
(12a), we shall exhibit only reduced wavevectors Y, defined by 


E, Za èa + Cra 
v| aona | (13a) 
H, h, + h, 
From Egs. (12) and (8), on setting E, /(~v 2 Z4) equal to unity, one can iden- 
tify? 


/2e — 4 ki >, Jo È /2e erm (13b) 
x —_ “o IX 10) ta Wee, ° 
EaR , = m k 
2h, = fA ee + n 2h,. = — joint, 
where ô = 2€3/(€, — 1) and the mode impedance in Eq. (13a), denoted by 
Z = SAAN — k?) _ on, A? + k? A (13c) 
5k Ak n F 


is chosen to secure the normalization in Eq. (15). It should be noted that e, 
and h, are fixed for given w and k, while Z, may assume four distinct values, 
depending on the choice of sign for the eigenvalue x, in Eq. (11) that distin- 
guishes the various Y, wavevectors. The adjoint mode vectors e,. and h,-, and 
adjoint mode impedance Z,., follow from Egs. (13b) and (13c) on the replace- 
ments 

A — A* and K, > KŽ; (13d) 


note that Z*. = Z, but e, ~e,- and h, = h_., so there exist conventional 
transmission-line relations but the power expression involves the amplitudes of 
both the orginal and adjoint modes (see Sec. 8.2h). 

The derivation of the transverse mode functions in Eq. (13a) can equally 
well be effected by use of the transverse field equations (8.2.25), which may be 
written as (€, = €;) 

K, Za ê = om(1, +e) - h, X Zo 


vV, y 


(14) 
6 
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where Y, = 1/Z,,€, = €,1, — j€,7) x 1,, and the suffix a on e. h, implies 
that they include the exp [j(wrt — k,- p)] dependence. The indicated derivation 
via the reduced equation (2) or (Sa) for the electric field E constitutes a more 
general procedure, applicable as well to spatially dispersive systems. 

As anticipated from the reflection symmetry with respect to the gyrotropic 
axis, +x, eigenvalues are possible. Consequently, the orthogonality properties 
(1b) or (7) can be simplified by distinguishing modes by x2 rather than x.. 
Thus, from Eq. (13a), on adding the relations (7) for +x, and —x, and 
choosing N, == Z., one infers for prescribed w, k, the orthonormality properties 


e, > h} X Zo = Ô,g for real x,, ue 
€- h? x 2, =0,; for complex K., 
where now 6,5 = | if x2 = x3 and 6,, = 0 if xt + K}. One notes that mode 
functions distinguished by suffices & and @*, respectively, correspond to eigen- 
values x, and XS and thus to opposite choices of sign before A in Eq. (11). 
The above mode functions e, and h,, distinguished by eigenvalues x2, 
permit a transmission-line representation of the steady-state transverse electric 
and magnetic fields and their sources in the cold magnetoplasma as 


E(r) = 2 V (ze, ee, 


Hr) = È .(2h,e"/*"?, 
: (16a) 
M,, X Z = $ va(z)e,e7/™"", 


Zo X J, = >) i,(2)h, ew shee 


where the summation $., = >), fJ dk,/(2z)’, the @ subscript distinguishes 
“ordinary” and “extraordinary” waves in polarization space as will be explained 
in Sec. 8.3b, and the voltage (V,) and current (J,) amplitudes are determined 
by transmission-line equations with propagation constant x, and characteristic 
impedance Z, = 1/Y, given by Eqs. (4!) and (!3c), The transmission-line 
equations are derived by following a procedure similar to that in Sec, 2.2 
[however, subject to the orthogonality conditions in Eqs. (8.2.15) or (8.2.16)], 
and take the form 


a = jx, ZI, + va, -A = jK, Ya Va + in (16b) 


with source voltages and currents 


ve(2) = | Muet Hid, i,(2) = fe J, + Ex’ dS, (16c) 


where S denotes the waveguide cross section and the equivalent source currents 
M,, and J,. are defined in Eq. (8.2.29b), The details are left as an exercise for 
the reader. 

Correspondingly, knowledge of the complete set of wavevectors ‘Y,, each 
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distinguished by the eigenvalue x, permits a representation of an arbitrary 
steady-state field ‘¥(r) as shown in Eq. (8.2.26b). In a cold magnetoplasma, 
using wavevectors defined in Eqs. (13), one thereby obtains in component form 
the field representation 


peop XK, J, 
E(r) = 2 Í a,(z)(Z, €, + e.,)e Jx (27) + JEE; an 
dk M. 
E -Jkr t : 
He) = E J athe + hyde" GG + So 
Solution of the defining equation (8.2.27) for a, yields 
q,(z) = — J © bZ) di, a= ts, (18a) 


for modes with x, = K,, carrying power in the increasing z direction, and 
a,(z) = J ba(z' je Fal dz’, Q= he, (18b) 


for modes with x, = K, _ carrying power in the descreasing z direction; the 
source term b, follows from Eq. (8.2.28) as (note N, = Z,) 


bl2) = z5 [Zet + e%-) + JO) + (hE +h.) Mine? dS. (18c) 


The results in Eqs. (17) and (18) follow equally well from the general Green’s 
function representation in Eq. (1.4.17), the field representation (1.1.73a), and 
Eqs. (13). 


8.3b Wavenumber Sarfaces 


The real solutions of the dispersion equation (10) define wavenumber (or 
refractive index) surfaces in (k; x') space whose shape depends strongly on 
€;, En € via the wave frequency w, the plasma frequency @,, and the cyclotron 
frequency w, [see Eg. (4)]. For various ranges of X = (w,/@)* and Y = w,/w 
bounded by the solid curves in Fig. 8.3.1, the surface shapes may be grouped 
into the eight categories shown in Fig. 8.3.2; the X and Y notation is custom- 
ary in ionospheric propagation theory.’ The branches labeled “o” and “e” 
represent, respectively, the real “ordinary” and “extraordinary” mode solutions; 
they correspond to the plus and minus Signs, respectively, under the radical in 
Eq. (11), and the corresponding x, values are denoted by +x, and +x, [the 
+ here refer to the signs outside the radical in Eq. (11)]}. In k; ranges for 
which no branch is shown, x, and (or) x, is complex, with Im x,, < 0 in order 
to satisfy the radiation condition for traveling modal fields [see Eq. (18a) re- 
quiring decay of exp (—jxK,,Z) aS z— 00}. This definition, based on the analytic 
properties of the multivalued functions x}, does not always coincide with an 
alternative one used in the literature wherein “extraordinary” and “ordinary” 
distinguishes those wave types whose propagation in the direction transverse 
to z is, or is not, affected by the presence of the external magnetic field B,. 
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FIG. 8.3.1 Subdivision of the XY ptane (the portion shown ex- 
cludes the low-frequency domain w —» 0), The frequencies delineat- 
ing various regions correspond to the following parameter values: 
W4: EF = EF; Wa: €, = 0; wy: Ze}? = (ef + IXe — e2). 


Transverse propagation corresponds to x' = 0, and since By = 0 (i.e., @, = 0) 
implies an isotropic medium with wavenumber k = kyv/e, [see Eqs. (3b) and 
(4)], the corresponding k; values are k? = 1 for the ordinary modes and 
k? * 1 for the extraordinary modes. 

The longitudinal wavenumbers x,, in Eq. (11) evidently possess branch- 
point singularities in the complex k; plane.?° Most relevant are those occurring 
for real values of k; and signifying the k, terminus of the interval of propaga- 
tion of a non-evanescent mode with real x’. Such branch points K; may be 
located on Fig. 8.3.2 by the condition dK’ /dkj= 00, k?—1 and ki=(e?—-€7)/e; 
distinguish &, values at which x, = 0 while branch points at K, = +6[(6/2) 
— »/(6?/4) — 1] arise from A = 0 in Eq. (lla), and it is recalled that ô = 
26;/(€; — 1). The algebraic sign of Ki. when real, must be determined in 
accord with the radiation condition requiring that the waves with dependence 
exp (—jkxK,,,z) carry energy in the +z direction. From the discussion in Sec. 
1.7c, the average power flow density vector S = Re (E x H*) is normal to the 
wavenumber surface and drawn so that k’- S > 0, where k’ = ki + zk’ is 


"A JO siulod ysueiq 31W00 7y = 72 apy ‘AJaA1ID0dS9I ‘SIOQWAUDARM [BUIPNZUO] PUL ISIIASULI pazieWwsOU IN) aousp , -(f9%yx)% 
= A pue (aA °y)y = ly = o yeg Sty Ul UMOYS sadjaweied ewsed JO SIULI SNOLIBA 10} SIJEJINS JOQUINUDAEM TEE “IT 


-E VP dan 29m IME < (2m Ie) UU C) 
"mm at so 4 P. +e = fo imeem tm (3) 
m 


0< M <m m) UW (t) ? z 


24 IM Axle im cme 'm(q) 


(7%) xew < mM < Sem (3) a) 


(“m tm) xew < m < Em (p) 
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the normalized wavevector. Since we are interested in waves with S - z, > 0, 
this implies, for example, that x3, > 0 for the propagating ranges in Figs. 
8.3.2(a) and 8.3.2(e); that xo > O for k? < I and xK, < O for k2? < k? < œ% 
in Fig 8.3.2(c); and that x, > 0 for —oo < k? < oo in Fig. 8.3.2(i). When 
passing from the propagating to the non-propagating range, the analytic con- 
tinuation of k,, must be performed so that Im xi, < O and thereby specifies 
the corresponding sign of Re x; .. 

The explicit form of the mode functions e, = e,,,h, = h,. and their ad- 
joints for the ordinary and extraordinary modes follows from Eas. (13) for 
€& > 0 as 


+tA—k? +A* — k? 

/2e,, = =a hed oi, VT e = HA E e Fj A bn 

(19a) 
k? + å G - a 
VT he = j EEE ko H ba VE boe = JERA i + fe, (19b) 
with the characteristic pres Z.. in Eq. (13c) given artis by 
ou, & t K 

Bis = Te wee k => kové, k= = 7K (20) 


According to Eq. (15), the mode functions in Eqs. (19a, b) satisfy the ortho- 
normality conditions 


e,, hi, x Zo = 0, e.o ° bhž, X z = l, A real, (21a) 
Ceo. ° hž, X Zo = Q, cat bl x z= I, A imaginary, (21b) 


with the recognition that x, = —x,* when A is imaginary (the minus sign 
being chosen to assure Im Ky, < 0). It then follows from Eq. (20) that 
Zo = — Z* when A is imaginary. (21c) 


When the medium is lossy, the matrix elements in Eq. (4) are complex and 
the mode orthogonality condition (8.2.8b), or its simplified form (8.2.14b) for 
the present reflection symmetric case, involves the eigenfunctions for the ad- 
joint medium. [t can be shown that results for this case can be obtained by 
analytic continuation from those for real A. 


8.3c Green’s Functions for Unbounded Regions 


Modal representation 


Application of the preceding results is now illustrated for the problem of 
radiation from a time-harmonic electric current element in an unbounded, cold 
homogeneous, and lossless magnetoplasma. While radiation in an unbounded 
medium can also be described in terms of the plane-wave modes of Sec. 1.2,” 
we employ the guided-wave formulation’? in anticipation of the plane-stratified 
medium to be discussed in Sec. 8.3d. Since the gyrotropic axis is parallel to 
the symmetry axis z, one may employ Eqs. (16) or (17), which represent the 
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electromagnetic fields and their source excitations in terms of the eigenfunctions 
in Eqs. (19). 
We assume the current element to be directed parallel to the z axis: 
J(r) = 2,J°0(r), M(r) = 0. (22) 
Employing the field formulation in Eqs. (16), one finds, in view of Eqs. 
(8.2.29b) that J,, = 0,M,, = (j/m€,€,)(V, x J,), so the current generator 
i,(z) = O while v,(z) = v. 6(z) is given by (note: Ht = h,. + h.a) 


-I ff po5ipyv, - ng ee Lee 
Ye = Bese J] TOON, « BB) x zode dy = — THe = ead, (23) 


where h,(p) = h, exp (—/k, - p) from Eq. (13b), a denotes both æ and k,, and & 
stands for o or e. Also recall that €, = €,€). The solution of the relevant 
transmission-line equations (2.2.15a) and (2.2.15b) in the unbounded medium 
is given for €, > 0 by Eqs. (2.4.19): 


V (2) = — (sgn 2) $ e-/al#! = (sgn 2)Z, 1,(2) (23a) 


with Z, = 1/Y, given in Eq. (20). The total electromagnetic fields may now 
be written down from Egs. (16) and (8.2.3). 

Alternatively, proceeding from Eqs. (17) and (22), one finds in a source-free 
region, 


E(r) = pe f [ba(Za €n + Cra)e Na] ka z20, (24a) 


Hr) =F f (bath, + haenen] NG, ZZO. (24b) 


The suffixes a, and a. denote the modes carrying power in the increasing 
(z > 0) and decreasing (z < 0) directions respectively, and, as indicated, the 
summation is over one type of mode or the other depending on whether z Æ 0; 
furthermore, from Eq. (18c), with 5,(z) = 6, (2), 


Ses: 0 — Va k 

b, = m — (sgn 2) 5 a 2Z, ’ Crat = Ory: (24c) 
Because of reflection symmetry, to each value x, there corresponds an eigen- 
value —x, (see Sec. 8.2d), so the two ranges z 2 0 can be accommodated by 
the @, expression provided that in the range z < 0, one replaces x, by — x.. 
Equations (24) then yield the same result as that obtained from Eqs. (16) and 
(8.2.3). 

Since the integrands in Eqs. (24a) and (24b) depend only on k, and p, it is 
convenient to exploit the azimuthal symmetry and change to a Fourier—Bessel 
(cylindrical-wave) representation. On noting that k,, = Pacos é — sin $, 
k,, = Pasin Ø + $, cos $, one finds from Eqs. (5.2.7) with f(k,) = 1, p’ = 0, 
that 


Jew dk, = 2n f ” Ik, p)k, dk, dk, = k, dk, dd, (24d) 
0 
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while ftom p differentiation of the same formula with /(k,) = 1/k,, p’ = 0, 
| i dk, Í $ db k, cos pe ke % = — far { i Ik p)k, dk, (24e) 
Moreover, by direct integration of the $ integral, 
f dk, E k sin ġ e~t e — O, (24f) 


When these results are utilized in Eqs, (24a), (24b), and (13), with p, and 
È, fixed, one finds on employing the transformation leading from Eq. (3.2.62) 
to (3.2.69) that for z = 0 and e, > 0,7 


ashe j g? F A jo -Jka'o alt 
E, = JAtsen 2) | o(p = + bo SR) HM kape se do, (25a) 


2 
=A g a A oF, Hy X kopje- jkn’ o ei do, (25b) 


E, 7 


H.,, = a nly an e4 hj? mae Heng) HP (kopye oa do, (25c) 


H,,, = —Jj(sen ye T ot" S HP(kapje vod dg, o= k, (25d) 


where the upper and E signs refer to the ordinary and extraordinary mode 
contributions, respectively, A = k?CJ°/l6n with € = (f,/€o€;)'*, and Po, bp, Zo 
are unit vectors in a cylindrical coordinate system. For brevity, the notation 
a = k; has been introduced, where k is defined in Eq. (10a). The total fields 
are then obtained from 


E = E, a E,, H _ H. T Ho. (26) 


The integration path is indented into the Jower half of the g plane to avoid the 
branch point at ø = O arising from the presence of the Hankel functions. The 
branch-point singularities due to A and x,, are displaced from the real axis 
when losses are assumed, and their disposition in the lossless limit is thus made 
unambiguous; alternatively, one may follow the considerations in Sec. 8.3b for 
directly determining the path deformation around significant real branch points. 
These considerations are linked with the radiation condition requiring 
Im x. <0 on the integration path. In the Jossless case, where x,, may be 
real over Certain ranges of g, its algebraic sign can be determined as noted in 
Sec. 8.3b, or by treating the problem in the limit of vanishing dissipation. 

The radiation condition for propagating waves may alternatively be imposed 
by requiring the mode admittances Y,,, = 1/Z,,, in Eq. (20) to be positive 
when X, is real. For proof, we begin with the requirement that the total aver- 
age power flow through a plane z > O must be non-negative and given by 


5, = Re [f Ev-H, x zodx dy > 0. (27) 


tFor e, < 0, replace V€ — —ja/Je|, o > ja, K’ — JR’, 
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Upon substituting the modal representations for E* and H, from Eq. (16a), 
interchanging the orders of the xy and k, integrations, and recalling the ortho- 
gonality relation (8.2.15),t one finds 
= + » r R 
§ Re || (V2, + Vin) SE > 0, (28) 
with the integrals extending over those portions of the k; plane for which x2, 
is both real (A real) and complex (A imaginary), respectively. The relation in 
Eq. (28) is valid for arbitrary source distributions confined to or below the 
plane z = 0, and the form of V,,, and /,,, for z > 0 is then as in Eq. (23a); for 
the special case of the longitudinal electric dipole, v,,, is specified in Eq. (23). 
Equation (28) may therefore be written as 
2 2 t 
Š, = Re ff [ral Mol + YAVI n >0, (29) 
and since Y, = — Y? when x° is complex [see Eq. (21c)}, the corresponding 
integral representative of energy coupling in the non-propagating ordinary and 
extraordinary modes does not contribute to the real power. When x’ is imagin- 
ary with A real, Y,,. = 1/Z,,, in Eq. (20) is also imaginary and there is again 
no contribution to S,. The only remaining modes are the propagating modes 
along z for which kj, is real: 


= Yol ea N Y.K. PEET (30) 


' reai 


Since this meaai must be satisfied for ee source distributions (i.e., 
arbitrary V, and V,) it follows that 


Y,. > 90 when x’, e is real, (31) 


which statement implies that each propagating ordinary and extraordinary 
mode carries energy away from the source region (see also Reference 6). 


Asymptotic evaluation of far fields 


Since it does not seem possible to express the integrals in Eqs. (25) exactly 
in terms of known functions (a reduction is possible, however, for the special 
case of uniaxial anisotropy, €} = 0 {see Eq. (7.3.8) et seq.]), it is necessary to 
resort to asymptotic techniques in order to infer specific information about the 
behavior of the radiated fields. Generic double Fourier integrals encountered 
in the theory of radiation by arbitrary sources in anisotropic dispersive media 
have been discussed in Sec. 1.6b, and an asymptotic evaluation at large distances 
from the source has been performed by the stationary-phase method. Because 
of the complexity exhibited by multiple integral representations, the asymptotic 


tOn multiplying eo, and h.s in Eqs. (19) by exp{—jk,-p) to synthesize the mode 
fields e, = E,,/Z. and h, = Hy, one finds from Eq. (8.2.15), 


fo [ecko knh, head x to dS = ea Bf x zo 8n — knX2a)?. 
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calculation in Sec. 1.6b accounts only for saddle-point contributions without 
including effects of singularities in the integrands. For the special case under 
discussion here, the double integrals have been reduced to the single integrals 
in Eqs. (25), which can be treated more thoroughly by the methods of Chapter 
5. For this reason, the asymptotic evaluation is presented again, due regard 
now being given to the steepest-descent paths through saddle points, and to the 
manner of dealing with singularities and transition phenomena. Graphical 
methods for determining saddle points are the same as in Sec. 1.6b and are 
summarized briefly. 

As in the investigations of similar integrals encountered in problems of 
radiation in isotropic regions (see Sec. 5.3), it is assumed that |kop| >> 1, so 
the Hankel functions may be replaced by their asymptotic approximation in 
Eq. (5.3.13). If kp >> 1, this condition may be satisfied over the entire integra- 
tion interval provided that the path is distorted away from the vicinity of o = 
0. Each of the integrals is then of the form [see Eq. (1.6.22), with A = L, 
yw = krM, i -> —j, k, —> ko] 


J= f L(a)e-ik M2) do, (32) 

where 
M(a) = x(a)|cos 6| + osin ð, (32a) 
and (r, @) are the spherical coordinates with respect to the source point r = 0, 
p= rsinð, z = rcos ð. (32b) 


For kr >> 1, the major contribution to the integral arises from the vicinity of 
the saddle points g, at which 


Z Mlo) -0 or ao) _ = —|tan 8]. (33) 
The real solutions x'(0;) = Ki, O, yield propagating waves in the far field while 
complex saddle points give rise to exponentially attenuated solutions. The geo- 
metrical significance of the saddle-point condition (33) has been discussed in 
Sec. |.6b and also in connection with radiation in the uniaxial medium [see 
Eq. (7.3.11) et seq]: the real saddle points locate those points x;, o, on the wave- 
number surface for the medium [i.e., the plot of the real x’, k, =o solutions 
of Eq. (11)] at which the normal makes an angle @ with the positive x’axis. 
The normal to the wavenumber surface points in the direction of power flow 
(ray direction), so the contribution from each saddle point represents a wave 
that, at least in the far field, carries energy radially away from the source 
region. This radial power flow property does not necessarily apply to the total 
field contributed by several saddle points, in view of interference that generally 
occurs between the various field constituents. These remarks are illustrated in 
general in Fig. 8.3.3 (see Fig. 1.6.5 for further elaboration on the use of the 
diagram), with Fig. 8.3.2 showing the actual curve shapes corresponding to 
various parameters in a plasma described by the permittivity tensor in Eq. (3b). 
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FIG. 8.3.3 Wavenumber surface and saddle poinis. 


To carry out the asymptotic evaluation of the integral in Eq. (32), it re- 
mains to be shown that the integration path can be deformed into steepest- 
descent paths (SDP) through the various saddle points. The steepest-descent 
contours through the saddle point g, are defined by the equation Re M(a) = 
Re M(a,), but a solution is not simply obtained in view of the complicated 
structure of «’(a). It suffices, however, to follow the SDP only in the vicinity 
of o,, where its progress is determined readily, provided that the remaining 
portions C’ of the path lie in “valley regions” below the level of the various 
contributing saddle points. In the valleys of the complex ø plane, one has 
lm M(a) <0, whence the contribution from any path segment C’ is 


Imo Constant 
SDP level paths 


G 
RKA 


\ 
LS. WX 
Ww) \ WG; \ 


Steepest-ascent paths 


\ 


FIG. 8.3.4 Path deformation in the complex o plane. Valley 
region [Im M(o) < 0] is shaded. Note that [d2 M(oe)/do?],,,, < 0, 
[a?M(a)/do?)., > 0. 
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O[exp (—akr)], where a > 0 is the smallest value of |Im M(ø)| along C’. This 
exponentially small term can be neglected in comparison with the saddle-point 
approximation, for which Im M(a,) = 0.7 For the configuration in Fig. 8.3.3, 
the disposition of the complex ø plane in the vicinity of the saddle points is 
shown in Fig. 8.3.4, and one observes that the path may be deformed from 
the real axis so as to proceed entirely in valley regions when o + @,. To achieve 
this path distortion it is necessary that the algebraic sign of d7M(a,)/do? alter- 
nate from one saddle point to the other since the argument of the vector 
element ø — g, leading away from the saddle point along the SDP is 2/4 
when d?*M(o,)/do? = O [see Eqs. (4.2.1) and the similar analysis in Sec. 7.5e]. 
This behavior is met as long as x'(ø) is a regular function of ø over the relevant 
interval on the real axis. One may also verify that none of the branch points 
in the integrand is crossed during the path deformation so that the asymptotic 
approximation of the integral in Eq. (32) arises from the saddle points only, 
with the lowest-order contribution from each taking the form given in Eq. 
(4.2.1b) (see Sec. 8.3b for the analytic properties of x},,). 

After these preliminaries, the asymptotic solution for the field components 
in Eqs. (25) at the distant observation point (r, @) sa be written as follows?: 


-Jkr N8 
PoE, + ZE, ~ 2jA 2, Bw RG; (qj x Op), (34a) 
TS 24 z BV RF - jkr NWO) A z ir i (34b) 
-Jkr N8) 
Poll, + 2H, ~ — FE Aw aoe (P; x $), (34c) 
p _2jA e - Jkr NAO) Ho 
F2 E BW RG =y P (34d) 


where the summation extends over all contributing saddle points and N,(0) = 
M(øo,) is the ray refractive index. R, is the radius of curvature of the wave- 
number surface at the point K;, g,ł 


l= \d?x,/do?| dK, 
—~ fT + (de/do, Y] 7 do? 
and F, Ga are amplitude functions defined as follows; 


= o, oô _ fo KO, oi — yA, 
F(6) = N sinp y A, 6, G(@) = nOr a AS cos, (35b) 


with A, = A(a,), and y, = +1 or —1 if the saddle point arises in the ordinary 
and extraordinary integral, respectively. Finally, 8, = +1 if d?M(o,)/do} < 0, 
B, = —j if d*M(o,)/do? > 0, and pi, q; are the polarization vectors 


‘Iicos? 0| = d’ TR cos? 8, (35a) 


¢This estimate of the exponentially small error made by neglecting the contribution 
from C is used in addition to the error estimate of the saddle-poin! evaluation in Sec. 4.2b 
based on the distance from the saddle point lo the nearesi singularily in the integrand. 

tThe symbol dA(a,)/do, denotes evaluation of dA(a)/do at ø, and similarly for 
higher derivatives. 
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2 

Pr = Po + Zon Qi = Pod, + tog, (35c) 
where kp;-r = krN (0), so N,(@) = p-ro. These results, valid when €, > 0, 
also apply to €, < O with the substitutions listed in the footnote to Eqs. (25). 
Further investigation of the formulas in Eqs. (34) is required when the radius 
of curvature R; — oc, and the pertinent considerations are given below. The 
form of Eqs. (34) is the same as in Eq. (1.6.25) if one observes that in view of 
the rotational symmetry of the wavenumber surface about the x’ axis, one of 
the principal radii of curvature is constant. 

The structure of the asymptotic formulas substantiates the remarks made 
earlier about the use of the refractive index surfaces in predicting the number 
of propagating ray contributions tn the far field. As noted in Sec. |.6b, certain 
information regarding the ray amplitudes is also obtainable in view of the 
presence of the radius of curvature R, in the result; field enhancement is evi- 
dently associated with rays corresponding to segments having small curvature. 
If the surface has points of inflection or open branches, certain rays will con- 
tribute only over a limited range of observation angles; in the vicinity of the 
boundaries of the domains of existence of these rays, R; — oo and a more care- 
ful evaluation of the original integral is required. The restricted domain of 
existence of Certain rays associated with a wavenumber plot having points of 
inflection may be visualized from Fig. 8.3.3, which shows that the saddle points 
a, and g, yield propagating waves only when 0 < 6 < @., where 0, is the angle 
between the positive x' (or z) axis and the normal at the inflection point T. 
For 6. < 0 < 2/2, 0, and g, are complex and the associated ray contributions 
are evanescent; this range of observation angles therefore defines the “shadow 
region” for these rays. These considerations do not affect the ray corresponding 
to a, which contributes at all observation points. Analogous remarks have been 
made in Sec. 7.3 to explain phenomena associated with an open-branched sur- 
face. 


Transition region: coalescence of two saddle points 


As noted earlier, the asymptotic formulas in Eqs. (34) become invalid when 
R, — œœ, as, for example, at a point of inflection on the dispersion curve (see 
points T in Fig. 8.3.3). As the observation angle @ in the far field approaches 
the value @, defining the direction of the normal at T, the two first-order saddle 
points at g, and g, approach one another and coalesce into a second-order 
saddle point on the shadow boundary 0 = @,. The asymptotic evaluation of the 
integral must then be carried out in terms of Airy functions (see Sec. 4.5a), and 
the result is directly analogous to that in Sec. 7.Se [see the portion of Eq. (7.5. 
59) relating to the saddle points £, and 8,]. On the dark side (0 > @, for the 
diagram in Fig. 8.3.3), the contributions from the two rays corresponding to 
@,. are exponentially small and therefore negligible [the ray refractive index 
N(@) is no longer real], whereas on the shadow boundary, the variation is 
~ (kr) 5/5 exp [—jkrM6.)]. Thus, the fields on the boundary are stronger than 
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at other observation angles where the distance dependence is according to the 
conventional (Ar)"'. Larger field concentrations may therefore be expected in 
the transition region where the two ray contributions from g, and g, have 
almost identical properties and interact strongly. 


Transition region: saddle point moves to infinity 


The radius of curvature of the dispersion surface also grows without limit 
on the remote segments of open branches. A simple but typical example has 
already been encountered in the uniaxially anisotropic medium in Chapter 7 
(see Fig. 7.3.2); the difficulty in the present asymptotic evaluation arises when 
0 — 8.(a, — œœ), where @. relates to the normal to the asymptote of the surface. 
Open branches of the dispersion Curve may arise when €i < 0, as found from a 
study of the real solutions of Eq. (10) when x’,a@ — oo; the equation for the 
asymptotes is easily shown to be @ = 6 = +tan'/— ] /e,, it being recalled 
that o =k. 

To assess the modification of the asymptotic procedure required when g, -— 
oo, it suffices to consider the integrands in Eqs. (25) in the range of large ø. 
From Eq. (11) and its counterpart when €, < 0, one finds, for |o | >> 1, 


2 
K = — etzie, €é,>0, E<0, (36a) 
y ee 
2 
Keefe t pai, a <0, <0, (36b) 


l 


where it has been recognized that K, < 0 and x, > 0 (see Fig. 8.3.2), and that 
the open branch is associated with the ordinary and extraordinary modes when 
€, > Oand €, < 0, respectively. To approximate the factors multiplying the 
exponential and Hankel function in the integrands of Eqs. (25), we may put 
K œ g, À = —øg?, thereby obtaining simple powers of o which may be reex- 
pressed as appropriate spatial derivatives of the remaining integrand. The 
resulting fields may thus be formulated as spatial derivatives of an integral that 
has the same form as the one in Eq. (7.3.8), and the latter may be evaluated in 
the closed form listed in Eq. (7.3.3b).t Since the potential function in Eq. 
(7.3.3b) behaves like [r N(8)]-' exp [—jkrN(0)], one observes that a true field 
singularity exists as @ — @, [i.e., M0) — 0] and that the field behavior near this 
type of shadow boundary in the gyrotropic case is the same as in the simpler 
uniaxially anisotropic medium.” The reader is therefore referred to the detailed 
discussion of the latter problem in Secs. 7.3a and 7.3e. It is perhaps worth 
emphasizing again that the strong field and power flow singularities at 6 = @. 
disappear when losses are present, and also when a smooth extended source 
distribution is employed in place of the point dipole current. 


+Allowance must be made for the different time dependence exp (jwt) employed in this 
chapter. While Eq. (7.3.8) represents directly the form corresponding to Eq. (36b), one 
may Show that the integral corresponding to Eq. (36a) leads to the same type of result. 
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8.3d Green’s Functions for Plane-Stratified Regions 


Representation in terms of ordinary and extraordinary modes 


In a medium consisting of piecewise constant layers whose interfaces are 
perpendicular to the rectilinear coordinate z, the electromagnetic boundary con- 
ditions across each interface may be satisfied in a systematic manner in a rep- 
resentation comprised of the guided-wave eigenfunctions.** If the gyrotropic 
axis is inclined arbitrarily with respect to the z axis, the general mode functions 
in Sec. 8. 2 must be employed in each region; since there exists in general no 
mode pair exp(—jx,2) and exp (+-/*,z) descriptive of waves propagating along 
the -zand —z directions with the same propagation constant x., the analysis 
in layered media must be effected in a traveling-wave, rather than a standing- 
wave, description. However, for the special case of longitudinal orientation of 
the gyrotropic axis as in this section, the region becomes reflection symmetric 
and a standing-wave approach may be used to advantage (see Sec. 8.2d). A 
number of pertinent considerations are presented below. 

If the region in question Consists of layers, each of which is characterized 
by a dielectric tensor of the form shown in Eq. (3b) with bẹ = Za, the trans- 
verse electric and magnetic fields in the vth layer are represented in the form 


[see Eq. (16)] 


E.(r) oa (he ake. k,)e,,(k,) as V tz, k,)e,,(k,)} exp (—Jk, ° p) ak, 


(27) 


H,,(r) = i (7,,(z, k, )h,,(k,) T In(z, k, )h,,(k,)] exp (—jk, A Pon > (37b) 


(37a) 


where ea, and h,,, (Q = o, e), are the eigenfunctions in Eqs. (19) and Va, Ja, 
are the modal voltage and current which satisfy the transmission-line equations 
(16a). Let us suppose that the vth layer is separated from the th layer by a 
plane interface at z = z,; then the required continuity of E, and H, across z, 
may be satisfied if 


V olay ++ Veta == BRIT T Ve , (38a) 
lho, ag f,,h,, Se Ihos EN | 3 (38b) 


In view of the orthogonality relation in Eqs. (21), Eqs. (38) may be reduced to 
the matrix form 


4 T hy V t (39) 
I zE A; » yore G. ° ctc., 
where V, I, (i = v, 4), are column vectors while 7, is the impedance transfer 
matrix 


y 


T (x i ) (39a) 
24 ! a 
: 0 4, 


whose elements /,,,, /,, are themselves 2 x 2 matrices: 
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hx, X Zoe, be, x Zoe 

v o'u 0 

ha : Pe ie (39b) 
h*., x Zo’ og h?., x Zo' Cen 

f e2,- h, x Zo ed, h, xX Zo 

a ee : : (39c) 
ež, bo X Zo ež, hka, X Ty 


Since the submatrices t,, and /,, are generally not diagonal, the ordinary and 
extraordinary modes are coupled at the interface. 

In the interior of each slab region, the modal network comprises two un- 
coupled transmission lines representative of the o and e modes, respectively (see 
Fig. 8.3.5). The impedance transfer matrix 7, for a slab of length d is readily 
constructed from the transmission-line solution in Sec. 2.4: 


cos (kx'd) iZ sin (kx'd) 
ne, Sa ae (40) 
jY sin (kx‘d) cos (kx'd) 
where x’ and Z = Y~' represent the diagonal 2 x 2 matrices 
(40a) 
Region 
‘ £ 
P(x’, y',2') 
i 
-~~++- ---j-- ez 
Electric and 
magnetic 
current i 
elements fi i 
Lon ms =a 
l í 
f] 
L 


FIG. 8.3.5. Physica! structure and associated nelwork 
problem. 


cos (kx’d) is a diagonal matrix having as elements cos (kxd) and cos (kxd), 
respectively, with a similar interpretation applicable to sin (kK'd). The voltage 
and current vectors V,, Z, at the Slab face z = z, are then related to the anal- 
ogous quantities at z = z, in the same slab via 
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G-A) acne a 


and the transition across the interface is accomplished through use of Eq. (39). 
Repeated application of Eqs. (39) and (41) aflows the systematic calculation of 
the voltage and current at any point in a plane-stratified region and leads to an 
overall] transfer matrix given by the ordered product of the individual T, and 

If the region is terminated at z = a by a plane with constant anisotropic 
surface impedance 7 (i. e., E, = 2-H, x zat z = a), then by considerations 
analogous to those leading to Eqs. (38), 


Vv — ZI, (42) 


where V and J are column vectors as in Eq. (39). and & is the 2 x 2 imped- 
ance matrix, 


PS “e X Zo- Z-h, Xx z hA xz Zh, x i 
— 9 
hy xz Zh xX zy he xz Zh, x 2, 


the mode functions being those for the medium adjoining the boundary. One 
observes that even a scalar surface impedance Z, for which Z = 1,2 ,„ gen- 
erally couples the ordinary modes unless Z = 0 (perfect conductor) or k, = 0 
(normally incident mode). 

Since an abrupt change in the medium properties leads to a coupling be- 
tween the o and e modes as in Eq. (39), it follows that these modes are coupled 
continuously in a gyrotropic medium with continuous variation along z. The 
modal representations in Eqs. (37) may then be employed only locally and the 
mode functions become z dependent (the discrete index v goes over into a con- 
tinuous function of z). This complication disappears in the special case of uni- 
axial anisotropy (Sec. 7. 2) and, of course, for an isotropic dielectric (Sec. 
2.3e). For a treatment of the coupled equations, see Reference 10. 

Rapid variations in the medium parameters lead to strong coupling of the o 
and e modes, thereby making calculation difficult in this representation. It may 
then be convenient to employ an alternative method wherein the modal equa- 
tions are uncoupled when €, = O, for an arbitrary z dependence of €, and ¢,; 
mode coupling is now introduced by the off-diagonal term in the dielectric 
tensor in Eq. (3b). The “unperturbed” solution in this instance is evidently 
either the uniaxial one discussed in Sec. 7.2 (€, # €) or the isotropic one in 
Sec, 2. 3e (€,=€;). In a gyrotropic plasma described by Eqs. (4), €,.=0 obtains 
for w. = 0 or oo, so àa perturbation scheme about the isotropic and uniaxial 
cases is possible for small values of w, and 1/w,, respectively, for relatively 
arbitrary electron density variations X(z) = w%(z)/@’."' 


(42a) 


Asymptotic evaluation of the fields 


The reduction of the integral representations for the fields when the obser- 
vation point is located many wavelengths from the source region may be ac- 
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complished by the techniques described in Secs. 5.5 and 7.5, and will be dis- 
cussed only briefly. For example, the solution of the problem of radiation from 
a dipole source in a homogeneous, gyrotropic plasma half-space z < 0 is given 
in the form of integrals that, for observation points inside the plasma, include 
those in Eqs. (25) representing the primary field, as well as a similar set for the 
perturbation introduced by the interface; the integrands of the latter contain in 
addition the appropriate modal reflection coefficients derivable from the network 
considerations earlier in this section. The exponential dependence in the inte- 
grands is of the form 


exp {—jk[*,,.(0)[z| + *6,(0) |2'| + op), (43) 


where the subscripts o and e may occur in any combination. An exponent of 
the same type has been investigated in connection with Eq. (7.5.12), where 
9:(B) takes the place of x/,,; the subsequent derivation and interpretation of 
the saddle-point condition may be utilized also in the present case after it is 
recalled that the rays have a direction perpendicular to the wavenumber surface. 
Again, the wavenumber surfaces play an important role in providing a physical 
picture, as noted in Secs. 1.6 and J.7d. If the plasma has a wavenumber surface 
as in diagram (f) of Fig. 8.3.2, for example, then any of the rays 4 through D 
in Fig. 8.3.6 correspond to a typical saddle point g, as shown. Upon striking 
the interface, the incident ordinary ray A in Fig 8.3.6(a) excites reflected rays 
C and D in the ordinary and extraordinary modes, respectively; the latter arise 
from saddle points in integrands with exponential dependence 


exp [—j|k] (#0 [2'| -+ x5]z] + op)) 
and 
exp[—jl|A|(x,]z’] + xiz] + o)], 


respectively. Analogous considerations apply to che incident extraordinary ray B. 
When the observation point is located in the exterior isotropic half-space z > 0, 
then kx, (o) multiplying |z| in Eq. (43) is replaced by x = kx’ = ~v kj — k'a’ 
for both the £ and H modes, and the refracted ray Æ is perpendicular to the 
corresponding circular diagram (see Sec. 7.Se, also Fig. 1.7.4). These simple ray 
pictures, which may also be constructed when the interface is inclined with 
respect to the z axis, provide a direct insight into the reflection and refraction 
mechanism pertaining to confined source distributions; the reflected and trans- 
mitted ray amplitudes emerge from the amplitude coefficients in the asymptotic 
approximation. The diagram may also be employed to predict the occurrence 
of lateral rays that are associated intimately with the phenomenon of total re- 
flection (see Fig. 1.7.7), It is especially interesting to note that in addition to 
the lateral rays traveling on the vacuum side of the interface [ray path B,£,D, 
in Fig. 8.3.6(b)], such rays may also occur on the plasma side in view of the 
mode coupling at the boundary. When g, in Fig. 8.3.6(a} moves to the right 
until it coincides with the ø intercept of the o branch, the incident extraordi- 
nary ray B, excites an ordinary ray C, traveling parallel to the boundary which, 
in turn, sheds extraordinary rays D, back into the medium and refracted rays 
E, into the vacuum region [Fig. 8.3. 6(b)]. It should also be mentioned that the 
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diversity of refractive index profiles in Fig. 8.3.2 admits of focusing phenomena 
more varied than those described in Sec. 7.5e. In addition to the focusing aris- 
ing from the e branch in Fig. 8.3.6, a similar effect occurs due to those portions 
of the o branch having a curvature opposite to that of the circular contour 
representing the vacuum half-space. 

These procedures, applying to an abrupt change in the medium properties, 
may also be utilized to chart the progress of a ray ina slowly varying medium, 
as noted in Sec. 1.6. In this instance, one approximates the medium by piece- 
wise constant layers, draws the appropriate wavenumber or refractive index 
diagrams, and determines the trajectory of the continuously refracted rays as 
above (internal reflection is neglected in a lowest-order approximation), 

Although these simple considerations provide an interpretation of the saddle- 
point contributions to the integrals, and also of the lateral-wave effects ascribed 
to branch-point singularities, they do not account for wave types arising from 
pole singularities that may be crossed during the deformation of the integration 
path into the steepest-descent contour, Because of the complicated dependence 
of K. on g, the determination of pole singularities in the modal reflection coef- 
ficients poses a formidable task and must generally be accomplished by 
numerical means (see Secs. 8.4b and 8.4c for a simple example). 
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FIG, 8.3.6 Ray configurations. 
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8.4 GUIDED WAVES IN A COLD MAGNETOPLASMA (GUIDE AXIS 
PERPENDICULAR TO GYROTROPIC AXIS) 


As discussed in Sec. 8.2h, the analysis of boundary-value problems in a 
gyrotropic medium is in general quite involved. However, for special geomet- 
ries, medium parameters, and excitation, the analysis becomes quite tractable 
and may be effected by transmission-line methods. For example, it was found 
in Secs. 7.2b and 7.4b that a certain class of boundary value problems in a 
uniaxially anisotropic medium can be reduced to equivalent problems in an 
isotropic environment. Similar reductions occur in a gyrotropic medium if the 
fields are independent of the coordinate parallel to the gyrotropic axis (i.e., if 
wave propagation is perpendicular to this axis). To explore this latter class of 
problems, we shall first ascertain the possible guided waves in a gyrotropic 
medium with the gyrotropic axis by perpendicular to the guiding direction Zo. 
In this guide structure the problems in question then correspond to the special 
case of waves with vector wavenumbers k in the plane containing z, and per- 
pendicular to b,; however, other waves also exist in this structure, with wave- 
numbers k in the plane formed by b, and zp, for instance. 


8.4a Elgenfunctions and Eigenvalues for b) Perpendicular to zo 


In a waveguide with b, perpendicular to Za, the guided wavevectors Y, and 
eigenvalues xa, defined in Secs. 1.4, and 8.2. and 8.3, are strongly dependent 
on the orientation g of the gyrotropic axis bo = k,, cos ¢) + k, sin g in the plane 
transverse to the guide axis z,. The notation is the same as that in the reduced 
electromagnetic description of a gyrotropic medium with bọ parallel to z, and 
discussed in Sec. 8.3a. The dependence of Y, and x, on g can be ascertained 
by solution of the eigenvalue problem (8.3.1a) via the method indicated in 
Eqs. (8.3.2)-(8.3.6). For b, perpendicular to Zo, the E, component of ‘F, can 
be derived from Eq. (8.3.5a), evaluated in the Zo, kj», k, basis defined by Eq. 
(8.3.8) (assuming w + 0): 


2 7 . 
E = s n: -+ je sin Q —JE2z COS Q 
0 
2 
ne — je,sin 9 €, sin? p + €, cos? -ý (€, — €,) sin 9 cos Q 
0 0 
k? + K? 
jei cos Q (€, — €;)SINYCOS®@ E, cos? Q + E sin? g — i 
E. 
E, |=0 (1) 
Er 


with the notation and procedure the same as that employed in Eq. (8.3.9) et 
seq., for the case bọ parallel to Zp. 
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Non-vanishing solutions of Eq. (1) exist for those values x = x, that 
satisfy the determinental equation [note that the present normalization 
K' = K/ko k; = k,/k, differs from that in Eq. (8.3.10)]: 


K" — fe, +e — 2k? + (1 — 2) k? cost p|x? + (€, — kM — k?) 
I 


— cos g| 4(€, — esin? p — (€, — ek? + (1-2) Ke] =0, (2a) 
l 


which for g = 2/2 becomes 
[x> — (€, — kè) ik? — (e, — k?)] = 0, (2b) 
and for g = 0 becomes 


K’ — le, +6- (I+ e) 2 |x” + 2 (6 — kə) — e =0 (29 
l U 
with €, = (€} — €2)/e,, and €,,, defined in Eq. (8.3.4). 

The wavevectors ¥, corresponding to the roots x = x, of Eq. (2) are 
somewhat complicated for arbitrary orientation g of the gyrotropic axis in the 
transverse plane. For simplicity we consider first the case ø = 7/2, wherein the 
gyrotropic axis is perpendicular to both the guide axis z, and the wave direc- 
tion k,. For prescribed k,, @, one obtains from Eq. (1) and Eq. (8.3.6) wave- 
vectors ‘¥, of the same form as in Eq. (8.3.13a). For one type of mode one 
finds 

Êa = k.o, Cra = 0, 
(3a) 


kı 
ha = — Ko hye = K,” 


with the characteristic mode impedance Z, and wavenumber x, given by 


Za = Es, Ka = +k, — k? (3b) 

This is an ordinary H-type mode [see Eq. (2.2.1 5d)], with electric field parallel 

to by, appropriate to propagation in a medium with relative dielectric constant 

€,, the latter being given in Eq. (8.3.4). Since K.a = Kas êa = Ca = Cass 

h, = h_, = ha, and Z%. = Z, for these modes, the transmission-line descrip- 

tion is conventional. 

There also exists another type of mode for g = 7/2, again obtained from 

Eqs. (1) and (8.3.6), with 
h2 
é = Ki; e. = Kaki + KOE 


~~ k? — ke, 
h, = Ko» h., = 0, 


(4a) 


and with characteristic impedance and wavenumber given by 


LS LAL, K, = twkie, — k}. (4b) 
4. 


862 Fields in Anisotropic Regions Ch. 8 


In this second type of polarization, the "extraordinary" mode, the eyrotropic 
axis b, is parallel to the a.c. magnetic field. Although X., = +*,,e, = €., 
= ex, and h, = H., = h,. for this mode type, the impedance Z*. + Z, and 
hence the general transmission-line formalism of Eqs. (8.2.43) and (8.2.46) 
must be employed; in connection with the latter one notes that 


Zi Ze. Z*.= —Z, for x, real, 
ZS 75 LoS SZ, for x, imaginary. 


For given k, w, the four Y, wavevectors defined in Eqs. (3a) and (4a) possess 
the orthonormality properties (8.2.40) and also e, = h, X 2p. 

For by = kn (i.e., øg = 0) the mode vectors e, and h, can again be deter- 
mined via the general procedure outlined in Sec. 8.3a. However, in this case, 
e, *e_, and h, # h_,, whence no simple transmission-line (impedance) form- 
alism is apparent under this circumstance. We shall relegate explicit evaluation 
of these mode vectors to the Problems section. 


(4c) 


8.4b Two-dimensional Boundary-yalue Problems in Gyrotropic Media 


Simplifications in the solution of boundary-value problems in a eyrotropic 
medium occur for certain choices of excitation and geometry. Such is the case 
if the fields are independent of the coordinate parallel to the gyrotropic direc- 
tion b, and the medium contains planar or cylindrica! scatterers with planes or 
cylindrical axes parallel to by. It is then convenient to regard the system as a 
waveguide with axis Zo perpendicular to b,, whence, as noted in Sec. 8.4a, only 
the g = x/2 modes are necessary for the field description. These waves have 
two distinctive polarizations and can be separately excited, depending on the 
source orientation. 

The ordinary waves, whose wavevectors are indicated in Eq. (3a), have 
their electric field polarized along the gyrotropic direction b = K, The 
propagation characteristics of these waves are dependent only on €, and are 
independent of the anisotropy transverse to bo. In the presence of sources, 
boundaries, or obstacles that do not generate other electric field components, 
radiation and scattering problems reduce to conventional ones in an isotropic 
medium with wavenumber Ky./¢,. From Eqs. (3a) and (8.2.286), it is seen that 
electric line currents paralle! to b, excite only these ordinary waves, as do scat- 
terer configurations in the form of arbitrarily shaped perfectly conducting 
cylinders whose axes are aligned along b,. 

The extraordinary waves described by Eq. (4a) have their a.c. magnetic 
field polarized along the gyrotropic axis b, = k In consequence, wave prop- 
agation is now affected by the anisotropy transverse to b, but in a sufficiently 
simple manner to make certain propagation characteristics analogous to 
isotropic ones, while others exhibit strikingly the influence of anisotropy. Be- 
cause of the relative simplicity of this class of radiation and scattering 
problems, having only a single magnetic field component, let us consider scat- 
tering of waves from a magnetic line current oriented parallel to by = Kyo. 
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From Eqs. (4a) and (8.2.28b) one verifies that only extraordinary waves are 
excited in this case; there is no electric field along b, and hence only the 
transverse-to-b, part of the dielectric dyadic is effective. 

It is instructive to contrast the reduced Maxwell! field and transmission-line 
descriptions for the case of excitation from a magnetic line current.’ Let us 
choose a rectangular x, y, z coordinate system oriented such that x, = Ko Yọ = 
b, = k.o with 2, along the guide axis. Also, let M = My, be the magnetic line 
current density, whence 0/dy = 0, and denote the non-vanishing field com- 
ponents by H,.. = H, = H, by E, = E, and by E,. On elimination of £,, the 
reduced Maxwell field equations (8.2.1), with € given as in Eq. (8.3.3b), can 
then be written in the form 


Fe = HH + gaga) — IE EM, (Sa) 
a 
Aa =j2 H — jwe E, 
and on elimination of E, 23 
(a + pa + kie,| H = jwé M, oe 


where €. == (€? — €4)/e, is the effective relative dielectric constant for the 
wave propagation. While Eq. (5b) is the same as for an isotropic medium with 
relative permittivity €, the effect of anisotropy is evident from the presence of 
the €, dependent terms in Eqs, (Sa). It is not difficult to verify from Eq.(8.3.3b) 
that for a cold electron plasma, €, has the following behavior as a function of 
frequency : 


e <0 when w < w, and w, < O < Wp 


(6a) 
€ >0 where W, < @ < œ, and W > U, 
where (see Fig. 8.3.2) 
m 
Ds) z= Vw: + 4o FO, w, EAS ay? -+ W. (6b) 


2 


For the above magnetic line current excitation, there also exists a transmis- 
sion-line description of the z dependence of the extraordinary wave fields. This 
description is particularly appropriate for wave fields with an x dependence 
exp (—jk,x) and for plane-stratified scatterers with axis of stratification along 
z. As indicated in the general transmission-line formalism of Sec. 8.2h, one de- 
scribes the ath-mode behavior in terms of a (voltage) reflection coefficient I",(z) 
which is related to the impedance Z,(z) at some scattering plane at z by Eq. 
(8.2.43). For given k, œ, the extraordinary modes have characteristic imped- 
ances given by Eqs. (4b) and (4c), whence by Eq. (8.2.43) the reflection coeffi- 
cient, looking in the direction of increasing z, becomes for propagating modes 
with real K., 
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__ £22) — Z, 
VQ) = 7) Fee 2) 


For example, if there exists a perfectly conducting plane at z = 0 so that 


Z,(0) = 0, then by Eqs. (4b) and (7), the reflection coefficients T r, atz = 0, 
looking in the positive and negative direction, respectively, are 


le = l + ÄKE/Ka €,) r.(0) = Zi a _ | — j(K €2/Ko€,) 


V.(0) = -75 = -L ike, /ice,) ~Z-* T “T+ KRESE 


(8) 


whence by an equation of the form (8.2.45), the reflection coefficient at any plane 
z can be readily ascertained. The non-symmetric results in Eqs. (8) for the 
reflection coefficient of a perfectly conducting plane in a gyrotropic medium 
are to be contrasted for an isotropic medium with the single symmetric reflec- 
tion coefficient of value —!. Furthermore, the requirement E, = 0 on a 
perfectly conducting plane at z = 0 is seen from Eg. (5a) to imply a relation 
between 0H/dz and dH/ðx that contrasts with the 0H/dz = 0 requirement in 
an isotropic medium. In this case the effect of medium anisotropy produces 
Non-reciprocal behavior since I°,(0) is not an even function of k, (i.e., waves 
with transverse periodicity described by — k, are reflected differently from those 
with + &,). 

The above transmission analysis in terms of z-guided waves is no longer 
useful when the scatterer is a perfectly conducting cylinder of arbitrary cross 
section, with axis oriented parallel to b, and to the magnetic line current direc- 
tion, In this case, an incident wave with prescribed k, is then coupled to an 
infinity of scattered waves with — oo < k, < œ. Even if the scattering surface 
S lies on a coordinate surface u = constant in an orthogonal (u, v) coordinate 
system that renders the wave equation (5b) separable, and if the incident field 
is represented in terms of v-dependent eigenfunctions, the boundary condition 
E, = 0 on S will generally introduce coupling between the modes. An excep- 
tion occurs for a circular cylinder if the azimuthal eigenfunctions are chosen 
as exp (—jnd),n = 0, +1, +2,.... 


8.4c Radiation from a Magnetic Line Source in the Presence of a Perfectly 
Conducting Plane 


To exhibit the effects of anisotropy alluded to in Sec. 8.4b, we shal! consider 
in more detail the problem of radiation from a y-directed magnetic line source 
in the presence of a perfectly conducting plane boundary at z == 0 (Fig. 8.4.!). 
The entire configuration is embedded in a cold plasma, with the external 
magnetic field axis b, parallel to y. The transverse electric-field component 
E, is obtainable from the single magnetic-field component H, = H from the 
second of Eqs. (5a), while the longitudinal! component Æ, follows in a similar 
manner from E, = (jwe,€,)~'[j(€./€,)(@H/dz) + (0H/dx)]. H satisfies Eq. 
(Sb) with M = ô(x)ô(z — z’), subject on z = 0 to the boundary condition 
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FIG. 8.4.1 Line source and perfectly conducting plane. 


E. = 0 [seeEq. (Sa)}], whence 


OH 
je = at z = 0. (9) 
In an unbounded medium, the magnetic Green's function solution Hp is 
given by [see Eqs. (5.4.26a) and (5.4.40)] 


Here) = PE HPV EES, r=) (10) 


with k = kov €,. When €, <0, no radiation occurs. Since propagation is 
transverse to the direction of the gyrotropic axis (corresponding to x’ = 0 in 
Fig. 8.3.2), the wavevector and ray directions coincide in this class of problems. 
One may also verify that the ray direction is radially outward from the source 
point r’. It is not difficult to ascertain that the boundary conditions for a per- 
fectly conducting plane are not satisfied by the insertion of an image source at 
(—z’, 0), so it is necessary to employ a modal representation. In view of the 
translational invariance along x, the transverse dependence of a modal ficld is 
exp (—j€x), —oo < € < oo, whence H(r, r’) can be represented as 


Hee) = f7 Wes OS k, (11) 


where € = k, and the 22 factor has been included for normalization. Insertion 
into Eq. (5b) and use of the Fourier integral representation for the delta func- 
tion d(x) = (1/27) f7 exp (—jéx) dé yields 


A + (k? — I = jwe ð — z’), k= keV €,, (12a) 
subject to the boundary condition 
kle atz = 0, (12b) 


and a radiation condition at z —> oo, With x = ~ k? — & defined as the modal 
propagation constant, these equations are in the standard transmission line 
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form. By the traveling-wave techniques described in Chapter 2 [see Eq. 
(2.4.23b)]. the solution for 7 may be written as 
ev ésir~et _ Deit 


2K ; K= — &, Imk<0, (13) 


? 


I = — jw, 


where use has been made of the one-dimensional Green’s function for the un- 
bounded z-domain in Eq. (5.4.7). The modal reflection coefficient T' is given 
by Eq. (8), 
— _| — (€¢,/jKe,) 

= -TF Rajke) ee) 
The present problem is similar to that in Sec. 5.7, which deals with the radia- 
tion from sources in an isotropic medium in the presence of a plane surface 
having a constant surface impedance, the difference between the two prob- 
lems arising from the functional form of T in Eq. (13a). Thus, the asymptotic 
analysis required in the derivation of explicit far-field formulas is essentially 
the same as in Sec. 5.7b. As noted previously, an important feature is introduced 
by the behavior I(¢) + I'(—), implying that waves with identica) spatial 
periodicity, but incident on opposite sides of the surface normal, are affected un- 
equally by the boundary. This non-reciprocal characteristic is ascribable to the 
gyrotropic properties of the medium. 


Unidirectional surface wave 


Since I'(€) in Eq. (13a) has the form corresponding to an inductive surface 
impedance in an isotropic medium, one expects from Sec. 5.7 to find a surface 
wave that decays exponentially with z and propagates undamped in the x direc- 
tion. Indeed, the reflection coefficient I" has poles €, when 

Ak? — &€, = jE ,€2, (14) 
which equation may easily be solved by squaring to yield ë, = -kyV/€,. To 
obtain a surface-wave solution with real č, €, must be positive and in that case, 
č} > k?, sox, = —/j|K,| is imaginary. The algebraic sign of ¢, is therefore 
identical with that of —€,/e, and, since €, > 0, sgn é, = —sgn€,; the sign of 
€, may be changed by reversing the direction of the d.c. magnetic field im- 
pressed on the plasma {see Eq. (8.3.4)]. Thus, 


E, = kov €, when €,S0, €, > 0. (15) 


If a small amount of dissipation is present, then Im v€, < 0, thereby fixing 
the pole position with respect to the integration path. In contrast to the situa- 
tion in isotropic configurations, only a single pole exists instead of the custom- 
ary symmetrical pair at +é&, as in Sec. 5.7. This characteristic leads to 
unidirectional wave propagation, as noted below." 

An examination of the elements of the dielectric tensor shows that €, = 
(w? — w} — wèw — w) is positive when w > vw, + W ofr Ww < ®,, 
where w, and w, denote the electron cyclotron and plasma frequencies, respec- 
tively, and that, in particular, 
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(a) O<e,< 1 whenw > Voi + a; 


16 
(b) €,>1 when W < W.. (16) 


The surface-wave phase velocity c/v/ €, along the y direction parallel to the 
plane is therefore greater than the velocity c of light in vacuum (fast wave) in 
case (a), but less than c (slow wave) in case (b). These observations are of in- 
terest in connection with the problem of radiation from a line source embedded 
in a magneto-plasma sheath of finite thickness, in which instance the perturbed 
slow wave of case (b) remains a surface wave while the perturbed fast wave 
corresponding to case (a) becomes a leaky wave that may strongly influence 
the radiation pattern; a fast wave distribution radiates energy away from the 
boundary (see Sec. 5.5g). One observes also from Eqs. (5), (14), and (15) that 
the field components in the surface wave are 


H = H, = Cexp(+ jkow €, x — kole ler '?z), (17a) 
k 

E, = +—H, „= 0, 17b 

tese k em 


where C is a constant-amplitude factor and the upper and lower signs corre- 
spond to €, > 0 and €, < 0, respectively, with €, > 0. Since E, = 0, the surface 
wave is TEM (transverse electromagnetic) with respect to the x direction. This 
property could have been deduced directly from the requirement that the sur- 
face wave is a solution of the source-free Maxwell field equations, satisfies the 
boundary conditions at z = 0, and has field components that behave according 
to exp[—jé,x — |x,|z]. Because E, must vanish at z = 0, it must therefore 
vanish everywhere. It is noted that the surface wave propagates (and carries 
energy) only in the — x direction when €, is positive, and only in the + x direc- 
tion when €, is negative, thereby exhibiting the unidirectional characteristic 
mentioned earlier. 

A comparison of Eqs. (6) and (16) shows that the surface waves may propa- 
gate even when the medium itself cannot sustain propagation; this condition 
applies when €, < 0, €, > 0 [i.e., W, < w <W, or w< min(w,, @,)]. One 
may then conceive of a physical situation that leads to a “thermodynamic 
paradox” since energy is apparently absorbed by a lossless termination. Consid- 
er the configuration in Fig. 8.4.!, without the line source and with a non- 
absorbing boundary inserted along the x = 0 plane; the medium parameters 
are chosen so that €, < 0 and a surface wave may propagate along the +x 
direction. Since no propagation is possible in the medium itself nor along the 
plane toward x = — oo, there is no mechanism to account for the energy trans- 
ported toward the boundary by an incident surface wave (the lossless x = 0 
plane may be chosen so as to be incapable of supporting a surface wave). This 
difficulty exists only in the absence of dissipation and disappears when slight 
losses are assumed. The boundary value problem is, in fact, poorly posed in the 
lossless case but may be treated correctly when the non-dissipative problem is 
derived from the lossy one in the limit of vanishing conductivity." 
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The far field 


For large values of KR = k, ELR, where R = sx? + (z + 2’)? is the dis- 
tance from the image point (—z’, 0) to the observation point (x, z), the scattered 
portion H,(r, r’) of the integral in Eq. (11) may be evaluated by the asymptotic 
techniques employed elsewhere for analogous problems (see Secs. 5.3d and 7.5d). 
The unperturbed field H, in the unbounded medium is given in closed form in 
Eq. (10). To evaluate H, we introduce the polar coordinates (R, 0) via z + 2’ 
= Rcosĝ, x = R sin ĝ, and also transform into the w plane according to č = 
k sin w. When k is real and positive, the integration path maps into the contour 
P shown in Fig. 5.3.5(b), whereas for imaginary k = —j|k|, the contour fol- 
lows the imaginary axis in the w plane (see Fig. 8.4.2). The steepest-descent 


(aye, > 0 (b)e, <0 


FIG. 8.4.2 Integration paths and pertinent singularilies (¢; > 0) 
-~Pole location when ¢; < 0 
x -Pole location when ¢; > 0 


paths through the saddle point at w, = Ô are also shown, and one notes that 
when €, < 0, a surface-wave pole may be captured for sufficiently large, posi- 
tive observation angles 0, but not for 0 < 0; the converse is true when €, > 0. 
Since the surface waves have been shown to possess unidirectional characteris- 
tics, with the wave going in the +x direction (0 > 0) when €, < 0 and in the 
—x direction (0 < 0) when €, > 0, these domains of contribution to the line- 
source field satisfy the radiation condition requiring the transport of energy 
away from the source. The asymptotic evaluation of the integral along the steep- 
est-descent path furnishes the reflected field, which appears in this case to 
originate from the mirror-image point (it is worth emphasizing that the image 
construction is valid only in the asymptotic sense), 


a: | p ETI (kR= nis) l 
Hoor ~ pure Tk sin 8 Ta + Olega): (18) 
where 

T(k sin ĝ) = esin — je, cos 0 (18a) 


€, sin O + jé, cos 0 
The total far-field approximation is then given by 
H ~ H, + Hop + U(0 — 0,) (surface wave), |kR|> 1,0 %0, (19) 
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where @, is the observation angle at which the steepest-descent path crosses the 
pole and U(@ — 9,) is the Heaviside unit function. This simple formula must 
be modified in accord with the procedure in Sec. 4.4 if one wishes to include 
as well observation angles 0 = 9,. When k is imaginary, both the primary and 
reflected fields are evanescent, but real energy may be extracted from the source 
by the surface waves. 

While attention has already been called to the non-reciprocal behavior ex- 
hibited by the surface-wave contribution, the same phenomenon may be obser- 
ved in connection with the reflected field H,,, since I is not an even function 
of 8. A(r, r') is therefore not equal to H(r’, r). An examination of T reveals, 
however, that the simultaneous changes 6 — —@, €, —» —€,, leave the reflection 
coefficient unchanged; the pole configuration in Fig. 8.4.2 is likewise symmet- 
rized when a reversal in the sign of @ is made jointly with a corresponding 
modification of €,. From these considerations, the fields at P in the two con- 
figurations depicted in Fig. 8.4.3 are seen to be equivalent, and since a sign 
change in €, produces the transposed tensor € in Eq. (1.5.20) [see Eq. (8.3.3b)], 
reciprocity is found to be satisfied if an interchange of source and observation 
points is accompanied by insertion of the transposed medium. The general 
conclusions derived in Sec. 1.5b are therefore verified. In the plasma medium 
under consideration, the transposed medium corresponds to a reversal in the 
direction of the externally impressed magnetic field. 
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FIG. 8.4.3 Equivalent problems. 


The preceding result is relevant for antenna pattern measurements in an 
anisotropic region. A customary technique in an isotropic environment is to 
determine the radiation pattern by measuring the energy received by the an- 
tenna from plane waves incident at various angles. Use of this procedure in a 
gyrotropic region requires as well the transposition of the medium parameters. '* 


8.4d Diffraction by a Half-plane 


If the perfectly conducting boundary in Fig. 8.4.](a) extends only from 
x = 0 to x = œ, with the remainder of space filled with the same anisotropic 
medium, the resulting boundary-value problem may not be solved by separa- 
tion of variables but is amenable to treatment by the Wiener-Hopf technique.'® 
The details are omitted here and only some physical characteristics of the solu- 
tion are mentioned. If conditions are adjusted so that a surface wave may pro- 
pagate along the top face toward x = — oo, then it follows that the bottom 
face of the screen supports a wave traveling toward x = + oo (rotate the con- 
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figuration in Fig. 8.4.1 by 180° about the y axis). These are the only possible 
wave types and no propagation occurs along the top and bottom faces toward 
x = œ and x = —oo, respectively. An incident surface wave on the top face 
therefore excites a reflected surface wave on the bottom face and a radiation 
field when €, > 0; for negative €,, no radiation occurs from the edge and the 
entire incident energy is returned along the bottom side. The process is schem- 
atized in Fig. 8.4.4. 


No reflected Incident wave 
wave —_— 


y 


—_————- 


Reflected wave 


FIG, 8.4.4 Half-plane. 


PROBLEMS 


1. Show that the transverse field equations for a medium with arbitrary dyadic 
permittivity €(r) and permeability y(r) are given by (time dependence exp ( jwr)): 


9E, . i i Zo X Babs, X Zo 
=a TIO | -zo X P: X Zo tore” + Zex Petu 20 | 4, x Zo 
= [Vi En x zo + OBEN zg x E + Mu X Zo (la) 
ðH, . i l Zo X €:€ XZ 
Sg IR | -z XE X Zo toru" 4- Zo Eb xB a, x E, 


Zz 


- (vn are xY. |y, EET (1b) 


where z is the longitudinal direction, with respect to which € and p have the 
representations in Eq. (8.2.2c), and where the equivalent electric and magnetic 
source currents J, and M,, are given in Eq. (8.2.29b) (with i — —/). Show also 
that the longitudinal field components are obtained from the transverse compo- 
nents as follows: 


H, = o [V (zo x E) — jOa: H, — Mz), (2a) 


] e 
— ————. . — e — A 2 
E= TOE, [V (H, X Zo) — j@€E. E, — J] (2b) 


2. While ordinary and extraordinary modes propagate independently in a homo- 
geneous gyrotropic medium, mode coupling occurs in the presence of spatial 
inhomogeneities. Coupling is weak, and computation thereby facilitated, when 
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the medium is stowly varying but the anisotropy is arbitrary. Alternatively, in 
a untaxially anisotropic medium, inhomogeneities along the gyrotropic axis do 
not introduce mode coupling (see Sec. 7.2). Weakly coupled modes may there- 
fore be found for a strongly inhomogeneous medium whose anisotropy deviates 
only slightly from the uniaxial (or from the isotropic, as a special case of the 
uniaxial medium)."! 

(a) To derive the coupled mode equation, note from Sec. 7.2a that the transverse 
eigenfunctions in a transversely homogeneous, unbounded, isotropic or uniaxially 
anisotropic dielectric medium are identical and may be decomposed into E (ex- 
traOrdinary) and H (ordinary) modes with respect to the optic (z) axis. Use this 
mode set for representation of fields in the gyrotropic plasma described by Eq. 
(8.3.3b), with €2 # 0. Substitute Eqs. (7.2.6) into the transverse field equations 
(1), with @,, = €,, = 0, BP = Hol, and follow the procedure in Sec. 7.2a to derive 
transmission-line equations for the modal voltages and currents. Derive the re- 
lations 


f hech dS =€, f h'*-h/ dS — jer | h-e; dS = €,6,, 
= k h’*-€,-hi’dS, (a) 


f hte h? dS = é, f -W dS + Jes f be dS = —je26, 


= f hye h aS, (3b) 
and show therefrom that the E-mode amplitudes satisfy the equations 
a jZ + v, -o =jKYV + +K vie r”, (4a) 
and the H modes satisfy 
-AKE a pzp at, HE m et YW, + iy = KYIV, (4b) 
where K,, Z, = 1/ Y; v and i are the uniaxial medium quantities in Eqs. (7.2.8) 


and (7.2.9). Show that the uniaxial equations (7.2.7) (with €, = €, > Ep, i = H, 
= jh) are recovered when €; = 0, whence the presence of a non-vanishing €: 
introduces coupling between E and H modes. 

(b) A source of inhomogeneity in an anisotropic plasma [see Eqs. (8.3.3b) and 
(8.3.4)] is a variation in the plasma density or, equivalently, in the parameter X 
= (@,/@)*, with the external magnetic field Ho, and therefore Y = @,/@, taken 
to be constant. In this instance, a gyrotropic deviation from the uniaxial case 
Y = co may be analyzed by representing the voltages and currents as series in- 
volving integral powers of the small, constant parameter (1/ Y):t 


m= Dp, ha Ep”. (5) 


nad 
tWhen Y is small, analogous considerations may be applied to develop an expansion 
in terms of Y”. The customary ionospheric notalion Y should not be confused with the 
same symbol used elsewhere for characteristic admittance. 
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Other Y-dependen! quantities are expanded in a similar manner, and like coef- 
ficients of (1/ YY’ are equated. Show that the zeroth order approximations Vo 
and /'° are the solutions of the uniaxial medium equations (7.2.7) (with €, > 
€o), while the higher-order terms n = | are obtained from: 


avium 1] S 
=e = JO ZO, (6a) 
al; ; J 7 s 
eae dz = j y,” y + WE, X[V; (a-d Vi in-3) +... 
FAVS Sa A e, (6b) 
agh = je ® zro H (n) (6c) 
aio st ; 
Zs oF = jr (0) yoy (n) _. EX [VP-P + Vane 4. nee: 
—j(Vp e2 + VFO 2 |), (6d) 


where the quantities with index’ pertain to Y = oo, and quantities with nega- 
tive index vanish identically. Observe that the voltages and currents of any 
order n = | satisfy the same basic (zeroth order) transmission-line equations, 
with the continuously distributed source terms provided by the solutions of 
lower order. For example, when n = 2, show that the lower-order solutions 
Vi and ¥/© act as current sources for the E modes while V7‘? and V7’ play 
a similar role with respect to the H modes. Equations (6) therefore represent 
a recursive system wherein the true sources w, i; excite the uniaxial quantities 
yo) I, which in turn generate ViP, If", etc. 

(c) Obtain a typical solution by finding first the Green’s functions Z;'®(z, z’), 
Zi (2, 2’) and (7/(z, z)]', [T7(z, 2))® [see Eq. (7.2.15b) and Fig. 7.2.2], and 
then performing an integration over the source region distributed continuously 


along z: 
ViO(zya -we Í Zz, AXW z yd, (7a) 
VPO) = Eo | ZPOZ, AX WN’, (7b) 


V (2) = — ceo | ZN, 2") X(MV IZ) + JVI Naz’ 
= — joes | ZIAZ, 2)X(2)VINZaz! 
— (W60)? | da’ Zz, 2X2") { dz” ZVON’, 2 X(2"W FZ"), (T0) 


ete. The integration interval in Eqs. (7) spans the entire longitudinal extent of 
the source region. Show that the current Green's function T’ appears in the 
analogous expressions for J!”, and that the nth-order approximation involves an 
n-fold integration of the zeroth-order solutions. Note that since each integral 
contains the density function X¥(z), the ath-order term in Eq. (5) involves the 
factor [X/ Y]*. Discuss the convergence properties of the solution. 
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3. Starting from the eigenvalue equations (8.2.6), when applied to a gyrotropic 
plasma described by the dielectric tensor in Eq. (8.3.3b), show that the polariza- 
tion vectors €a ald ba for modes with transverse spatial and time dependence 
exp [—/k,-p + j@r] satisfy the equations 


Pee, = Khen,  P*.(ha X Zo) = Kha X Zo) (8) 
where P = R-S, and 
R = 1, — kik, S= €j — (Z X kit x ki). (8a) 


The notation is that of Eqs. (8.3.10a) and (8.3.13a). Representing ea and ha in 
a ko, k,o vector basis [see Eq. (8.3.8)], show that Eqs. (8) can be solved to yield 
the result in Eqs. (8.3.13b). 


FIG. P8.1 Coordinate systems (y coordinate not shown), 


4. In the (v, y, u) coordinate system of Fig. P8.1, a uniaxial medium (with optic axis 
along u) has the dielectric tensor (normalized to €o) 


1 to 
e>[o 1! 04} (9) 
0 0 € 


(a) Show that in the (x, y, z) coordinate frame rotated through an angle 0 about 
the y axis, the € tensor has the representation: 


En O €n 
€> 0O 1! 0 (10) 
En O E33 


where 
€ = cos? 0 + €sin* O, E, = (E — i) sin Ô cos 0 
F (10a) 
Ey = € cos? 0 + sin? 0. 


(b) Show that for a time dependence exp (Jwr), x-independent plane-wave solu- 
tions of the form 


E( y, z) = Ene iR- ket at, k, = kif Kos Ka = Ka/ko 


H.( y, z) = He 7 ksh sR at 


(11) 
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can exist in this medium provided that xX. takes on one of the four values: 
Kalk) = =X, K =J k? 


=E — + __| =a (Ita) 
K.(k,) aKe, Ke Ten ei. 

Ko describes ordinary modes which propagate as in vacuum while x, describes 
extraordinary modes. Interpret these Æ versus &, solutions by referring to the 
wavenumber surfaces as in Fig. 7.1.1, noting that the (x, y, z) coordinate system 
does not Coincide with the principal axes of the medium, and that for the waves 
considered, one has k, = 0. Show that Koe > 0 and Ke. < 0 describe waves 
carrying energy in the +z and — z directions, respectively. 


(c) Show that with £o, e defined as in Eq. (lla), the polarization vectors Ee and 
H., in Eq. (11) have the form: 


E, > | = X +$ Bo.e¥o — ha «Zo (12) 
where 
kiko dEn — k2 —K?, 
Eo e = — 7a (ea a FE 2 ) (12a) 
and 
En —k?—K? 
hoe = eat GE (12b) 
Also, 
k : . 
Ha => H.. = i: [—(Ko. Bo,¢ + kihħto.e)Xo is Ko.eYo ~~ kitol. (13) 


Upper and lower signs correspond to subscripts o and e, respectively. Note that 
although the eigenvalues X, occur in pairs +K,, +K., the transverse (tO z) 
eigenvectors corresponding to + Ko. differ from those corresponding to — Ko e. 
(d) Show that the mode fields in Eq. (11), with Eqs. (12)-(13), reduce to E 
modes and H modes with respect to u (i.e., H, = 0 and E, = 0, respectively). 
(e) Verify that the modes in Eqs. (12)-(13) satisfy the orthogonality condition 
in Eq. (8.2.10b). 


5. A perfectly conducting cylindrical obstacle embedded in a homogeneous cold 
magnetoplasma is excited by a line source of magnetic currents of strength M, 
the arrangement being such that the cylinder axis, gyrotropic axis, and line- 
source direction are parallel to the z axis. Assuming that in an orthogonal, 
separable, curvilinear (u, v) coordinate system, the cylinder boundary sin a plane 
transverse to z is described by the equation u = constant, show that for an 
exp (jwr) dependence, the electromagnetic fields can be derived from the single 
component H, = H satisfying the equation 


(V? + ké€,)H = jWe€, M, (14) 
subject to a radiation condition at infinity and the boundary condition 


-€, 10H OH _ 4a) 
T h, Ov hOu = 0 ons, (14a, 
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where €; = (€? — €3)/€; [see Eqs. (8.4.5b) and (8.3.4)], V, = uo(0/h, Ou) -I- 
vo(0/A,0,), and A,, h, are the metric coefficients in the (u, v) coordinate system. 
Show that while the method of separation of variables can be employed to Solve 
Eq. (14), separability does not obtain in general for the boundary condition in 
Eq. (14a) although the boundary coincides with a curve u = constant. However, 
if the v-dependent orthogonal eigenfunctions y,{v) are such that 


1 oy, 
h, v = & Wi, (15) 


where &, does not depend on v, and if h, is also independent of v, show that the 
representation 


Hu, v) = 2 LaDy) (16) 


leads to a separable form. Note that included among the separable configura- 
tions are the plane boundary u = x = constant, whence h, = l and Yde) = yy) 
oc exp(—jmy), —œ@ < ġ < œ (cf. Sec. 8.4c), and also the circular cylindrical 
boundary u = p = constant, whence A, = 1 and w,(v) = wg) œ exp (— jno), 
n= 0, +1, +2,.... Construct the solution for the electromagnetic fields in 
the presence of the circular cylindrical scatterer and compare its form with that 
for the isotropic medium (€, = 0) in Sec. 6.7. 


6. Calculate the electromagnetic fields and the power flow properties for the line 
source in Fig. 8.4.1 in an infinite medium (in the absence of the conducting 
screen at z = 0), Place a source at the image point (— z’, 0) and calculate the 
fields at z = 0. Referring to the boundary condition (8.4.9), show that the image 
source is incapable of accounting properly for the effect of a perfect conductor 
at z = 0. Explain this conclusion in reference to Fig. 8.4.3 and propose an alter- 
Native procedure. 


7. The sectoral region between two intersecting, perfectly conducting half-planes 
inclined at an angle Ø < 2 is filled with a gyrotropic dielectric as in Eq. (8.3.3b), 
the gyrotropic axis being paralle! to the apex. Referring to Eq. (6.5.13) or 
(6.5.16b) for the formulation in the isotropic case, with J,(kp) replaced by the 
leading terms in its expansion as p — 0, construct expressions for the electro- 
magnetic fields near the apex when the medium is gyrotropic and the polariza- 
tion is such that H = zH. Calculate the energy stored in the vicinity of the 
apex (cf. Sec. 1.5b) for the cases of vanishing and non-vanishing dissipation in 
the medium. To impose a “boundary condition” near the apex, show that the 
lossless case must be approached as the limiting case of a dissipative medium, 
and that direct consideration of a purely lossless medium poses an ill-defined 
problem.!? 14 
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Field equations 
acoustic, 4 
adjoint, 5 
Euler, 2 
general linear field (abstract), 31-34 
longitudinal and transverse, 38 
scalar acoustic, 2 
Field of various sources 
Impulsive, electric and magnetic, 450- 
52, 482, 523 
impulsive, in time-dependent medium, 
162 
impulsive electric current, 21 
point electric dipole, 16 
point source in anisotropic dielectric, 
139 
point source in circular waveguide rep- 
resentation, 448-49 
Field representations 
asymptotic, 124 
First-order differential equation 
solution of, 179 
Foci 
location of, 133 
Focusing phenomena, 812, 859 
Fourier—Besse} or Hankel transformation, 
260, 416-18, 447 
Frequency modulated pulse, 178 
Fresnel integral, 427 
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General iransmission-line analysis, 836 
Geometrical theory of diffraction, 139-49 
Geometric-Oplical field, 128-39 
Green’s functions, 68 
acoustic, 7, 37 
adjoint, 6, 13 
adjoint problems, | 
anisotropic medium, 846 
asymptotic form, 175 
construction, 214 
cylindrical regions, 633, 638 
dyadic, 195, 197 
spherical region, 224 
uniaxial medium, 750 
dyadic, for bounded cylindrical re- 
gions, 23-25 


dyadic, for unbounded, isotropic elec- 
tronplasma, 28-30 

electromagnetic, 14, 41, 74 

for electromagnetic field. [I 

free space (scalar), 8, 9 

free-space, dyadic, 17 

functional dependence, 455 

inhomogeneous medium, 200—202 

matrix, 52, 53 

operator, 33 

operator procedure for, 15 

oscillatory representation of, 55 

oscillatory space- and time-dependence, 


54 
plasma, reciprocity properties of, 28 
problem, 163 


resistive and conductive, 42 
singularities, 457 
spherical mode, 230, 233 
time harmonic, 92 
time-reversed, 7 
transforms of, 37, 45 
transmission-line, 193-95 
two-dimensional, 485, 487 
two-dimensional free-space, 623 
two-dimensional! scalar, 160 
variable stratification, 581 
WKB approximation, 584 
Green's theorems 
transverse, 188, 266 
Group velocity 
in ray directions, 77 
Guided-mode wavevectors (Eigenwaves), 
70, 74 
Guided waves 
in anisotropic media, 823-37 
properties, 681-83 
solutions, 68 
trajectories, 112 
Guided-wave representations 
compleleness relation, 64 
of electromagnetic-field Green’s func- 
tions, 74 
Gyrotropic medium, 172, 837, 862 
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Half-plane, 783-87 
conducting, 721 
cone-tipped, 736 
Hankel functions, 416-18, 710-19 


Subject Index 


Hermitian products, 53 (see also Inner 
product) 
Hertz potentials 
Care in use of, 23 
E, H-mode, 21 
electric and magnetic, 24, 25, 222, 444, 
486, 573 
Homogeneous medium 
radiation in, 476-506 
trajectory equations for, 99 
Hypergeometric functions, 315, 619-22 


image 
formulation, 557-59 
method, 779 
Impedance dyadic, 44 
Impedance walls 
in anisotropic medium, 781-83 
constant, 554-62 
variable, 674-85 
Imptoper Riemann sheet, 472 
Infinity catastrophe (in radiated power), 
753, 769-71 
inhomogeneous media 
ray trajectories in, 112, 130 
Space-time ray curves tn, 115 
wavepackets in, 115 
InhOmogeneous slab, 364 
Inner product 
Hermitean, 51 
of two wavevectors, 32 
Integral equations 
for eigenvalue problem, 330, 333 
solution by iteration, 331 
Integration paths 
e—iwt dependence, 466 
elot dependence, 465 
Integration techniques 
plane-stratified regions, 455-76 
wedge regions, 639-50 
{nverse-square profile, 613 


K 


Kirchhoff procedure, 564 
Kontorovitch-Lebedev transform, 325, 
639 (see Lebedev—Kontorovitch) 
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L 


Laiera) rays (waves), 141, 508, 513, 528, 
537, 799, 801, 858 
on anisotropic interface, 802 
Leaky waves, 540, 542, 545, 600 
Lebedev—-Kontorovitch transform, 325, 
705 
Lossless medium, 80 
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Magnetic currents, 86 
Mapping of complex plane, 463 
Matching at interfaces, 142, 146, 157, 
173 
Matrix propagator, 365 
Mehler functions, 706 
Modal representations (see Eigenfunc- 
tions) 
anisotropic medium, 831-32 
unbounded cross sections, 446, 450 
Mode functions (see Eigenfunctions) 
Modes in cold plasma 
extraordinary, 843 
ordinary, 843 
Moving point charge, 494, 532, 766 


N 


Network analysis 
spherical region, 225-32 
uniform regions, 202-17 
Network representations 
impedance boundary, 556 
incident wave, 204 
interface, 515 
Network representations of fields 
acoustic, 38 
electromagnetic, 43 
plasma, 46, 47 
transverse, 2)7 
Non-reciprocal behavior, 864, 869 


O 


Open-branched wavenumber surface, 771, 
854 

Open cross-sections, 248, 259, 296 

Operator, admittance, 75, 78 


Operator methods, 15, 18, 20, 31-4 
Orthogonality properties, 51 

in anisotropic medium, 834 
Oscillatory mode representations 

general properties, 50-63 

for time-varying medium, 177 


P 


Parabolic cylinder functions, 419, 436, 
437 
Paths of integration 
constant level, 379-82 
constant phase, 379-82 
“stationary-phase.” 381 
steepest descent, 381 
Phased line current, 492, 763 
Phased plane sheet source, 167 
Physical optics procedure, 564 
Plane-stratified media, 442 fi. 
arbitrary profiles, 571-94 
piecewise constant properties, 444-55 
progress of a ray in, 144 
ray equation in, 131 
Plane-wave incidence 
normalizalion, 486 
Plane-wave representations 
local, 106, 110 
Plasma (see also Cold electron plasma) 
lossiess, inverse-square profile, 595 
uniaxially anisotropic, 743 
Plasma field, 26-31, 45 
reduced formulation, 30, 31 
Polarization space 
completeness relation, 67 
Pole (wave contributions), 470-73 
Potential functions (see also Hertz po- 
tentials), 192 
spherical, 223 
Potentials, Hertz (see Hertz potentials) 
“Proper” modal solution, 545 
Pulse compression, 178 
Pulsed sources (see Field of various 
sources) 


Radial transmission 
cone, 703 
cylinder, 689 
dielectric slab, 546—47 
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Radial transmission (conz.) 
sphere, 70] 
wedge, 664, 684 

Radiated power 
acoustic source, 40-41 
electric current source, 44 
electric current source in plasma, 48 
Steady state electric current, 477 

Radiated power catastrophe, 771 

also Infinity in) 

Radiating aperture, 234, 236 

Radiation condition, 87 
in anisotropic media, 748 

Radiation integral 
evaluation of, 464-70 

Ray equations, 128 
for plane-stratified medium, 131 

Ray method, 124 
geometrical theory of diffraction, 139 

Rays 
in anisotropic media, 144, 145, 784 
complex, 578 
diffracted, 140 
guided, trapped, 592 
in inhomogencous media, 112, 130-32 
in inverse square profile, 606 
monotonic profile, 584 
phase change, 577-78 
in plane-stratified medium, 580 
reflection and refraction in anisotropic 

medium, 156 
reflection at a curved boundary, 169 
refraction at a curved boundary, 170 
in slowly varying medium, 575-83 
space-time, 97, 153-57 
transverse resonance, 593 
turning point, 580 
vector velocity of, 104 

Ray tracing 
in anisotropic medium, 512 
in isotropic medium, 792 

“Ray-velocity” vector, 104 

Reciprocity relations, 5, 6, 14, 33-34 
time-barmonic, 194-98 

Resonant transmission-line method, 268 

Riemann sheet, 536 (see also Riemann 

surface) 

Riemann surface, 458, 463, 480, 517 
angular transmission, 312 
four-sheeted, 804 
two-sheeted. 623 

Ring current, 236, 617 
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Saddle points, 97—98, 109. 371, 377-78 
graphical method for location of, 103, 
113, 469, 851 
higher-order, 397-99 
Scalar time-harmonic fields, asymptotic 
solution for, 128-34 
Semuinfinite cone, 703-10 
Semuinfinite dielectric, 506-38 
Shadow regions, 63] 
Signal propagation in dispersive medium, 
119-22 
Slow waves, 493 (see also Surface waves) 
Space-time ray 
amplitudes, 153 
curves in inhomogeneous media, 115 
Space-time rays (see Rays) 
“Space wave.” 473 
Spectral (proper) sheet, 298 
Sphere 
“perfectly absorbing,” 229 
perfectly conducting, 231, 701 
Spherical waves 
diffraction by a cone, 703 
diffraction by an edge, 667 
diffraction by a sphere, 70! 
excitation by a dipole source, 477 
network formulation, 225-32 
reflection and refraction, 508-12 
Standing wave formulation, 204, 283 
“Stationary phase,” 386-88 (see also 
Saddle points) 
Stationary points (see Saddle points) 
Sturm-Liouville problem, 241, 273 
Surface, dispersion, 10! 
Surface currents, induced, 88 
Surface wave, 510, 537, 540, 542, 543, 
545, 622, 679, 782, 867 (see also 
Discrete spectrum) 
antennas, 683 
“lossy,” $56 
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Temporal inhomogeneity, 176 

Thermodynamic paradox, 867 

Time-varying medium, oscillatory repre- 
sentations, 177 

Tip condition, 704 

Tipped wedge, 630 

Transformed Green's function, 67 

Transient fields, power flow, 453 
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Transition functions, 591, 646, 805 (see 
also Chapter 4) 
Transition regions, 98, 666, 681, 853-54 
Transmission-line equations, 190 
radial, 323 
spherical, 218-22 
uniform, 202-17 
Transmission-line networks 
acoustic, 70 
electromagnetic, 73 
Transmission lines 
angular, 306-13 
average power, 221 
image representation, 312 
infinite angular line, 310 
infinite point source, 206 
non-conventional, 832-37 
non-uniform, 328 
Airy functions, 340, 358 
Born approximation, 334 
comparison equation, 336 
confluent hypergeometric function, 
334 
continuous transition, 350-53 
Epstein solution, 353-58 
Weber's parabolic functions, 342 
one-dimensional eigenvalue problem, 
253-54 
Planar stratification, 329 
radial, 323-28 
relation non-conventional, 836 
resonance, 215-17 
Riemann surface, 312 
spherical regions, 314-20 
standing-wave description, 209 
terminated, 207 
traveling-wave description, 208 
WKB approximation, 328, 358 
Transport equations, 129, 136, 155 
Transposed problem, 91 
Transverse field equations 
anisotropic medium, 841 
dyadic permittivity, 870 
spherical, 218-19 
uniform, 186 
Transverse resonance (transmission), 
216, 538, 545, 557, 607 
analysis, 268 
ray, 593 
Transverse vectors, 191 
Trapped modes (waves), 294, 297 (see 
also Surface waves) 
Traveling-wave formulation, 204, 283 
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Uniaxial anisotropy, 745 
Uniaxial medium. 742, 873 
Uniaxial permittivity, 753 
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Watson transformation, 701, 726 
Wavecoupling, continuous reflection, 349 
Wavefronts, 157, 482, 532, 655 
Waveguides 
circular, 263-65, 448 
finite angular sector, 257 
finite rectangular region, 245 
free-space region, 252 
half-space region, 249 
inhomogeneously filled cross sections, 
265-73 
open angular sector, 259-63 
parallel-plate region, 252 
quarter-space region, 248 
semi-infinite rectangular region, 246 
spherical, 314 
Wavenumber surfaces 
anisotropic medium, 743, 845 
isotropic medium, 105, 113 
Wavepackets, 97 
amplitude change within, 100 
in inbomogeneous medium, 115 
in weakly inhomogeneous media, 106- 
108 
Wave processes 
diffraction (secondary), 118 
primary, 118 
Wavevectors (see Guided modes) 
Wedge, 639, 783-87 
conducting, 724, 728 
cylindrically tipped, 730 
diffraction, 641, 655 
impulsive Green's function, 648 
light-shadow boundary, 652 
perfectly absorbing, 650-60 
transition effects, 643 
WKB representations (approximations), 
ttl, 337 
of Green’s function, 584 
Wronskian determinant, 279 
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